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A note on the strong maximal operator on R"
by

JIECHENG CHEN and XIANGRONG ZHU (Hangzhou)

Abstract. We prove that for f € Lln™ L(R"™) with compact support, there is a
g € LIn" L(R™) such that (a) g and f are equidistributed, (b) Mg(g) € L(E) for any
measurable set E of finite measure.

1. Introduction. For a function f € Lj..(R™), its Hardy—Littlewood
mazximal function is defined by

M(f)(x) = sup (o V£ ()] dy,

\QI
where @) is a cube with sides parallel to the coordinate axes, and its strong
mazimal function is defined by

Ms(f)(x) = sup

sup ,P‘ J 17l dy.

where P is a rectangle with sides parallel to the coordinate axes. In addition,
let M*(f)(xz) = M, o---o Mi(f)(z), where M; is the Hardy-Littlewood
maximal operator on R! acting on the jth coordinate x;.

It is well known that for f with compact support,

e M(f) € LY(E) for any measurable set E of finite measure < f €
LInt L(R™) (see Stein [5]).

e M*(f) € LY(E) for any measurable set E of finite measure & f €
L(nt L)*(R™) (see Jessen-Marcinkiewicz—Zygmund [4] and Fava—
Gatto-Gutiérrez [2]).

e f € L(In" L)*(R") = Mg(f) € L'(E) for any measurable set E of
finite measure, because Mg(f) < M*(f).

It was conjectured that for f € L(In* L)""Y(R"), Ms(f) € LY(E) for any
measurable set E of finite measure = f € L(In™ L)"(R") (see [2]). In [1]
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and [3], Bagby and Gomez independently proved that there are many func-
tions f€ LIn" L(R?) such that Mg(f) € L'(E) for any measurable set E of
finite measure.

In this paper, in a different way which can be easily applied to higher
dimensions, we shall prove that the conjecture is also not true for n > 2. An
interesting thing is that we do not need f € L(In™ L)"~1(R").

THEOREM 1. For f € LInt L(R™) with compact support, there is a g €
LIn™ L(R™) such that (a) g and f are equidistributed, (b) Mg(g) € L*(E)
for any measurable set E of finite measure.

2. Proof of the Theorem. Before proving the above theorem, we first
introduce some notations and give some lemmas. Let

A = {(ml,...,xn) : zn:acz :t},

ta) =) zi, (@)= u{y€D:tly) <t(x)}),
i=1

where p, denotes the Lebesgue measure on R™. Without loss of generality,
we may assume that

pn({z € R™ : | f(2)] > 0}) < pn(D).
Take
[ fr(v(z)) forxe D,
g(x)—{o forx & D,

where f* is the rearrangement function of f, i.e.
f(r)= )\]71(7’) = inf{s: Ap(s) < r},
Ap(s) = pn({x € R : [f(2)] > s}),

for r, s > 0. It is not difficult to show that f and g have the same distribution
function, i.e.

pn({z € R™ - |f(2)] > s}) = pn({z € R" : |g(x)] > s})

for all s > 0.

Let g(s) = sup{g(z) : t(x) = s}. It is easy to check that supp(g) C
[n—1,n],g€ LInt L(R") = g€ LInt L(R!), and g € LInT L(R!) = g €
Lnt L(R™) if p,({z € R™ : |f(z)] > 0}) > pun(D).
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LEMMA 2. Mg(g)(z) < C,M(g)(t(x)), where Mg is the strong maximal
function operator on R™ and M is the Hardy—Littlewood maximal function
operator on RY.

Proof. For zx € R", t e R', and P = [T lai, bi] > z, let
dy = supd(y, Az).
yeP
It is easy to see that if PN A; # 0, we have

dy > ﬁ(;bz —;ai), di + pn—1(Ae N P) < pin(P).
So, we have

n n
fn_1 (A N P) < 2v/n - Mn(P)/(Zbi - Zai)
i=1 i=1
Now, let e = (Vn=L,...,vn=1), Ly = (Rleg)t, and R 3 = = reg + 2,
where z € Lg. Noting that P 5 x implies that t(z) € [>_7" ; ai, y iy bi], we
have

1P)Sg(y)dy= ! | xp(@)g(z)de
P

Rleo ><L0

Hn

= S S xp(reo + 2)g(reg + 2) drdz
Rleg Lo
2iz1 bi/V/n

S tn-1({z : reg + 2 € P})g(rv/n) dr
Yitiai/vn

i bi
< . S i 1<{z: Leo—i—z € P})ﬁ(r)dr
TV (P) )T vn

1=1""

IA
=
>

nop
1 i=1 " _
= pn—1(Ar N P)g(r)dr
n Uy (P S
V1 pin (P) v
9 St b
< = - |
i bi = ai o,

i=1 @i

g(t) dt < 2M(g)(t(x)).

LEMMA 3. For |z| > 2n,
Ms(g)(z) < Culz| g1

Proof. Without loss of generality, we may assume that z; > |z|/n for
|z| > 2n, and furthermore, we may assume that a1 <1 and a1 + >, b; >
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n —1 for P = [[[a;,b;] containing z and such that P N D # (. Let
z=(1,b1,...,by). We have

1 1—ay 1
Vg(y)dy < — | 9(y) dy
:Un(P) p b —a1 Mn([ala 1] X Hz’:Q [alvbl]) la1, 1] 1™y [as,bi]
1—a 1—a -
< —L Mg(g)(2) < ——= C,M(3)(t(2))
b1 — a1 bl — ai
L—ay VA
Sl =1 "z - (-
, 1 1—(n—1-37",b) 1

191l < G — llgll1-

< nl mn
e T+ Y bi— (n—1) |z|

From Lemmas 2-3, we can easily get the Theorem.
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