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Left quotients of a C"*-algebra,
III: Operators on left quotients

by
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Abstract. Let L be a norm closed left ideal of a C*-algebra A. Then the left quotient
A/L is aleft A-module. In this paper, we shall implement Tomita’s idea about representing
elements of A as left multiplications: m,(a)(b+ L) = ab+ L. A complete characterization
of bounded endomorphisms of the A-module A/L is given. The double commutant 7, (A)"”
of mp(A) in B(A/L) is described. Density theorems of von Neumann and Kaplansky type
are obtained. Finally, a comprehensive study of relative multipliers of A is carried out.

1. Introduction. Let A be a C*-algebra with Banach dual A* and
double dual A**. We also consider A™ as the enveloping W*-algebra
of A, as usual. Let L be a norm closed left ideal of A. The quotient A/L
is a Banach space. Let B(A/L) = B(A/L,A/L) be the Banach algebra of
bounded linear operators from A/L into A/L. In [17, 18], Tomita initiated
a program to study the left regular representation m, of A on the Banach
space A/L. More precisely, he considered the Banach algebra representation

of A,
m: A— B(A/L),
defined by
mp(a)(b+ L) =ab+ L, a,bec A

The objective of this paper is to answer the following three questions raised
by Tomita [18].

Q1: How do we describe m,(A)? In other words, which properties of an
operator T"in B(A/L) characterize that T' = m,(t) for some ¢ in A?
Q2: How do we describe the commutant m,(A)" and the double com-
mutant m,(A)” of m,(A) in B(A/L)? Note that the commutant
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mp(A) = {T € B(A/L) : Tmy(a) = mp(a)T for all a € A} is the
Banach algebra of bounded A-module maps when we consider A/L
as a left A-module.

Q3: Do we have density theorems of von Neumann and Kaplansky type
in this context? In other words, is it true that m,(A) (resp. its unit
ball) is dense in m,(A)" (resp. its unit ball)?

In [17, 18], Tomita tried to represent elements of A/L as vector sections
(he called them “vector fields”) over a compact subset of the state space
S(A) (assuming that the C*-algebra A has an identity). In [17], he defined
the notion of a “vector field” as “a mapping of a state space into the dual
space of the algebra which satisfies a suitable norm condition”. However,
due to insufficient tools, “unlike in abelian case, even in a compact space of
pure states, the corresponding quotient space of non-commutative algebra
A may not generally be represented as the totality of continuous fields on
that space”. Thus, his treatment in [I8] of the left regular representation m,
based on his vector section representation does not work in general.

In Part I [20] of this series of papers, the second author offered another
approach. It is well-known that closed left ideals L of a C*-algebra A are in
one-to-one correspondence with closed projections p in A** such that A/L is
isometrically isomorphic to Ap as Banach spaces and also as left A-modules
(see Section . For an arbitrary closed projection p in A** (and thus for an
arbitrary closed left ideal L of A), we use the weak* closed face F'(p) of the
quasi-state space Q(A) of A supported by p as the base space. We implement,
in addition to the norm conditions of Tomita, an affine structure of vector
sections. Then it was established that the quotient space A/L (= Ap) is
isometrically isomorphic to the Banach space of all continuous admissible
vector sections over F(p) (see Theorem [3.4). Based on these new techniques,
we are able to provide in this paper more satisfactory answers to the above
three questions.

We begin with the W*-algebra version in Section [2 in which we com-
pletely answer all three questions stated above. For example, if p is a (nec-
essarily closed) projection in a W*-algebra M then m,(M) consists of right
multiplications induced by elements of pMp and m,(M)"” = m,(M) (The-
orem . In particular, all M-module maps T in B(Mp) are of the form
T (zp) = zptp for some t in M.

However, the C*-algebra case is much more difficult (due to lack of pro-
jections) and we need to develop some new tools. In [20], elements bp of
the Banach space Ap are interpreted as Hilbert space vector sections over
F(p). The main idea in this paper is to represent Banach space operators
mp(a) in B(Ap) as Hilbert space operator sections (Definition [3.7), which
is developed in Section (3} In particular, an operator T in B(Ap) is said
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to be decomposable if T' can be represented by an operator section (Defini-
tion . A simple way to verify the decomposability of T is to check if
the condition ¢(a*a) = 0 ensures ¢((T'ap)*(Tap)) = 0 whenever ¢ is a pure
state supported by p and a € A (Theorem . In this case, T has to be
a my(t) for some ¢ in LM(A,p) = {x € A** : xAp C Ap} (Corollary [3.14).
This answers our first question Q1.

Various relative multipliers of A associated to p play important roles in
the theory of left regular representations. Beside LM(A, p), we shall intro-
duce and study RM(A, p), M(A, p) and QM(A, p) in Section They behave
in a similar way as the sets LM(A), RM(A), M(A) and QM(A) of classical
multipliers of A. For example, they are closures of A in A™ under corre-
sponding relative strict topologies (Theorem . The object studied by
Tomita in [I8] is essentially the closure of m,(A) in B(Ap) with respect to
the so-called quotient(-double) strong topology, or @*-topology. In fact, the
Q*-topology is induced by the relative strict topology of A**. Thus, the clo-
sure of the Banach algebra m,(A) in B(Ap) in the Q*-topology is the image
of the C*-algebra M(A,p) = {z € A* : xAp C Ap, pAx € pA} under 7,
(see Remark [4.5). Tomita expected that the double commutant ,(A)” of
mp(A) in B(Ap) coincides with m,(M(A,p)). This is, however, not always
true for an arbitrary projection p. In some important cases, we do have
mp(A)" = mp(LM(A, p)) (Theorem [4.8). A counterexample is Example
This partially answers our second question Q2.

The classical density theorems of von Neumann and Kaplansky have
counterparts in this context. Also in Section {4 we show that m,(A) (resp.
its unit ball) is dense in m,(LM(A,p)) (resp. its unit ball) in the strong
operator topology (SOT) as well as the weak operator topology (WOT) of
B(Ap) (Theorem [4.4). This answers our last question Q3.

It is then interesting and useful to find a C*-subalgebra A of A** such
that LM(A,p)=LM(A), RM(A, p)=RM(A), M(A,p)=M(A) and QM (A, p)
= QM(A), and thus all good tools of multipliers apply (see e.g. [5]). Several
examples and results are provided in Section [5| for the investigation of what
A should consist of (see especially Theorem [5.3]).

Finally, we remark that the atomic part of Ap is studied in Part II
[9] of this series of papers. Some interesting and new results in this direc-
tion are obtained in Section [6] For example, we show that if z is in A**
and m,(x) preserves continuous atomic parts, i.e., zazAp C zaAp, then
ZatZC(p) € zay LM(A, p), where zy; is the maximal atomic projection in A**,
and c¢(p) is the central support of p in A** (Theorem . In particular,
when p =1, we have zayx = 2zl for some left multiplier [ of A when-
ever zgrA C 2zt A (Corollary . This supplements results of Shultz [16]
and Brown [7]. Similar results are obtained for other relative multipliers as
well.
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2. The left regular representation of a W*-algebra. We provide a
new elementary proof of the following result of Tomita [18].

THEOREM 2.1 ([I8]). Let m be a bounded homomorphism from a C*-
algebra A into a Banach algebra B. Then ww(A) is topologically isomorphic
to A/kerm. If ||7|| <1, then w(A) is isometrically isomorphic to A/ker .

Proof. The kernel of 7 is a closed two-sided ideal of A. Since closed
two-sided ideals of a C*-algebra are automatically self-adjoint, by passing
to the quotient, we can assume 7 is one-to-one. Assume that k is a positive
number such that

Im(a)l] < Klall

for all a in A. It suffices to show that ||7(a)|| > 7[|a|| for all @ in A. If k = 1,
then 7 is an isometry.

First assume that a is a positive element of A. We claim that ||7(a)]|
> |la||. Since A is a C*-algebra and B is a Banach algebra,

lall = 7o(a) and [[x(a)]| = 7o (7 (a)),

where 1, denotes the spectral radius. We shall verify for the spectra that
o(a) C o(m(a)) U {0}. For any positive A in o(a) and 0 < € < A, let f be
a continuous real-valued function on the compact set o(a) such that f =1
on [A—¢e/2,\+¢/2|No(a), f =0 outside (A —eg,A+¢e)and 0 < f <1.In
a similar manner, we can choose another continuous real-valued function ¢
on o(a) such that fg =g # 0. Let x = f(a) and y = g(a). We have z,y € A
and zy = y # 0. It follows that 7(z)7(y) = m(y) # 0. Therefore, ||7(z)|| > 1.
Now, ||(a — AN)z| < e implies ||(w(a) — N)7(x)| = ||[7((a — N)x)|| < ke. The
fact that € can be arbitrarily small ensures A € o(m(a)), as asserted. Hence,

[m(a)l] = ro(m(a)) = ro(a) = |lal|

for all positive a in A.
In general, if a € A and a # 0,
Im(a*a)ll _ lla*al _ [lal* _
(@)l llw(@®)] — Elall
Let p be a projection (all projections in this paper are assumed self-
adjoint) in a W*-algebra M. Let ¢(p) be the central support of p in M.
In other words, c(p) is the minimum central projection in M such that

pc(p) = c(p)p = p. Recall that 7, is the left regular representation of M into
B(Mp), ie.,

[ (a)ll =

1
Clal

mp(x)yp = xyp, y € M.

Clearly, my(c(p)) = 1 in B(Mp). Hence, m,(t) = mp(tc(p)) for all ¢ in M, and
in fact kermp, = M(1 — c(p)).
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LEMMA 2.2. Suppose T' € B(Mp). Then T commutes with all right mul-
tiplications Ryyp for x in M if and only if there is a t in M such that
T = mp(t). In this case, ||T|| = ||tc(p)]|.

Proof. We shall just verify necessity. Assume T € B(Mp) such that
TRpzp = RpepT for all x € M. For every central projection z in M, we have

T(zxp) = T(xp(pzp)) = T(Rpzp(2p))
= Rpop(T(xp)) = (Tap)pzp = 2(Txp), =€ M.

In particular, T(2Mp) C zMp. By passing to ¢(p) M, we can assume c(p) = 1
and , is an isometry by Theorem
Let

S ={S € B(Mp) : SRpzp = RpzpS, Vx € M},

Q = {g€ M : qis a projection and Smy(q) € m,(M), VS € S}.
CLAIM 1. p € Q.
For S in S, let s = S(p) € Mp. We have

mp(s)(xp) = szp = S(p)(prp) = RpapS(p)
= S(Rpap(p)) = S(pzp) = Smp(p)(2P)
for all p in Mp. Therefore, Sm,(p) = m,(s) € m,(M). Hence, p € Q.

CLAM 2. Q is hereditary under the quasi-ordering < of projections.

Suppose ¢ € Q and r < ¢. In other words, r = v*v and vv* < ¢ for
some partial isometry v in M. Note that r = v*qu. Since m,(v*) is in S, the
operator Smp(v*) belongs to S whenever S does. As ¢ € Q, for each S'in S
there is an s’ in M such that

(S0 ))mp(a) = mpls').
Consequently,
S(razp) = S(v*quap) = S, (v*)mp(q) (vap) = s'vrp, Va € M.
Set s” = s'v. We have
Smp(r) = mp(s”) € mp(M).

Hence r € Q. Therefore, Q is hereditary under < and, in particular, Q con-
tains all projections ¢ such that ¢ < p by Claim 1.

CLamM 3. S is directed under the ordering < of projections.

We are going to show that Q is even a lattice. First, it is clear that if
q1,---,qn in @ are mutually orthogonal then ¢; + - - - + g, € Q. Moreover, if
q1,92 € Qa we have

G Vg—q1r~qg—qNqg <.
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Hence ¢1 V g2 — 1 € Q by Claim 2, and consequently we have g1 V g2 =
(1Va—q)+aeQ.

Associate to each ¢ in Q a ¢, in M such that

Tmy(q) = mp(ty).
Then ||t4]| = ||mp(ty)]| < [|T]| because 7, is an isometry. Since the net {t, :
q € Q} is bounded in the W*-algebra M, some subnet (th) converges to
some t in M with respect to the o (M, M,) topology. For every xp in Mp, let
g be the range projection of xp. Then ¢, € Q since ¢, < p. Consequently,
for large enough A, we have ¢, < ¢, and thus

T(xzp) = T(q,zp) = Tmp(q,)(zp) = tq, 2P
It follows that
trp =limty xp = T(zp), Vre M.

Hence m,(t) = T. Finally, ||t|| = ||m,(t)|| = ||T|| since 7, is an isometry. =

THEOREM 2.3. Let M be a W*-algebra, p a projection in M and 7, the
left regular representation of M on Mp. Then the commutant of m,(M) in
B(Mp) is

mp(M)" = {Rpip : t € M},

and the double commutant is

(M) =T (M) ' = m, (M) O = mp(M).

Proof. Suppose T € m,(M)'. Let Tp = tp € Mp. Now
Tap = Tmy(x)p = mp(x)Tp = mp(x)(tp) = xtp, Vo e M.
Since (1 —p)p = 0, we must have (1 —p)tp = 0, i.e., tp = ptp. Consequently,

T = Rpy,. The opposite inclusion is obvious and thus we have m,(M) =

{Rpip : t € M}. Since the double commutant of any subset of B(Mp) is
closed in both the strong operator topology (SOT) and the weak operator
topology (WOT) of B(Mp), the second assertion follows from Lemma .

3. The left regular representation of a C*-algebra. Let
S(A)={pe A 020, [l¢| =1}
be the state space and

Q(A) ={p e A" : 020, ol <1}

be the quasi-state space of A equipped with the weak* topology. Q(A) is
a weak® compact convex set. A convex subset F' of Q(A) is called a face if
both ¢ and 9 belong to F whenever ¢, € Q(A) and Ap + (1 — Ny € F
for some 0 < A < 1.
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Recall that a projection p in A** is closed if and only if the face
F(p) = {p € Q(A) : p(1 —p) =0}
of Q(A) supported by p is weak* closed. The relation
L=A"1-pnA
establishes a one-to-one correspondence between closed projections in A**

and norm closed left ideals of A. Also, L** = A**(1 — p). Moreover, we have
isometrical isomorphisms

a+L~—ap and z+ L™ — xp
under which
A/L=Ap and (A/L)™ = A™/L*™ = A™p,
respectively, as Banach spaces and also as left A-modules ([12], 15 1], see
also [I4] 3.11.9]).

From now on, p is always the unique closed projection in A** associated
to the norm closed left ideal L = A**(1 — p) N A. For simplicity of notation,
we write Ap for the left quotient A/L of the C*-algebra A by L. Conse-
quently, its Banach double dual A**p is the quotient A**/L**. Denote by
mp the left regular representation of A on Ap defined by m,(a)bp = abp (or
equivalently, m,(a)(b+ L) = ab+ L). As usual, 1, can be extended to the
left regular representation of A** into B(A**p), denoted again by m,, such
that m,(x)yp = xyp (or equivalently, m,(x)(y + L**) = zy + L**).

We note that

o(x) = p(px) = p(zp) = p(pzp), Vo e A™, Vo € F(p).
Let ¢ € F(p) \ {0}. The GNS construction yields a cyclic representation
(7, H¢,w¢) of A such that m,(A)w, = H, .and o(z) = (Mo () wp, wip),, for
all z in A**. Here 7, also denotes the canonical extension of m, to A**, and

(,"),, is the inner product of the Hilbert space H, (see, e.g., [10] 2.4.4]). Set
H, = {0} for ¢ = 0.

NOTATION. Write 2w, for m,(x)w, in H, for all x € A™ and ¢ € F(p).
pEF (p) H,
defined by associating to each xp in A**p the vector section (vwy),ep(p) in

H«pe Fp) H,. Note that the fiber Hilbert spaces H, are not totally indepen-
dent. In fact, we have

LEMMA 3.1 ([20, 2.3]). For ¢, in F(p) such that 0 < ) < g for some
A >0, we can define a bounded linear map

Tw@ : Hga — H¢
by sending aw,, to awy for all a € A. Moreover, ||Ty,||*> < X and

There is a linear embedding of A**p into the product space []

Typ(rw,) = zwy, Vo e A™.
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DEFINITION 3.2 ([20}, 2.4]). A vector section (zy), in [[oe p(,) Hey is said
to be admissible if

Typrp = Ty
whenever ¢, € F(p) and 0 < ¢ < A for some A\ > 0.

Clearly, each zp in A**p induces an admissible vector section (zw,), in
HtpEF(p) H,. They are exactly all of them.

THEOREM 3.3 ([20, 3.1]). The image of the linear embedding xp
(zwp)p of A™p into [[,cp He coincides with the set of all admissible

vector sections in HgaeF (p) He- Moreover,

[zpll = sup |lzwy| m,-
pEF (p)

In particular, admissible vector sections are automatically bounded.

It is natural to ask which properties characterize those admissible vector
sections arising from elements of Ap. Recall the notion of a continuous field
of Hilbert spaces [13 [11]. We equip F(p) with the weak* topology inherited
from A*. Note that {aw, : @ € A} is norm dense in H, for all ¢ € F(p),
and the norm functions ¢ + |law,|l, = ¢(a*a)/? are contlnuous on F(p)
for a in A. Consequently, the image of Ap under the embedding A™p —
Hwe F(p) He defines a continuous structure of the field of Hilbert spaces
(F(p),{H,},) with base space F(p) and fiber Hilbert spaces H, for all
¢ € F(p). In this context:

e A vector section (zy)per(p) in [[,ep(y) He s bounded if

sup ||xpllg, < oo.
pEF (p)

e A bounded vector section (7,),cr(p) is weakly continuous if
© = (T, awg,)(p is continuous on F(p) for all ap in Ap.
e A weakly continuous vector section (zy),cr(p) is continuous if
¢ = (T, @), Is also continuous on F(p).

Let us denote the continuous field of Hilbert spaces thus obtained by (F(p),
{H,},, Ap). The following result says that there are no more continuous
admissible vector sections in (F'(p), {Hy},, Ap) other than those arising from
elements of Ap.

THEOREM 3.4 ([20, 3.2]). The image of Ap under the linear embedding
zp — (zwy), of A¥p into H%F(p o coincides with the set of all con-
tinuous admissible vector sections in the continuous field of Hilbert spaces
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(F(p),{Hy}e, Ap). Consequently,
Ap ={xp € A%p: ¢ — (aw,, xw@@ = p(z"x) and
o1 (g, awy), = pla’a)
are continuous on F(p), Ya € A}.
Let W, be the set of weakly continuous admissible vector sections in
(F(p),{Hy}e, Ap). In other words,
Wy =A{ap € A™p: ¢ = (aw,, awy) , = p(a’z)
is continuous on F(p), Va € A}.

The following extension of Kadison function representation is useful for
our work. The classical one deals with the case p =1 (see, e.g., [14] 3.10.3]).
In the following, As, (resp. A%Y) denotes the set of all self-adjoint elements
of A (resp. A™).

PRrOPOSITION 3.5 ([B, 3.5]). pAsap (resp. pALip) is isometrically linear
and order isomorphic to the Banach space of all continuous (resp. bounded)
real affine functionals of F(p) vanishing at zero. In particular, for any x
in A**, we have

pxp € pAp if and only if ¢ — p(pxp) = @(x) is continuous on F(p).

COROLLARY 3.6 ([20] 4.1]). Let zp € A**p.

(1) W, = {ap € Ap : pa*xp € pAp for all a € A}.

(2) Ap ={xp € A%p:px*xp € pAp and pa*zp € pAp for all a € A}.

(3) Ap ={xp € A*p: pw*zp € pAp for all wp € W, }.

Motivated by the fact that elements of A**p are exactly the admissible
vector sections in Hwe Fp) H,, we make the following definition.

DEFINITION 3.7. Let T}, be in B(H,) for each ¢ in F(p). The operator
section (Ti,) e (p) 18 said to be admissible if

TyppTo = TyTyy
whenever 1, ¢ € F(p) such that 0 < ¢ < Ay for some A > 0.

LEMMA 3.8. Let (T),er(p) be an operator section in []
The following are equivalent:

PEF(p) B(HSD)

(1) (Ty)perp) is admissible.

(2) (Ty)per(p) sends continuous admissible vector sections to admissible
vector sections; that is, it induces a linear operator T from Ap into

(3) (Typ)per(p) sends admissible vector sections to admissible vector sec-
tions; that is, it induces a linear operator T from A**p into A™p.
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Proof. Firstly, we note that the assertions in (2) and (3) follow from
Theorems B.3] and [3.41

(3)=(2) is clear.

(2)=(1). Suppose that (T,(awy)),er(p) is admissible for each a in A.
Hence there is an xp in A**p such that 2w, = T, (aw,) for all ¢ € F(p), by
Theorem Let 9, € F(p) be such that 0 < ¢ < Ay for some A > 0.
Then

TyppTo(awy) = Typ(aw,) = zwy = Ty(awy) = Ty Ty, (aw,).
Since 7,(A)w,, is dense in Hy, Ty, T, = TyTyy. As a vesult, (Ty),er(p) is
an admissible operator section.

(1)=(3). We suppose that (T,),ep(p) is an admissible operator section.
We want to show that y, = T, (zw,,), ¢ € F(p), defines an admissible vector
section for each x in A**. Let ¥, ¢ € F(p) be such that 0 < ¢ < Ay for some
A > 0. Observe that

Typo () = Ty (T (zwy)) = Typ(Typp(awy)) = Ty (zwy) = yy-
This proves the admissibility of (y,)ecr(p)- =

LEMMA 3.9. Every admissible operator section (T,),cr(p) induces a
unique bounded linear operator T in B(A**p) such that the vector section
representing T'(xp) is (Ty(2wy))per(p)- In this case, we write T'=(T,) e p(p)-

Proof. In view of the proof of Lemma|3.8] we can define T : A™*p — A**p
by
T(zp)wy = Tp(awy), ¢ € F(p).
We apply the closed graph theorem to establish the boundedness of T'. As-
sume z,p — zp and T(x,p) — yp in norm. If yp # T(xp) then there is a ¢
in F(p) such that yw, # T(zp)w, = T,(2w,). But they are both the limit
of Ty (zpwy,) = T'(xnp)wy, a contradiction. So || T]| < co. =

DEFINITION 3.10. A bounded linear operator T' in B(A**p) is said to
be decomposable if for each ¢ in F(p) there is a T, in B(H,) such that
(Txp)w, = T,(vw,) for all x in A**.

In other words, T' = (T,) e p(p) (cf. Lemma. Note that the operator
section (Ti,),ep(p) Must be admissible in this case (Lemma .

It is clear that all operators T" in m,(A**) are decomposable. In fact,
T = mp(t) for some t in A**, and thus we can set T, = 7, () for all p € F(p).
We are going to prove that every decomposable operator in B(A**p) arises
in this way.

LeEMMA 3.11. Suppose that (Ty),.er(p) s an admissible section of oper-
ators in [[,ep(y) B(Hy). Then T, belongs to the double commutant m,(A)”

of mp(A) in B(Hy) for each ¢ in F(p).
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Proof. Let ¢ € F(p) and g be a projection in 7,(A)" C B(H,). Define a
linear functional ¥ on A by
Y(a) = (aw,, qw¢>go'
It is easy to see that ¢ € F(p) and 0 < < ¢. Observe that for a, b in A,
(Tip(awy), bwy) = {awy, Typ(bwy)),, = (awy, buy),

=(b"a) = <b*aw@,qw¢)¢ = (awy, bqwgo>@

= (qaw,, bwy) , -
We thus have gaw, = T} (awy) for all @ in A. In particular, ¢H, = Ty, Hoy.
The admissibility condition gives Ty, T, = T},Ty, and so T;TJ)W =15 T It

Y~
follows that qH,, is invariant under 7;. Applying the same argument to 1—g,

we can conclude that gH, is a reducing subspace of T Hence 13 = T2q
for every projection ¢ in the von Neumann algebra 7m,(A)’. Consequently,
Ty € mp(A)" and thus T, € m,(A)” for each ¢ in F(p). =

THEOREM 3.12. Let A be a C*-algebra, p a closed projection in A** with
central support ¢(p) and T € B(A*p). Then T € m,(A**) if and only if T
is decomposable. In this case, if T = (Ty)per(p) = mp(t) for some t in A™
then || T p(arep) = subperp) [Tel = lltc(p)ll-

Proof. We check sufficiency only. Suppose that T" induces an admissible
operator section (Ty)yer(p) in [[pep(,) B(Hy). In view of Lemma we
need only verify that 7' commutes with the right multiplications R,,,, for all
x in A™, ie., for every y in A**, T(Rpzpyp) = Rpap(Typ). In other words,

T (ypxp) = (Typ)zp,
or equivalently,
T(yprp)wy = (T(yp)zp)wy, Vo € F(p).
By Lemma for each ¢ in F'(p) we can choose a t, in A** such that
To(tp) = T
The admissibility of (T,),cp(p) says that Ty Ty, = Ty, T,. Consequently,
T (ty) Ty = Tyemp(ty)

whenever p, 1) € F(p) satisfy 0 < ¢ < Ay for some A > 0. In this case,

typywy = T (ty) Ty (Ywy) = TyppTe(tey) (Ywy) = Ty (toywy) = toywy
for every y in A**, and thus
(1) my(ty) = my(te) i B(Hy).
Moreover, we note that
(2)  pwy, =w, and T(xzp) = (T'(xzp))p € Ap, Vo € F(p), Vo € A™.
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For each z in A** with ||z|| <1 and ¢ in F(p) we define v, p in F(p) by

w() = <'pmwgoapxwap>¢ and P = M

2
Since0§@§2pand0§1/1§2p,byWehave
(3) To(tp) = mp(tp) and  my(ty) = my(tp).
It follows that
(4) (T(ypap))wy = Typ(ypaw,) = Ty (t,) (yprwy)
= 7T<p(tp)(yp55w<p) = (tpypx)O%.
Observe also that for every y in A™, by and we have
(Typ)awe, yprwy), = (Typ)wy, ywy), = (Typ(ywy), ywy),,
= (o (b Jywy, ywy )y, = (T (tp)ywy, ywy)
= <tpypa:w<p,ypxw<p)<p.
Therefore, ((T'yp) — tpyp)rw, € (A**paw,)t. Hence,
(Typ)rw, = tyyprwe,.
Consequently, by we have
(T'(ypzp))wp = tpypaw, = (Typ)zp)w,, Vo € F(p),
and thus T'(ypzp) = (Typ)xp, as asserted.

For the norm equalities, we choose a t in A** by Lemma such that
T = mpy(t) and
[Tl Bassp) = lltep)| = sup [[mp(t)]| = sup [T =
YEF(p) PEF (p)
Let
QM(A, p) = {z € 4™ : pAzAp C pAp}.
the Banach space of relative quasi-multipliers of A associated to p. By
Corollary (1), for any x in A**, we have z € QM(A,p) if and only if
mp(x) € B(Ap, Wp), that is, my(x) sends continuous admissible vector sec-
tions to weakly continuous admissible vector sections in (F(p), {H,},, Ap).

THEOREM 3.13. Let A be a C*-algebra and p a closed projection in A**
with central support c¢(p). Assume T in B(Ap, W,) satisfies the condition

pla’a) =0 = ¢((Tap)*(Tap)) =0
whenever ¢ is a pure state in F(p) and a € A. Then T can be extended to a
decomposable operator in B(A**p), denoted again by T', such that T' = mp(t)
for some t in QM(A, p) and ||| geapw,) = 1T Ba=p) = llte(p)]]-
Proof. We first recall that
law,||? = <aw¢,aw¢>¢ = p(a*a), Yae€ A, Ve F(p).
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Let X = F(p)NP(A), where P(A) is the pure state space of A. By hypothesis
and the Kadison transitivity theorem, for each ¢ in X we can define a linear
map T, on H, = Aw, by

Ty(awy) = (T(ap))w,

Let ¢ € X and aw, € H, such that [jaw,| = 1. Again by the Kadison
transitivity theorem, there is a b in A such that bw, = aw, and ||b|| = 1.
Hence

[T (awy) || = T (bwio) || = [[(T(bp))wel| < I (bp) | < 1T} [[bpll < 1Tl
Therefore, || T,|| < ||T']| for every ¢ in X. Consequently, we have
sup || T, || < [[T°]-
peX

Now assume ¢ belongs to X, the weak* closure of X, and a,b € A.
Since T'(ap) € W,, the scalar functions ¢ — |lawy||y, ¥ = ||bwy|l, and
¥ = ((T(ap))wy, bwy),, are all continuous on F(p). It follows that

(Tap)erp,bog), | < (sup 1Tl llawts ol < 171 ool sl

Hence there exists T, in B(H,,) such that
(5) Ty(awy) = (T(ap))wy, Va€ A, Vp e X.

Moreover, ||T,|| < ||T| for every ¢ in X = F(p) N P(A).

Note that X U {0} is the extreme boundary of the compact convex set
F(p). Consequently, continuous affine functionals of F'(p) assume extrema at
points in X . From Proposition[3.5, we know that there is an order-preserving
linear isometry from pAg,p into Cg(X), the Banach space of continuous real-
valued functions defined on the compact Hausdorff space X. Hence each ¢
in F(p) has a (non-unique) Hahn-Banach positive extension m, in the space
M(X) (= Cr(X)*) of regular finite Borel measures on X. By handling real
and imaginary parts separately, for each ¢ in F(p) we can write

(6)  ¢(a) = ¢(pap) = jwpap) dmy, (1) = U(@ dmy (1), Va € A,

X X

For any a,b in A, since T'(ap) € W,, we have pb*(T(ap)) € pAp by Corol-
lary 3.6 . Therefore, the barycenter formula @ applies and gives

(T(ap)wg, bwy),, = (b (T = | ¢ (pb*(T(ap))) dm, (1)

X

- S (Tap)wy, bw¢>¢ dmy(v), Ve e F(p).
X
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Consequently, by we have

= | [ (T (ap)g, o), dmp ()| = |§ (Tlawy), bwy),, dms(v)
X X

< V1T o s | i (1)

X

< (sup 1Tl ) (§ a2 ) ( § s 2 )
peX X X

= (sup ) ( § étaa) dmy (@) (§ 067 dmp())
peX X X

= (sup Il (@’ @) 2 50) 2 < T s o o
PpeX

Hence, a bounded linear operator T, in B(H,,) exists such that T, (aw,) =
(T'(ap))w,, for every a in A. Moreover,

1Tl < WITTI, Ve € Fp).

At this point, we have shown that T can be written as an admissible sec-
tion of operators T = (Ty)per(p) in HcpEF(p).B(HSO) (cf. Lemma. Extend
T to a bounded linear operator on A**p as in Lemma Consequently, by
Theorem [3.12} there is a t in A™* such that T' = my(t) and ||T| pa=+p) =
suPger(p) 1 1ol B(m,) = Ilte(p) |- Since T'(Ap) € W, we have pb*(Tap) € pAp
by Corollary Hence pAtAp C pAp. As a result, t € QM(A, p). Finally,
we note that

1T B(apw,) < T Basp) = sup [ Tollm,) < 1Tl B(Apw,)- =
pEF (p)

Let
LM(A,p) = {x € A™ : zAp C Ap},
the Banach algebra of relative left multipliers of A associated to p.

COROLLARY 3.14. Let A be a C*-algebra, p a closed projection in A**
with central support ¢(p) and T € B(Ap). The following are all equivalent:

(1) T € my(LM(4, p)).

(2) T is decomposable.

(3) p(a*a) = 0 implies o((T'ap)*(Tap)) = 0 whenever ¢ is a pure state
supported by p and a in A.

In this case, ift € LM(A, p) is such that T' = mp(t) then || T||g(ap) = lte(p)]|-
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Proof. The implication (1)=(2) is trivial as T, = m,(t) when T =
mp(t) with ¢ in LM(A, p), while (2)=(3) is straightforward. The implication
(3)=(1) follows from Theorem which also provides the norm equali-
ties. m

4. Commutants and density theorems

DEFINITION 4.1. Let A be a C*-algebra and p a closed projection in A**.
Recall that

(A,p) = {zx € A™ : xAp C Ap},
RM(A,p) ={x € A™ : pAx C pA},

(A,p) = {z € A : xAp C Ap, pAx C pA},
QM(A, p) = {z € A™ : pAxAp C pAp}

are, respectively, the sets of relative left multipliers, relative right multipli-
ers, relative multipliers and relative quasi-multipliers associated to p. We
define the relative left strict topology, relative right strict topology, relative
strict topology and relative quasi-strict topology of A** associated to p by the
seminorms z — |zap||, x — ||pax||, x — ||zap|| + ||pbx| and x — ||pazbpl||
for a,b in A.

REMARKS 4.2.

(1) It is easy to see that LM(A) C LM(A,p), RM(A) € RM(A4,p),...,
and all of them are norm closed subspaces of A**.

(2) QM(A,p) is *-invariant whereas LM(A, p)* = RM(A, p). Moreover,
both LM(A, p) and RM(A, p) are Banach algebras, and M(A, p) = LM(A, p)
NRM(A,p) is a C*-algebra.

(3) The relative strict topologies associated to p are Hausdorff if and
only if the central support ¢(p) of p equals 1.

THEOREM 4.3. Let A be a C*-algebra and p a closed projection in A**.
Then LM(A, p) (resp. RM(A,p), M(A,p) and QM(A,p)) coincides with the
closure of A in A™* with respect to the relative left strict (resp. right strict,
strict and quasi-strict) topology associated to p.

Moreover, the unit ball (resp. its self-adjoint part, positive part) of A is
dense in the unit ball (resp. its self-adjoint part, positive part) of LM(A,p),
RM(A,p), M(A,p) and QM(A, p) in the corresponding relative strict topolo-
gies associated to p.

Proof. We only prove the assertion about relative left multipliers since
all others follow in a similar manner. We denote by By, (resp. B4, By) the
set of all self-adjoint elements (resp. positive elements, elements of norm not
greater than 1) in B whenever B is a subset of A or A**.
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Assume = € LM(A, p). We want to show that = belongs to the relative
left strict closure of A. Let a1, ...,a, € A. Consider the convex set V in the
direct sum (Ap)" = Ap @ - - - @ Ap given by

V ={(baip,...,bapp) : b € A}.
(In case x € A", v € AZZ N A" or x € A% N A}, in the definition of V' we
replace A by Aj, Asa N Ay or Ay N Ay, respectively.) Since x € LM(A, p),

we have T = (zaip,...,za,p) € (Ap)". If T ¢ VI then there is an f in
((Ap)™)* such that

(7) Re f(#) < —1 <Ref(b), VbeV,

where Z) = (baip,...,ba,p). Since (Ap)* = A* F(p) (see, e.g., [12]), we can
write f = f1 ®--- @ f, such that fi = y;¢r for some y;, in A** and ¢, in
F(p), k=1,...,n. Hence

5 n n n
F@) = felzarp) = en(yimar) = D (wapwpy, Yswiy),,,
k=1

k=1 k=1
n

n n
F0) =" frlbarp) = enlyibar) = > (barwey, Yswpy),,, -
k=1 k=1 k=1
Let {bx}, be a net in A such that by converges to x o-weakly. (In case
r € AT", v € A NAT" or x € A% N A", the Kaplansky density theorem
(see, e.g., [14], 2.3.3]) enables us to choose by’s from Aj, AgaN A1 or A NA;,
respectively.) In particular,

(bAakw%,ykw%>% — (:Eakw%,ykw%>% fork=1,...n.

Therefore, f(by) — f(Z) where by = (bxaip,...,bxan,p) € V. This contra-

dicts and thus z € VH'”. This shows that for any positive € and a1, ..., ay
in A there is a b in A such that

|(x —b)agp|| <e fork=1,... n.

In other words, = belongs to the relative left strict closure of A. (In case x
comes from A7*, A3y N AT or A% N A", we can choose b from Ay, Aga N Ay
or Ay N Ay, respectively.) Our assertion follows since the opposite inclusion

is obvious. =

THEOREM 4.4. The closure of my(A) in B(Ap) with respect to the strong
operator topology (SOT) as well as the weak operator topology (WOT) co-
incides with m,(LM(A, p)). Moreover, the unit ball of my(A) is SOT dense
as well as WOT dense in the unit ball of m,(LM(A,p)).

Proof. 1t is well-known that a linear functional on B(FE), for F a Banach
space, is continuous with respect to SOT if and only if it is continuous with
respect to WOT. Since m,(A) is convex, its closures in B(Ap) with respect
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to these topologies coincide. We are going to show that they are identical
to mp(LM(A, p)).

Let {ax}x be a net in A such that m,(ay) converges to some bounded
linear operator T in SOT. By Corollary tosee T' € m,(LM(A, p)) we just
need to check whether the condition p(a*a) = 0 implies p((Tap)*(Tap)) =0
whenever ¢ is a pure state in F/(p) and a € A. In this case, ap, = 0 where
Dy is the support projection of the pure state ¢. Now

(Tap)py, = (limmpy(ay)ap)p, = limayap, = 0.
Hence ¢((Tap)*(Tap)) = 0, as asserted. Thus

(A" C my(LM(4, p)).

The opposite inclusion and other assertions follow from Theorem since
the strong operator topology of B(Ap) restricted to m,(LM(A, p)) coincides
with the one induced by the relative left strict topology of A** associated
top. m

REMARK 4.5. In [I8], Tomita defined the notion of Q*-topology. In fact,
it is the double strong operator topology (DSOT) of m,(M(A, p)), which is
defined by the seminorms

mp(@) o leapl| + 2" apll,  Va € A

Since RM(A,p)* = LM(A,p) and M(A,p) = LM(A4,p) N RM(A4, p), Theo-
. ——F—=DSOT .
rems and imply m,(A) = mp(M(A, p)). Moreover, the unit ball
of mp(A) (resp. its self-adjoint part, positive part) is DSOT dense in the unit
ball (resp. its self-adjoint part, positive part) of m,(M(A,p)). Another way
to look at m,(M(A,p)) is to observe that it coincides with the family of all
adjointable admissible operator sections {Ty}y in [[,cp(,) B(Hy). We say
that {7}, is adjointable if the operator section {7}, is admissible (see
Corollary . Tomita expected that in some situations the double com-
mutant m,(A)” of m,(A) in B(Ap) is the C*-algebra m,(M(A, p)). However,
as indicated by Theorem below, the Banach algebra m,(LM(A,p)) is a
more appropriate object to look for.

Recall that a projection r in A** is closed if the face F/(r) = {¢ € Q(A) :
©(1 —7) =0} of Q(A) supported by r is weak® closed, and r is compact if
F(r)nS(A) is weak™ closed [2]. An element h of pA¥p is called ¢-continuous
on p (see [4]) if the spectral projection Er(h) (computed in pA**p) is closed
for every closed subset F' of R. Also, h is called strongly g-continuous on p

(see [5]) if, in addition, Er(h) is compact whenever F' is closed and 0 ¢ F'.
LEMMA 4.6 ([5 3.43]). Let h € pAZip.

(1) h is strongly q-continuous on p if and only if h = pa = ap for some
a in Ag,.
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(2) In case A is o-unital, h is g-continuous on p if and only if h = pxr =
xp for some x in M(A)sa.

In general, h in pA™*p is said to be g-continuous or strongly q-continuous
if both Reh and Im A are. Denote by QC(p) (resp. SQC(p)) the set of all
g-continuous elements (resp. strongly g-continuous elements) on p. Observe
that SQC(p) is always a C*-algebra, and so is QC(p) if A is o-unital. We say
that p has MQC (“many g-continuous elements”) or MSQC (“many strongly
g-continuous elements”) if QC(p) or SQC(p), respectively, is o-weakly dense
in pA**p (see []).

LEMMA 4.7 ([8, 3.1 and 3.3]). The following statements are all equiva-
lent:

(1) p has MSQC.

(2) pAp =SQC(p).

(3) pAp is an algebra.

(4) pAp is a Jordan algebra.

(5) F(p) is isomorphic to the quasi-state space of a C*-algebra.

(6) pe M(A,p), i.e., pAp C pAN Ap.

(7) p e QM(A,p), i.e., pApAp C pAp.

In this case,
pApAp = pAp = pAN Ap = SQC(p).

When the closed projection p has MSQC, it shares many good properties
with the projection 1. Moreover, every central closed projection in A™ has
MSQC.

The first part of the following theorem says that all bounded A-module
maps in B(Ap) are right multiplications provided that A is o-unital.

THEOREM 4.8. Let A be a C*-algebra, p a closed projection in A** and

Ty the left reqular representation of A on Ap. Denote by my(A)' the commu-
tant and by mp(A)" the double commutant of m,(A) in B(Ap). Denote by Y
the set {x € RM(A) : xzp = pap}. If A is o-unital then

mp(A) = {Rpsp : ¥ € Y}
If A is o-unital and p has MQC then also

mp(A)" = m,(LM(A4, p)).
Here Ryyp(ap) := apzp = azxp for alla € A and z € ).

Proof. 1t is clear that all right multiplications of the form R, with x
in Y commute with elements of m,(A). Conversely, assume T' € m,(A) C
B(Ap). If {uy}, is a (bounded) approximate unit of A, the bounded net
{T'(upp)}x in Ap has a weak* cluster point zp in A**p. For each a in A,
we see that azp is a weak™® cluster point of {aT (uxp)}x = {T'(aurp)}.. But
T(auyp) — T(ap) in norm. It follows that T'(ap) = axp € Ap. Therefore,
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Axp = T(Ap) C Ap. By [0, 3.9], we have zp € RM(A)p if A is o-unital.
Moreover, if a,b € A and ap = bp then T'(ap) = T'(bp). This is equivalent
to axp = bxp. Consequently, Lxp = {0} where L = A**(1 — p) N A, the
norm closed left ideal of A related to the closed projection p. It follows that
L*xp = {0}; i.e., A*(1 — p)xp = {0}. This forces (1 — p)zp = 0. Therefore
xp = pxp. Hence T'(ap) = axp = apzp = Rypp(ap).

By Theorem [4.4) m,(LM(A,p)) € mp(A)". Let T € m,(A)" C B(Ap),
a € A and ¢ be a pure state in F'(p). Assume that ¢p(a*a) = 0, or equivalently
ap, = 0, where p,, is the support projection of ¢ in A**. Since p is assumed
to have MQC and A is o-unital, there is a net {m)p}, with my in M(A)
such that

(8) myp =pmy and myp — p, o-weakly

by Lemma@ Hence, amyp — ap, = 0 o—weakly. In particular, amyp — 0
with respect to o(Ap, (Ap)*) since (Ap)* = (A/L)* = L° can be consid-
ered as a subspace of A*, and the o-weak topology of A*™* coincides with
o(A**, A*). Here L° is the polar of the left ideal L = A**(1—p)NAin A*. As
a bounded Banach space operator, T' is o(Ap, (Ap)*)-o(Ap, (Ap)*) continu-
ous. Therefore, T'(amp) — 0 in the o(Ap, (Ap)*) topology of Ap and thus
also o-weakly. On the other hand, the right multiplication R,,,,, belongs
to m,(A)’. As a result, by (§)) we have

T(amxp) = T(apmap) = T Rpm,p(ap) = Rym,pT (ap)
= (Tap)pmap — (T'ap)p, o-weakly.
Therefore, (T'ap)p, = 0, and hence ¢((T'ap)*(T'ap)) = 0. Now, Corollary
implies T' € m,(LM(A,p)). »

Although it follows from Theorem [4.4] that we always have m,(LM(A, p))
C m,(A)”, the following example indicates that the inclusion can be strict
in case p does not have MQC.

EXAMPLE 4.9 (Based on an example given in [8] 3.4]). Let A = C[0,1]®
K where K is the C*-algebra of all compact operators on a separable infinite-
dimensional Hilbert space H. Let {ej, eg, ...} be an orthonormal basis of H,
and E,, the projection on span{ey,...,e,}. A closed projection in A is given
by a projection-valued function P : [0,1] — B(H) such that if h is any
weak cluster point of P(y) as y — =z, then h < P(x) [5, Section 5.GJ.
We observe that P describes the atomic part of a closed projection p in
A = (C0,1]" @ B(H), and P determines p since a closed projection is
determined by its atomic part. In our case p will equal its atomic part. We
now define P.

For each n = 0,1,2,... we construct recursively a countable subset S,
of [0,1] and a unit vector v(z) for each x in S, with || E,v(z)|| < n~1/2.
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STEP 0. Take Sp = {1/2} and v(1/2) = e;.

STEP 1. Take S; = {x1,%2,...} where the z;’s are distinct, x; # 1/2,
and x; — 1/2 as j — oo. Let v(z;) = 271/2e; + 272¢;1 for j =
1,2,....

STEP n (n > 1). Write S,,_1 = {x1,x2,...}. Choose distinct y;;’s from
[0,1] but outside UZ;(% Sk such that |y;; — x| < 270H). Let S, =
{yij : 4,5 =1,2,...} and v(yij) = n~2v(z;) + (1 — n~1)/2w;;, where
w;; is a unit vector such that (w;;,v(x;)),; = 0 and E;yji,w;; = 0.

Let S = U,~, Sn. Define a projection-valued function P on [0, 1] by setting
P(z) to be the projection on span {v(z)} if z € S, and P(z) = 0 otherwise.
It is shown in [§] that P describes a closed projection p in A** which is
atomic and abelian. Moreover, if h in pA**p satisfies h € pAp and h? € pAp
then h = 0. (In [8], this fact is used to show that SQC(p) = {0}.)

Now consider the C*-algebra B = C[—1,1] ® K. Define a projection-
valued function @ on [—1,1] by putting Q(¢) := P(|t|) for all t € [—1,1]. Tt
is clear that @) determines an atomic, abelian and closed projection ¢ in B**
such that k = 0 whenever k € ¢B**q with k € ¢Bq and k? € ¢Bq.

Let A be the C*-algebra obtained by adjoining an identity to A and let
P =D+ Poo Where poo = 0@ 1 in A** = A* ©C. Thus p=p® 1. In [§], it
is shown that p is closed, and hence compact, in A** and that QC(p) = Cp.
Similarly, a compact projection § = ¢+ ¢oo in B** = B*@&C can be obtained
such that QC(§) = Cg and thus ¢, like p, does not have MQC.

We now consider the left regular representation 7y : B— B (Bcj) Since
B is unital, RM(B) = B and thus

73(B) = {Rz : & = #§ = G for some 7 in B}
by Theorem Suppose & = 7§ = ¢ for some 7 in B. Here 7 = r + Mg
for some r in B and A in C. It follows from (7 4+ A1 5)(¢+¢oo) = (¢ + Goo) (1 +
Mp)(q + doo) that rq = qrq € qBq. Now (qrq)? = qrqrq = qr’q € ¢Bq
implies qrqg = 0. Therefore,
T =qrq=qrq+ A+ Moo = Aq.

Consequently, 75(B) = CR; and thus m3(B)” = B(Bg), since the right
multiplication R; induced by ¢ is the identity in B (Bg).

It is easy to see that B(Bg) # m;(LM(B, §)). For example, we define an
isometry T in B(Bq) by

T((A+a)g):=N+a)g, MIeC,acB,
where
a(t) :==a(-t), te[-1,1].

To see that T' is not implemented as a left multiplication m(h) for any h
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in LM(B, §), we just need to show that T is not decomposable, by Corol-
lary Let t € (SU(=S)) — {0}, and ¢; be the corresponding pure state
in F(q). Since there is b in B such that ¢;(b*b) = 0 but ¢_(b*d) # 0, it is
clear that 71" is not decomposable. u

5. The C*-algebra associated to a closed projection. Recall that
for a C*-algebra A and a closed projection p in A**, the Banach space Ap
(resp. W) consists of all continuous (resp. weakly continuous) admissible
vector sections in A**p (see Theorem . It follows from Corollary that
for all z in A** we have

mp(x)Ap C Ap & mp(z" )W, CTW,.

We collect these facts in the following.

LM(A,p) = {z € A" : mp(x)Ap C Ap},

RM(A,p) = {z € A™ : mp(x)V, S Wy},

M(A,p) = {z € A : mp(x)Ap C Ap, mp(z)WV, C Wy},

QM(A, p) = {z € A : mp(x) Ap € W}
Since the kernel of 7, is A**(1 — ¢(p)), the interesting parts of LM(A,p),
RM(A,p), M(A4,p) and QM(A, p) are the ones cut down by ¢(p). It is also

interesting and useful to see if there exists a C*-subalgebra B of A**c(p)
such that

s
T

(a) LM(A, p)c(p) = LM(B),
(b) RM(A4, p)e(p) = RM(B),
(c) M(A, p)c(p) = M(B),
(d) QM(A, p)c(p) = QM(B)
Consider

A={z e A" : m,(x)WV, C Ap}.
We think of Ac(p) as a natural candidate for B. It is easy to see that A is
an ideal of the C*~algebra M(A, p). Moreover, LM(A4,p)A C A, ARM(A, p)
C A, M(4,p)A+ AM(A,p) C Aand AQM(A,p)AC A
EXAMPLE 5.1. If p is central, or equivalently if the ideal L = A**(1 —p)
N A is two-sided, then Ap = A/L as C*-algebras. Consequently, we have

Ac(p) = Ap and (@)—(d) hold for B = Ac(p).
It follows from definitions and Corollary [3.6] that we have
LEMMA 5.2. Let x € A*.

(1) z € Aif and only if pv*zup € pAp for all up,vp € W,.
(2) z € LM(A,p) if and only if pv*zap € pAp for all ap € Ap and
vp €W,.
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(3) « € RM(A,p) if and only if pb*xup € pAp for all up € W, and
bp € Ap.

(4) x € M(A,p) if and only if pv*zap, pb*zup € pAp for all ap,bp € Ap
and up,vp € Wp.

(5) x € QM(A, p) if and only if pb*xap € pAp for all ap,bp € Ap.

THEOREM 5.3. The following conditions are all equivalent and each of

them implies @f@ for B = Ac(p):

(1) mp(A)Ap is norm dense in Ap.

(2) mp (AW, is norm dense in Ap.

(3) A is non-degenerately represented on Huniv, that is, m,(A)H, =
H, for all ¢ € Q(A), where Hyniv = @o{Hy : ¢ € Q(A)} is the
underlying Hilbert space of the universal representation of A.

(4) A is o-weakly dense in A**.

(5) mo(A) # {0} for all pure states ¢ in F(p).

Proof. (1)=(2) is trivial.

(2)=-(3): Since A contains A**(1—c¢(p)), we may assume ¢ is supported
by ¢(p). Now, since m,(A)W, is norm dense in Ap, we see that m,(A)(W,H,)
is dense in 7, (Ap)H, = ApH,, which is dense in A**pH,. Let ¢ = v*pv be a
projection for some partial isometry v in A**. We see that ¢H, = v*pvH, C
A**pH,. Hence m,(A)H,, is also dense in H, and this gives (3).

(3)=(4) follows from the fact that AA C A.

(4)=-(5) is obvious.

(5)=(1): Suppose the norm closure 7,(A)Ap # Ap. Choose a non-zero
¢ in (Ap)* such that p(m,(A)Ap) = {0}. Let {vy}\ be a positive increasing
approximate identity in the C*-subalgebra A of A**, and note that vy "¢
for some projection g in A**. For every a in A, pa*vyap " pa*qap. Note
that pa*vyap € pAp. It follows from the continuity of pa*vyap that pa*gap
is lower semicontinuous on F'(p). Since AA C A, we see that 7, (A)H, is
an invariant subspace for m,;(A) for every 1 in F(p). For each pure state
Y in F(p), the hypothesis my(A) # {0} implies 7y (A)Hy = Hy and hence
7y (q) = 1. Therefore, the non-positive lower semicontinuous affine function

Y= p(pa(q — Dap), € F(p),

vanishes on the extreme boundary (F(p)NP(A))U{0} of the weak* compact
convex set F'(p), where P(A) is the pure state space of A. It follows that
pa*(q — 1)ap = 0. We then have gap = ap for every a in A. Consequently,

¢(ap) = p(qap) = limp(vyap) =0, Va € A.

This contradiction establishes the implication.

From now on, we assume these equivalent conditions are satisfied and
we are going to verify (ja) to @ We prove only that LM(B) C LM(A, p)c(p)
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since the opposite inclusion is obvious and the other assertions will fol-
low similarly. Note that we can consider LM(B) as a subset of A**¢(p) (cf.
[3, 4.3]).

Let = be a non-zero element of LM(B) and ¢ > 0. For each a in A,
it follows from (2) that there exist aj,...,a, in A and wip,...,w,p in
W, C A**p such that

- €
Hap — Z akwka < m
k=1

Hence

Hxap - Zxakwkpu <e.

k=1

Since z € LM(B) C A**¢(p), zar = z(agc(p)) € z(Ac(p)) = 2B C B. Note
that elements of m,(B) send W, into Ap. Consequently, m,(zay)wrp € Ap

for k = 1,...,n. It follows that zap € Ap = Ap. That is, x € LM(4,p).
Since x = z¢(p), we have z € LM(A, p)c(p), too. =

COROLLARY 5.4. If p has MSQC then @f@ are satisfied for B=Ac(p).
Moreover, Ap + pA C A in this case.

Proof. By Theorem [5.3] it suffices to show that m,(A)p = Ap (since
p € Wp). One inclusion is easy:
mp(A)p € mp (AW, C Ap.
For the opposite inclusion, as well as the assertion Ap + pA C A, it suffices
to show that Ap C A. To this end, let up, vp € W, and a € A. Observe that
pu*(apvp) = (pa*up) vp
€ (pAp)“vp
= pApup
C pAvp since pAp C pA as p has MSQC
C pAp.
Hence ap € A by Lemma .
We remark that the inclusion in Corollary does not hold if p fails to
have MSQC (see Example . Even when p does have MSQC, the inclusion

can be strict (see Example [5.8)). The rest of this section is devoted to a few
assorted results and examples about what A contains.

PROPOSITION 5.5. Let B = pA™p N QM(A,p). Then A contains the
norm closure of the linear space spanned by ABA.

Proof. Since A is a C*-algebra, we only need to prove that if a,c € A,
b € B then abc € A. It is equivalent to show that pu*abcvp € pAp for every
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up, vp in W, by Lemma [5.2] In fact,
pu*abcvp = pu*apbpcup  since b € pA**p
€ pApbpAp since up,vp € W,
= pAbAp since b € pA™*p
C pAp since b € QM(A,p). =

COROLLARY 5.6. Let C' = SQC(p) " M(A,p). Then A contains C as a
C*-subalgebra.

Proof. Note that C'is a C*-algebra. In particular, C' = C3. The assertion
now follows from Proposition since C' C pA™*p N QM(A,p) and C® C
ACA (see Lemma[4.6).

To convince the readers that B and C in Proposition [5.5] and Corol-
lary can be non-zero, we present the following example. In particular,
the closed span of ABA is the whole of A, and C' is only a proper subalgebra
of A in this example.

ExXaMPLE 5.7. In this example, A is a separable scattered C*-algebra
and p is a closed projection in A** with central support ¢(p) = 1. But p does
not have MSQC. We shall see that (a)—(d) are all satisfied here. In fact,
A=A, LM(A,p) = LM(A), RM(A,p) = RM(A), M(A4,p) = M(A) and
QM(A,p) = QM(A). Moreover, B and C are both non-zero. Furthermore,
ABA is norm dense in A but Ap A (cf. Corollary [5.4).

Let A be the C*-subalgebra of ¢® M> consisting of all sequences of 2 x 2
matrices © = (2, ),>1 such that

(o)~ (6 0)
Ty = — .
cn dp 00

We observe that A** can be represented as the C*-algebra of all uniformly
bounded sequences of 2 x 2 matrices plus a copy of C. More precisely, every
element of A** is of the form = = (x,)52; where

b
CBn:(an n), n=12,..., and 1z, =a€C.
cn dp
The norm of A** (and A) is given by ||z := sup;<,<o [|7n]] < co. Put
1/1 1
= - , =1,2,..., d =1eC.
w3 e

Then p = (pn)22, is a closed projection in A** and ¢(p) = 1. Let « =
()02, € A, with notation as above. We have:

(1) xEAp@a:n:%(

Up Un
Un Un

) with u,, — a and v,, — 0.
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2) zeW, @xn:%( u:)withun—>a
3

4
5) z € SQC(p) & zp, = i(zz z:) for some scalars s, — a = 0.

(2)
(3)
(4)
(5)
(6) x € LM(A) =LM(A,p) & a, — aand ¢, — 0.
(7)
(8)
(9)

(z" 2") for some uniformly bounded scalars s,,.
7'7.

T € pAp & xp = % s") for some scalars s, — a.

7) x € RM(A) =RM(A4,p) < a, — a and b, — 0.
8) x € M(A) =M(A,p) & an, — a and by, c, — 0.
9) z € QM(A) = QM(A,p) & a, — a.

(10) xre A=A & a, — aand by, ¢y, d, — 0.

Since pAp # SQC(p), we see that p does not have MSQC by Lemma It is
clear that both B = QM(A, p)NpA**p and C = SQC(p)N"M(A, p) = SQC(p)
are non-zero. In addition, the closed span ABA equals A = A. =

EXAMPLE 5.8. In this example we shall see that LM(A,p) # LM(A)
etc., and A is neither a subset nor a superset of A even when p has MSQC
and its central support ¢(p) is 1. However, (a) to (d) are all satisfied.

Let A be the C*-subalgebra of ¢ ® My given by

UG ()= (6 a)

Let p = (p,) € A* with

(1 O> Lo d (1 O>
n = , n=12..., an o = .
b 00 b 01

Then p is a closed projection in A**. Let x = (x,) € A** with

n bn
xn:<a ), n=12,..., and :Eoo:<a 0).
Cn dp 0 d

We hayve:

1) xEAp@xn:(izg) with a,, — @ and ¢, — 0.

(

(2) xGWpﬁxn:(‘é"O) with a,, — a.
(3) x € pAp &z, = (“0"0 ) with a,, — a.

(4) x € LM(A,p) © a, — a and ¢, — 0.

(5) x € RM(A4,p) < a, — a and b, — 0.

(6) x € M(A,p) & ap — a and by, ¢, — 0.
(7) x € QM(A,p) & an — a.

(8)

8) re A< ap, — a and by, ¢, dy — 0.
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We first note that c¢(p) = 1. Since pAp is an algebra, p has MSQC
by Lemma Thus, @f@ are satisfied for B = A. On the other hand,
obviously we have A € A. We also want to point out that A is not contained
in A, either. For example, the element x = (x,) of A C A* given by
Tp,=0,n=1,2,..., and zo = (8 [1)) does not belong to A. It is clear that
LM(A,p) # LM(A) = A etc., since A is unital. =

ExAMPLE 5.9. Consider the C*-algebra A = ¢ ® K and
*={(hyn): hy € B(H), 1 <n < o0, ||| =sup||h,| < oco}.
Let {e1,ea,...} be an orthonormal basis of the Hilbert space H. Let

Up = —=€1 + —=ent1, N <00, and v = e,

RNk
and
Pn=Upn @y, n=12,.. 00
Then p = (py) is a closed projection in A** without MSQC (cf. [§]) and the
central support ¢(p) of p is 1. We have

Ap = {(J:npn> € A%p: xpvp M %l‘ooel}-

Kkl
2) W, = {(xnpn) € A%p : zpvn —2 %xooel}.

(1)

(2)

(3) pAp = {(Pnbnpn) : (bpvn, vn) — 2(bocer, e1)}.
(4) LM(A) = LM(A,p) = {(ta) € 4™ : £, 225 1),
(5) RM(A) = RM(A,p) = {(ta) € A~ : 17, 25 17 ).
(6) M(A) = M(A,p) = {(tn) € A : 1, th}
(7) QM(A) = QM(A,p) = {(tn) € A™ : t;, "2 1,0}

(8) A= {(tn) € A : t, Ly 4o e k).

By Theorem [5.3) and the fact that A C A, the equations LM(A4, p) = LM(A)
etc. are satisfied in this case. This can also be verified by direct calculation. =

REMARK 5.10. In [6], it is shown that for two separable C*-algebras A
and Asg, the multiplier algebras M(A;) and M(Aj) are isomorphic if and only
if A; and Ay are isomorphic. In fact, Ay (resp. A) is the largest separable
closed, two-sided ideal of M(A;) (resp. M(A2)). However, in the inseparable
case, this may not be true. A perhaps less artificial illustration to this fact
than usual is provided by Example since M(A) = M(A), A is separable
and A is not separable.

6. Atomic parts of relative multipliers. In the following, z = 2t
denotes the maximal atomic projection in A**; in other words, z is the
smallest central projection in A** supporting all pure states of A.
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LEMMA 6.1. Let xp and yp be in W,. If zxp = zyp then xp = yp.
Moreover, we have ||xp| = ||zzpl||. In other words, weakly continuous vector
sections are determined by their atomic parts.

Proof. For each a in A, the continuous affine function ¢ — ¢(a*(x —y))
on F(p) vanishes at all pure states in F(p). Consequently, it is identically
zero on F(p). As a result, pA(z — y)p = {0}, and thus xp = yp. For the
norm equality, we note that the bounded affine function ¢ — @(z*x) is lower
semicontinuous on the weak* compact convex set F(p) [9, Lemma 2.1]. It
follows from the Krein-Milman theorem that

lzp[|* < sup{p(z*x) : ¢ is a pure state in F(p)} = |[zap|? < [ap|*. =

The following theorem says that if the operator section m,(x) preserves
the continuity of the atomic part of every vector section in A**p then x itself
must have an appropriate atomic part.

THEOREM 6.2. Let x be an element of A**.

(1) zzAp C zAp if and only if zx € zLM(A,p).

(2) zaW, C 2W, if and only if zz € zRM(A, p).

(3) zzAp C zAp and zzW, C 2W, if and only if zox € zM(A,p).
(4) zxzAp € 2W, if and only if zz € zQM(A, p).

(5) zaW, C zAp if and only if zx € zA.

Proof. The sufficiency is obvious and thus we verify the necessity only.
Suppose first that zzAp C 2W,. By Lemma we can define a linear
map 7' from Ap into W,. More precisely, we set Tap = up if zzap =
zup. Moreover, ||T|| < ||z| since |zyp| = |lyp|| for all yp in W,. Sup-
pose that ¢ is a pure state in F(p) and a is in A such that ¢(a*a) = 0.
Then ¢((Tap)*(Tap)) = p(u'u) = @((zup)*(zup)) = ¢((zap)*(zap)) =
¢(pa*r*zap) < ||z||*¢(a*a) = 0. By Theorem there is a relative quasi-
multiplier ¢ in QM(A,p) such that Tap = gap for all a in A. Therefore
zzxap = zTap = zqap for all a in A. Consequently, z(x — q)Ap = {0}, and
thus zxe(p) = zq € zQM(A, p).

Consider next the case zz Ap C zAp. A similar argument yields a bounded
linear map T from Ap into Ap (by restricting the co-domain of T"). We thus
have an [ in A**¢(p) such that lap = Tap € Ap for all a in A. Consequently,
[ € LM(A,p), and thus zzc(p) = 2zl € zLM(A, p).

For the case zzW, C 2W,, we note that zz*Ap C zAp. To see this, we
observe that zpy*z*ap = (pa*zzyp)* € zpAp for all yp in W, and quote
[9, Theorem 1.7], which says zup € zAp if and only if zpAup C zpAp and
zpu*up € zpAp. Hence there is a relative left multiplier [ in A** such that
za* = zl. By setting r = I*, we have zz = zr € zRM(A, p). The case where
zxW, C zAp is similar.
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Finally, we suppose that zzAp C zAp and zaW, C 2W,. By the above
observation, there is an [ in LM(A, p) and an r in RM(A, p) such that za =
zl = zr. Now, pai(l — r)asp belongs to pAp and vanishes at each pure state
in F(p) for all a1,ae in A. It follows that pA(l — r)Ap = {0}. Therefore,
le(p) = re(p), and thus zz € M(A,p). =

The following is the special case when p = 1.
COROLLARY 6.3. Let x be an element of A™.

(1) If zeA C zA then zx = zl for some left multiplier | of A in A**.

(2) If ze RM(A) C zRM(A) then zx = zr for some right multiplier r of
A in A**.

(3) If zaA C zA and zxa RM(A) C zRM(A) then zx = zm for some
multiplier m of A in A*.

(4) If zzA C zRM(A) then zx = zq for some quasi-multiplier q of A
imn A,

(5) If ze RM(A) C zA then zx = za for some a in A.
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