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Factorization of sequences in discrete Hardy spaces
by

SANTIAGO Boza (Vilanova i Geltri)

Abstract. The purpose of this paper is to obtain a discrete version for the Hardy
spaces HP(Z) of the weak factorization results obtained for the real Hardy spaces H? (R"™)
by Coifman, Rochberg and Weiss for p > n/(n + 1), and by Miyachi for p < n/(n + 1).
It represents an extension, in the one-dimensional case, of the corresponding result by
A. Uchiyama who obtained a factorization theorem in the general context of spaces X
of homogeneous type, but with some restrictions on the measure that exclude the case
of points of positive measure on X and, hence, Z. In order to obtain the factorization
theorem, we first study the boundedness of some bilinear maps defined on discrete Hardy
spaces.

1. Introduction. The work of Coifman and Weiss [7] established, by
means of an atomic characterization, an extension of the theory of Hardy
spaces to the general context of spaces of homogeneous type. Also the work
of Macias and Segovia [10] extends the study of Hardy spaces, in this case,
via the boundedness of a grand maximal function. These two references in-
cluded in their respective hypotheses the space Z". But this is not the case
of some other works dealing with other characterizations of Hardy spaces.
In this connection, we mention [16] where a maximal characterization is
given for Hardy spaces on spaces of homogeneous type, or [8], where the
atomic decomposition of Triebel-Lizorkin spaces is studied. Both references
exclude in their assumptions the possibility of points of positive measure,
and hence Z".

In [2], in the case of dimension one, or in [3] in the case of several vari-
ables, the equivalence of some other characterizations of Hardy spaces was
obtained in the discrete setting. In particular, the discrete Hardy space
HP(Z), 0 < p < o0, is defined as the space of sequences ¢ = {¢(n) }nez such
that

lell e z) = llellp + [[Hell, < oo,
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where Hc is the discrete Hilbert transform of the sequence ¢ given by

He(n) = Z c(m) , neEL.

n—m
m#n

The boundedness of H in ¢P(Z), 1 < p < oo, (see the work of Plancherel and
Pélya [14]) leads to the norm equivalence between HP(Z) and ¢P(Z) in this
range.

In [2], as in the euclidean case, it is proved that this characterization
of the discrete Hardy spaces is equivalent to a maximal one in terms of
the discrete Poisson kernel or in terms of other maximal discrete operators,
and, most importantly, it is equivalent to the original definition of HP(Z)
in terms of atoms that appears in the literature when we consider Z as a
space of homogeneous type (see Definition 3.2). Some other works dealing
with discrete Hardy spaces are [9], where a molecular decomposition of the
spaces was obtained, and [5], where discrete Hardy spaces appear in the
study of synthesis operators defined on HP(R™).

The celebrated work of Coifman, Rochberg and Weiss [6] established a
factorization theorem for the real Hardy space H'(R™). Their result also
contains a new characterization of BMO(R") in terms of the boundedness
on LP of the commutator of a singular integral operator with a multiplication
operator. Later on, in [15], A. Uchiyama proved a refinement of that result
and, in [17], the factorization theorem was extended to HP(X), in the range
0 <ex < p <1 where X is a space of homogeneous type under certain
assumptions that, as previously mentioned, exclude the discrete setting.

The works of A. Miyachi [I1] and [12] deal with the extension of the
factorization results in real Hardy spaces HP(R™) to the rangep < n/(n + 1).
In [I3], the boundedness of more general multilinear operators defined on
HP(R™) is studied. The factorization result, specified to the one-dimensional
case and in terms of the Hilbert transform, can be stated as follows:

THEOREM 1.1 ([6, Theorem II], [15, Corollary to Theorem 1], [17], [11],
[12]). Let H be the Hilbert transform. For h € L* N HY(R) and g € L* N
H"(R), set

No/NN L .
Py(h,g) = <j )HﬂhHN—Jg.
§=0

Then, if p,q,r > 0 satisfy 1/p = 1/q+ 1/r < N + 1, there is a constant
C > 0 depending on q, v and N such that, for all h € L*> N HY(R) and
g€ L?>NH"(R),

1PN (7 9) | ey < Cll] o @) 91| ()-
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Conversely, if p < 1 is as above, every f € HP(R) can be decomposed as

[e.e]
f=2 AiPn(hj,g5),
j=1
where \; is a sequence of real numbers, h; € L*NHY(R) and g; € L>NH"(R),
and

= 1/p
Il < € (3 NF) ™ < Clfllm
j=1

with a constant C' depending on q, r and N.

In this paper we shall deal with the corresponding result for the dis-
crete Hardy spaces HP(Z), 0 < p < 1. In Section 2, the boundedness of
some bilinear maps acting on discrete Hardy spaces is proved. The starting
point is the characterization of HP(Z) in terms of the boundedness of the
discrete Hilbert transform. In Section 3, the factorization result is shown in
the discrete setting. The proof consists in adapting Miyachi’s result to our
context and it combines the decomposition of sequences in HP(Z) in terms
of atoms (see Definition and Theorem [3.3)) with the decomposition in
terms of those sequences whose periodic Fourier transform vanishes in a zero
neighborhood and which have a controlled /2-norm (see Lemma .

In Section 4, we conclude with an application of the main result to a new
proof of the boundedness in /P(Z) of the commutator of the discrete Hilbert
transform with multiplication by a sequence in BMO(Z).

We will use C' to denote constants that may change from one occurrence
to the next. We shall write * for convolution of sequences. For a given set I
of integers, #I will denote the cardinality of I.

2. Product of sequences in discrete Hardy spaces. Let us start
with the following result that states the boundedness of some discrete con-
volution operators and which is a direct consequence of the characterization
of HP(Z) in terms of the discrete Hilbert transform.

PROPOSITION 2.1. Let j > 1 be an integer, and define the discrete con-
volution operator C; by

(Cra)m) = 3 A=),

mJ
m#0
Then C; is a bounded operator from HP(Z) to ¢P(Z) for any j > 1 and all
0<p<oo.

Proof. In the range 1 < p < oo the result is well known, since HP = /P
and, for j > 2, C; is a convolution operator whose kernel is in ¢(Z), and
hence bounded in ¢P(Z) for p > 1. For j = 1, C; is the discrete Hilbert
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transform which is also bounded in P for p > 1. Therefore, we restrict our
attention to 0 < p < 1.

We proceed by induction on j. For j = 1, the discrete operator C1 is the
discrete Hilbert transform which acts from HP(Z) to (P(Z).

Assume that the conclusion holds for all 1 < j < jp, and consider Cj,41.

Let k be a positive integer, and consider the kernel

1

mjo(m_l)...(m_k)
and Kj(m) = 0 otherwise. Let us see that {Kx(m)}mez is the convolution
kernel of an operator that sends HP(Z) into ¢P(Z). By decomposing the
kernel {Kx(m)}mez into partial fractions, we find that for any sequence a,

formeZ, m+#0,1,... k,

Jo—1
(Kk*a Zazz mjo—i ZBZZ +Z’Yz n_Z
=0 m#0 i=1 m#i

for some constants «, 8 and . Hence the discrete operator with kernel K}, is
the sum of the operators C;, 1 < j < jo, plus some translates of the discrete
Hilbert transform and also translates of the identity operator. Then, by the
induction hypothesis, K x a € (?(Z) for a € HP(Z).

Similarly, for any integer k > 1, define

1

and Jx(m) = 0 otherwise.

For m #0,1,...,k, we have

(2.1) Ki(m) — Jg—1(m) = kJg(m).
The sequence Jj is a convolution kernel in ¢P(Z) for p > 1/(k+ jo + 1).

Using (12.1)), we obtain

(Jg—1xa)(n) = (K *xa)(n) — k(Jg xa)(n) +

Ji(m) = formeZ, m+#0,1,..., k,

a(n — k)

k!kio
For this reason, if p > 1/(k + jo + 1), there exists a constant C' depending
on k such that

[ Je—1 % allp < | Kk *allp + kll s x all, + lally < Cllall e(z)

1
k!kio
Analogously, for m # 0,1,...,k — 1, we have

kal(m) — Jk,2<m) = (k‘ — I)kal(m),

and hence the operator with kernel Jy_o is bounded from HP(Z) into (P(Z)
for any p > 1/(k + jo + 1). Tterating this process, we deduce that the oper-
ator with kernel J; also sends HP(Z) into ¢P(Z) continuously. Moreover, if
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we denote also by Cj 11 the kernel of Cj 41, we see that for m # 0,1,

1 1 1
Ko(m) = Cipa(m) = S5 =3y ~ miott — et =1y~ 1

Hence, the convolution operator C)j,41 is also bounded from H?(Z) to *(Z)
for any p > 1/(k+ jo +1). Taking the integer k large enough shows that
the result holds for any 0 <p < 1. m

COROLLARY 2.2. For 0 < p <1 the discrete Hilbert operator is bounded
from HP(Z) into itself.

Proof. Due to the characterization of HP(Z) in terms of the boundedness
of the discrete Hilbert transform, it is enough to prove that

1H?all, < Cllallgoz)-
We observe that, for any n € Z,
H?a(n) = Z (K x K)(m)a(n —m),
meZ

where {K(n)},ez is the sequence that corresponds to the kernel of the dis-
crete Hilbert transform. Easy calculations show that

7T2
(K K)0)= -3 ="
n#0
(KxK)m)=— Y n(nl—m):_ni’ m 0.
n#0,m

Therefore,

H2a(n) = —2(Cha)(n) — %a(n),

and applying Proposition to the operator Cy, we conclude that
1#2ally < C(IC2ally + llally) < llallzs(z)- =

The following proposition establishes the boundedness of some bilinear
maps defined on discrete Hardy spaces; it will be fundamental to obtaining
Theorem 2.4

PROPOSITION 2.3. Let jo > 1 be an integer, and let q,r > 0. Let I’;, be
the bilinear operator defined as

Tjy(a,b) := Cjy[(Ha)b + a(Hd)], a€ HYZ),be H"(Z).
Then I, : HY(Z) x H"(Z) — (P(Z) for 1/p = 1/q+ 1/r < jo + 1, that is,

there exists a constant C' depending on q,r, jo such that

175 (@: D)llp < Cllall gaz) 0]l 2)-
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Proof. We can restrict ourselves to sequences a € H%(Z) and b € H"(Z)
of finite support. We observe that, for any n € Z,

- b(m) a(k) a(k) blm)
(2.2) Tj(a,b)(n) =) o k;n e > (n — k)do % k—m

1 1 1
= T;Lk;na(k)b(m)m —k <(n — m)Jo N (n — k;)jo)
o a(n)(CjO+1b) (n) - b(n)(0j0+1a) (n)
Jo 1
= %kgna(mb(m) ; (n _ m)jo-‘rl—j(n _ k)j

— a(n)(Cjo1b)(n) = b(n)(Cjo10)(n)
= 2 _(Cja)(n)(Cjo11-3b)(n) = jo(Cjo+1(ad))(n)
j=1

= a(n)(Cjy410)(n) = b(n)(Cjy1a) (n).
As the product of a and b is in #P(Z) and p(jo + 1) > 1, we have
1Cjo+1(ab)llp < Cllallqllb]]:-

We use this last estimate in expression (2.2), and the result follows as a
consequence of Holder’s inequality and Proposition .

The main result of this section is the following:

THEOREM 2.4. Let N > 1 be an integer, and let g,v > 0. For a € H1(Z)
and b € H"(Z), define the bilinear operator Ay by

N

An(a,b) = <]]V> (Ha)(HNIb).

j=0
Then An : HY(Z) x H"(Z) — HP(Z) for 1/p=1/q+1/r < N + 1, that is,
there exists a constant C depending on q,r, N such that

[An(a,b)||ar(zy < Cllall gaz) 16l 7 (z)-

Proof. Let a and b be sequences in H4(Z) and H"(Z), respectively. Then
Holder’s inequality and Corollary imply

N
N . »
AN (a,b)]lp < <j > 17 allo[HN bl < Cllall oz l16] r(z) -
§=0

To estimate the p-norm of H(Ax(a, b)) we will prove that
(2.3) H[An(a,b)] = On(a,b) + (=1)¥ (N — 1)! T'(a,b),
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where Oy is a bilinear operator defined recursively such that, for any
p=(1/q+1/r)7",

(2.4) 10N (a,b)[lp < Cllallzaz) 0]l 5 (2)
and, as a consequence of Proposition since (N + 1)p > 1,
v (a,0)[lp < Cllallgaz) 1]l a7 (2)

Thus, we reduce the proof to (2.3). We proceed by induction on N. For
N =1, we observe that

H[A1(a,b)] = H[(Ha)b+ a(Hb)] = I'(a,b),

and from Proposition [2.3] the result follows.

Assume ([2.3) holds for an integer N. By Corollary Ha € HY(Z) and
Hb € H"(Z), and using the recursive formula

Ant1(a,b) = An(Ha,b) + Ay (a, Hb),
which can be easily checked, we see that

H[An+1(a,b)] = H[AN(Ha,b) + An(a, Hb)] = On(Ha,b) + On(a, Hb)
+ (=D)N YN — 1) (I'y(Ha, b) + T'n(a, Hb)).

From this last equation, substituting the expression for I'y given by (2.2,
we obtain

H[An11(a,b)] = Oni1(a,b) + (~1)V N I'vy1(a,b),

where the bilinear operator Oy 41 is defined in terms of Oy as follows:
On-+1(a,b)
N
= (~D)VUN = D 3 (G5 (M) (Cvia5b) + (Cia)(Crvi(HD)

7j=1
— (Ha)(Cn11b) — (Hb)(Cn11a) — a(Cn 41 (HD)) — b(CN+1(”H0J))}
+ On(Ha,b) + On(a, Hb).

On41 also satisfies the estimate (2.4) by the induction hypothesis applied
to Oy, Holder’s inequality, Proposmon I]and Corollary 2.2 =

3. Factorization in HP(Z). We denote by m the periodic multiplier
corresponding to H. By computing the corresponding Fourier series we ob-
serve that

m(§) = —misign(§)(1 —2[¢]),  £e[-1/2,1/2].
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By using the Fourier transform, the discrete bilinear operator of Theorem [2.4]
can be expressed as follows:
1/2
An(a,b)(&) = | a(B)b(E — 6)(m(& — ) +m(9)N db,
~1/2
where for the sequence a € ¢*(Z), a denotes the periodic function whose
Fourier coefficients are {a(n)},, that is

a(€) = a(n)e e,
nez
We observe that for a € HP(Z), 0 < p < 1, since a is also in ¢1(Z), its
Fourier transform a is a continuous 1-periodic function. Note that, in the
definitions above, we are identifying the one-dimensional torus T with the
interval [-1/2,1/2].
The converse of Theorem 2.4] can be formulated as follows.

THEOREM 3.1. Let N > 1 be an integer and let p,q,r > 0 satisfy 1 <
1/p=1/q+1/r < N+ 1. Then every c € HP(Z) can be decomposed as

c=> NAn(aj,by),
j=1
where {\;}; € P(Z), aj € HI(Z) NL3(Z), bj € H"(Z) N (*(Z) and
> 1/p
laslaallbiller < € (3 IN) ™ < Cllelliay,
j=1

with a constant C' depending only on p,q,r.

As already mentioned in the introduction, the proof of Theorem con-
sists in adapting the proof given by Miyachi in [I2] to the discrete situation.
As in [12], the theorem is obtained by using the expression in terms of the
Fourier transform of the bilinear operators involved and will be based on
the decomposition of sequences in discrete Hardy spaces into atoms.

The atomic decomposition which yields the original definition of HP(Z)
(see [7]) consists in the following;:

DEFINITION 3.2. Let 0 < p < 1. We say that the finite sequence a is a
p-atom in 7 if:

(a) The support of a is contained in a ball B in Z centered at an inte-
ger myp; denote its cardinality by #B5.

(b) llaflec < 1/(#B)">.

(c) Y. n%(n) = 0 for all integers a satisfying 0 < o < p~! — 1.
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We define the atomic space HE, (Z) as the set of sequences a that admit the
decomposition

(3.1) a = Z/\jaj,
j=0

where a; is a p-atom and Y72 |A;|P < oo. For a € Hy(Z), define the p-norm

s = mt { (3 In1) )

Jj=20
where the infimum is taken over all the representations of a in the form
(3-1).
THEOREM 3.3 (see [2, Theorems 3.10 and 3.14]). Let 0 <p < 1. Then

~

lallgrzy = llallgz,(z)-

Also, let us now introduce the following class of sequences whose continu-
ous counterpart was already introduced by Miyachi [12] and which represents
the main ingredient to obtain the factorization result (Theorem [3.)).

DEFINITION 3.4 (see [12]). For p > 0,¢ > 2 and a nonnegative integer M,
we denote by A, p(t) the set of sequences a € £2(Z) such that

M€ =0 for | <1/t
and
D% r2(ry < /P12 for any integer 0 < v < M.

Let us prove that Ay y(t) is a subset of HP(Z) with uniformly bounded
HP-norm.

LEMMA 3.5. Let 0 <p <2 and M > 1/p—1/2. Then A,y (t) C HP(Z)
and there is a constant C' > 0 depending on p such that

lallgpzy < C  foralla € App(t), t > 2.
Proof. We assume M = [1/p —1/2] + 1. We shall prove
|Hal, < C  forallae A, p(t), t > 2.

Since the multiplier m trivially satisfies the estimate, valid for {€[—1/2,1/2],
|IDm(&)] < Cl€|7*, 0 < a < M, as a consequence of the Leibnitz formula,
for any a € A, p(t), we obtain

HD“?fL\aHLz(T) = ”Da(md)HL2(T) < Ctail/p+1/2 for « < M,
and, then, by Parseval’s identity,
|In|¥Hal|, < CEF=1PH20 gk =0,1,..., M.
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From this estimate, if 0 < p < 2 and 1/p = 1/2 + 1/q we conclude by
Holder’s inequality that

S [Ha(m)PP < |[Hally /e < G~ 4ei2+ele — ¢,
In|<t
and

S (Ha@)P < [l Hal (Y nf-e)""

[n|>t [n|>t
< otMp=14p/24(1=Ma)p/a —

where the last inequality holds since Mg > 1. =

LEMMA 3.6. Let 0 < p < 2 and M > 1/p — 1/2. Then any sequence
a € HP(Z) can be decomposed as

a=7 Naj(- —ny),
j=1

where A\j € R, a; € Ap y(t;) for some t; > 2, and nj € Z, and

- /
(k)™ < Alalle,
j=1

with the constant A’ depending on M and p.
Proof. Let a € HP(Z). By Theorem

a(n) = Aja;(n)
j=1

where every a; is a p-atom centered at an integer n;, and there exists a
positive constant A such that

> /
(32) ()" < Alall

j=1
Let us prove the lemma for any p-atom a centered at ng. We will prove that
we can take A” depending on p and M, and ¢ € A, p(t), t > 2, such that

(3-3) la = A"c(- = no)llrz) < A/2,

where A corresponds to the constant appearing in ([3.2)).
For the moment, let us assume (3.3). Applying it to each atom a; gives

a(n) = Z AjA"ci(n —ng) + agy(n)
=1
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where ¢; € A, p(t;), for some ¢; > 2 and
lacylze@z) < 3llallpez)-

Next apply the same process to a(;) to obtain a smaller error and so on.
Eventually we obtain, for each IV,

N oo
a(n) = Z Z )\?A"c?(n - nf) + a(v41)(n),

k=0 j=1

where cf € Ap,M(té?) for some tf > 2, and

> p 1
(o r) ™ <2 Al lagen e < gyllallme).
j=1

The decomposition of the lemma is obtained by letting N — oo since

2 - 1/p > 1/p
(S are) ™ < (D 2) A Alall vz = A'llall iz

k=0 j=1 k=0

Let us see, then, the approximation (3.3)). We can assume that a is a
p-atom with cardinality p and centered at 0. The Fourier transform of a
satisfies

(3-4) 1D%al| 2(r) < Cap®™ /PH2,

as a consequence of Parseval’s identity and the size condition (b) in Defini-

tion 3.2} Also,
(3.5) |DYa(E)| < Copl PP g /P for ¢ < p=t.
If « < [1/p — 1], this last inequality holds by Taylor’s formula and the fol-

lowing facts that are consequences of the cancelation and the size properties
of a, respectively:
DPDY(0) =0 for B<[1/p—1]—a,
|DPD%|s < Cp/PHI=P for B=[1/p—1] —a +1.

For a > [1/p — 1], we use the fact that ||[D%||ec < Cup®T'1=1/P; then, for

p < 1€, (B.5) follows.

For T large enough, let us consider the 1-periodic function defined in
[—1/2,1/2] as &(Tp-)a(-), where @ is a C* function such that ¢ = 1 for
|€] > 2 and & =0 for |¢] < 1.

Let by be the sequence defined in terms of its Fourier transform as

br(€) = B(Tpa(), €€[-1/2,1/2].
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From estimates (3.4 and (3.5) we will deduce

(3.6) ID%br || 2 (my < CaT®p®~ VP2,
(3.7) lla — b7l go(zy < CT-H/PI=1H/P)

with constants independent on 7', p and a. Once we have proved (3.6) and
(3.7, the approximation ({3.3|) follows by considering

1
= bt € Ao (Tp),

with A” and T large enough depending on M and p. The inequality (3.6)
follows from (3.4)), and ([3.7) is obtained by decomposing

(o]
a—bpr= E aj,
J=0

where for each j > 0, the sequence a; is defined in terms of its Fourier
transform as

(&) = (P2 Tp€) —B(XTpe))a(€), & e[-1/2,1/2].
We observe that the Fourier transform of each a; is a 1-periodic function
with support in [27177(Tp)~1,2179(Tp) Y], and hence from (3.5 we have

HDad\jHL?(T) < Ca(QjT)—[1/p]—1+1/p(2ij)a_1/p+1/2'
Thus, using Lemma [3.5]
lajllgr@z) < C(2T)~[1/P=1+1/p,

Cc

Finally,

= 1/p el
la = bl < (3 laglfe) < cT- W=,
j=0
which is inequality (3.7)). m
Proof of Theorem[3.1] Since 1 <1/p=1/q+ 1/r, one of the exponents
q or r is less than or equal to 2. Let us assume r < 2. We will prove that
for all ¢ € A, p(t), t > 2, and M = [1/p — 1/2] + 2 there exist sequences
aj € HI(Z)NL*(Z), b; € H"(Z) N ¢*(Z) and numbers \; such that

HC—Z:/\J'AN(%%)‘ !

< P YYE
Hr(z) — 2A’

- 1/p
lajllzallbsll e < C, (Z |/\j|P) <,
j=1

where A’ is the constant appearing in Lemma corresponding to M =
[1/p—1/2]+2 and the constant C' depends only on N, p, g, 7. Once this esti-
mate is proved, the result follows from Lemma [3.6| using an approximation
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argument in a similar way as applied there, where the corresponding result
was obtained from the atomic decomposition.

Take then ¢ € Ay, p(t), t > 2, M = [1/p—1/2]+2, and consider, for § > 0
to be fixed, the points vy = 6t~ and 5 = —dt~! belonging to the intervals
I, and I, respectively in such a way that I; U I covers the fundamental
interval [—1/2,1/2]. We observe that there exists a constant C' > 0 such
that
(3.8) inf |m(&) + m(v)| >C, k=1,2.

g€l

Decompose ¢ = ¢1 +c¢o, where ¢; and ¢y are defined in terms of their periodic
Fourier transforms by

(&) = wr(§)e(§), £€[-1/2,1/2], k=1,2,
and {¢1, 2} is a smooth partition of unity on [—1/2,1/2] associated to the
covering Iy, I>.
It is enough to prove that for k = 1,2 there exist sequences ay € H1(Z)N
(%(Z), b, € H"(Z) N £%(Z) such that
(3.9) lex — An(ar, i)l ar(z) < (2A) ™Y lakllmallbrllar < C.
To prove (3.9), let us define by and ay via

br(&) = (m(&) +m(v)) V().
a(§) = (t/)0((t/€)(§ — vi)),
where 6 is a C* function with support in (—1,1) and {6(z)dz = 1, and €
is a small positive number with € < §/2 and § +¢€ < 1/2.
We shall prove that

(3.10) bkl rr(zy < CEH/PHLT,
(3.11) k]l zraqz) < C(t/€)M7,
(3.12) llek — An(ak, bi) | ae(zy < C(6+67"e),

where C' depends only on the multiplier m and the exponents p, ¢ and r. The
estimates in (3.9)) are obtained by taking 0 and e small enough depending
also on m, p, ¢ and r.

Let us prove (3.10). By (3.8]), the function
B(&) = (m(&) +m(w) "
satisfies |D*B(§)| < Cy €|~ on the support of ¢. This estimate guarantees,

due to the multiplier theorem (see [9, Theorem 3]), that B is an H"(Z)-
multiplier, and hence

bkl 2y < Clickllar@zy < Cllellar@) < Ctt/r=1/p,

where the last inequality is a consequence of Lemma [3.5
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To see , we observe that if ¢ > 2,
H%Hm(z laklly < C(t/€),
whereas for ¢ < 2, (3.11)) is again a consequence of Lemma since
ID*@k|2m) < Calt/e)*H7?,
and ay(§) = 0 for |£] < ¢/t.
Finally, to see we write, using {0(z) dz =1,

(cx — An(ar, b)) " (§)

1/2
—1/2
1/2 ~
= a a(e) — k(& —m) e .
— _§/2 k(ﬁ)( x(§) (m(g_n)+m(yk))N( (€ —n) +m(n)) )dn
1/2
= | @)@ - ae—n)dy
—1/2
| (m(& = n) +m(n)" L
+ _§/2 ar(ner(§ —n) <1 ~ Tl —m) 1 m(uk))N> dn = 1(&) + I (¢).

The supports, relative to the fundamental interval [—1/2,1/2], of the
periodic functions T and II are contained in the set

{€ € [-1/2,1/2] - dist (&, supp(G)) < (6 + )t~} C {1/(2t) < |¢] < 1/2}.
For f, the mean value theorem implies, for« < M —1=1[1/p—1/2] + 1,
1/2

ID*T||2(ry < DM éligaery | lak()|nldn
—1/2

< O ot 1MH4/2( Vo) Ir|dr + - S|9()|dr>

< O 501 /P12,
For II, we observe that for & —n € supp(éy,) and z € (v, — €/t, v +€/t),
;(a)“(<m<s — )+ m(z)Y ‘

0¢) (m(&—mn) +m(v))N
< Calé =727 < Cad e — | 7™

(3.13)

As a consequence, if £ —n € supp(¢;) and 1 € supp(ag), the mean value
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theorem implies that

<§5>a <1 - (ﬁf—_%):g&);;v) ’ < Cod ™€ =0~ uy, — 1]

< Cred HE —n| ™% < Ched e,

Again taking into account that ¢ € A, p/(t) and this last inequality, we find
that for all @ < M,

1D 11| 2 (ry < Coed Mo 1412,
Finally, the use of Lemma [3.5| leads to
llew — An(ak, be) | e z) < CUH ey + 1 || o(z)) < C(6 + 6 e),
as we wanted to prove. m
4. Application: the commutator on sequence spaces. Let b =

{b(n)}nez and consider the commutator of the discrete Hilbert transform
with multiplication by the sequence b given by

b(n) —b(n —k
(b, H]a(n) := b(n)Ha(n) — H(ba)(n) = > () =6 =) oy .
k40
In [I] (see also [4] for a proof in the context of spaces of homogeneous type)

it is proved that the set of sequences b for which [b, H] is a bounded operator
on P(Z), 1 < p < oo, coincides with BMO(Z) defined as

BMO(Z)z{bz{b< Mocz s <12 S (k) bf|=|b|rBMO(Z)<oo},
kEI

where the supremum above is taken over all finite intervals in Z and b; =

(#) ™" Yger 0(k).
The use of the H(Z)-BMO(Z) duality (see [7]) and the results of The-
orems and allow us to obtain another proof of this fact.

COROLLARY 4.1.

(a) Letb € BMO(Z) and 1 < p < co. Then there exists a constant C > 0
such that, for all a € (P(Z),

116, Hlall, < Cl[bllsmoz) llallp-

(b) Conwversely, if [b,H] is bounded on (P(Z) for some p such that 1 <
p < 00, then b is in BMO(Z) and we have, for some C > 0,

[bllBmo(z) < CII[b, 7l e (2)— 00 (2)-

Proof. To see (a), just observe that for a; € ¢P(Z) and ay € ¢ (Z) we
can write, making use of Theorem [2.4] for N = 1,
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(b, Hlar, as)| = |(b, ayHaz + axHay)| = |(b, A (a1, az))|

< |bllemoz) 141 (a1, a2) | m1(zy < Cllbllsmozyllailipllazlly -

For the proof of (b), let ¢ € H'(Z). Then by the factorization result of
Theorem [3.1]

(b, ) < D7 el (b, arHby + biHay,)]
k

=" el [(bw, bHay, — H(bag)))|
k

<D Pl 1wl 1 Hlakllp < €D Ikl 10kl llakl,
k k

< Cllellgr(zy-

By the duality theorem between H'(Z) and BMO(Z), the sequence b is in
BMO(Z) and |[|bl|gmo(z) is bounded by the norm of the commutator as a
bounded operator in (P(Z). =

Acknowledgements. This research was partially supported by Grant

MTM2010-14946.

(1]

References

A. M. Alphonse and S. Madan, The commutator of the ergodic Hilbert transform,
in: Harmonic Analysis and Operator Theory (Caracas, 1994), Contemp. Math. 189,
Amer. Math. Soc., Providence, RI, 1995, 25-36.

S. Boza and M. J. Carro, Discrete Hardy spaces, Studia Math. 129 (1998), 31-50.
—, —, Hardy spaces on Z" , Proc. Roy. Soc. Edinburgh Sect. A 132 (2002), 25-43.
M. Bramanti and M. C. Cerutti, Commutators of singular integrals on homogeneous
spaces, Boll. Un. Mat. Ital. B (7) 10 (1996), 843-883.

H.-Q. Bui and R. S. Laugesen, Affine synthesis onto Lebesque and Hardy spaces,
Indiana Univ. Math. J. 57 (2008), 2203—2233.

R. R. Coifman, R. Rochberg and G. Weiss, Factorization theorems for Hardy spaces
in several variables, Ann. of Math. 103 (1976), 611-635.

R. R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis,
Bull. Amer. Math. Soc. 83 (1977), 569-645.

Y.-S. Han, Triebel-Lizorkin spaces on spaces of homogeneous type, Studia Math.
108 (1994), 247-273.

Y. Kanjin and M. Satake, Inequalities for discrete Hardy spaces, Acta Math. Hun-
gar. 89 (2000), 301-313.

R. Macfas and C. Segovia, A decomposition into atoms of distributions on spaces of
homogeneous type, Adv. Math. 33 (1979), 271-309.

A. Miyachi, Products of distributions in H? spaces, Téhoku Math. J. 35 (1983),
483-498.

—, Weak factorization of distributions in H? spaces, Pacific J. Math. 115 (1984),
165-175.


http://dx.doi.org/10.1512/iumj.2008.57.3345
http://dx.doi.org/10.2307/1970954
http://dx.doi.org/10.1090/S0002-9904-1977-14325-5
http://dx.doi.org/10.1023/A:1006706304803
http://dx.doi.org/10.1016/0001-8708(79)90013-6
http://dx.doi.org/10.2748/tmj/1178229005

[13]
(14]
(15]
[16]

(17]

Factorization in discrete Hardy spaces 69

A. Miyachi, Hardy space estimate for the product of singular integrals, Canad. J.
Math. 52 (2000), 381-411.

M. Plancherel et G. Pdlya, Fonctions entiéres et intégrales de Fourier multiples,
Comment. Math. Helv. 10 (1937), 110-163.

A. Uchiyama, On the compactness of operators of Hankel type, Tohoku Math. J. 30
(1978), 163-171.

—, A maximal function characterization of HP? on the space of homogeneous type,
Trans. Amer. Math. Soc. 262 (1980), 579-582.

—, The factorization of H? on the space of homogeneous type, Pacific J. Math. 92
(1981), 453-468.

Santiago Boza

Department of Applied Mathematics IV
EPSEVG

Polytechnical University of Catalonia
E-08880 Vilanova i Geltri, Spain
E-mail: boza@mad4.upc.edu

Received July 26, 2011 (7256)


http://dx.doi.org/10.4153/CJM-2000-018-2
http://dx.doi.org/10.1007/BF01214286
http://dx.doi.org/10.2748/tmj/1178230105




	Introduction
	Product of sequences in discrete Hardy spaces
	Factorization in Hp(Z)
	Application: the commutator on sequence spaces

