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Remarks on the critical Besov space and its
embedding into weighted Besov—Orlicz spaces

by

HiDEMITSU WADADE (Osaka)

Abstract. We present several continuous embeddings of the critical Besov space
Bp/PP(R™). We first establish a Gagliardo-Nirenberg type estimate
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for1 < p<g<oo l<v<p< ooand the weight function w,(z) = 1/]z|" with
0 < r < n. Next, we prove the corresponding Trudinger type estimate, and obtain it in
terms of the embedding BR/PP(R™) < Bg’;wr (R™), where the function &, of the weighted

Besov—Orlicz space BY

(R™) is a Young function of the exponential type. Another point

<150w

of interest is to embed BL/P*(R™) into the weighted Besov space By (R™) with the
critical weight w,(x) = 1/\Jc|"7 more precisely, we prove By/?*(R") < BS:CVS (R™) with

the weight W (z) = for any s > 1.

W

1. Introduction and main results. The main purpose of this paper is
to investigate the properties of the critical Besov space in terms of continuous
embeddings into weighted Besov or Besov—Orlicz spaces. Firstly, we should
recall the Gagliardo—Nirenberg type inequalities on the fractional Sobolev
space with the critical differential order, H;,l /p (R™), where n € Nand 1 < p

< 00. The Sobolev embedding theorem states that H,, /p (R™) can be embed-
ded into Ly(R™) for all ¢ with p < ¢ < oo, but not into Lo (R™). Ozawa [Oz]
gave a precise estimate for this embedding;:

/ n 1—
(1.1) lully < Copag™? [l 9]1(= )" 2P0 P/

holds for all u € Hg/p(R”) and p < g < oo, where p’' := p/(p — 1) denotes
the Holder conjugate exponent of p. Furthermore, C, ), indicates that the
constant depends only on n and p, a convention we shall adopt through-
out this paper. The inequality was originally obtained by Ogawa [Og]
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and Ogawa—Ozawa [OgOz] in the case p = 2, i.e., for H;/Q(R”), and then
was generalized further in several ways. We refer to Nagayasu—Wadade
INW], who established a generalization of with a weighted Lebesgue
norm of the following type:

L (n—r)p _(n=r)p

1 %+p -7 ngq P 1 nq
12)  lullzgw, < Capl —— g7 fJully,™ 11(=2)2ullp,

for all u € H;/p(R"), 0<r<nandp<q< oo, where p € (p,o0) only
depends on n and p, and the weight function w, is the homogeneous function
(1.3) wy(z) :=1/]z|" for x € R™\ {0}.

In [NW], the authors concentrated on the investigation of the growth order
in ¢ as ¢ — oo, and they proved the inequality for ¢ > p, where the
constant p is chosen suitably.

Note that Ly, on the left-hand side of represents the weighted
Lebesgue space, and in general, for a positive measurable function w, we
define the weighted Lebesgue space Ly ,,(R") = L,(R"; w(z)dx) endowed
with the norm

1/p
lullz,. == ( S |u(x)|Pw(x) dac) for 1 < p < oo,

(1.4) i

[ll e = llullLec-
Recall that the particular weight w, in belongs to the class of Mucken-
houpt weights, which was originally defined in Muckenhoupt [M]. Moreover,
the special case r = 0 in coincides with with the same growth
order ¢'/?" as ¢ — co.

For another way to generalize (L.1]), we refer to Wadade [W]. In [W], the
author obtained the following Gagliardo—Nirenberg type inequality on the
critical Besov space:

(1.5) lellz, < ol ] 2%

for all u € (LpﬂBg/p’p)(R”), 1 <p<g<ooandl < p < oco. The
inequality can also be regarded as a generalization of . Indeed, by
noting the embedding Hg/p(R”) — Bg/p’p(R”) if 2 < p < o0, and taking
p=pin , we have immediately in the case 2 < p < co. We refer to
Bergh-Lofstrom [BL] and Triebel [T1) [T2) [T3] for the relationship between
Sobolev and Besov spaces, and their detailed properties as function spaces.
Additionally, an estimate similar to ([1.5)) was also given in [W]:

(16) el g < Cng* /2l Tl 1

Bg/p,p

for allue(Bg’”ﬂBg/p’p)(R"), 1<p<g<oocand1l<v<p<oo.
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Keeping the above results in mind, we shall prove a Gagliardo—Nirenberg
type interpolation inequality from the critical Besov space into a weighted
Besov space, which is a generalization of the inequalities and .
The definition of weighted Besov spaces will be given in and ([2.3))
in Section 2. We refer to Bui [Bll B2, B3] and Triebel [T3] for detailed
information about weighted Besov and weighted Triebel-Lizorkin spaces.
Our first theorem now reads:

THEOREM 1.1. Let n € N. Then there exists C,, > 0 such that
(1.7) L

1 1
Ny o/ 1 \atv o 1___1 (n-r)p  q_(n=r)p
HUHBS:;T S CT'L (T) <n — r> qu max{p1,p2} ||UHBS7’L;11 ||u”Bg/p’7;(;

for all u e (By™* ﬂBg/p’m)(]R"), l<p<g<oo,0<r<n 1<v<
min{p1, p2} < 00, where the weight function w, is as in ((1.3).

REMARK. (i) The inequality cannot hold in the limiting cases r = 0
and ¢ = oo in general. However, as expected from the powers in the constants
of the right-hand side, the special cases v = p; and v = max{p1, p2} enable
us to take r = 0 and ¢ = o0, respectively. On the other hand, we cannot
put » = n all the time when the weight function becomes 1/|z|", and this
limiting case will be the next target in our consideration.

(i) The particular case with v = p; and r = 0 coincides with where
the growth order as ¢ — oo becomes ¢'/*=1/P2 Furthermore, take v = 1 and
2<p=p1 =p2 <o0in , and note the well-known embeddings

||UHpr < HUHBo,l for all 1 <p < o0,
’ D, w
(18) ||UHB;7P < Chspllullgs foralls€Rand 2 <p < .
p

Then the inequality ([1.2) except for r = 0 follows from (1.7)) and (1.8) with
the same growth orders as r T n and ¢ — oo.

Observe that in the limiting case r = n the inequality fails because
the critical weight 1/|x|™ is not integrable near the origin. Keeping this in
mind, the next goal is to establish the embedding of the critical Besov space
into a weighted Besov space, where the weight function is almost critical,
namely, we take the weight as m near the origin with s > 1. Our
second result now reads:

THEOREM 1.2. Letne N, 1 <p<oo and 1< p < oo.
(i) (Subcritical weight case) The following continuous embedding holds:

Bg/p’p(R”) — Bg:gr(R”), where  w,(x) :=1/|x|" with 0 < r < n.
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Furthermore, we have the estimate

1 1/p
lullsge, < Ca(=25) " lull gy

(ii) (Critical weight case) The following continuous embedding holds:
1
BY/PP (R BOP R™), where Wy(x) := with s > 1.
P = Byl () @ el logle + 1/l

Furthermore, we have the estimate

lull g, < Copa
) S

UHB;/ILP-

REMARK. (i) There are more general results on such embeddings in the
case of Besov and Triebel-Lizorkin spaces including the Sobolev scale (cf.
Haroske—Skrzypczak [HS] and Kithn—Leopold—Sickel-Skrzypczak [KLSSI
KLSS2]), but restricted to Muckenhoupt weights or so-called admissible
weights the former weights may have a local singularity, while the latter
are a class of smooth functions. We emphasize that these classes of weight
functions do not cover the limiting situation of Theorem [L.2(ii). Indeed, it
is well known that the weight Wy is not even a Muckenhoupt weight.

(ii) The assertion of Theorem [1.2{ii) might inspire us to consider the
continuous embedding from B;;”/ PP(R™) into Bg’{;vs (R™), where W is the
weight function of the double logarithmic type: 7

1
Ws(z) =~ 1 °
) = o iog 1) [og (log 147)]

However, we do not explore the case of multiple logarithmic weights in this
article; this will be studied in the forthcoming paper.

for |z| < 1 with s > 1.

As another kind of a critical Sobolev embedding, we next consider a
Trudinger type inequality. As already stated, the Gagliardo—Nirenberg type
inequality (T.1)) was obtained in [OZ] with the optimal growth order ¢*/?" as
q — 0. In the same paper, the author also showed that ((1.1)) implies the
following Trudinger type embedding:

Hy"(R") — La, (R"),
(1.9) ) Lt . ,
D1(t) := exp(tV) Z k" ki :=min{k € N: p'k > p},
where 1 < p < oo and Lg, (R") denotes the usual Orlicz space with the
Young function @;. For the precise definition of the Orlicz space, see (2.5
and (2.6)) in Section 2, where the weighted Orlicz space Lg,,(R™) will be
introduced, and note that Lg(R™) = Lg 1 (R™). We refer to Rao—Ren [RaRe]
for abundant information about Orlicz spaces defined on general measure
spaces.
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The same procedure which shows that the inequality (1.1]) yields the em-

bedding (|1.9) can also be applied to the inequalities ([1.2]) and (|1.5)). Indeed,
in Nagayasu-Wadade [NW]| the authors derived from (1.2)) the Trudinger

type embedding

Hy/P(R™) — La, 4, (R™),

ke—1 /K
1.10 tP
( ) @Q(t) = eXp tp ]{7‘ )

k=0

ko := min{k € N: p'k > p},

where 1 < p < 00, 0 < r < n and p depends only on n and p. Note that
the embedding generalizes since the special case r =0 in
corresponds to . Furthermore, the inequality obtained in Wadade
[W] implies the embedding

(Ly 0 By/PP)(R?) — Loy (R™),

ks—1 'k
(111) P3(t) := exp(t?) — Z i, ks :=min{k € N: p'k > p},

— k!
for 1 <p <ooand 1l < p < oco. Note that the embedding is also a
generalization of . Indeed, we can obtain in the case 2 < p <
by taking p = p in and using the embedding Hg/p(R”) — Bg/p’p(]R“)
for 2 < p < .

As seen in the above observations, the Gagliardo—Nirenberg type inequal-
ity in the critical space provides the corresponding Trudinger type embed-
ding in general. Keeping this in mind, our final goal in the present paper is
to establish a Trudinger type estimate corresponding to the inequality
in Theorem However, the method to get embeddings , and
@ through the Gagliardo—Nirenberg type inequalities can no longer work
for @ since the norm on the left-hand side of is a weighted Besov
norm, while the inequalities , and have Lebesgue type norms
on the left-hand side which are all formed by direct integration of functions.
Therefore, we shall prove the expected Trudinger type estimate without
making use of by calculating the corresponding Besov—Orlicz norm
directly. For simplicity, we restrict our considerations to the case p; = po
in (1.7), which then becomes

(n=r)p (" T)P

1.1 —
(L12) lullgg, < Cnra? ™5 lull gt 1wl

forl<p<g<oo,0<r<nandl <v < p < oo. To construct the
Trudinger type estimate corresponding to , it is natural to introduce
weighted Besov—Orlicz spaces with an exponential type Young function (see
the definition in Section 2). Thus our last theorem now reads:
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THEOREM 1.3. Letn e N, 1 <p<oo,0<r<n,1<rv<p< oo with
(v,p) # (1,00) and 0 < § < p— 1, where

P ifp < oo,
Hi=93p—V
v if p = oc.

Then the following continuous embedding holds:

By (RY) < By, (R"),

Do, wr
Fo— b 4(u—8)k
Do(t) := exp(t"0) — Z T ko := min{k € N: (u — )k > p}.
k=0 ’

Furthermore, we have the estimate

L\ 2/ )
lullsge, < Cus(75)  lullgns

n—r

REMARK. Since the growth order as ¢ — oo in is ¢*/v=1/r one
would expect that the condition § > 0 can be removed. However, a technical
reason forces us to assume § > 0 in the proof. Furthermore, the condition
0 < pu—1, that is, pu—3§ > 1 guarantees that @ is a Young function. Indeed, if
1—06 < 1, then &g is no longer a Young function, which implies the weighted
Besov—Orlicz space is not necessarily a normed space.

Let us describe the organization of this article. Section 2 is devoted to
defining weighted function spaces and preparing lemmas for the proof of the
main theorems; the theorems are proved in Section 3.

2. Preliminaries. In this section, we first give the definition of weighted
Besov spaces, and then prove several lemmas. Let ¢ be a non-negative func-
tion in the Schwartz class S(R™) such that suppy = {1/2 < |z| < 2},
¢(z) > 0 for all x with 1/2 < |z] <2 and }322 p(277z) =1ifx #0. It
is well known that such a function exists (see, for instance, Bergh-Lofstrom
[BL]). Moreover, we define S(R™) functions ¢; for j € Z and 1 as follows:

(2.1) pi(x) =p(277z) and () =1- @),
j=1

where f denotes the Fourier transform of f, i.e., f(ac) = {pn e~ 2T £(£) dE.
Then for a positive measurable function w, the inhomogeneous Besov space
By%(R") and the homogeneous Besov space Byl (R™) are respectively de-
fined by

Bpiw(R") := {u € §'(R") : [[u]|gsg, < oo},

> , 1/q
bl = I+ wlln,.., + (D@9 lles * ulln,.)?)

j=1

(2.2)
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and
Bpuw(R™) = {u € (§'/P)R") : ||ull gs.q < o0},

> : 1/q
bl gy, = (2 @7lles *ulls,..)?)
j=—o0
for s € R and 1 < p,q < oco. In the above definitions, &'(R™) and P(R™)
represent the classes of tempered distributions and of polynomials in R",
respectively. In addition, we make the usual modification if ¢ = oo, and
L, ., (R™) denotes the weighted Lebesgue space as in .

Next, we introduce inhomogeneous weighted Besov—Orlicz spaces, which
are naturally defined by replacing weighted Lebesgue spaces with weighted
Orlicz spaces in the definition . Let w be a positive measurable func-
tion, and let @ be a Young function, that is, @ is a continuous increasing
convex function on [0, 00) satisfying #(0) = 0 and lim;_. ?(t) = co. Then
for s € R and 1 < g < o0, the inhomogeneous weighted Besov—Orlicz space
is defined by

By (R") = {u € S'(R") : |lul ggs, < oo},

> . 1/q
Il g, o= 119 ullg, + (35 * ullzg,)?)

J=1

(2.3)

(2.4)

where we make the usual modification if ¢ = oo, and Lg ,(R™) denotes the
weighted Orlicz space, which is a class of measurable functions defined by

(25)  Low(R") = {f . | B(elf|)wdz < oo for some & > o}

Rn
equipped with the Luxemburg norm
(2.6) 1F | = inf{)\ >0: | &(f]/Nwde < 1}.

Rn

Clearly, By (R") coincides with By, (R™) for () =t and 1 < p < oo,

In this section, we shall show two key lemmas, inspired by Rakotondrat-
simba [R1, [R2], who proved weighted Young inequalities for convolutions
with kernel functions behaving like the Riesz potential. However, for the
purpose of the precise investigation of constants, we need to reconstruct
this procedure with kernel functions belonging to the Schwartz class.

First, we recall the following n-dimensional Hardy type inequality:

THEOREM A. (i) (n-dimensional Hardy type inequality) Let Uy and V;
be positive measurable weight functions in R, n € N and 1 < p < ¢ < o©.
Then the inequality

(S < ) W dy)qu(m) dx>1/q = Cl(S f(x)PVi(z) dx)l

R™ {2ly|<|=(}

/p
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holds for all f € Ly v, (R™) with f >0 a.e. in R™ if and only if

Aj = sup S Up(z) d:c) l/q( S Vi(z)~ @1 dx) v < 0.

20 N a>2R} {lal <R}
Moreover, the constant Cy can be taken as
Cl = (p’)l/plpl/QAl'
(ii) (n-dimensional dual-Hardy type inequality) Let U and Va be posi-
tive weight functions in R”, n € N and 1 < p < q < 0o. Then the inequality

(T( 1 s@d) @) <] fervae) a)”
R™ {ly|>2|=|} R®
holds for all f € Ly v, (R™) with f >0 a.e. in R™ if and only if

Ay = sup S Us(x) dx) l/q( S Vo(z)~®' =1 dx) v < 0.

20 N aj<Ry {lal>2R}
Moreover, the constant Cy can be taken as
Cy = (p) /7' p!/94,.

Indeed, Theorem [A] can be proved immediately from the n-dimensional
Hardy and dual-Hardy inequalities shown by Dréabek-Heinig-Kufner [DHK]
Theorem 2.1, p. 4] through scaling and changing variables.

We first prove a norm estimate with a subcritical homogeneous weight:

LEMMA 2.1. (i) Let ¥ € S(R™) be any fizved kernel function with n € N.
Then

1
n—r

1/q
waqu,wrscn( ) IFle,  for all [ € Ly®R™,

<p<g<ooand 0 < r<n, where w, is the homogeneous weight as in

13).
(ii) Let n € N. Then

= =

1
-

1/q n n—r .
||g0j *f||Lq’W < C”<n ) Q(E_T)]HfHLp for all f € Ly(R"),

1<p<g<oo,0<r<nandjeZ, where {¢;} are the Schwartz functions
as in (2.1)).

Proof. Note that (ii) is an immediate consequence of (i). Indeed, since
(05 % F)(@/27) = (g0 * [f(-/29)])(), by applying (i) with ¥ = gy we obtain

s * fllzgw, =27 ¢ o * [F(-/2)]l| 240,

_n—r; 1 /g . 1 1/q (n_n=r);
<2 T () I = () 25T,



Critical Besov space 235

We turn to the proof of (i). Without loss of generality, we may assume
f >0 a.e. in R”, and that ¥ is positive, since otherwise we can replace ¥
by |¥| + n with any fixed positive function n € S(R™). Note that ¥ might
no longer be smooth after such a replacement. However, the only property
we will need is its decay estimate, i.e., for any a > 0, there exists a positive
constant Cj, o such that

(2.7) 0<¥(z)|+n(z) <Cpa(l+|z])™* forall z € R".
We first decompose the integral into three parts:

7 dx
(28) ||W* f”%q,wr < 3‘]|: S ( S LD(SU *y)f(y) dy) |i|r

R™ My|<|x|/2}
q dx

+5( 7 ve-wfw ) o

R {lel/2<|y[<2]=(}

+§( ] W(w—y)f(y)dy>q dw]

||
R™ {ly|>2x[}
=: 3q(11 =+ Ig =+ 13)

First, we estimate ;. Note that |y| < |x|/2 implies |z|/2 < |x — y|. Hence,
q-~ d ~
L < S ( S fy) dy) W(m)qﬁ, where ¥(x):= sup V¥(z).
x
R {lyl<|=]/2} {lzI>=[/2}

To apply Theorem (i), we need to check the condition

B 1/q 1/p
(2.9) ( | d(a) ﬁT) ( { dx) "4 forall B> 0.
X
{2R<]z(} {|z|<R}

Indeed, once (2.9)) has been verified, Theorem [A[i) yields
0/ < () A I, < A £,

Since ¥ decays rapidly as |z| — oo, ¥ also satisfies the same estimate as
in (2.7), namely, for any a > 0, there exists a positive constant C,, o such
that

(2.10) P (2) < Cpo(l+|z))™ for all 2 € R",
We now distinguish two cases:

CASE 1: R > 1. Then by making use of the decay estimate (2.10|) with
a = 2n, we see that
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(2.11) < | @(x)qW
{2R<a]} {l2|<R}
1/ 1/p!
S |ZL‘|_aq_rd:U> ! S z)

1/ /

dz > a S daz) 1/p
C

{lz|<R}

<Chn
<{2R<|m|}

1 1/q n—mnr n
<c¢<) R TV <o,
ag—(n—r)

where we have used the facts that R > 1 and
ag—(n—r)>a—(n—r)=n+r>0,

1 1/q 1 1/q
- ) < <1,
(aq—(n—r)) _<n+r> -

—a—l—u+ﬁ/§—2n+(n—r)—l—n:—r§0.
p

CASE 2: 0 < R < 1. In this case,

{2R<|=[}
- 1/q ~ 1/q
§< { w@q@> +<§ mm“ﬁ)
|| ||
{2R<|z|<2} {lz|>2}
= J1 + Jo.
First, by using (2.10) with o = 0, we obtain
1/q 1 1/q
J1 < C, S di <Cy .
|z|” n—r
{lel<2}
Moreover, by (2.10) with a« =n + 1,
1/ 1 la
B < Co mﬂrwgq<a(> <y,
ag—(n—r)

{le|=2}

where we have used the facts that
ag—(n—r)>a—(n—r)=1+7r>0,

(aq—l>)w = Q—é—m)w B (ﬁr)w =t

(n—r

To sum up, we get
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(2.12) < | @(x)qu>1/q( | dx)l/p/

{2R<|x[}
1 1/q , 1 1/q
) el )
n—r n—r
since R < 1. Thus by (2.11), (2.12) and Theorem [A[i), we obtain
1/q 1 1/q
(213) B 2) 1l
Next, we estimate I3. Note that 2|z| < |y| implies |y|/2 < |z — y|. Thus

L §( ] wrwa)' S

—.
R™ {yl>2le]) =
To apply Theorem (ii), we need to check the condition

(2.14) < | ‘da’;)l/q< | (@(x)—p)—m’—l)dx)l/p/§A2

x
{le|<R} {2R<|=[}

for all R > 0.
Indeed, once (2.14)) has been verified, Theorem (ii) yields
/ ~ ~ _ 1/p e
1< () s ((§ (@) f@)"0 (@) dw) < €A |,
Rn
Just as for I, we distinguish two cases:
CASE 1: R > 1. Then by ([2.10) with a = 2n,
-y 1/p / 1/
S U (x)P dm) ! < Cn< S |z| 7P daf) !
{2R<|z|} {2R<|z|}

1\ , ,
<C, R~(e=n/¥) < ¢, R~ la=n/P)
- ap’ —n - ’
where we have used the facts that

1 1/p 1 1/p 1 1/p’
/ _ i
ap —n>a—n=n>0, ( ; > §< ) —<) <1.
ap’ —n a—n n

Thus we obtain

(2.15) ( | |d“fr>l/q( | iy ar)”

{lzl<R} {2R<|z}

1/q ner 1/q
o) e e
n—r n—r

since R > 1 and —a+ 22+ 5 < —2n+(n—r)+n=—r<0.
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CASE 2: 0 < R < 1. In this case,

|y )"
(2R<\al)
<(F )" (] G a)”
{2R<|z|<2} {lz[>2}
=: Ki + Ko.

First, by (2.10)) with o = 0, we obtain
1/p'
K< | oa) <cn
{lzl<2}

Moreover, by (2.10) with o = 2n,

NV /v /
Ky < cn( [ e dx) o o~la=n/p) < ¢,
{le]>2} ap’ —n

To sum up, we get

(2.16) ( | |dTr)l/q( | @(x)p’dx)l/p'

x
{lzl<R}

{2R<|=[}
1 1/q 1 1/q
< Cn< ) R(n—r)/qg Cn( )
n—r n—r

since R < 1. Thus by (2.17), (2.16) and Theorem [A[ii), we obtain

1 1/q
2.17 ni<c, .
2.17) yr<en(5) I,

Finally, we estimate I5. Since |z|/2 < |y| < 2|z| and 2F < |z| < 2F+!
imply 281 < |y| < 2¥+2, we have

dx

||

i) L=> | (| we-yiwd)

keZ {ok<|z|<2k+1} {|z[/2<|y[<2|z[}

<y oM | (W [f xr-1 <) <are2y]) (2) d.
KL (ob<la<ori)

Here, take t := ng/(n — 1) € [¢,00). Then (2.18]), Holder’s inequality and
Young’s inequality imply
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(219) 1'2 < CTL Z 2—kr+k‘n(1—q/t)
keZ

(] e @) do)

{2F<Ja|<2M 1}

< Cn > I * [Fxqor-i<p ez 1S,

q/t

kez
<Cp)y. N7 x pr-1<) <2rs2y 1T,
kez
< CLY I xprr<p<ameyllf, < GRS,
kez

where ¢ € [1,p') is the exponent satisfying 1/t + 1 = 1/t + 1/p. Moreover,

the fact maxi<-<co [|¥]|1, < 00 was used above. By (2.8), (2.13), (2.17) and
(2.19), we obtain the desired estimate. m

The following lemma yields a norm inequality involving the critical
weight function W defined in the statement of Theorem [1.2](ii):

LEMMA 2.2. (i) Let ¥ € S(R™) and 1 < p,s < co. Then
1 fllL,w,, < Cnpsllfllz, forall f € Ly(R") and j € NU{0},
where the weight function W ; is defined by
_ 1
|z[[log(e + 27 /|])]*
(ii) Letn € N and 1 < p,s < co. Then
s * FllLyw. < Cnps 277, for all f € Ly(R™) and j € NU {0},

where {@;} are the Schwartz functions as in (2.1)), and the weight function
W is defined by

W i(z) :

for z € R™\ {0}.

1
Ws(x) T ‘x|n[log(e + 1/‘x|)]s

Proof. Note that (ii) is an immediate consequence of (i). Indeed, by

noting (p;  £)(¢/27) = (0 * [f(-/2))])(x) and applying (i) with ¥ = g, we

for x € R™\ {0}.

los * Flrpuw, = loo* [F(/2)Lpw, , < CrpsllF(/27)llL,

"
= Chps 27| flL,-

To prove (i), just as in the proof of Lemma we may assume that
f > 0a.e. in R", ¥ is positive, and for any o > 0, there exists C, o > 0 such
that

(2.20) 0<¥(z) <Cha(l+z[)™® forall zeR"
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Let us decompose the integral into three parts:
P
@21) s, <3| {( § ve-nfe)d) W) d
’ R {lyl<|a]/2}
P

10 e i ) W) s
R {Je]/2<|y[<2|=(}

50T a0 ) W) do]
R {ly|>2[=[}
=:37(L1 + Lo + Lg).

First, we estimate L. As |y| < |z|/2 implies |z|/2 < |z — y|, we have

Ll S S ( S f(y) dy>p@($)pws’]($) d,CC, where @((L‘) = sup ![/(z)
R A{lyl<|=|/2} {lz>|=|/2}

To apply Theorem (i), we need to check the condition

S U ()P W () d:c) 1/p< S dx) v <A; forall R>0.

{2R<[2} {la|<R)
By (2.20) with any a > 0,
. 1/
(2.22) ( [ dyrw @) dx) .
{2R<]2}
dr 1/p
< Cha x| ; )
’ < I ey

{2R<|=[}

1
<Coa( | Jeormaz) " < ChaR®  forall R> 0.
[2R<x])

Thus by taking o = n/p’ in (2.22)), we obtain

) 1 1/p
| G W) dx) p( | dx) " <0,, foralR>0,
{2R<]=(} {|z|<R}

and then Theorem [A[i) yields
(2.23) 17 < Copllf I,

Next, we estimate Lg. Since 2|z| < |y| implies |y|/2 < |z — y|, we have

Ls < S ( S (y) f(y) dy)pW&j(a:) dx.
R™ {ly|>2|=}
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To apply Theorem [A[(ii), we need to check the condition
1/p ~ / 1/
| W@ dm) ( | (@) )@ dx) <Ay foral R>0.
{lz|<R} {2R<|z|}
We distinguish two cases:
CASE 1: R > 2771, In this case,

S W j(z) do = S W j(z) do+ S W j(z) de = My+Mo.
{le|<R} {lw[<27=1} {27-1<|z|<R}

By changing variables z = 27y, it follows that

dx dy

2.24 M < ' _

2 - {x|<82]'1} || [log (27 /][)]* ) ly|"[log(1/|y])]®

= Cn S df’z = Cn,sv
log 2 T

where the last integral in (2.24)) is finite because of s > 1. Next,

{lyl<1/2}

| v log(R/2771).

My <
2= ER

{271 <|z|<R}
Moreover, by (2.20) with « =n/p’ + 1,
NN % roN\UP
S v (x)P dac) : < C’n’a< S |z|~P d:n) " ChnpR™t
{2R<|z[} {2R<|z[}

To sum up, we obtain

S W j(x) dx) 1/p< S ¥ (z)? dx) v

{jz|<R} {2R<(z(}
< Cppsll 4+ log(R/291)) /PR
= Cppsll +log(R/271)VP(R 21717127070 < ¢y o,

(2.25)

where we have used j € NU{0}, R/27"! > 1 and max; <, <o (1 +log7)"/Pr~1
< 0.

CASE 2: R < 2/~! In this case, by using (2.24) again, we have

| W@ dx)l/ (] e dx)l/ Pomr <,
{el<R) (el <1}
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Moreover, by (2.20) with « =n/p’ + 1,

g @(@p’da;)l/”/gcn,a( g (1+yw\)*ap’dx)1/p'

{2R<|z|} {2R<|z|}
’ 1/’
< CW( | (14 Ja)) o dx) = Cpp-
R’ﬂ
Thus we obtain
1/ = A\
(2.26) | W@ da:) p( 20k dx) U< O
{lz[<R} {2R<|=[}

Therefore, (2.25), (2.26) and Theorem [A(ii) yield
(2:27) L/ < Copsl 1,

Finally, we estimate Lo. Since |z|/2 < |y| < 2|z| and 2% < |z| < 2F+!
imply 2=1 < |y| < 282, by Young’s inequality we have

(228) L= | (| we-piy)dy) Welz)de

keZ {2k <|z|<2k+1} {|z|/2<|y|<2|z|}

<> 0 (F ve-nrwa)

keZ ok <|z|<2k+1} {|z[/2<|y[<2|z[}

v dr.
"

<) o | (@ * [fxqor-1<)<orr2y]) (@)P do
L (ab<lrl<ahil)

< Co > 7 [Fxgae-t<p<arsy] D
kez

<Cu ) I, 1 X p2rr < <amrey 1L,
kel

< CEY I xprr<p<areyllf, < CRIFIE,
kel

where we have used max<-< ||¥]|1, < co. Hence, by (2.21)), (2.23), (2.27)
and (2.28)), we obtain the desired estimate. m

3. Proofs of theorems

Proof of Theorem . We consider only the case v < min{p1, p2} <
max{p1, p2} < oo since the limiting cases can be obtained quite similarly.
By using the partition of unity » jez ¢j =1, we decompose
Z—1 [e's)
u = Z goj*u+2gpj*u:: u1 +ug for any fixed Z € Z.
j=—00 =z
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We first estimate HWHBS’; . Since supp ¢; = {2771 < |z < 27H1}) we see
that p; * ¢ = 0if |j — [| > 1. Therefore,

00 , 1/v Z ” 1/v
lallgor, = (3 lecwly,, )" = (X leccwl,,, )
l=—00 l=—00

1/v

Z
= (X larerully,,, )"

l=—00

where @; := ¢;_1 + ¢ + p111. By Lemma [2.1fii) and Hélder’s inequality,

1 \Va, & (n_n=ryp, L\
(31wl <Cu(=—) " (X 25T s ully, )
l=—00

n—r

1\ & ponmry e 2 2 1/p1
<an() (2 A (3 i)
l l=—00

1 1/q z n__n—r\ PlV %
S%( ) (3 2% =) P | o
P

n—r
l=—00

Moreover, by Young’s inequality,

00 Z—1
(32 ulgon = (D e (X wiu)
l=—00 j=—00
o0

I+1
p1\ 1/p1
< ( > ( HSDZ*(Pj*uHLp) )

[=—0 j=l-1

p1 >1/m
LP

[e's) +1

< (3 (X teslulensulz,)™)"”

l=—c0 j=l-1
> 1/p1
=3lgolles ( 3 s ul?) ™ =3leollzy ull spon,
l=—00

where we have used the fact that ||p;||z, = ||¢olr, for all j € Z. Next, we
investigate the geometric series which appears in (3.1). Since t/(2! — 1) <
1/log?2 for all t > 0, we see that

Z L o Pl
py) (3 2

l=—00
- 2(2_7)(2“)( 1 >
(Q_n—'r). PV
2'p
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p1—V
(n_n=ryzy 1 pLV
< Gp2ir ((n n-r) pr)
P q p1—V
q p1—v
CeaG (P N\
" n-%—(n—r)
P
p1—V
< Cn2(% n;r)ZpP;IV |:Sup t :| PV
i>1nt—(n—r)
p1—v

< an<2-%’“>2<‘1> o

where we have used the fact that sup;>;t/(nt — (n —r)) = 1/r. Summing

up, by (3.1)—(3.3)), we get
1 1

1 \Y9 g\ n_nryy
(34)  lwllgor < Cnl —— - 2 full g0

T r
for all Z € Z.
Next,
i 1/v > 1/v
luall g, = (D2 levruslt,,, ) = (D leixuali,,, )
l=—0c0 l=Z-1
> N ) 1/v
= (X larprulr,,, )
I=Z-1

By Lemma (ii) and Holder’s inequality,

1 l/qg , o (n_n=ry, L\
35 el < () (X 255 ol

" I=Z—1
1 1/a > _n-r n 1/v
:Cn<n—r) (Z 2 lV(2pl”90k*u2HLp)V)
I=Z—1
1 Va, 2 acr pgv 2222
<o) (T

n_
> n 1/p2
)
< (3 @l uslln,))
=7

l 1
o (LY S g
< (Equw) Ual o pp -
>~ Unp n—r H 2||B;L/p792
I=Z-1

Quite similarly as in (3.2)), we obtain HugHBg/p,p2 < 3|leollz, HuHBg/p,,JQ. Since
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t/(28 —1) < 1/log?2 for all t > 0, the geometric series in ([3.5) is estimated
as follows:

—V

N~
(Z 9 Tp2u>P2”

I=Z-1
1 p2—Vv 1 p2—v
n—r P2V n—r p2v
_ g2 —n=rz
=2 « _n—r _pav < Cn2 4 n—r _pav
1—2 a p2v 2 a p2—v — ]
p2—v P2V

<o Tl (L TN oot ()
- n—r  pv - n-—r ’

To sum up, we get

1,1 1
_n-ry 1 v T pg 1_ 1
(36)  Juallgoy < Cu2 " (n ! T) a7 full gy
for all Z € Z.
Combining (3.4]) with (3.6]), we have, for any Z € Z,
1 %_ﬁ 1 +’_E l,ﬁ
(37) HUHB%ZJT S C’I’L ; P qV maxyp1,P2
x @57 ull gorn + 277 Al g

Furthermore, as [t] <t < [t] + 1 for all ¢ € R where [t|] denotes the integer
part, it follows that

1

\v s/ 1 \etvm 11
(3.8) ||u|]38:;T§Cn<r> < ) e

n—r

x 2575 ull goos + 2777 lul )

for all t € R. In the end, we take t = t( in (3.8)) with
l[wll 4nrp.eo
to := P log< By >
nlog2 [[wll go.01
P

(n—r) (n=r)p

to obtain

n

Q=2 0y o 9= oy
el go.on lull gm0 = rw\MIHHHMm,

which finishes the proof. m

Proof of Theorem [1.9 We deal only with the case p < oo since the
limiting case p = oo requires no modification. First, we prove (i). By the
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definition of the inhomogeneous weighted Besov space, we have

> o 1/p
lull g, = 105 ullay, + (3 les=ully, )"
j=1

By noting ¢ = Z?:,OO ¢j, and applying Lemma (i) with p = ¢ and
USS lez_oo w1 =Y + @1, we see that

(3.9) I % g, = | ( 5 o1) » b ul

1 1/p
< c() sl
n-—r

Furthermore, by making use of Lemma (ii) with p = ¢, we obtain

> 1/p S 1/p
3.10) (M lgswulf,, )" = (D 185w «ulf,, )
i=1 i=1

1 1p o2 T 1/p
<o) (ZePlesur)”

j=1

D, Wr

Hence, combining (3.9) with (3.10)), we get the desired estimate.
Next, we prove (ii). First, by Lemma (1) withj = 0and =" ___ ¢,

(311 Y ul,., =|( le o) s

=—00

< Cnpsl * ullL,
S

p,W.

Furthermore, by Lemma [2.2[(ii),

> 1/p Sl 1/p
12 (Ylesrulf,, ) = (gl )
j=1

J=1

< s (37 gy 7).

j=1
Hence, combining (3.11)) with (3.12]), we get the desired estimate. m

Proof of Theorem [1.3. We deal only with the case p < oo since the
limiting case p = oo is similar. We first compute the weighted Orlicz norm
|4 * ullLg, ., - Let € > 0, to be determined later. By Lemma (1) with

=3 or=1+ 1
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> o(u-0)k
[ @olely + ulwrdz = 3 Sl sulf
Rn k:ko
© (n—0)k 1 (p—08)k
X | .
= Q1) xPku
k:Zko k' <l:ZOO ) L(#_‘;)kawr

1 i (eCull * ulg,) W=

<
“n—r k!
k=ko
< 1 i (eChlt = ul|, ) =9
n—r k!

k=1

L fespl( Cul + )~ 1)

We now take € = g¢ > 0 satisfying

" fexp((eoCull9 * ullz, ) 1] = 1,

so that
. log(1 4 n — 7))/ (#=9)
0 prm—
Cull¢ * ul L,
Thus by the definition of the Luxemburg norm, we have
1 Cull¢ * ullL,
(3.13) 19 ull gy, < — = -

e llog(l+n— /9"
Here, we use the following elementary inequality: for any a > 0,
t

a
.14 < for all t < a.
(3:-14) log(1+1t) ~ log(1l+a) orallf<t<a

Hence, by using (3.13)), (3.14) and . — 6 > 1, we obtain

L\ Yw-d)
(3.15) HWW%WS%< ) o+l

n—r

Next, we handle ||¢; * u| L, ,, for each fixed j € Z in the same way as
when estlmatlng of [[v * ullL,, ,, - Let € > 0, to be chosen later. Then by

Lemma [2.1] - i

2 (u=)k
| Polelg; * ulwrdz =Y lig = ull £y, 5,
Rn k*ko
o (n—06)k
Z HSOJ *pj HL(M—(S)k,wr

k=ko
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C Ll )
- _ n—r)j |

(n — r)2(n=r)j = k!
Ll & (02 gy w0
= (n—r)20-1) k!

= o Ty P((€0n2r gy # |, ) ) ~ 1)
In particular, we take ¢ = g9 > 0 satisfying
1 L )
Tz eP((ECn2 ¥ gy wull, ) — 1] = 1

so that

[log(1 4 (n — r)2(n=")i)]1/(u=0)
Eo = — '
Cn2pj H‘Pj * UHLP
Thus by the definition of the Luxemburg norm, we have

1 Cn27 |l * ull L
3.16 ; <—= —
B10) Mg tllannr = 20 TiogT 5 (n = r)2Gn) 1769

for all j € Z.

Therefore, by (3.16) and Holder’s inequality,
e Y 1/v

617 (Dl +ult,,. )
j=1

OO v n 1/v
< €[S llom(1L+ (n — 129755 (257 g 0, )

j=1
> Y — . n 1/p
< C | llog(1+ (n — )20 w5 ) [ 725 o v, )7
j=1 j=1

In what follows, we investigate the non-negative term series on the right-
hand side of (3.17)). For a technical reason, take ty; € R defined by the
equation
to(n — 1) log2
log(n —r) +tg(n —1r)log2 = ——————,
g(n —7) +to(n—r)log T 1/

w0 1
= 1 .
0= Llog2)(n—1) °g<n - )

We distinguish two cases:

so that

CAsE 1: tg > 1. Noting that p > 1, we decompose the sum into two
parts:
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, 1/
S T——
Jj=1
3 1/p
< [Z[log(l + (n — T)Q(n_r)])}_m}
1
" [ Z log(1 + (n — T)Q(n T)J)] “H(?} & =: N1 + No.
=[to]+1
We first estimate N7. By , we have
(318) (n — T)Q(n—r) j (n — T)Q(”—T)[to]

log(1 4 (n —7)2(=)3) = log(1 + (n — r)2(n—rltl)
for all 1 < j < [to].
Moreover, direct computation yields

6/u
(3.19) (n — )2l < (n — p)2ln=rlto = < ! ) :

n—r
1 1
<
log(1 + (n — r)2=")to]) = log(1 + (n — r)2(n—")(to=1))
1
 log(1+ 2= (n — r)=0/m)
where we have used the facts that [to] < to < [to]+1and 6/p <1—-1/p < 1.

Hencea by "‘ ’

(321)  log(1+ (n—r)2""") > Cpy(n — )Wt 2ln=r)i
for all 1 < j < [to].

Therefore, by making use of (3.21]) and ¢/(2* — 1) < 1/log?2 for all t > 0,
and using the condition 0 < § <y — 1 with g > 1, we see that

(3.20)

< 1/log(1+2""n" 1),

(n—7) 1
(3.22) N1 < Cp(n—r)" p=)) (Zz S d ) i

<Ch(n—r) mrs 5)(22 (n=r)j )

__p+s 1 1/p
=Ch(n—r) (a5 (2"_7"—1)

__pts 1 __2

<Cp(n—r) #e=3"n =Cy(n—r) #3,
We next estimate No. Observe that the definition of ¢¢ implies
t(n —r)log2

(3.23) log(n —r) +t(n —r)log2 > 15 1/s

for all t > t¢.
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Since to < [to] + 1, by using (3.23) and 0 < § < u — 1, Na can be estimated

as follows:

(3.24) g[ Z llog((n — r)2=")7)]~ u—a]l/“
j(n —r)log?2 1w
[ { ]
< Cy(n—r) "7 i ]—ﬁ)”"

J=[to]+1

1

< 1
< Cs(n — ’I“)ﬁ(g T dt) e < Cs(n—r) n-s.

Thus combining (3.22]) with ( -, we obtain
oo Y )
(3.25) [Z[]og(l + (n— T)Q(n—r)y)] u—6:| K 2

< Cn,é(n - ’l“) P
j=1

CASE 2: tp < 1. In this case, the inequality (3.23) is available for all
t = j € N, and then, in the quite same manner as for Ny,

(3.26) [Z[log(l ¥ (n— )20
j=1
To sum up, by (3.15)), (3.17)), (3.25) and (3.26)), we have

e8] 1/
g, = 1% ey, + (3105wl )
2 o'}
1 = n 1/p
< s ) [l el + (0@ e+l )]

i=1
2
1 n=3
~Cos(525) " Nullggron

which is the desired estimate. n

1
} e < Cs (n—r)_ﬁ.
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