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Arens regularity of module actions
by

M. EsHAGHI GORDJI (Semnan and Tehran) and M. FiLALt (Oulu)

Abstract. We study the Arens regularity of module actions of Banach left or right
modules over Banach algebras. We prove that if A has a brai (blai), then the right
(left) module action of A on A* is Arens regular if and only if A is reflexive. We find
that Arens regularity is implied by the factorization of A* or A** when A is a left or
a right ideal in A™*. The Arens regularity and strong irregularity of A are related to
those of the module actions of A on the nth dual A™ of A. Banach algebras A for
which Z(A**) = A but A C Z'(A**) are found (here Z(A**) and Z'(A**) are the topo-
logical centres of A** with respect to the first and second Arens product, respectively).
This also gives examples of Banach algebras such that A C Z(A**) C A*". Finally, the
triangular Banach algebras 7 are used to find Banach algebras having the following prop-
erties: (i) 77 = TT* but Z(T**) # Z"(T*); (i) Z(T**) = Z"(T**) and T*T = T*
but 77 # T*; (iii) Z(7**) =T but 7 is not weakly sequentially complete. The results
(ii) and (iii) are new examples answering questions asked by Lau and Ulger.

1. Introduction. The extension of bilinear maps on normed spaces and
the concept of regularity of bilinear maps were introduced by Richard Arens
in 1951 (see [1] and [2]). We start by recalling these definitions. Throughout
the paper, we shall identify any Banach space with its natural image in the
second dual. Let X , Y and Z be normed spaces and let f: X XY — Z be
a continuous bilinear map. Then the adjoint of f is defined by

[fi 27 x X =Y, <f*(z',x),y>:(z',f(x,y)>
ez zeX, yey).
Clearly, for each z € X, the map 2/ — f*(2/,z) : Z* — Y* is weak*-
weak® continuous. Since f* is a continuous bilinear map, this process may
be repeated to define f** = (f*)* : Y** x Z* — X*, and then f** = (f**)*:
X** x Y™™ — Z*. The map f*** is the unique extension of f such that
o o — [ ") X — Z** is weak*-weak® continuous for each

y// E }/‘**7
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o vy — [ (x,y") : Y™ — Z* is weak*-weak® continuous for each
rxeX.

The first topological centre of f may therefore be defined as
Z(f) — {$/, 6 X** . y// — "f***(:L‘/I7 y//) : Y** N Z** iS
weak*-weak™ continuous}.
Let now f':Y x X — Z be the transpose of f defined by f(y,z) = f(x,y)
for all z € X and y € Y. Then f? is a continuous bilinear map from Y x X

to Z, and so it may be extended as above to fi*** : Y** x X** — Z**
Consider next the map f*** : X** x Y** — Z** Again we have:
o Y fUE (gl ) L Y — Z** is weak*-weak* continuous for each
x// 6 X**
o 1" ft***t( "y) + X* — Z** is weak*-weak* continuous for each
yey.

The second topological centre of f may be defined as
ZHE) = {y" e Y™ 2" s (" 2") X — 27 s
weak™*-weak™ continuous}
— {y// c Y** . x// — ft***t(l,//’y//) . X** — Z** lS
weak™-weak™ continuous}.
Clearly, X C Z(f) and Y C Z!(f).

The map f is Arens reqular when f*** = f&***'_This is equivalent to the
condition that the map

y — f***( /) . Y** N Z**
is weak*-weak™® continuous for every m” € X*, ie., Z(f) = X**; and to the
condition that the map

33” — ft***t(.’E”,y”) . X** N Z**
is weak*-weak* continuous for every y” € Y** ie., Z(f!) = Y**.

The map f is left strongly Arens irreqular when Z(f) = X, right strongly
Arens irregular when Z(f')=Y , and strongly Arens irreqular when Z(f)=X
and Z(fY)=Y

Let now X be a Banach A-bimodule, and let

m:AXxX —-X and 7 : X xA—-X
be the right and left module actions of A on X. Then X** is a Banach
A**-bimodule with module actions
Similarly, X ** is a Banach A**-bimodule Wlth module actions
t***t A** % X** N X** and ﬂ_t***t X** % A** N X**
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We may therefore define the topological centres of the right and left
module actions of A on X as follows:

ZAX) = Z(m,) = {2" € X** : the map " — 7" (2",d") :
A™ — X is vveak -weak™ continuous},
(A**) . <7Tl _ {CL” c A** the map .’IJ N W?**(a”,.’ﬂ”) .
X — X** is weak*-weak® continuous},
ZYW(X*™) == Z(7}) = {2" € X** : the map a” > 7]"**(2",d") :
A — X s weak* weak™® continuous},
ZE{(A**) — ( _ {a// e A* : the map 2 = Wt***(a”,l'//) .

X — X is weak*-weak* continuous}.

We note also that if X is a left (right) Banach A-module and 7 : A x X
— X (m : X x A — X) is the left (right) module action of A on X, then
X* is a right (left) Banach A-module. The right module action is given by
7 X* x A— X*, where as above,

(mf (2, a),z) = (2',m(a,x)) (a€ A 2’ € X* xeX),

which we shall write simply as (2’a, x) = (2/, ax) when there is no confusion.
The left module action is given by 7%* : A x X* — X* where as above,

(m(a,2),2) = (m" (2, a), 2) = (¢, m}(a, 7)) = (2’ mr(2, @)

foralla € A, 2’ € X* x € X, which we shall also write as (az’, z) = (2, za)
when no confusion can arise.

Similarly, X** ..., X (") are left or right Banach A-modules. Therefore
we may start with the operation 7 : Ax.A — A and consider A*, 4™ ..., AM
as A-bimodules for each n > 1. We denote by =, : A A — A and
m, A X A — A respectively, the right and left module actions of A
on A™ . Here I, 7rt*t ", and T, = 7Tl*n_1 for all n > 1 with A©® = A and
Ty = Trg = T-

Regarding A as a Banach A-bimodule, the operation 7 : A x A — A
extends to 7** and 7***! defined on A** x A**. These extensions are known,
respectively, as the first (left) and the second (right) Arens products, and
with each of them, the second dual space A** becomes a Banach algebra. In
this situation, we shall also simplify our notations. So the first (left) Arens
product of a”,b” € A** will be simply indicated by a”b” and defined by the
following three steps:

(a’a,b) _ <a',ab>, <b”a',a> _ (b",a’a), <a"b”,a'> _ <a",b"a'>

for all a’ € A*, a,b € A. Similarly, the second (right) Arens product of
a”, b’ € A** will be indicated by a”.b” and defined by
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(a.a',by = (d’,ba), (d'.d" a) = {a" a.d), (" " d)= " d.ad"

for all ' € A*, a, b € A.
We find the usual first and second topological centres of A**, which are

Z(A™) ={d" € A : 1" — d"V" is weak*-weak* continuous},
ZHA™) = (V' € A* :d" — d".b" is weak*-weak* continuous}.

Following our previous notations, Z(A**) = Z(r) = Z4(A**) and Z(A**) =
ZH () = ZY(A*).

A Banach algebra A is Arens regular when Z(A™) = A**, or equiva-
lently, Z!(A**) = A**; and according to [5], A is strongly Arens irreqular
when Z(A*) = ZH(A*) = A.

For more information, the reader is directed to [4], [5], [7], [10] and [17].

Recall that a bounded left approzimate identity (blai) in a Banach algebra
A is a bounded net (e,) in A such that |eqa — al| — 0. A bounded right
approximate identity (brai) is defined similarly. A bounded approximate
identity (bai) is a net (e,) which is both a blai and a brai.

The paper is organized as follows. In Section 2, we prove that if A has a
brai (blai), then the right (left) module action of A on A* is Arens regular
if and only if A is reflexive. This includes results proved by Arikan in [3],
Ulger in [19], and Dales, Rodriguez and Velasco in [6].

In Section 3, we see in particular that if A has a brai (or a blai) and
the left module action of A on A¥) (or AP*=1) is Arens regular for some
k > 1, then A is Arens regular. If A has a brai (or a blai) and is strongly
left (right) irregular, then the left (right) module action of A on A®Z*) (or
ACE=1)) is strongly Arens irregular for every k > 1.

In Section 4, we prove that A is Arens regular if A4* factors and A is
a left ideal in A**. A similar conclusion is obtained when A** (as a Ba-
nach A-bimodule) factors and A is a right ideal in A**. We also relate the
factorization of A** to the weak™ cluster points in A** of a bai of A.

In Section 5, we retake an example used by Ghahramani et al. in [12],
and we provide in Theorem 5.1 a class of Banach algebras which are left
strongly Arens irregular but not right strongly Arens irregular. This class
includes the recent example given by Dales and Lau in [5, Example 4.5].
Another type of example was also provided by Neufang in [16]. Theorem 5.1
enables us also to give simple examples of Banach algebras that are neither
Arens regular nor left strongly Arens irregular. An earlier example of the
latter type of algebras was given by Saghafi in [18].

In Section 6, we determine the topological centres of the second duals
of the so-called triangular Banach algebras. The Arens regularity of these
algebras has been studied by Forrest and Marcoux in [11]. We then use these
centres to show the following assertions:
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(i) A*A = AA* is not sufficient for Z(A**) = Z1(A**);
(ii) Z(A**) = Z(A**) and A*A = A* is not sufficient for AA* = A*;
(iii) there exists a Banach algebra A that is strongly irregular but not
weakly sequentially complete.

The results (ii) and (iii) are new examples answering the questions asked
by Lau and Ulger in [14]. Examples different from ours have also been given
n [12].

2. Arens regularity of the module actions of A on A*. Arikan
proved in [3] that a unital Banach algebra A is reflexive if and only if every
left module action of A is Arens regular. Ulger extended this theorem by
proving in [19] that a unital Banach algebra A is reflexive if and only if
the left module action of A on the dual A* of A is Arens regular. Dales,
Rodriguez and Velasco obtained in [6] the same result when A has just
a bounded left approximate identity (blai) but assumed that A is Arens
regular. With a short and simpler proof, and without the condition that A
is Arens regular, our first theorem includes all these results.

THEOREM 2.1. Let A be a Banach algebra, and let m: A x A — A be
the product of A.

(1) If A has a bounded right approximate identity (brai), then A is re-
flexive if and only if the right module action of A on A* is Arens
reqular, or equivalently, Z (A**) = A***.

(2) If A has a bounded left approzimate identity (blai), then A is reflex-
we if and only if the left module action of A on A* is Arens regular,
or equivalently, Z - (A**) = A*™.

Proof. If A is reflexive, then the right and left module actions of A on
A* are obviously Arens regular.

For the converse, suppose that the right module action 7* : A*x A — A*
of A on A* is Arens regular, let ” € A** be arbitrary, and (al,), be a net

weak*
weak™® converging to some a” in A**. Then 7#****(a", al)) — 7****(a",d")
in A** (since the right action of A on A* is regular). Thus for every

b’ € A**, we have
11m< /// // b//> — 11m< n 7_‘_***(01//’ b//)) — lim<ﬂ_****( /// ) b//>
— <7T>k***( /// ) b//> _< n 7_(_>0<>l<>i<(CL// b//)) :< /// //b//>

Let €” be a cluster point of the brai of A in A**. Then €” is a right identity
in A (With the first Arens product which coincides with 7***), and so

ale” = a for each a and a”’e” = a”. Accordingly,

hOIln< ”/,CLO) — hm< n age//> — <CL”’,CL”6”> — <a///7 a//>7
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showing that the weak and weak™* topologies coincide on A**. Therefore A**
is reflexive, and so also is .A. This proves statement (1).

For the second statement, let B := A with the product ¢ = w'. Then B
is a Banach algebra with a brai, and o* (= 7%*) is Arens regular. Statement
(1) implies that B is reflexive, and so is A. =

COROLLARY 2.1. Let A be a Banach algebra with a bai. Then the fol-
lowing assertions are equivalent.

(1) Zg(A*) =A™ (or n* A x A* — A* is Arens regular).
(2) ZaA(A™*) = A (or 7% 1 A* x A — A* is Arens regular).
(3) A is reflexive.

The following example shows that the condition that A has a bai is
essential for the corollary above to hold.

ExaMPLE 2.1. Let X be a non-reflexive Banach space, x € X and f €
X* such that (f,x) = 1. We define the product on A := X by ab = (f,b)a.
Then A is clearly a Banach algebra with a right identity = (see [6]). It
is straightforward to check that the left action of A on A* is given by
ad = (f,a)d, and so a"a"” = (da’, f)a"". The right module action of A
on A* is given by d'a = (d’,a) f, and so a"’a” = (a",d"){, f). Therefore we
have Z 4« (A**) = A**, but A is not reflexive, and Z4(A***) # A*** (equality
would imply that the weak and weak* topologies coincide on A** and force
A to be reflexive). This means that assertion (1) is equivalent to neither
(2) nor (3) even if A has a brai. Similarly, if we give B := X the product
ab = (f,a)b, it is easy to see that Zg(B***) = B**, but Zg-(B**) # B**. So
assertion (2) is equivalent to neither (1) nor (3) even if B has a blai.

We know from [21] that L'(G) is Arens regular if and only if it is reflexive
(equivalent to G being finite) for every locally compact group G (see [10]
for more details). Since L'(G) has a bai, we have the following corollary.

COROLLARY 2.2. Let G be a locally compact group. Then the following
assertions are equivalent.

(0) Zim@(1(G)") = @)™ (12, a1 L¥(6) x L1(6) = L¥(@
is Arens regular

(2) ZLZ(G (LY@ )l***)) LY G (ie., 7 : LYG) x L®(G) — L®(G)

(3) Za )(Ll(é’) ) = LYG)** (ie., m: LYG) x LY(G) — LY(G) is
Arens regular).

(4) G is finite.

It is well known that a C*-algebra is reflexive if and only if it is of finite
dimension. Since also every C*-algebra has a bai, we have the following
corollary.
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COROLLARY 2.3. Let A be a C*-algebra. Then the following assertions
are equivalent.

(1) Zg«(A™) = A** (or 7* A* x A — A* is Arens regular).

(2) Zp(A™*) = A (or 70 A x A* — A* is Arens regular).

(3) A is of finite dimension.

We next give a theorem which will be useful later in Section 5 for finding
a class of Banach algebras which are left or right strongly Arens irregular
but are not strongly Arens irregular. This theorem is also a generalization
of Theorem 2.1.

THEOREM 2.2. Let X be a right A-module with module action m,. :
X x A — X. If there exists ' € X* such that (2, X) = A* and
T (A 2') = X*, then Za(X™) = X.

Proof. Let 2" € Z(X**). We show that 2" is weak* continuous from X*
to C, so let y/, %y’ in X*. By the assumed factorization, there exists a
net (b)) in A** and b” € A™* such that y/, = 7*(b,2") and v/ = 7*(V", 2').
We show first that b, —— weal 17 in A**. So let o/ € A* and pick z € X such
that o’ = 7%(2/, ). Then

lim (¥, o) = lim (b, w5 (2", 2)) = lim (" (bl '), ) = lin{yl, )

= <y ,ZE> = <7T:*(b”,l',),113> = <b”,7T:(:L‘/,£L')> = <b”7a/>'
Thus b, weal y in A**. Now since 2 € ZA(X**), we have
lim{z", yo) = lim{a", " (b, 2')) = hm<7fff**(x",bg)7$/>

Since z” : X* — C is weak* continuous, it must be in X. The proof is
complete. m

COROLLARY 2.4. Let A be a Banach algebra with a brai. Then Z 4(A***)
g A*_

Proof. Let m: A x A — A be the product of A and let ¢’ be a cluster
point of a brai of A in A**. Then 7} (e”, A*) = A* and 7*(A*, ") = A*™.
Applying the theorem above, we obtain Z4(A***) = A*. u

3. Arens regularity of the left module action of A on A™. In this
section, we relate the Arens regularity and strong Arens irregularity of the
left module actions of A on the nth dual A™ of A to the Arens regularity
and strong Arens irregularity of 4. We prove, in particular, that not only
is L1(Q) strongly Arens irregular but also ZLl(G)(n)(Ll(G)**) = LYG) for
every n € N.
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Let X, Y and Z be normed spaces and let f : X XY — Z be a continuous
bilinear map. Then we say that f factorsif f is onto Z.

THEOREM 3.1. Let A be a Banach algebra and let X be a left Banach
A-module with module action m : Ax X — X. If i/ : X x X* — A*
factors, then Zx(A**) C Z 4(A*).

To prove this theorem, we need the following lemma.

LEMMA 3.1. Let: Ax A — A be the product of A, and let X be a left
Banach A-module with module action 7 : A x X — X. Then

(1) 7T*(7Tl (2", x) a) = wf*(:v”,wl"‘(:r’,a)) (ae A, 2" e X 2 e X*),
z' € X*)
Proof. Let a,be A, v € X, 2’ € X*, " € X**, and note first that
(rf (2, 7(a,b),x) = (2/, (7 (a,b),2)) = (2, m(a, m (b, z)))
= (i (2, a), m(b, ) = (] (7] (¢, a),b), x)
for every x € X, showing that 7/ (2, 7(a, b) = 7} (7] (2/, a),b). It follows that
(r*(x* (2", 2'), a),b) = (n[" (2", 2'), 7(a,b)) = (2", 7 (a', w(a, b))
= (", 7] (7 (2',a),b)) = (m[* (2", 7] (', ), b),
which proves (1).
To prove (2), we apply (1):
(" (™ (0", 2"), 2"), a) = (™ (b7, 2"), 7} (2", a)) = V", m* (2", ] (2", @))
= (V" 7" (n" (2", 2'), a)) = («* (V" 7" (2", 2")), a),
as required. =
Proof of Theorem 3.1. Let m : A x A — A be the product of A, o’ €

Zx(A™), and let b} weakL b in A**. We must show that T (a”, b)) weaks,
T (a”,0") in A**. So let o’ € A*. Since 7;* factors, there exist z”/ € X**

and z’ € X* such that o’ = 7*(2”, 2'). Since we know that 7;** (b}, z") weal’,

T (0", 2") in X**, we see that
ﬂ_l***(a ﬂ-l***(b,a/u l‘”)) weak” ﬂ_l***(a ﬂ'l***(b”,,fl?”))
in X** (since a” € Zx(A**)). Therefore by Lemma 3.1(2), we have
lim{a"b o') = lim{a", 7 (b} o)) = lim{a", 7 (B 7" (" 2'))
— tim(a", 77" (w7 (¥ 2", ') = (™ (0", 7 (b)), )
e «

— <7Tl***(a ***(b// )) .'17/> — (allvﬂ'l* ( ***(bll ) /))
— <CL”,7T**(b”, T (IE T )> — <CLN,7T**(bH, )> — < l/b//7 >

weak™ . .
Therefore 7***(a”, b)) —— 7***(a”,b") in A**, as required. m
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LEMMA 3.2. Let A be a Banach algebra, let m

L Ax AP — AN be the
left module action of A on AM™

, and consider m; " : A+2) s A(ntl) o gx
(1) If A has a blai, then m™ factors for every positive odd integer n.

(2) If A has a brai, then 71' * factors for every positive even integer n.

Proof. (1) Let (eq) be a blal in A with a cluster point ¢’ € A**. We
argue by induction and prove that ;*

(' e") = d for every k € N and
a’ € A*. As usual we start with £k = 1, and let a € A be arbitrary. Then

(m(d,€"),a) = (d,m, (€", a)) = (n], (", a),d)
= (", m,(a,d")) = liérl<ea,7rll(a, a'))

= lim(m, (a,d’), eq) = lim(d, eqa) = (d’, a)
(0% [e%
hence 7% (a’, ") = a’, and so 7" factors.

1
Now we show, that for any o’ € A* and a € A, we have

(Tl (a'€"),a) = (mpy_ (a',€"),a) (kb >1),
which will clearly yield our claim. Using m,, = 7/*"  and m,, = 7/ | for
every n > 1, we obtain
<7Tl2k+1 (a/7 6”)7 a> = <7Tl*2k+1 (6”7 CL), CL/> = <6 y Mogy1 (a’? a/)> = <a/7 Trop, (6”7 CL))
- <7rT2k (eﬁv a): a/> - <e/ » Tlog—1 (CL, a/)> = <7r72k,1 (e//7 a)? a,>
= <a,7 ﬂ-l*Qk,l (e/,7 a)> = <7Tl*2>;,1 (a/7 e”)? a>7
as required. Therefore, for every odd integer n > 1, 7/ factors

(2) Suppose now that €’ is a cluster point in A of a brai (eq) of A
Then, for n = 2, we have

(miy (¢",a’), a) = (¢" 7Tz2(a,a)>

(i, (a’,a), ") = (', m, (a, "))
= (m,(a,€”),d’) =

(", (a',0)) = lim(eq, mr, (a', a))
= lim(m,, (d,a), eq) = lim(d’, ae,) = (d’, a),

and so 7" factors. As before, we next show that

(miy ("), a) = (mi, (" d'),a) (k= 2).
Using m, = Wfqzt_l and m,, = m/  for every n > 1, we obtain

(mi (€ a"),a) = (", 7], (', a)) = (m], (d',a),e")) = (d, m,, (a,€”))
= <7Tl2k (a7 6”)7 a/> = <€ ?7T7'2k—1(a/? a)> = <7TT2k_1(a’lv CL), 6”>
= <CL,, Tlog—2 (a” 6”)> = <7Tl*2k_2 (CL,, a)’ 6”> = <€”a 7Tl*2k_2 (alv a’))

= (71{‘2272(6",@'), a).

Therefore, 7> (¢”,a’) = m (", a’), implying by induction that ;" factors
for every even integer n > 2. u
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THEOREM 3.2. Let A be a Banach algebra and k > 1.

(1) If A has a blai, then Z yor—1)(A™) C Z4(A*).
(2) If A has a brai, then Z jor (A™) C Z4(A*).

Proof. Apply Theorem 3.1 and Lemma 3.2. »

COROLLARY 3.1. If A has a brai (blai) and the left module action of A
on A™ is Arens regular for some positive even (odd) integer n, then A is
Arens regqular.

COROLLARY 3.2. If A has a bai and is left strongly Arens irregular,
then for every n > 1, the left module action of A on A™ is strongly Arens
irregqular, i.e., Z 4o (A™) = A.

We know that for every locally compact group G, the group algebra
L'(G) is left strongly Arens irregular (see [13], [9], [15]). So we have the
following result.

COROLLARY 3.3. Let G be a locally compact group and n > 1. Then
Zy1 0y (LH(G)™) = LI(G).

REMARK. The inclusions in Theorems 3.1 and 3.2 may be strict, as can
be seen from Corollary 2.3 for infinite-dimensional C*-algebras.

4. Arens regularity and some factorizations. Let A be a Banach
algebra and X be a Banach A-bimodule. Then X factors A on the left
(right) if X = XA (X = AX). In this section, we see in particular how
Arens regularity is implied by the factorization of A* or A** when A is a
left or right ideal in A**. When A has a bai with a weak* cluster point e”
in A**, Lau and Ulger related in [14] the factorization of A* to ¢”. Here we
obtain some results relating the factorization of A** to e”.

THEOREM 4.1. Let A be a Banach algebra, X be a Banach A-bimodule
and regard X* as a Banach A-bimodule. If A is a left ideal in A** and X*
factors A on the right, then Z (X**) = X**.

Proof. Let 2 € X** and suppose that a’, weakl o in A**. We show that
x"al weal »a” in X**. Let ’ € X*. Then there exist a € A and y e X*

such that 2’ = ay’. Since A is a left ideal in A**, we have a/la weall, a in A**

"a Weak

if and only if a!a = a"a in A. Since a — ay’ : A — X* is weak-weak contin-

uous (see for example [8, Theorem V.3.15]), it follows that alay’ oAk g ay’
in X*. Thus
11;11(:1:"@” 7'y = lign(:r"ag, ay') = lign(:n”, aray’) = (2" d"ay’y = (z"d", 2'),

showing that 2" € Z4(X™). »
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COROLLARY 4.1. Let A be a left ideal in A**.

(1) If A* factors A on the right, then A is Arens regular.
(2) If A** factors A on the right, then Z 4(A***) = A**.

THEOREM 4.2. Let A be a right ideal in A**. In each of the following
situations, A is Arens regular.

(1) A* factors A on the left.
(2) A** factors A on the left.

K* o
Proof. Let a” € A* and let b ™5 9" in A**. In each situation, we
weak™

must show that a”b) — a”b" in A**. For (1), let o’ € A* and pick ¥/ € A*
and b € A such that o’ = b'b. Then, since A is a right ideal in A**,
1i£n<a"bg, a) = ligl(a"bg, b'b) = li£n<ba”bg, b')
— <ba//b//7 b/> — <a//b//7b/b> — <a//b//7 a/>’
showing that a” € Z(A**). Thus A is Arens regular.

For the second situation, pick ¢’ € A** and a € A such that a” = ’a.

Since A is a right ideal in A**, we see that abl! weak b in A, and so again

, weak

by [8, Theorem V.3.15], abla’ — ab”a’ in A* for every a’ € A*. Thus
lién(a”bg, ay = liorén<a”, bra'y = lién(c”, abla’)
— <C”, ab//a/> — <(C//a)b//7a/> — <(I”b”,a/>,
showing again that a” € Z(A**). Therefore A is Arens regular. =

In [6, Section 5|, it was proved that for a Banach algebra A, A* is an
A**-submodule of A*** if and only if A is Arens regular. Below we show
that in fact A* is always a Z4(A**)-submodule of A***.

THEOREM 4.3. Let A be a Banach algebra. Then the following assertions
hold.

(1) A* is always a Z 4(A**)-submodule of A***.
(2) If A* factors Zo(A™) on the left and Z4(A*) is a right ideal of
A** ) then A is Arens regular.

Proof. For (1), let o’ € A* and a” € Z4(A**). We verify that a’a” as
an element of A™** is weak® continuous from A** into C, and so it must be
in A*. Let b veak B in A**. Then

li;n<a/a//’ b/olé> — 1i(£Il<a,, al/b:)lé> — <a/’ a//bl/> — <a/a//’ b”),
as required.

With statement (1) in mind, the proof of statement (2) is the same as
that of statement (1) in Theorem 4.2 with Z4(A**) replacing A. =
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It is known that if a Banach algebra A with a bai is a right ideal in
A** then WAP(A) = A*A (see [20]). But the converse is not true since
WAP(A) = A*A = A* whenever A is Arens regular. This has been adjusted
in [14, Theorem 3.6] by showing that WAP(A) = A*A if and only if AA** C
ZA(A*). Next we further improve this theorem.

THEOREM 4.4. Let the Banach algebra A have a bai. If Z4(A™) is a
right ideal of A**, then WAP(A) = A*A. If, in addition, Z(A**) factors
A on the left, then these statements are equivalent.

Proof. Since Z4(A*) is a right ideal in A*™*, we see that
AA™ C ZA(A)A™ C ZA(A™).

Applying [14, Theorem 3.6], we obtain WAP(A) = A*A.

Suppose now that Z4(A**) factors A on the left and WAP(A) = A*A.
Then, by [14, Theorem 3.6], AA** C Z4(A**). Let now o’ € A* and
V" € ZA(A*), and pick ¢’ € Z4(A*) and a € A such that b” = ¢’a. Then
we have v'a” = '(ad”) € Z4(A*). »

THEOREM 4.5. Let the Banach algebra A have a brai (eq) and let X be
a right (left) Banach A-module. Then X factors A on the left (on the right)

if and only if xea%x (ea:cvialfx) in X for every x € X.

Proof. Suppose that X factors A on the left, let © be any element in X

and write it as * = ya for some y € X and a € A. Note first that since

[l-1] . weak . .
ae, — a in A, we have ae, — a in A. Accordingly, for any 2’ € X*,

li£n<xea,:c’> = 1i£n<yaea,a:'> = ligl<a6a,$,y> = (a,2'y) = (ya,2’) = (x,2),

weak .
and so re, — x, as required.

For the converse, suppose that xea%x in X for every z € X. Since
XA is a closed subspace of X (see for example [4, Section 2.9] or [17, Theo-
rem 5.2.2]), this means that x € XA, as required. m

The theorem above was proved in [14, Lemma 2.1] for X = A*. As a
corollary, Lau and Ulger proved that A* factors A if and only if A** has an
identity. When X = A**) we have the following.

COROLLARY 4.2. Let A be a Banach algebra A and (e,) be a bai in A

with a weak® cluster point €’ in A**. If eo YK e in A** then A™* factors
A on the left. If " is also a left identity (for instance when A is Arens
reqular), then the converse also holds.

Proof. The necessity follows directly from Theorem 4.5. In fact, a”e,

//b/l

weak . . .
— a” since the map V" — oV : A* — A** is weak-weak continuous and

e’ is a right identity in A**.
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For the second statement, suppose that €” is a left identity for A**. Then
again by Theorem 4.5, e, = €¢”e, WAk o i A m
COROLLARY 4.3. Let the Banach algebra A be a right ideal in A** and

let (eq) be a bai in A with a weak® cluster point €” in A**. Then eg T ol

n A if and only if A** factors A on the left.

Proof. This follows from Theorem 4.2 and the corollary above. m

5. Topological centres of module extensions of Banach algebras.
Let A be a Banach algebra and X be a Banach A-bimodule with module
actions 7, and m;. Let B = X &1 A as a Banach space so that

(@, a) = llzll + llal  (a €A, 2z e X).
Then B is a Banach algebra with the product
(2,0)(y, b) = (b + ay, ab).
The second dual B** of B is identified with X** &1 A** as a Banach space,
and the first Arens product on B** is given by
(1) (IL'” a//)(y// b//) — (IL’”b// + a//y// a”b")
where a”b” is as usual the first Arens product of a” and b in A**, 2"ad” =

(2", a") and a"2" = 7**(a”, ") for every 2" € X** and a” € A**. First,

we determine the first topological centre of B**. As in [12] or [6], we see from
(1) that (2”,a"”) € Z(B**) if and only if
(i) b — ad"b" : A — A*™ is weak*-weak* continuous,
(il) y" — d"y" : X** — X** is weak*-weak® continuous,
(iii) b" — 2"b" : A — X** is weak*-weak™® continuous.
Therefore we have
) Z(5™) = Za(X") x (Zx(A) N Z(A™)).
Secondly, we determine the second topological centre of B**. The second
Arens product of B** is given by
(3) (‘%_//7 a//) 3 (y”,b//) — (.;U//.b// + a,”.y”,a/// . b//)7
where a”.b” is as usual the second Arens product of a” and b’ in A**,
" .aq = wﬁ***t(x”,a”) and a’.x" = ﬁf***t(a”,x”) for every z! c X** and
a’ € A**. Accordingly, (y",V") € Z*(B**) if and only if
(i) " +—a” - V" A — A is weak*-weak* continuous,
(il) 2" — 2"V X** — X** is weak*-weak™ continuous,
(iii) a" — a"y" : AY — X** is weak*-weak™ continuous.
Therefore we have
(4) ZH(B™) = ZU(X™) x (Z5 (A™) N Z'(A™)).
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Now we are able to give a class of Banach algebras which are not strongly
Arens irregular but are left strongly Arens irregular.

THEOREM 5.1. Let A be a strongly irreqular Banach algebra and let X
be a non-reflexive right A-module with a module action m : X x A — X
such that ©}(z', X) = A* and n}*(A**,2') = X* for some ' € X (these are
the conditions imposed on X in Theorem 2.2). Take the left module action
of A on X to be trivial. Then B = X @1 A is left strongly Arens irregular,
but not right strongly Arens irreqular.

Proof. By Theorem 2.2, we have Z,4(X**) = X. Then, by (2), we have
ZBF) =X x (Zx(A")NA) =X xA=E8.

In other words, B is left strongly Arens irregular. On the other hand, since
the left module action of A on X is trivial, Z%(X**) = X**. Then, by (4),
ZHB™) = X** x (ZK(A™)NA) = X x A+ B,

which means that B is not right strongly Arens irregular. m

REMARK. The careful reader would notice at this stage that if A is
reflexive instead of strongly Arens irregular in Theorem 5.1, then Z!(B**) =
X** x A= B**, and so B is Arens regular while Z(B**) = X x A = B. This
is of course absurd unless X is also reflexive. Indeed, the proposition below
shows that this is the case.

PRrROPOSITION 5.1. Let A and X be as in Theorem 2.2, i.e., X is a right
A-module with module action m, : X x A — X and ' € X* such that
mi(a, X) = A* and 7 (A, ') = X*. If A is reflexive, then X is reflexive.

Proof. We show that the weak™ and weak topologies coincide on X*.
So let y!, weak, y' in X*. By hypothesis, we write y/, = 7*(aq,z’) and y' =
7 *(a,x’) for some net (aq) in A, a € A and 2’ € X* (since A** = A). We
verify that in fact a is the weak limit of (as) in A. So let @’ € A* and write
a' =7} (a',x) for some z € X. Then

<aava/> = <aa,7r;’f(x',x)> = <7T:*(aa,$,),l‘> = <ygu1:>
YAy z) = (m(a,2'), @) = (a, 7@ x)) = {a,d),

as required. We then apply [8, Theorem V.3.15] to see that the map a —

m*(a,2") + A — X* is weak-weak continuous, and accordingly, vy, =
weak

7 (g, ') — 7 (a,2') =y in X*. =

COROLLARY 5.1. Let G be an infinite locally compact group. Consider
L>®(G) as an L'(G)-module with the natural right module action and the
trivial left module action. Then L*°(G) @1 LY(G) is left strongly Arens ir-
regular, but not right strongly Arens irreqular.
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ExaMPLE 5.1. The construction above enables us also to give simple
examples of Banach algebras which are neither Arens regular nor strongly
Arens irregular. Let A be a Banach algebra as in Example 2.1. Then
s (A*) = ZA(A™) = A and ZA(A™*) # A For B = A" @) A,
we have Z(B**) = Z4(A***) x A**. Therefore B** # Z(B**) # B, showing
that B is neither Arens regular nor strongly Arens irregular.

Another example of such an algebra has been given by Saghafi in [18],
where she starts with a compact totally ordered space X which is a semi-
group under the multiplication zy = max{z,y}, takes a continuous regular
Borel measure g on X with supppu = X and considers the commutative
Banach algebra L'(p) with convolution as multiplication, and proves that
the algebraic centre (which agrees with the topological centre in this case) of
L'(p)** equipped with the first Arens product is not the whole of L (u)**,
but is much larger than L!(u).

6. Topological centres of triangular Banach algebras. In [11],
Forrest and Marcoux found necessary and sufficient conditions for the Arens
regularity of unital triangular Banach algebras. In this section, we find the
topological centres of triangular Banach algebras and we use these centres
to prove the following assertions:

(i) There exists a Banach algebra 7 such that 7* factors 7 only from

one side and Z(7**) = Z!(T**). This shows that the existence of
a bounded approximate identity in the algebra is necessary for the
validity of [14, Proposition 2.10].

(ii) There is a Banach algebra 7 such that 7*7 = 77" but Z(7**) #
ZY(T**). This answers negatively question (6d) in [14].

(iii) There exists a Banach algebra 7 which is strongly Arens irregular,
but it is not weakly sequentially complete. This answers negatively
question (6j) in [14].

We should note that the Banach algebra in the list of questions given in [14]
is throughout assumed to have a bai, while our 7 in (ii) and (iii) is even
unital.

In [12], Ghahramani et al. also gave examples which are different from
ours to answer these questions.

Let A and B be Banach algebras, and suppose that X is a Banach A, B-
module; that is, X is a Banach space, a left A-module and a right B-module,
and the action 7; of A and the action 7, of B are continuous, that is,

[mr(mi(a, x), b)|| < llallallz|[xI|bll5

for all a € A,z € X,b € B. For simplicity, we shall write m;(a,z) as ax and
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7 (x,b) as xb. We define the corresponding triangular Banach algebra by

A X
(7 5)
0 B
with the sum and product being given by the usual 2 x 2 matrix operations
and obvious internal module actions. The norm on 7 is

I3 %)

We can extend the actions of A and B on X to actions of A** and B** on
X** via

m_1n " " AN /AN " " /!
a"z" = m (@ "), 2" =7 (2" ") for 2" € X d" e AT b e B

] .~ llalla + llelx + bl

As in [11], the first Arens product of 7** behaves just like matrix multipli-
cation with coordinate-level operations behaving like the first Arens product
of the building blocks. In other words, we have

1) < al ) < ay > _ < alal allzl + 2|0} )
0 o 0 by 0 bl
Similarly for the second Arens product of 7**, we have
@) ( al > ( al af ) _ < al.ay af.alf + 2.0l )
0 bf 0 by 0 by.b ’

where a”.2" = 7**(a”, 2") and 2”.b" = 7+ (2”,b") for every 2" € X**,
a"” € A** and b € B**.
Applying (1) and (2), we obtain
THEOREM 6.1. Let 7 be as above. Then
0 Z(B*)
Zt *k Zt X**
0 ZH(B**) N Z&4 (B*)

Suppose now that 4 is a commutative unital Banach algebra, and let ¢
be an element of the spectrum of A. Then C is a Banach A-bimodule with
the following module actions:

ac=cp(a), ca=0 (a€ A ceC).

We denote C by C,, as a Banach A-bimodule. Since C is a reflexive Banach
space, Z5(C5) = Z4(C) = Cy,. Let now A be a strongly Arens irregular
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Banach algebra (such as [!(Z) with convolution product) and let

(15,
0 A
Then Z(T**) = Z'(T**) = T. On the other hand, 7* factors 7 from the left
but does not factor from the right. Therefore we have the following corollary.

COROLLARY 6.1. There exists a Banach algebra T such that T* factors
T from one side only and Z(T**) = Z'(T**).

We now answer question (6d) in [14].

COROLLARY 6.2. Let A be an infinite-dimensional unital C*-algebra,
B=Aand X = A*. Then T is unital, T* factors T but Z(T**) # Z'(T**).

Proof. Since A is Arens regular, Z(A*) = Z!(A*™) = A™. Let 7 :
A x A — A be the product of A. Then by Corollary 2.3, the left module
action of A on A* is not Arens regular since A is of infinite dimension. This
is equivalent to Zx (A*™*) # A**. We see from Theorem 6.1 that

= (P I (47 5

Thus Z(7**) # Z'(T**). Clearly T* factors 7 since 7 is unital with a unit
element (é ?), where [ is the identity of A. =

We now prove assertion (iii). Let A = B = [}(Z) with convolution prod-
uct, X = A* and let 7 = (“g g() Then 7 is unital, and it is easy to see that
Z4(X*) = Zp(X**) = A* since }(Z)** has an identity. On the other hand,
A is strongly Arens irregular; then by Theorem 6.1, 7 is strongly Arens
irregular. It is easy to show that 7 is weakly sequentially complete if and
only if A, B and X are weakly sequentially complete. Since we know that
X =1°°(Z) is not weakly sequentially complete, we have

COROLLARY 6.3. There exists a unital strongly Arens irreqular Banach
algebra T which is not weakly sequentially complete.
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