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Gradient estimates in
parabolic problems with unbounded coefficients

by

M. BERTOLDI (Trento) and S. FORNARO (Lecce)

Abstract. We study, with purely analytic tools, existence, uniqueness and gradient
estimates of the solutions to the Neumann problems associated with a second order elliptic
operator with unbounded coefficients in spaces of continuous functions in an unbounded
open set {2 in RY,

1. Introduction. In this paper we consider a linear second order elliptic
operator,

N N

A=Y q;Dij+ Y FEDi-V,
i,j=1 i=1

with regular possibly unbounded coefficients in a regular convex open set

2 ¢ RN, The set £2 may be unbounded. We study existence, uniqueness

and gradient estimates of the solutions to the Neumann problems

ur(t,x) — Au(t,x) =0, t>0,z€ (2,

(L.1) %(t,x)zo, t>0,zedfn,
U(O,l‘):f(l‘), erv
Au(z) — Au(z) = f(x), x€ 2,

1.2

(12) %(m):(), T € 012,

where f is continuous and bounded and v is the outward unit normal vector
to 02. In the case £2 = RY problems (1.1) and (1.2) are replaced by similar
ones without any boundary condition.

These are classical problems in analysis which are well understood if the
coefficients of A are bounded. On the other hand, in the recent literature the
interest towards elliptic operators with unbounded coefficients is growing up.
Motivations come from stochastic analysis and change of coordinates that
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transform elliptic operators with bounded coefficients to elliptic operators
with unbounded coefficients. In the case 2 = RY several results of exis-
tence, uniqueness and regularity are known (see [5], [10], [11], [15], [21] and
the overview [17]). Stochastic calculus is a useful tool ([5], [21], [23]); in par-
ticular the recent book [5] of Sandra Cerrai contains a deep and exhaustive
analysis of what can be proved by stochastic methods.

Our main assumptions are a dissipativity condition on the drift F' =
(F1,...,Fn), aLyapunov type condition ensuring that a maximum principle
holds, and that V is bounded from below. Without loss of generality, we may
assume that V(z) > 0 for all x € 2. We need other technical assumptions
(see Section 2), which are automatically satisfied in the (still important)
case A = A+ > F;D,.

We consider problem (1.1) and we prove that there exists a unique
bounded classical solution u(t,z). To do this, we consider the solutions u,
of Neumann problems in a nested sequence {2, of bounded domains whose
union is {2, and we prove that u, converges to a solution of (1.1). We re-
mark that one could approximate the solution with solutions of suitable
mixed boundary value problems in {2, in such a way that for nonnegative
initial data the approximating sequence is increasing. This was done by Seizo
It6 in his pioneering paper [10]. Although this further property could be of
much help in some steps, our techniques to get the gradient bounds do not
work with such boundary conditions. Therefore we consider the Neumann
boundary condition in each §2,.

If we set (P.f)(x) = u(t,z), then P, turns out to be a semigroup of
linear operators in the space Cy(£2) of continuous and bounded functions
in 2. We remark that in general P; is not strongly continuous in C},({2) and
in its subspace BUC({2) of uniformly continuous and bounded functions.
This is a typical fact for semigroups associated with elliptic operators with
unbounded coefficients. Therefore the generator cannot be defined in the
classical way. In the literature there are several alternative definitions of
generator; here we consider the weak generator introduced by Enrico Priola
in [19].

Our aim is to prove gradient estimates for P.. We start by showing that
Cr
Vi
(14) [VPS@) < Crl|fle+ VS ), 0<t<T, wef, feCl(),

where

(1.3) VP f(x)| < —= [ flloos 0<t<T, z€f feCy2),

(1.5) cl() = {u € CL(): %(m) =0,z ¢ 80}.
We prove (1.3) and (1.4) using the Bernstein method, i.e. we apply the

maximum principle to the equation satisfied by z, = u2 + t|Vu,|? (respec-
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tively z, = u2 + |Vuy,|?), which gives a bound for z, independent of n, and
then we obtain (1.3) (respectively (1.4)) letting n — oco. We observe that
the convexity assumption on €2 is crucial at this point, since it leads to the
condition 0z, /0v < 0 at the boundary (see Lemma 2.4). However, the case
of a nonconvex domain will be object of a future investigation by the au-
thors. In the case 2 = R¥ the previous estimates were proved in [15] with
the same method and in [5] with probabilistic methods. As a consequence
of (1.3), the domain of the weak generator of P; is contained in C}({2).

In Section 4 we assume that V' = 0 and in the case ¢;; = d;; we prove
the estimates

(1.6)  |VPf(x)P <P P(VfIP)(z), t>0, z€ 2, feClR),
for all p > 1, where kg € R is such that

N
(1.7) Z DZFJ(:IT)&@ < k‘o|£|2, x € Q, f c RN.
i,j=1
If the coefficients g;; are not constant we prove the similar estimate
(1.8) |VPSf(@)] <™ P(VfP)(x), t>0,z€2, felC(),

for all p > 1, where 0, € R is a suitable constant. These estimates have
interesting consequences. First, if there exists an invariant measure for P,
that is, a probability measure p such that

\Pifdu=1\fdu, t>0, feCp(R),

Q Q
estimates (1.6) and (1.8) are of much help in the study of the realization of P;
in the spaces LP(£2,p), 1 < p < oo. (1.6) with p = 1 and k¢ < 0 yields the
hypercontractivity of P; in the space L?(£2, u) and the logarithmic Sobolev
inequality. This is the well known Bakry-Emery criterion. (1.8) with p = 2
and o2 < 0 yields the Poincaré inequality in L?(£2, 1) and the spectral gap
for the generator of P; in L?(§2, 1) (see for example [6, Section 10.5]).

Secondly, we deduce the pointwise estimates

—1 p/2
T2ty )) P @), t>0, p>2,

vRsP < (5

(1.9)

-1
CpOplh
|VP.f(z)|P < tp/2—1p(1p—0e—0pt) P(fP)(x), t>0,1<p<2,

for f € Cy(£2), where ¢, > 0 is a suitable constant. Estimates (1.9) give
the optimal constant in (1.3); moreover integrating over {2 with respect to

the invariant measure p we get the corresponding estimates for VP f in
LP(§2, ), when f € LP(£2, ).
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In the case £2 = RV, estimate (1.6) and estimate (1.9) with p = 2 were
proved respectively in [2] and [3] in the setting of abstract Markov gen-
erators, for functions belonging to a suitable algebra of smooth functions
which is required to be invariant under the generator. Estimate (1.6) was
also proved in [23] by probabilistic methods. A probabilistic approach is used
in [20] as well for establishing estimate (1.6) in the case of a compact Rie-
mannian manifold with convex boundary or of a complete manifold without
boundary.

Dissipativity conditions of the type (1.7) are of crucial importance to
get gradient estimates. Indeed, in Section 5 we give a counterexample to
estimate (1.3) for an operator A = A + ) F;D; where F' does not satisfy
(1.7). Concerning estimate (1.6), in the case of variable coefficients g;; the
constant o, blows up as p — 1, and we do not expect that (1.6) also holds
for p = 1. Estimate (1.9) too fails in general for p = 1, as we show in the
case of the heat semigroup. Finally we show an example related with the
Ornstein—Uhlenbeck operator.

Acknowledgements. The authors would like to thank Alessandra Lu-
nardi and Giorgio Metafune for many useful discussions and comments.

Notations. For x € RV, |z| denotes the euclidean norm, and B =
{z € RN : |z| < R} denotes the open ball with radius R > 0. We denote
by Cp,(£2) the space of bounded continuous functions in 2 and by Cf(£2)

the space of functions with derivatives up to order k in Cy,(§2). Cp({2) is the
space of functions in Cy,(£2) vanishing at 942 and at infinity. For 0 < a < 1
and a < b, C**2(02) is the space of functions such that the derivatives of
order k are a-Holder continuous in 2, and C1+/2:2+a([q, b] x £2) is the space
of functions v = u(t, z) such that D;u and D;ju are a-Hélder continuous in
la,b] x 2 with respect to the parabolic distance d((t,z), (s,y)) = |t — s|'/?
+ |z — y|. By Clitaﬂ’ﬂa(]o,oo[ x {2) we mean the space of functions u
such that u € C1T®/22ta([¢, T| x (2) for all 0 < ¢ < T and bounded open
' C 2. Analogously C-*(£2) denotes the space of functions which belong
to C1+(§2’) for all bounded open 2’ C 2.

We use the notation

N
(1.10) Qel(z) = Y a;(x)&i;

ij=1
for all £ € RY and z € £2.

2. Preliminary results. First we state our assumptions that will be
kept throughout the paper. 2 C R is a convex open set with C?T bound-
ary. The coefficients of the operator A are real-valued, belong to CL7%(£2)

loc
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and satisfy the following conditions:

N
G =qis Y ()& = p(@)Ef, zen, eRY,

(2'1) 2,j=1
Inf p(x) = po >0,
(2.2) \Vaij(z)] < Mp(z), x€82,i,5=1,...,N,
N
(2.3) > DiFj(@)6i; < (BV(2) + ko)l¢)?,  w e 2, £ eRY,
ij=1
(2.4) V(z) >0, |VV(z)|<~vQ+V(z)), =ze€i2,

for some constants M,y > 0, ko, 5 € R, § < 1/2. Moreover, we suppose that
there exist a positive function ¢ € C%(£2) and A\ > 0 such that

dp
ov

We introduce the following realization of the operator A with homogeneous
Neumann boundary condition:

(2.5) lim ¢(z) =00, sup(Ap — Aop) < o0, (x) >0, xe€0f
9]

|z|—o00

D(A) = {u € Ch(2)NW*P(2N Bg) forall R >0, p < oo

Au € Cy(92), @(x) =0,z € 89}.
v

We remark that if 2 = RY our results can be generalized to operators
with locally Hoélder continuous coefficients satisfying suitable assumptions
by a standard convolution approximation (see Remark 4.4).

In this section we collect some preliminary results which are the main
tools for the study of problems (1.1) and (1.2). We start by proving maxi-
mum principles for such problems, and consequent uniqueness results.

PROPOSITION 2.1. Let z € C([0,T] x 2)NnC%1(]0, T] x 2)nC*2(]0, T] x

2) be a bounded function satisfying

zi(t,x) — Az(t,x) <0, 0<t<T, ze€{2,

0

% t.0) <0, 0<t<T,zecdn,

ov

z(0,z) <0, x € ().
Then z < 0. In particular there exists at most one bounded classical solution
of problem (1.1).

Proof. We may suppose that Ay — A\gp < 0; otherwise we replace ¢ by
¢+ C for a suitable constant C' > 0. Set v(t, ) = e~ !2(¢, z); we prove that
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v < 0, then the statement follows. We consider the sequence
1
vn(t,x):v(t,x)——go(x), 0<t<T, iL'EQ,
n

and we observe that
Dy (t,z) — (A— Xo)up(t,z) <0, 0<t<T,z€,

0

I (t,2) <0, 0<t<T,ux€dn,
ov

v (0,2) <0, x € Q.

For every n € N the function v, attains its maximum in [0,7] x {2 at some
point (ty,zy). If t, > 0 and z,, € Q then

Dtvn(tnavn) >0, Avn(tnamn) + V(xn)vn(tnv xn) <0,
and consequently, using the equation
(Mo + V(zn))vn(tn, xn) < (Ao + Dy — A)vp(tn, z,) < 0.

Since A\g > 0 this implies that v, (¢,,z,) < 0.

If t,, = 0 we immediately have v, (t,,x,) < 0. Finally, it is not possible
that ¢, > 0 and z,, € 92 without any interior maximum point because of
the strong maximum principle ([7, Theorem 2.14]).

Therefore we have proved that v(t,z) < n~lp(z) for all 0 <t < T and
x € £2. Thus letting n — oo we conclude that v < 0, as claimed. =

The following strong maximum principle is well known for C? solutions.

PROPOSITION 2.2. Let u € Cy(2) N W2P(2 N Bg) for all R > 0 and

p < 00, and suppose that Au € C,(2) and

Au(z) — Au(z) <0, =z € 2,
for some A > 0. Let xg € 012 be such that u(xg) > 0 and u(zr) < u(zg) for
all x € 2. Then

(2.6) E(xo) > 0.

Proof. We follow the proof of the classical Hopf maximum principle (see
e.g. [9, Lemma 3.4]). Consider a ball B(y,r) C §2 such that B(y,r) N 02
= {zo} and assume that v > 0 in B(y, ). It is readily seen that there exists
o > 0 such that the function z(z) = e~*=ul* — =7 gatisfies Az > 0 in
D = B(y,r)\ B(y,r/2). Set w = u+¢z, where € > 0 is chosen in such a way
that w(z) < u(xp) for all x € dB(y,r/2). Then w(x) < u(xp) in D and

(2.7) Aw(z) = Au(z) + eAz(z) > Au(z) >0, z€D.

Let T € D be the maximum point of w in D. It is not possible that T € D,
otherwise from [17, Lemma 3.2] we should have Aw(Z) < 0, which is in
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contradiction with (2.7). Then Z € 0D and necessarily T = x¢. It follows

that
ow ou 0z
E(CEO) = 5(1’0) +ec %(IEO) 2 0.

Since Z£(z0) < 0, this implies (2.6). =

PROPOSITION 2.3. Let u € Cy(2) N W?P(£2 1 Bg) for all R > 0 and
p < 00, and suppose that Au € Cy({2) and

Au(x) — Au(z) <0, z €12,

2.8
(28) ?(m)go, €00,

v
for some X > Xg. Then u < 0.

Proof. As in Proposition 2.1, we may assume that Ap — Ao < 0. We
introduce the sequence

up(z) = u(z) — %(p(m), x € {2,
and we note that
Aup,(z) — Aup(z) <0, z € 2,
(2.9) Oouy,
ov
We prove that u, < 0 for all n € N; then the conclusion follows by letting
n — oo. Each u, has a maximum point z,, € 2. If z, € (2, then from
[17, Lemma 3.2] it follows that Auy,(z,) < 0 and, by (2.9), u,(x,) < 0. Now
assume that x,, € 902 and u,(x) < up(x,) for all x € 2 (otherwise there
would exist an interior maximum point and we could apply the previous
step). Then from Proposition 2.2 and (2.9) it follows that w,(z,) < 0, and
this completes the proof. =

(z) <0, z € 0R.

If £2 is bounded, the above maximum principle for W2® solutions is well
known (see for example [1], [4]).

The following lemma is of crucial importance for our estimates; it holds
for convex domains and this is the reason why we have assumed that (2 is
convex.

LEMMA 2.4. Let A be a convex open set with C' boundary, not neces-
sarily bounded. Let u € C%(A) be such that Ou/Ov(x) = 0 for all x € OA.
Then the function v := |Vu|? satisfies

ov

- < .

@) <0, we ol
v

Proof. Since {2 is convex, we have 7 - Z(z) > 0 for all x € 92 and
all vectors 7 tangent to 0f2 at x (see [8, Section V.B]). By assumption,
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Vu(z)-v(z) =0 for all z € 92 and then differentiating we get

0 9 o, .
E(Vu(as) -v(x)) = D*u(x)T - v(x) + Vu(x) - E(az) =0, xe€0dAd,
for every vector T tangent to 92. For 7 = Vu(x) we have
8'1) 2 8V
_ — . = — . — < .
£ (x) = 2D%u(x)7 - v(x) 27 57 () <0, z€0f. =

Now we recall some known results about Neumann problems in bounded
domains. Let A be a bounded open set in RY with C**® boundary. Con-

sider the realization of the operator A in C(A) with homogeneous Neumann
boundary condition

(2.10) D,(A) = {u € W2P(A) for all p < 00 :
- Ou
Au € C(A), 5(3:) =0,z € 8/1},

and Au = Au for all u € D, (A). The operator (A, D, (A)) is the generator
of a strongly continuous analytic positive contraction semigroup (S(t))>0
in C(A) (see e.g. [14, Section 3.1.5]). This means that for all f € C(A) the
function u(t,z) = (S(t)f)(z) has the following properties:

(i) u € C(]0, 00[; C(A)) NCHHe/22+ ([ T x A) for all 0 < £ < T < o0;
(ii) Dyu € C1He/22 (e T) x Ay) foralli=1,...,N,0<e < T < 00

and open sets A; with A; C A, in particular u € C13(]0, co[ x A);
(iii) u is the unique classical bounded solution of the Neumann problem

Du(t,x) — Au(t,z) =0, t>0,z¢€ A,

ou

2.11 — =

(2.11) aV(zt,ac) 0, t>0,z € A,
u(0,z) = f(z), x e A

Next we prove a gradient estimate for S(t)f, using Bernstein’s method
(see [15, Theorem 2.4]). It is worth observing that since A is bounded, this
result is well known. Actually, our interest is not in the estimate itself but
rather in the fact that the constant Cr in (2.12) below does not depend on
the domain A when it is convex. This will be an important step in the study
of problem (1.1).

PROPOSITION 2.5. Let A be a bounded convex open set with C*T% bound-
ary. For all firted T > 0 there exists a constant Cr > 0 independent of A
such that

Cr
2.12 VSt) f(x)| < —
(2.12) IVS(@)f(x)| < i

[fllo, 0<t<T, w€A,

for every f € C(A).



Gradient estimates 229

Proof. We may suppose that V' > 1; the general case follows by consid-
ering the operator A’ = A — I. Assume first that f € D,(A); set u(t,z) =
(S(t)f)(z) and define the function

o(t,x) = u*(t,z) + at|Vu(t,z)|>, t>0, z € A,

where a > 0 is a parameter that will be chosen later. Then v € C'2(]0, T]x A)
NC%1(]0,T] x A); moreover, since f € D, (A), we have u € C([0,T]; D,,(A));

in particular Vu € C([0,7T] x A) and then v € C([0,T] x A).
We claim that for a suitable value of a > 0 independent of A, we have

(2.13) ve(t,z) — Av(t,z) <0, 0<t<T, zeA,
(2.14) g—v(t,:c) <0, 0<t<T, zed
v

then the maximum principle implies
v(t,z) <supv(0,z) = ||f||%, 0<t<T, z€A,
zed
which yields (2.12) with Cp = a~1/2.
The boundary condition (2.14) follows from Lemma 2.4. For (2.13), a
straightforward computation shows that v satisﬁes the equation

v (t,x) — Av(t, z) = a|Vu(t, x) —22 ¢ij(x)Diu(t, z)Dju(t, x)

i,j=1

+g1(t, ) + g2(t, @),

where
N
g1(t,x) = 2at Z D;Fj(z)Dyu(t, ) Dju(t, ©) — atV (z)|Vu(t, z)|?
ij=1
— 2atu(t, z)Vu(t,z) - VV(z) — V(z)u?(t, ),

N
ga(t,x) = 2at< Z Dyqij(z)Du(t, z)Diju(t, x)
',]' k=1

_ Z e mutx)Djku(t,x)).

t,5,k=1

Let us estimate the function g¢;. Using (2.3), (2.4) and recalling that V' > 1
we get, for all € > 0,

g1(t, ) < 2at(BV + ko)|Vul? — atV|Vul?
+ 2ayC:t(1 + V) |ul* 4 2avet(1 + V)| Vul|* — Vu?
< at(2B—1+2ve)V|Vul? + (4ayCat — 1)Vu? + 2at(ko + ve)|Vul?,

where C. > 0 is a constant. Since # < 1/2 we can choose ¢ = ¢(3,7) such
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that 26 — 1 + 2ve < 0 and we get

(2.15) g1(t, ) < (4ayCet — 1)Vu? 4 2at (ko + ve)|Vul?.
Concerning g2, from (2.2) we have
N
Z DquDku-ngu < MN Z |Dku| Z ’DZ]U’|
i,5,k=1 ,5=1
3/2 Y 2\1/2
< MN*2p(@)|Vul (D (Dyu)?)
ij=1
al 1
1,j=

and therefore

N
(2.16)  ga(t,z) < 2at <,u(:v) 3 (Diju)’

i,j=1
1 N
+ 1 MAN (@) Vul? = ) Y (Dyu)?)
ij=1

1
=3 at M2 N3 p(z)|Vul?,
Estimates (2.15) and (2.16) imply that
ve(t,x) — Av(t, z)

< {a + 2at (ko + ve) + <% atM?N? — 2)#(%)}\VU(M‘)!2

+ (4ayCit — 1)V (2)u?(t, x)

< {a + 2aT (kg +e) + (% aTM?*N? — 2>u(x)}\Vu(t,:c)|2

+ (4ayC.T — 1)V (2)u?(t, )

for all ¢t € ]0,7] and = € A. It is clear now that there exists a sufficiently
small value a > 0 which depends on pg, M, kg, 5,7, N,T but not on A such
that (2.13) holds.

If f € C(A) the statement follows easily from the semigroup law, since
S(t) is analytic:
[VS(@)f(x)] = VS(t/2)S(t/2) f ()|

fCT V2Cr
NG 15(t/2) flloo < 7

[flloo- m
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3. Construction of the associated semigroup. In this section we
prove that there exist bounded solutions to problems (1.1) and (1.2), we
show that there exists a semigroup (P;)¢>o in Cp,({2) which yields the solution
of (1.1), and we study the main properties of P;.

We consider a nested sequence {2, }nen of convex bounded open sets

with C?7® boundary such that
Uan=02 o2cl]on.

neN neN
We define the domain of the realization of A in {2, by

(3.1) Dy(A) = {u e W2P(£2,) for all p < oo :

ou
ov
and we denote the associated semigroup by (73,(t)):>0. Here is the existence
theorem for problem (1.1).

Au € C(2,), (m):O,xeaﬁn},

THEOREM 3.1. For every f € C({2) there exists a unique bounded solu-
tion u(t,x) of problem (1.1) belonging to C([0, 00| X 2)nN Cllota/2’2+a(]0, oo
x §2). Moreover
(3.2) u(t,r) = lim (T,,(t))f(x), t>0, z€ 0.

If we set Pif = u(t,-), then (P:)i>0 is a positive contraction semigroup in

Cy(£2). Moreover

C
(3.3) VP flloo < ==

o O0<t<T,
< 141

where Cr is as in (2.12).

Proof. Set uy,(t,x) = (T,,(t)f)(x). Let ' C 2 be a bounded open set
and 0 < ¢ < T. From [13, Theorem IV.10.1] it follows that if £2” C 2 is a
bounded open set such that 2 C 2" and dist(£2’, 2\ £2”) > 0, then there
exists a constant C' = C(g, T, 2, £2") > 0 such that

(3.4) ||Un|\cl+a/2,2+a([5,ﬂX(?) < CH“nHC([O,T]X(W)-
Hence

HunHcl+a/2,2+a([g,ﬂx(7) < | fllso
for all n € N such that 2”7 C £2,, _and therefore the sequence (un)nen is
relatively compact in gl’g([e, T x §2'). Considering an increasing sequence
of domains [e,,, T},] x £2/, whose union is ]0, co[ x 2 and using a diagonal pro-
cedure we can conclude that there exists a subsequence (up, )ken (possibly
depending on f) such that

lim uy, (t,2) = u(t,z), t>0, x€ 0,
k—oo



232 M. Bertoldi and S. Fornaro
where u € C’ltta/g’ﬂa(](),oo[ x {2). Moreover (up,)gen converges to u in
C12([e, T] x 2") for all 0 < ¢ < T and for all bounded open sets 2’ C f2.

We prove that u is a bounded classical solution of problem (1.1). The
function u is a solution of the equation u; — Au = 0 in |0, 00[ x 2. This
follows by letting £ — oo in the equation satisfied by u,,. Moreover since

lu(t, )] < || flloos t>0, x € £,
we see that u is bounded in ]0, 0o[ x £2. The boundary condition

@(t
ov'”’

follows immediately since u,,, converges to u in C12([e, T] x (') for all 0 <
e < T and 2 C 2 a bounded open set. Finally we prove that u is continuous
t (0,20) with value f(xq) for all zp € (2. Consider two neighborhoods
Ui C Uy of xg. Set 29 = Uy N 2 and 27 = Uy N 2 and suppose that 2y is
convex and has C?*® boundary. Let 6 € C°°({29) be such that § = 0 in a
neighborhood of 2N AUy, =1 in 27 and 90/0v = 0 in Uy N 2. Define

v (t,x) = 0(x)uy(t,x), t>0, z€ .

x)=0, t>0, z€d,

Then v,, satisfies the boundary condition

(3.5) %(t, z) = 0(x) aa“" (t,2) + un(t, 7) %(gg) =0

for all t > 0 and =z € 9f2y and for all n such that 29 C 2,. Moreover v,
satisfies the equation

Dy, (t,x) — Avy(t,z) = n(t,z), t>0, x € (2,

where

Un(t, ) = —un(t,2)(A+V(z -2 Z Gij () Diug (t, ) D;0(x).
1,j=1
Since T,,(t) satisfies the gradient estimate (2.12), it follows that there exists
a constant C' > 0 such that

C
(3.6) [ (t)]lc0 < 7 0<t<T,
for all n € N. Let T'(t) be the strongly continuous analytic semigroup gener-

ated by the realization of A in C(£2y) with Neumann boundary conditions.
From [14, Proposition 4.1.2] it follows that v, (¢) can be written as

t

va(t) = T(E)(OF) + | T(t = 8)vbn(s) ds

0



Gradient estimates 233

Since v, = uy,, in 24, if (¢,2) €]0,T[ x 27 we have
t
g () — F(@0)| < ITE)OF)@) — £ (o) + [IT(E = 5)bny ()]l .
0
Using (3.6) and letting k — oo we get
t

ult,2) — Fwo)] < [T()(OF)(x) — Flao)] + |-~ ds
o Vs

which shows that u is continuous at (0, x¢). Since o € §2 is arbitrary, we
conclude that u is continuous in [0, 7] x 2. Thus we have proved that u is
a bounded classical solution of problem (1.1).

We claim that the whole sequence (uy)nen converges to u in C12([e, T
x () forall 0 < e < T and £2’ C 2 a bounded open set. Indeed, consider any
subsequence (up, )ken Of (Un)nen. The previous argument can be applied to
(un,, )ken and it follows that there is a subsequence (unk]_ )jen and a function
v such that v is a classical bounded solution of problem (1.1) and (Unkj )jeN
converges to v. But from Proposition 2.1 it follows that u = v. This shows
that the whole sequence converges to u.

Writing (P;f)(xz) = u(t,x), we get the positivity of P; directly from the
positivity of T}, (¢). The semigroup law for the linear operators P; follows in
a standard way from uniqueness.

Finally, according to Proposition 2.5, for all 7' > 0 there exists a constant
Cr > 0 such that

Cr
VT, () f(x)] < 7

for all n € N. Letting n — oo we get (3.3). m

Iflloo, 0<t<T, x€ Ry,

The next proposition shows some continuity properties of P; that will be
useful subsequently.

PROPOSITION 3.2. If (fu)nen C Cp(§2) is a bounded sequence which
converges pointwise in {2 to a function f € Cy(02), then (Pif,)(x) converges
to (Pf)(z) in CY2([e,T] x ') for all 0 < ¢ < T and all bounded sets
' C 2. If (fn) converges to f uniformly on compact subsets of 2, then
(Pyfn)(x) converges to (Pyf)(x) uniformly in [0,T] x £’ for all T > 0 and
all bounded sets 2 C §2. Finally, P; can be represented in the form

(3.7) (P (@) = ) p(t,zidy), >0, 2 €D,
o}
where p(t, x;dy) is a positive finite Borel measure on (2.

Proof. We may assume that f = 0. Let (f,)nen be a bounded sequence

in C,(§2) that converges pointwise to zero in (2, and set u,(t,x) = P; fn(x).
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Using the local Schauder estimate (3.4) and the maximum principle it follows
that the sequence (u,,) is bounded in C't®/22+([¢, T|x ) forall0 < ¢ < T
and all bounded 2 C (2. Therefore there exist a subsequence u,, and a
function u € C12(]0, oo[x £2) such that u,,, converges tou in C12([e, T]x 2')
for all 0 < e < T and for all bounded 2’ C £2. The function v is a bounded
solution of the equation

—Au =0 in (0,00) x 2,
and it satisfies the boundary condition

ou

ov
Now we show that u is continuous up to ¢ = 0 and that (0, z) = 0 in order

to conclude that u = 0, by Proposition 2.1. Let {2y, {21 and 0 be as in the
proof of Theorem 3.1 and set v, (¢, ) = 6(x)u,(t,z). Then we can write

=0 in (0,00) x Of2.

t

vn(t) = T()(O.fn) + | T(t — 5)tbu(s) ds
0
where T'(t) is the semigroup generated by the realization of A in C' ((70) with
Neumann boundary condition and

Un(t, ) = —un(t,2)(A+ V(z —2 Z Gij () Diun (t, ) D;60(x).

3,j=1

From the gradient estimate (3.3) and the boundedness of (fy, )ken it follows
that

(3.8)  |vm, (t.2)] < [(T)(OFn))(@)| +CVE,  z€ By, 0<t<T, keN,

where C' > 0 is a constant independent of £ € N. For all 1 < p < o0
the semigroup (7'(t)) extends to an analytic semigroup in LP({2y) (see [14,
Section 3.1.1]), and for p > N the domain of the generator of T'(¢) in LP({2y)
is embedded in C(£2y); since 0 f,,, converges to zero in LP({2y) it follows that

T(t)(0 fn,) converges to zero uniformly in 2. Thus letting k¥ — oo in (3.8)
we get

lu(t,z)| < CVt, 0<t<T, zefl,

which implies that u is continuous at (0, xq) for all 2y € 21. Since £2; C £2
is arbitrary, we see that u is continuous at ¢t = 0 with «(0,x) = 0.
Therefore v = 0 and the subsequence wu,, converges to zero in
CY2([e,T] x §2) for all 0 < & < T and bounded 2’ C £2. As in the proof of
Theorem 3.1 one can prove that the whole sequence (uy)nen converges to
zero in CY2([e, T x ) for all 0 < ¢ < T and bounded 2’ C {2, as stated.
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SupEose now that (fy,)nen converges to zero uniformly on compact sub-
sets of {2. By (3.8) we have

un(t,2)| < [T@)(Of2)loo + CVE< [0 fnlloc +CVE,  w€ 1, 0<t<T,
where C' > 0 does not depend on n € N. Therefore for all € > 0 we have

||Uan([0,T]x§1) < 10fnllec + Cve + ”Un||c([e,T]x!71)-
By taking into account the first step of the proof this yields

lim sup [[un oo a,) < Cve,
n—oo
that is, u, converges to zero uniformly in [0, 7] x £21. Since §2; is arbitrary,
the conclusion follows.
We can now prove (3.7). By the Riesz representation theorem, for every
x € {2 there exists a positive finite Borel measure p(t, z; dy) in {2 such that

(3.9) (Pef)(x) = § f(y) p(t,w;dy), | € Co(92).
02

If f € Cyv(S2), we consider a bounded sequence (fy)nen C Co(£2) which
converges to f uniformly on compact sets of 2. Writing (3.9) for f,, and

letting n — oo we obtain the statement for f € Cy(§2), by dominated
convergence. m

By a straightforward application of the semigroup law, from Proposi-
tion 3.2 it follows that estimate (3.3) extends to the whole half-line [0, col.

COROLLARY 3.3. For all w > 0 there exists C,, > 0 such that
ewt
(3.10) VP flloo < Co 7 [flloo,  t>0, f€Cp(2).
We remark that the semigroup (P;);>0 is not strongly continuous in
Cp(£2) in general: this is shown by the example 2 = RY and A = A,
Following the approach in [19], we introduce the weak generator (A, D(A))
defined by

D(A) = {f € Cp(£2) : sup w < oo and 3g € C,(2) such that
te(0,1)
Af(x) = lim (Ptf)(xz —I@) e pd), se b

-~ -~

The following results are proved in [19]: if f € D(A), then P.f € D(A) and
AP, f = P,Af for all t > 0. Moreover we have (0,00) C p(A), ||R(\, A)|l
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< 1/X and
(3.11) (RN (@) = [ e P @)dt,  xe
0

~ — ~

and R(A, A) is surjective from Cy(§2) onto D(A) for all A > 0. Our aim now
is to find a solution of problem (1.2) and to prove that A coincides with the
operator A.

PROPOSITION 3.4. For all f € Cyw(£2) and A > 0, the function u =
R(A\, A)f belongs to D(A) and solves problem (1.2). Moreover D(A) = D(A)
and Av = Av for all v € D(A).

Proof. Let f € Cp(f2) and let u = R(A,A\)f. For all n € N, let
un, = Ry(N\, A)f € D,(A), where R,(\,A) is the resolvent of the opera-
tor (A, Dy (A)), that is,

un(x) = | e T ) (@) dt,  x € 2y
0
Taking into account the contractivity of T),(t), we have

1
(3.12) unlloo < < [Iflloos [Aun oo < 2| flloo

for all n € N, and then from Theorem 3.1 and by dominated convergence it
follows that

lim u, = u

n—oo
pointwise in 2 and in LP(§2;,) for all k € N. Furthermore, by the L? estimates
we have

(3.13) [[un — UmHW?vP(Qk) < c(p, k) |lun — UmHLP(QkH)’ n,m >k,

for all p € (1, 00), where ¢(p, k) > 0 is a constant. Consequently w,, converges
to u in W2P(§2) for all k € N. Hence u € W2P(2 N Bg) for all R < oo.
Moreover by Sobolev embedding wu,, converges to u in C1(£2;) for all k € N,
and hence we deduce that du/dv = 0 in 9£2. Finally, letting n — oo in the
equation Au, — Au, = f shows that Au — Au = f in {2. Therefore u belongs
to D(A) and is a solution of problem (1.2).

In particular, since R(\, 4) is surjective from Cy,(£2) onto D(A), it follows

-~

that D(A) C D(A). Conversely, let u € D(A) and define f = A — Au €

— -~

Cy(£2), where A > Ao (see (2.5)). Then the function v = R(X\, A)f is a
bounded solution of problem (1.2). By Proposition 2.3 we have u = v, and

-~

in particular u € D(A). m

A consequence of the gradient estimate (3.10) is that D(A) is continu-
ously embedded in CL(£2).
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PROPOSITION 3.5. D(A) C CL(£2). Moreover for all w > 0 there exists
a constant M, > 0 such that

(3.14) IVulloo < Mo fJull 2 (A = w)ul|3?
for all w € D(A).

Proof. Let u € D(A), w > 0 and A > 0. Then the function f =
(A + w)u — Au belongs to Cy,(£2) and
u(@) = (R +w, A)f)(z) = | e O f)(2)dt, e
0
By using estimate (3.10), we may differentiate under the integral sign to

obtain
o

Vu(z) = | e "TINVPf)(2)dt, z €,
0

and

0o
e)\t

M,
[Vu(z)| < Co (SJ WdtHfHoo = [flloo, =€ 42,

where M, > 0 is a constant. Therefore

IVl < M, (ﬁ lulloo + %)

and, if we take the minimum over A, (3.14) follows. =

With the same technique as in Proposition 2.5 we get the following gra-
dient estimate.

PROPOSITION 3.6. For every T' > 0 there exists Cp > 0 such that
(3.15) IVPflloo < Cr([fllc + [V flle), 0<t<T,
for every f € CL(2) (see (1.5)).

Proof. We may suppose that V' > 1; the general case follows by consid-
ering the operator A" = A — I. We give the proof in several steps; first we
prove that there exists a constant Cr > 0 such that

(3.16) [VTu(t)f (@)l < Cr([flle + IV flle), O0<t<T, z €2y,

for every n € Nand f € CL(§2,). Since D,,(A) (see (3.1)) is dense in C1(12,,),
it is enough to prove (3.16) for f € D, (A).
Let f € D,(A) and define

w(t,z) = u*(t,z) + a|Vu(t,z)|?, t>0, € 2,
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where u(t,z) = (Tn(t) f)(x) and a > 0 is a constant. Then w € C([0, T]x {2,,)
N C%1(]0,T) x £2,) NCH2(]0,T] x £2,) and from Lemma 2.4 it follows that

6—15(t,$)§0, t>0, x €082,

Moreover w satisfies the equation

wi(t,x) — Aw(t, z) = —QZqZ] )Diu(t, z)Dju(t, z) + hi(t, z) + ha(t, z),

,j=1
where
N
hi(t,z) = 2a Z D;Fj(x)Diu(t,z) Dju(t,z) — aV (z)|Vu(t, z)|*
ij=1
— 2au(t, x)Vu(t,x) - VV () — V(2)u?(t, z),
N
ha(t,2) = 2a( > Digys(w) Dyult, 2) Dijult, x)
'jk—l
— Z ¢ij(z)Dipu(t :C)Djku(t,:c)>.
1,5,k=1

The same estimates from the proof of Proposition 2.5 show that there exists
a value of a > 0 independent of n such that
wi(t,z) — Aw(t,z) <0, 0<t<T, x€ (2,
Therefore the classical maximum principle yields
w(t,z) < sup w(0,2) < [[fI5 +al VIS, 0<t<T, zefy,
zeQ_n
which implies (3.16) with Cp = a~ /2 Vv 1.
Let now f € CL(£2). For all k € N, let 0 € CL(£2) be a function with
bounded support such that
%,
ov
where L > 0 is a constant independent of k € N, and set fr = 0. f. Then
for all n € N such that supp(6y) C {2, we have
Ofk 90y, of
IR () = = 0
Tk = SE@@) + ) S0 =0, w09,

that is, fi. € CL(£2,,). Then T, (t)fy satisfies estimate (3.16), and letting
n — 00 we get

VP fr(2)] < Cr(|[ frlloc + [V filloo)
<Cr((L+LD)flloe +IVSll), 0<t<T, €2

0<60r<1, |[VO|oo<L, 6r=1 in X, =0 in 042,
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Taking into account Proposition 3.2 and letting £k — oo yields the state-
ment. =

As a consequence we get the following result which will be used in what
follows.

PROPOSITION 3.7. If f € CL(Q2) then the function VP.f is continuous
in [0,00) x £2.

Proof. Let f € CL(§2). Taking account of Theorem 3.1 we only have to
prove that VP, f is continuous at t = 0. Let x¢ € {2 be fixed and (2, (21, 0
and T'(t) be as in the proof of Theorem 3.1. We set

v(t,x) = 0(z)(P.f)(z), t>0, x€ Ny,
and we prove that Vv is continuous at (0, xg); since v(t,z) = (P.f)(x) for

all z € (21, the conclusion follows. We can write
¢

v(t) = T)(0f) + | T(t — s)3(s) ds,
0
where

Y(t,x) = =P f(z)(A+ V(x —22% )D; P, f(x)D;0(x).
,j=1
From Proposition 3.6 it follows that

[P lloo < Cr(flloc + IV Flloo),  0<t<T,
for some Cr > 0, for all fixed 7" > 0, and then by (2.12) we have
[Tt = 8)6(s) oo <
for some C' > 0. Therefore
[Vo(t,z) =V f(xzo)| < [VT@)(0f)(x) =V f (o)
+ 20Vt (| flloo + IVflloo), 0<t<T, z€ .

c
o+ IVFlleo), 0<s<t<T,
==l + IV ), 0<s

Taking account of
(3.17) lim — |VT(t)(0f)(x) = Vf(zo)| =0,
(t,x)—(0,z0)

we conclude that Vv is continuous at (0,x). Relation (3.17) is immediate
if 0f € D,(A), where D,(A) is the domain of the generator of T'(¢), as
n (2.10). Indeed, in this case T'(t)(0f) belongs to C([0,00); Dy(A)) and
D,(A) C CL(£29). In general we have 0f € CL(£2) (see (3.5)), and (3.17)
follows by approximation, since D, (.A) is dense in C}(£29). m

REMARK 3.8. In the case 2 = RY the compactness of P; in C,(R") has

been studied in [16]. The results extend to the case 2 # R with the same
proofs adapted to the Neumann problem. Assume that V' = 0, i.e. consider
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the conservative case where P,1 = 1. First, P, is compact in C},(§2) for all
t > 0 if and only if for all ¢, > 0 there exists a bounded set 2" C 2 such
that p(t,z,82") > 1 — ¢ for all € 2. Secondly, if there exists a positive
function ¢ € C? such that

| l‘im P(x) = oo, g—qﬁ(x) =0, z€02, AYx)<—g(x)), ze€i2,

where g : [0,00[ — R is a convex function such that lim, .. g(x) = co and

1/g is integrable at oo, then P; is compact in Cy(§2) for all ¢ > 0.

4. Pointwise gradient estimates. In the whole section we assume
that V' = 0, which implies that P,1 = 1 for all ¢ > 0 thanks to uniqueness.
Actually this is a necessary condition for the estimates that we are going to
prove. Indeed, taking f = 1 in (4.1) shows that P,1 = 1.

PROPOSITION 4.1. Suppose ¢;j(z) = 0;; for all i,5=1,...,N. Then for
every p > 1 and f € CL(2) we have
(4.1) VP, f(2)]P < M P(VFP) (), ¢>0, z€ .

Proof. 1t is sufficient to prove the case p = 1. For p > 1, we observe
that since P;1 = 1 the measures p(¢,x;dy) given by Proposition 3.2 are
probability measures, and then Jensen’s inequality yields

VP, f(2)[P < ("' P(|Vf]) ()P < P BV fIP)(2).

Let f € CL(2) and let ¢ > 0 be fixed. Set u(t,z) = P;f(x) and define

the function

w(t,z) = (|[Vult,z)|> + )2, t>0, ze .
From Propositions 3.6 and 3.7 it follows that w is bounded and continuous
in [0, co[ x {2. Since u € ClJrO‘/Q’QJrO‘(]O7 oo x £2) (see Theorem 3.1), we find

loc

that w € C%1(]0,00[ x £2). Finally, from [12, Theorem 8.12.1] we deduce
that w € C12(]0, oo x £2). From Lemma 2.4 it follows that
ow

1 2 —-1/2 9 2
— \V4 < .
V(t,:v) Q(WU(t,x)\ +¢) y| ul*(t,z) <0, t>0, x€df2

A straightforward computation shows that w satisfies the equation
wi(t,z) — Aw(t,z) = g1(t, x) + go(t, x)

where

N
g1 = (\Vul* +)712 Y " (DiFy)(Diu)(Dju)
3,j=1
) N N 9 N
g2 = (Vul +)7/2 " (D o(Djw)(Dygw)) = (Va2 +)72 Y (Dyu)®.

i=1 j=1 i,j=1
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We now estimate the functions g; and go. Since

N N 9 N
(VP +)72 3~ (3 Djubiju)” < (Vuf +)|Vul? 3 (Diju)’
i=1 j=1 ,j=1

N
< (IVul? )72 > (Dyu)?,
i =1

it follows that ga < 0. On the other hand using (2.3) we obtain
g1(t,z) < ko(|Vu(t, z)[* + &) 72| Vu(t, )|
= kow — koe(|Vu(t,z)> + &)~ 1/2.
If kg > 0 we immediately have
91(t,x) < kow,
whereas if ky < 0, we have
g1(t, ) < kow — kov/e.

In any case we obtain

0 kO > 07
wy — Aw < ko(w — 0:) where . = VE k<o,
Therefore the function v = w — . satisfies
ve(t,x) — Av(t, z) < kov(t, x), t>0,x¢€ (2,
ov
— < n
aV(t,av)_O, t>0, x €0,

v(0,2) = (|Vf(2)]?+e)/? -6, x€0.
On the other hand, the function
2(t,x) = P((VI2+ )Y (z), t>0, ze,
solves the problem
ze(t,x) — Az(t,x) = koz(t,x), t>0, x € 12,
0z

g(t,x):(), t>0, ze€of,

2(0,2) = ([Vf(z)> + )2, z € (.

Therefore Proposition 2.1 applied to v— z and to the operator A+ kol yields
v < z, that is,

(IVu(t,z)? +e)Y2 = 6. < PPV + )V (@), t>0, z€.
Letting ¢ — 0 yields estimate (4.1) withp=1. m
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We now consider the case of variable second order coefficients. Under the
assumption

N
(4.2) D (Vaij(@) - €)° < qou(@) €], we 2, RN,
ij=1
which is slightly stronger than (2.2), we generalize the previous result when
p>1.

PROPOSITION 4.2. Suppose that (4.2) holds. Then
(4.3) VP, f(x)]P < e P(IVfP)(z), t>0, x€ 0,
for all p>1 and f € CL(£2), where

pko+§qo if p>2,
O'p: P
pko+——q f 1<p<2.
4(p—-1)

Proof. Let f € CL(£2) be fixed. We first prove the statement for p = 2.
Consider the function

w(t,r) = |Vu(t,z)|?>, t>0, z €,

where u(t,z) = (P;f)(x); then w € C([0,00[ x 2) N C%1(]0,00[ x 2) N
C2(]0,00[ x £2), and from Lemma 2.4 we have

awta: <0, t>0, zedl.
ov

Moreover it is readily seen that
we(t, x) — Aw(t,z) = fo(t,x),
where

=2 < Z DkqijDkuDiju + Z DijDkuDju - Z qijDikuDjku> .
i7j7k“ ]7k i7j7k“
From (4.2) it follows that

N N 12
(44) Y Diayle DkuDZ]u<(Z Dyw)?) (D (Vay - Vu)?)

i,5,k=1 =

-
—
-
<.
Il
R

(ZN: ngu ) QON(CC)\VU|2)1/2

N
1
< ple) Y- (Dyjw)* + 7 ol Vul,
i,j=1
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and then using (2.3) we get

N 1 N
folt.a) < 2( ) 3 (Digu0? + J wl T+ alTuf = ) 3 (Dy50?)

ij=1 ij=1
= (2ko + q0/2)|Vu|? = 02| Vul?.
On the other hand the function
2(t,x) = e P(|V D) (z), t>0, z€0,
is the solution of the problem
zi(t,x) — Az(t,x) = o22(t,xz), t>0, z€ {2,

0z
E(tﬂ;)_o, t>0, ze€df,
2(0,2) = [V f(x)[?, z e f2.

Using Proposition 2.1 we can conclude that w < z, which is (4.3) with p = 2.
Now the case p > 2 follows easily by applying Jensen’s inequality:
VP f ()P < (e BV 1)) (@)P/? < e P(VfP)(z), >0, x€ 0.
Assume 1 < p < 2. Fix € > 0 and define the function
w(t,z) = (|Vu(t,z)> + e)P/?,
where u(t,x) = (Pif)(z). Then w € C([0,00[ x £2) N C%1(]0,00[ x £2) N
C2(]0, 00[ x §2), and from Lemma 2.4 we have
ow
ov
Moreover it turns out that
wi(t,x) — Aw(t,z) = f1(t,x) + f2(t, x),

(t,z) = 12—) (|Vu(t,z)|> + )P/ %|Vu(t,x)|2 <0, t>0, x€0f.

where
fi=p(VuP +)0 =22,
fa=p2=p)(|Vul* + )P~ 2 " g;;DyuDjuDpuDipu.
i7j7k7h
Taking into account (4.4) for all 6 > 0 we have
N

F < (9 + 027 (bu(e) Y (D

ij=1
1 N

+ B qo|Vuy2 -+ ko’Vu‘Q _ | %:1 QiijkUDiku> .
Z?]? =

As far as f5 is concerned, we set A, = ZZNJ‘:1 qij DjruD;pu and we observe
that, since the matrix A = (Agp) is symmetric and nonnegative definite,
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we have foh:l ApnDpuDyu < Tr(A)|Vul?, where Tr(A) denotes the trace
of A. Therefore

M=

fo=p(2—p)(|Vul? +£)=/2 A DyuDpu

k?

>
Il
—

M-

T

< p(2—p)(|Vul? + )2/ qij DjxuDiju.

i,7,k=1
Choosing § = p — 1 we get

N

Fiot o <90 4027 (= ta) 3 (Dyu?
ij=1
N
q0 2
+ <m + kO) |VU| + (1 - p) Z QiijkUDiku>
i,5,k=1

< (pk:o + qo>(|Vu2+€)(p2)/2|Vu]2

p
4p-1)
= gpw — ea,(|Vul? + ) P=2/2,
which implies
wy — Aw < op(w — d¢),
where
0 if 0, > 0,
58 = 2 .
eP/2 if op < 0.
Now the conclusion of the proof is the same as in Proposition 4.1: applying
Proposition 2.1 to compare with z(t,z) = e’ P,((|V f]? + €)P/?) we deduce
that
(IVu(t, z)|> + e)P/? — 6. < "' P((|Vf]? +e)P/?)(z), t>0, z € £,
and then (4.3) follows by letting ¢ — 0. »
In the following proposition we deduce from (4.3) another type of point-

wise gradient estimate. The basic idea of the proof is taken from [3] where
the case p = 2 is considered.

PROPOSITION 4.3. Assume that (4.2) holds. Then for all f € C,(£2) we
have

o -1 p/2 _
45) VRSP < (520 ) RU@). >0 ae
for all p> 2, and

-1
Cplbg O _
(46) [VRI@)P < /2_11’(10_ epfgpt) P(fP)(z), t>0, =€,
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for all 1 < p < 2, where ¢, = 2P /(p(p — 1))?/? and op is given by Proposi-
tion 4.2. When o, = 0 in (4.5) and (4.6), we replace o,,/(1 — e~ %) by 1/t.
Proof. We prove that T, (t)f satisfies estimates (4.5) and (4.6) for
x € (2, for all n € N; then the conclusion follows by letting n — oo. Fix
n € N and set Ty = T),(¢), for simplicity. Note that T} satisfies estimate (4.3)
for all the functions in C1(§2,,).
First we consider the case p = 2. Let f € C,(£2), fix t > 0 and set

D(s) = Ts((Ti—sf)?), 0<s<t—e,

where ¢ > 0. From the analyticity of T} it follows that g = T;—sf € D, (A)
for all 0 < s <t — ¢ (we recall that D,(A) is the domain of the generator
of T}, defined in (3.1)). Moreover from a direct calculation it is readily seen

that g2 € D,,(A) and
gﬁ,(s) = ATS(QQ) - 2Ts<gAg> = TS<A<92) —29Ag) = 2TS(Q[VQ])7
where Q is defined in (1.10). Thus

t—e

B(t — ) = B(0) = 1o (T-f)?) — (Tf)* = 2 | T(QIVTi—sf]) ds.
0
Now, applying Proposition 4.2 to T;_sf we obtain

Ts(QIVTi—sf]) > poTs(IVTi—s f|?) > poe 72|V Ti f |2,

so that
t—e
T o((Tef)?) = (1) = 200 VTSP § €77 ds
0
2 1 — ¢—02(t—¢)
- 2l Vo g2,
02
and then
—1
2 024q N N
VISP < 5= ey (Tel(TeD) = (1))
O'Qlu,al

Ti—((T:1)%)-

~ 2(1 — e—o2(t=9))
Letting ¢ — 0 we obtain our claim.
If p > 2, using Jensen’s inequality we get

—1 p/2 -1 p/2
VP < (52 ) < () nee)

Now assume 1 < p < 2. Let first f € C,(£2) with f > § for some § > 0.
Fix t,e > 0 and define the function

U(s) =Ts((Ti-sf)?), 0<s<t—e.
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Then g =T;_sf > 6§ > 0 and a straightforward computation shows that

_ _ ogP _10g
P\ — o P 1 _ p—2 — Pl
A(g?) = pg? " Ag +p(p — 1)g* Q[ V], 5 — P9 5,

which implies that g € D, (A), since g € D,,(A). Moreover
V'(s) = To(A(g") — pg" " Ag) = p(p — DTs((Tr—s )P 2 QIVTi—sf]),

and hence

t—e

A7) Tc(Tf)?) = (Tf P =pp—1) | T(Tioof)P2QIVTiof]) ds

0
Applying Proposition 4.2 and Hoélder’s inequality we get, for all § € R,
VL fIP= VT s [P < TP T(|VTi—s 1)
= e T (Vo f (Lo f) (s f)7)
< g YT QIV Ty s (T s f) 2PN YT T )PP/ 7P 712,

Choosing 8 = p(2 — p)/2 and using Jensen’s and Young’s inequalities we
get, for all n > 0,

VTP < pg e {To(QIVTi—s f)(Tims )P 2) Y H{ Ty (Tom s f )P} P/
< g LT (T (QIV T s f)(Toms )P~ )Y 2T (f7) } 7P/

< ualeaps{g nQ/pTS(Q[th—Sf] (Tt—sf)p_Q)

()
so that

e VTP < S PP (Q T (Tt )+ (15 )P 02T 7),

Integrating from 0 to ¢ — ¢ and using (4.7) we get
po(1 —e~or(t=9)

p
t—e

< S § T(QIVT )T )2 ds + (1 - g)nz/@—% —)Ti(/f?)
0

_ gnyp Tt—a((f}aé)?;) (T, f)P + (1 _ §>n2/(p2)(t —)T(fP)

and then, letting ¢ — 0,
—1

VTP < h +(f7) (p 2/Pﬁ + (1 — g>772/(p2)t>‘

VT fIP
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Taking the optimal choice 7 = {p(p — 1)t}?(2=P)/* we finally obtain

-1
(4.8) VTSP < = T

If f € Cy(£2) and f > 0 then (4.8) follows by approximating f with f+1/n

and using Proposition 3.2. If f € C},(£2) then
IVLfP = VLT = P <227 (VTP + VT )P)
< 2y i o () + Tl(FP)
= [y — PRI - et t
< 2pu510p
= [p(p — D)]P/2P/21(1 — emont)

which concludes the proof. =

T (1f17);

REMARK 4.4. If 2 = RY, we can consider the case of operators with
locally Hélder continuous but nondifferentiable coefficients. In the case of
differentiable coefficients, (2.2) and (2.3) are consequences of

(4.9) |95 (2) — 45 (y)] < Mp(z)|z —yl, T,y € 12,

(4.10)  (F(z) — F(y)) - (z —y) < (BV(2) + ko)lz — y|*, z,y € 2.
Assume that the coefficients g;; and F; belong to C2_(RY) and satisfy (4.9)
and (4.10), and assume that V € CLL*(RY) and it satisfies (2.4). If one
considers a standard family of mollifiers ((c)e>o0 and defines ¢j; = gij * (.
and Ff = I} * (., then the functions ¢f; and F; are regular and satisfy (4.9)
and (4.10) with the same constants qo, 3, ko for all € > 0. Therefore qu and
F? satisfy (2.2) and (2.3); if A denotes the operator with coefficients a5
F7 and V, and if Pf denotes the associated semigroup, then Py satisfies
all the gradient estimates that we have proved, with the same constants for
all e > 0. As ¢ — 0 we get the gradient estimates for the semigroup P;
associated with the operator with coefficients ¢;;, F; and V. Indeed, from
the interior estimates [13, Theorem IV.10.1] it follows that Pff — P.f in
CH2((0,00) x RN).

loc

5. Consequences and counterexamples. The aim of this section is
to show on the one hand some consequences of the gradient estimates proved
so far, and on the other hand, two counterexamples to some of them.

We start by giving a new formulation of the uniform gradient esti-
mate (3.3): now we specify how the constant Cp depends on the operator A.
This allows us to deduce a Liouville type theorem.

COROLLARY 5.1. Suppose that V' =0 and (4.2) holds. Then for every
feCy(2),
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1y oo 12
HVPtfHoo§<7)> 1l 50,

2(1 — e=o2t
if o9 #0, and
1\ 12
P [e'e) < a4 [eo}) t )
9Pl < (o) Wl €30
Zf g9 = 0.

The proof is an easy consequence of Proposition 4.3 with p = 2.

PROPOSITION 5.2. Suppose that V =0, (4.2) holds and o9 = 2ko + %qg
<0.If fe D(A) is such that Af =0 then f is constant.

Proof. Let f € D(A) and Af = 0. Then P,f = f for all t > 0. Applying
Corollary 5.1 and letting ¢ — oo shows that V f = 0 and consequently f is
constant. m

Now we assume that (P:);>p extends to a contractive semigroup in
L} (2) = L'(£2, pu) for some measure . Then, by interpolation, P; extends
to a contractive semigroup in L,(£2) for all 1 < p < oco. In particular, one
may take as p the invariant measure of P; (when it exists), which is, by
definition, a Borel probability measure such that

| Pofdp =\ fdp
2 N
for all t > 0 and f € Cy,(£2) (for more details see [6]).

In this situation, the pointwise gradient estimates of §4 imply global
gradient estimates with respect to the LP-norm. Moreover, if (Ap, D(Ap))
denotes the generator of P; in L% (§2), we deduce that D(A,) embeds con-
tinuously in W, (£2).

PROPOSITION 5.3. Suppose that V. = 0 and that (4.2) holds. For all
f € L5(9), we have Pif € WiP(£2) and

1o 1/2
6 I9RS < (57 2 ) W > 0.p22

c u_la 1/p
(5.2) VRSl < t//<1_07> Ifllp, t>0,1<p<2.
In the case where o, =0, 0,/(1 — e~7') is replaced by 1/t.

Proof. Fixp > 2.1f f € C,(2)NLE(£2) then integrating (4.5) entails that
Pif € WyP(£2) and it satisfies (5.1). If f € L5 (£2), take a sequence (f,) C
Ch(£2)NLE($2) that converges to f in L, (£2). Writing (5.1) for f,,— fo, implies
that P;f, is a Cauchy sequence in W, (£2). Therefore P;f € WP (£2) and
it satisfies (5.1). The case 1 < p < 2 follows similarly from (4.6). =
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COROLLARY 5.4. Suppose that V = 0. For all p > 1 and w > 0 there
exists C = C(p,w) > 0 such that

(5.3) IVPfl, < C = ||f||p, t>0,

\/’

for every f € LL. Consequently, D(A,) C Wu’p(Q) and for all w > 0 there
exists M, > 0 such that

(5-4) IVally < Mollully2[1(Ap = w)ull,?
for all w e D(A,).

Proof. Fix T > 0. From Proposition 5.3 it follows that ||VP.f|l, <
Crt='2||f||, for every t € 10,T[ and f € L%(£2) for some constant O > 0.
Therefore arguing as in Corollary 3.3 we get (5.3).

For the second statement, fix w, A > 0. Let f € C,(£2) N LE,(£2) and set

= R(A+w,A)f. Then
Vu(z) = S e~ OFINTP ) (2)dt, xe .
0
As in Proposition 3.5, with estimate (3.10) replaced by (5.3), we deduce that

IVally < Mollully(Ap — wully.

Since C,(2)NLE(£2) is dense in LE,(£2), we see that R(\,A)(CL(2)NLE(£2))
is a core for (Ap, D(A,)). Thus, the general case u € D(A)) easily follows
from the previous step by approximation. =

ExaAMPLE 5.5. This example shows that Proposition 4.3 fails in general
for p = 1. Consider the heat semigroup in R,

Pif(z) = e @@ () dy, >0, z€R,

1 S

1/2
(4mt)/ 2
generated by the operator Au(z) = u”(z). The derivative is given by

1 e
DPf(z) = 2 (Amt) 12 S(:U —2)e @YW f)dy, >0, z R
R

Fix R > 0. Let f € O, (R) be such that 0 < f <1, f(z) =0forx < R—R~!
and f(z) =1 for z > R. Then

]. < _ 2 At
Pf(0) < (Amt) 12 | el gy,
R—R-1
1T e
DRSO 2 gyzgzrym L ve M dy
R
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Therefore

[e.9] o0
DPf(0) > cgPif(0), cq= % e /0 ay (] e R/ gy)
R R—R™!
Using the De L’Hospital rule, it is readily seen that cp — o0 as R — oc.
This means that no pointwise estimate similar to (4.5) can hold for p = 1.

With the next counterexample we show that the gradient estimate (3.3)
is not true in general without assuming the dissipativity condition (2.3). In
particular we show an example in which D(.A) is not contained in CL({2).

ExAMPLE 5.6. Consider in {2 = R the operator

Au(z) = u"(z) + B'(2)u (z) = e B@ (PO (2)),  z eR,
where B € C?(R) is such that Q(z) = eP@ {Fe=B®dt € L'(R). Then in
particular e € LY(R). Let D(A) = {u € C%2(R) N C,(R) : Au € Cp,(R)}. Tt
follows from [22, page 242] (see also [18, Proposition 2.1]) that (A, D(A))
is the generator of a semigroup in C},(R) having €@ dz as its invariant
measure.

If f € Cy(R), then the function

T t
(5.5) u(x) =Ch + S e B (CQ + S f(s)eBE) ds) dt,
0 0

for arbitrary Cq,Co € R, is the general solution of the equation Au = f.
Assuming that

(5.6) | F()ePWdt =o,
and setting -
00 0
Cy=— | f)ePDdt = | f()ePVdt,
0 —00
we see that (5.5) gives, for > 0,
u(z) =Cp — Se_B(t) S F(s)eB® dsdt
0 t
[ee) SA\x
=C — S eBE) f(s) X e B® dt ds.
0 0
It follows that
u(@)] < |C1| + [ flleo | Q(s)ds, x>0,
0

which implies that u is bounded at co. Similarly, since Q € L' (]—o0,0[), u is
bounded at —oo. Since Au = f, we conclude that u € D(.A). The derivative
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of u is given by
o

U (z) = —e B@ X f(s)eP® ds,  zeR.

We claim that we can choose the functions B and f so that Q € L'(R),
(5.6) holds but v is not bounded. To this end, take

B(z) = —x* + log h(x),
where h € C%(R) satisfies

h(z) =ep ifr=n-9,/2,n €N,
en <h(x) <1l ifn—-96,<z<n,neN,
h(z)=1 otherwise,
with i
ey = Ll s
n n
As a consequence of this choice
e~ S et' dt, x <0,
Q(aj) = 0 x t4
h(a:)e_x4 X S _dt, z>0
Yy |

Using the De L’Héspital rule one sees that lim, o 23Q(z) = 1/4 and
hence that Q € L!(]—oc,0[). If z > 0 then

1
Qz) < —I“gf e’ dt < _I4;§ Pt 4 e %E SL e dt
r)<e — e e e —
- h(t) - En
0 0 n=1 n—dy
A7 PRy 6"4 AT i 1
<e™® Set dt—i—e*zz - —e® Set dt—i—e*“Z—Q,
0 n=1 ©n 0 et

which shows that @ € L'(]0,00). Let f € CL(R) be such that f(z) = 1 for
all x > 0 and (5.6) holds. Then

LL‘4 oo
/ _ € —t4
U (z) = e §C h(t)e ™t dt, x>0,
and in particular, at x,, = n — §,/2,
.1,4 o0
/ ern 4
n)=—\ h(t dt
)l = § it
n—1/2)4 nt1/2 n—1/2)4
T gy s T gt
- En - 2en, 2

n

which implies that «/(z) is unbounded at co.
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Therefore we have shown that the function u belongs to D(.A) but not
to CE(R). This means that the gradient estimate (3.3) cannot be true. We
note that in this situation the dissipativity assumption (2.3) fails since B”
is unbounded from above.

EXAMPLE 5.7. We now exhibit an example of a Neumann problem in a
domain {2 with Lipschitz continuous boundary. In spite of the lower regu-
larity of 02, the associated semigroup satisfies the gradient estimate (4.1).
Consider the Ornstein—Uhlenbeck operator

Au(z) = %Au(m) —z-Vu(z), =zeRY.

If we set
1
N(m,0%)(y) = Vamo)N e~ =m0, m,y e RV,

then the Ornstein—Uhlenbeck semigroup in Cy,(RY) is given by the formula
Uef)@) = § f@)T(t2y)dy, ¢>0, 2 cRY.
RN

We fix k € N, 0 < k < N, and consider the domain 2 = {z € RV :
Tkt1,---,xn > 0}. We now define the Ornstein—Uhlenbeck operator in {2
with Neumann boundary conditions. For £+ 1 < j7 < N consider the reflec-
tions

g RY — RV, Ojx = (z1,...,2j-1, =%}, Tj11,...,TN), X E RN,

and the family

A={0=0;,0---00;, :k+1<i; <N,i;<ipifj<h,1<n<N-—Ek}
Moreover if f € Cy,(£2) we define the extension Ef € CL(RY) by

(Ef)(x) = f(z1,. .., 2 |2psal, .- J2n]), = eRY,
The Ornstein—Uhlenbeck semigroup in {2 is given by the formula
(Pf)(x) = (UES)(x) = V (EHWT(tzy)dy, t>0, z €.
RN

With the change of variable y' = 0y and using the identity I'(¢,x,0y) =
I'(t,0x,y) for all € A, we get

(5.7) (P @) = § S { D (tw,y) + Y Tt . 09)  dy

e

f{rtay +> 1 oe,y) | dy.

oeA

QD= D
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The Neumann boundary condition can be verified in the following way.
Let € 012 be such that z; = 0 for some j € {k+1,...,N} and z; # 0
foralli € {k+1,...,N}, i # j. Then the outward unit normal vector is
v(xz) = —e;. For all # € A the normal derivative of the function I'(¢, 6z, y)
is

0 (fy; — e taj)et
——1I'(t,0x,y) = — 2
where on the right hand side we have the + sign if 6 does not contain the
reflection 6; and the — sign otherwise. Let now ¢ € A be such that it does
not contain the reflection 6; and let ¢’ = 0 0 § € A; then if z; = 0 we have
Ox = 0’z and

I'(t,0z,y), t>0, x,y€ 1,

) )
=r e
oz, (t,0x,y) + oz, (t,0'z,y)

= 1_y—;72tf(t,9x,y) — 1_y—(;21tf(t,0'$,y) =0
for all ¢ > 0 and y € (2. Thus the Neumann boundary condition for P f
follows by coupling in the sum in formula (5.7) all the maps 6 € A that do
not contain the reflection #; with the respective maps 6’ = 6; o 6. In this
way all the terms of the sum are considered and the normal derivative turns
out to be zero.

Since VU Ef(z) = e U (VEf)(x) for all x € RY, we have

VP f(2)] < e ' G(VEf)(z) = e "P(IV[])(z), t>0, z€,

that is, P, satisfies the gradient estimate (4.1) for p = 1 and hence for all
p=> 1
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