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A NEW WAY TO ITERATE BRZEZINSKI CROSSED PRODUCTS

BY

LEONARD DAUS (Al Ain) and FLORIN PANAITE (Bucuresti)

Abstract. If AQRr,, V and A ®p,, W are two Brzeziriski crossed products and @ :
W®V =V ®W is a linear map satisfying certain properties, we construct a Brzezinski
crossed product A®g,¢(V®W). This construction contains as a particular case the iterated
twisted tensor product of algebras.

1. Introduction. The twisted tensor product of the associative unital
algebras A and B is a new associative unital algebra structure built on the
linear space A ® B with the help of a linear map R : B A - AR B
called a twisting map. This construction, denoted by A ®g B, appeared in
several contexts and has various applications ([CSV], [VDVK]). Concrete
examples come especially from Hopf algebra theory, like for instance the
smash product.

It was proved in [JLPV] that twisted tensor products of algebras may
be iterated. Namely, if A ®r, B, B ®g, C' and A ®p, C are twisted tensor
products and the twisting maps R, Ro, R3 satisfy the braid relation
(idg ® Rg) o (R3®idp) o (ide ® R1) = (R1 ®id¢) o (idp ® R3) o (Ra ®idy),
then one can define certain twisted tensor products A @7, (B ®g, C) and
(A®pg, B) @1, C that are equal as algebras (and this algebra is called the
iterated twisted tensor product).

The Brzeziriski crossed product, introduced in [B], is a common general-
ization of twisted tensor products of algebras and the Hopf crossed product
(containing also as a particular case the quasi-Hopf smash product intro-
duced in [BPVQ]). If A is an associative unital algebra, V' is a linear space
endowed with a distinguished element 1y, and o : V®V — A® V and
R:V®A— A®V are linear maps satisfying certain conditions, then the
Brzezinski crossed product is a certain associative unital algebra structure
on A® YV, denoted by A ®r, V.

In [P] it was proved that Brzeziriski crossed products may be iterated, in
the following sense. One can define first a “mirror version” of the Brzezinski
crossed product, denoted by W @p, D (where D is an associative unital
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algebra, W is a linear space and P,v are certain linear maps). Examples
are twisted tensor products of algebras and the quasi-Hopf smash product
introduced in [BPV]. Then it was proved that, if W®p, D and D®pg,V are
two Brzezinski crossed products and Q) : VW — W®D®V is a linear map
satisfying some conditions, then one can define certain Brzezinski crossed
products (W ®@p, D) ®55V and W ®p;, (D ®pe V) that are equal as
algebras. Iterated twisted tensor products of algebras appear as a particular
case of this construction, as also is the so-called quasi-Hopf two-sided smash
product A # H # B from [BPVO].

The aim of this paper is to show that Brzezinski crossed products may
be iterated in a different way, which will also contain as a particular case the
iterated twisted tensor product of algebras. Namely, we prove that if A®g .V
and A®p, W are two Brzezinski crossed products and Q : W@V — VW is
a linear map satisfying certain properties, then we can define two Brzezinski
crossed products A ®gp (V @ W) and (A®pg,s V) @7, W that are equal as
algebras.

Our inspiration for looking at this new way of iterating Brzezinski crossed
products came from the following result in graded ring theory: If G is a
group, R is a G-graded ring, A and B are two finite left G-sets, then there
exists a ring isomorphism between the smash products R # (A x B) and
(R # A) # B. This result was obtained in [DNN| Corollary 3.2], and it
is useful in the study of the von Neumann regularity of rings of the type
R # A (cf. [DNN] again). The smash product R # A of the G-graded ring
R by a (finite) left G-set A was introduced in the paper [NRVO] and it is a
particular case of a more general construction. If H is a Hopf algebra, R an
H-comodule algebra and C' an H-module coalgebra, then we may consider
the category %M(H ) of Doi-Koppinen Hopf modules (i.e. left R-modules
and left C-comodules which satisfy certain compatibility relations). Then
the smash product R # A used in [DNN] is a particular smash product and
it is the first example in the category g./\/l(H ) (in the case when H is the
groupring k[G], R a G-graded ring and C the grouplike coalgebra k[A] on a
G-set A).

2. Preliminaries. We work over a commutative field k. All algebras,
linear spaces etc. will be over k; unadorned ® means ®j. By “algebra” we
always mean an associative unital algebra. The multiplication of an algebra
A is denoted by pa or simply p when there is no danger of confusion, and
we usually denote pa(a ® a’) = ad’ for all a,a’ € A. The unit of an algebra
A is denoted by 14 or simply 1 when there is no danger of confusion.

We recall from [CSV], [VDVK] that, given two algebras A, B and a
k-linear map R: B® A — A ® B, with Sweedler-type notation R(b® a) =
ar®br = a,®b, for a € A, b € B, satisfying the conditions ar®1g = a®1,
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lrp®br=1®Db, (CLCL,)R QRbr = CLRCLIT X (bR)r7 arp ® (bb,)R = (CLR)T X brb% for
all a,a’ € A and b,V € B, if we define on A ® B a new multiplication by
(a®b)(a’' @) = aa’y @bV, then this multiplication is associative with unit
1 ® 1. In this case, the map R is called a twisting map between A and B,
and the new algebra structure on A ® B is denoted by A ® g B and called
the twisted tensor product of A and B afforded by the map R.

We recall from [B] the construction of Brzezinski’s crossed product:

ProprosITION 2.1 ([B]). Let (A, u,14) be an (associative unital) algebra
and V' a vector space equipped with a distinguished element 1y € V. Then
the vector space A® V' has the structure of an associative algebra with unit
14 ® 1y and with multiplication such that (a ® 1y )(b® v) = ab® v for all
a,be A andv €V if and only if there exist linear maps o : V@V — ARV
and R:V @ A — A®V satisfying the following conditions:

(2.1) Rly®a)=a®1ly, Rw®ls)=1a®v, VYacAvel,
(22) c(ly®@v)=c(@w®ly)=14®v, YveV,

(2.3) Ro(idy ® u) = (p®idy)o (idg ® R) o (R®1ida),

(24) (p®idy)o (ida® o) o (R®idy) o (idy ® o)

)o
= (p®idy) o (idg ® o) o (0 @ idy),
(2.5) (u®idy)o(ida®o)o (R®idy)o (idy ® R)

= (u X idv) o (idA X R) o (0’ X idA).
If this is the case, the multiplication of A® V is given explicitly by
pagy = (p2 ®idy) o (ida ® ida ® o) o (ida ® R ®@idy),

where pg = pro(ida®@p) = po (p®ida). We denote by AQr V' this algebra
structure and call it the crossed product (or Brzeziriski crossed product)
afforded by the data (A, V,R,0).

If A®R,»V is a crossed product, we introduce the following Sweedler-type
notation:
R:VA—-ARV, RMw®a)=ar® g,
o VeV —=AeV, o) =o0(v,v)®a0(v,v),
for all v,v" € V and a € A. With this notation, the multiplication of A® g,V
reads
(a®@v)(d @) = adgoy(vg,v') @ oo(vr,v'), Va,d’ € A, v,v' €V.

A twisted tensor product is a particular case of a crossed product (cf.
[DLGG]), namely, if A ®gr B is a twisted tensor product of algebras then
A®pB = A®R, B, where 0 : B B — A® B is given by (b@b') = 14 @bb’
for all b,b’ € B.
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REMARK. The conditions (2.3), (2.4) and (2.5) for R, o may be written
in Sweedler-type notation respectively as

(2.6) (aa')r ® vr = agra;, ® (VR)r,
(2.7) 01(y, 2)ro1(TR, 02(y, 2)) @ 02(TR, 02(Yy, 2))

= o1(z,y)o1(o2(z, y), 2) ® o2(02(2, ), 2),
(2.8) (ar)ro1(vy, U/R) ® oa(vp, v}z) = o1 (v, v/)aR ® o9(v, v')R

for all a,a’ € A, z,y,2,v,v" € V, where we also denoted R(v ® a) = a, ® v,
forallae A, veV.

3. The main result and examples

THEOREM 3.1. Let A®g,V and A®p, W be two crossed products and
Q:WRV - VW a linear map, written Q(w ® v) = vg ® wg for all
v eV and w € W. Assume that the following conditions are satisfied:

(i) Q is unital, in the sense that

3.1) Qlwev)=vely, Qu&ly)=lyew, WYweV,weW
(ii) The braid relation holds for R, P, @Q, i.e.

(3.2) ([da®Q)o(P®idy)o (idw ® R)
= (R®idw) o (idy ® P)o (Q ®ida),
or equivalently,

(3.3) (ar)p @ (vr)Q @ (wp)g = (ar)r @ (vQ)r ® (WQ)P

forallacec A,y eV, weW.
(iii) We have the following hexagonal relation between o, P, Q:

(34) (ida®Q)o(P®idy)o (idy ® o)
= (o ®@idwy) o (idy ® Q) o (Q ® idy ),
or equivalently,

(3.5) o1(v,0")p ® o2(v,v")g ® (wp)g = 01 (vQ,v(’l) ® ag(vQ,v;) ® (wQ)q

for all v,v" € V and w € W, where we also denoted Q(w ® v) =
vg @ wy for allveV, we W.
(iv) We have the following hexagonal relation between v, R, Q:

(3.6) (R®idw)o (idy @ v)o (Q®idw) o (idw ® Q)
= ([da ® Q) o (v @idy),

or equivalently,

(3.7) vi(w,w') @vg @ va(w,w')q = vi(weg, wy)r ® ((vQ)g) R @ Va(we, W)
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for allv € V and w,w' € W, where we also denoted Q(w ® v) =
Vg ®wy for allveV, weW.

Define the linear maps

S:(VeaW)eAd—- A (VeW), §:=(R®idy)o (dy ® P),
- (VoW e(VealW)—-Ax (Ve W),
0 := (pa ®idy @idy) o (idg ® R®idwy) o (0 @ v) o (idy ® Q ® idw ),
T-WeARV)=> (AV)eW, T:=(ida®Q)o(P®idy),
n:WeW - (AV)e W,

n(wew) = (w,w)®1ly) @v(w,w'), Yww €W
Then we have a crossed product A ®@gg (V @ W) (with respect to lygw =
ly ® 1w), a crossed product (A ®ro V) @1,y W and an algebra isomor-
phism A®gp (VW) ~ (A®ps V) Q1 W given by the trivial identifica-
tion.

Proof. We first show that A ®gy (V ® W) is a crossed product, i.e. we
prove (2.1)—(2.5) with R replaced by S, o replaced by 6 etc. The relations

(2.1)) and (2.2)) follow immediately by (3.1)) and the relations (2.1)) and ([2.2))

for R, 0 and P, v. Note that the maps S and 6 are defined explicitly by

Sv®w®a)=(ap)r ® vgp @ wp,

(v @w eV @w') = o1 (v, g (wg, w)r ® 02(v,vp) R @ Va(wg, w)
for all v, € V, w,w' € Wanda € A. Forallae A, v €V and w € W,
we will denote R(v ® a) = ar ® vp = a, ® v, = ar ® VR = ax ® Vg,
QwRV) = 1QRWQ = VR®W; = vGRWg and P(w®a) = ap@wp = ap@wp.

Proof of (2.3)).

So(idy @idw @ pa)(v@w®a®a)

2.0}
— S @ we ad') = ((ad)p)r @ vR @ wp = (apa,)r @ vr @ (wp),

26 (

ap)r(ay)r ® (VR)r ® (Wp)p

= (pa ®idy ®idw)((ap)r ® (a)r © (VR)r @ (wp)y)

= (pa ®idy @ idw) o (ida ® S)((ap)r @ vr @ wp @ d')

= (pa®idy @idy) o (idg ® S) o (S®@ida)(v@w®a®d), q.ed.

Proof of (2.4)).

(s ®idy ®idw) o (idy ® 0) o (S ® idy ® idw)
o(idy ®@idy @ )(vewe v @w @v" @w")
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= (pa®idy ®idy) o (idg ® 0) o (S ® idy ® idwy)
(v@w® a1 (v, v))vi(wy, w')r @ o2 (v, v)) R ® va(wg, w"))
= (pa®idy ®idy) o (idg ® 0)

(([o1 (v, v i (wy, w")RlP)r @ vr @ wp ® o2 (v, v)) R @ V2 (wg, w"))
= (020 oy, )] p)rs v (020 ) )e)

vi((wp)g, va(w, w"))r @ o3(vr, (02(0', v R)g)R

® VQ((wP)qa VZ(w/cgyw”))

[N

A/

(010", v5) (V1 (we, ") R)p)ro1 (vr, (02 (v, v0) R)g)
1 (((wp)p)g, v2(wg, w"))r @ oa(vr, (G2(v',v))R)g)R

@ va(((wp)p)g, va(wi, w"))

™
1)

(01(v", v5) P)g((v1 (wg, w") R)p)ror1 (vg)r, (02(V, v)) R)q)
1 (((wp)p)g, va(wg, w"))r @ oa((vg)r, (G2(v',v0)R)g)R
@ va(((wp)p)gs va(wg, w”))

)
I

(01(v',vg) P) (V1 (wg, w")p) R)ro1 ((vg)rs (02(v),10)g) R)
V1 (((wp)g)p, v2(wg, w"))r @ o2((vg)r, (02(v',v5)g)R)R
® va(((wp)g)p, va(wi, w"))

)

(01(v',00) P) o1 (v, 02(v', v0) ) (V1 (W, w")p) R

V1 (((wp)g)p, v2(wg, w"))r @ (02(vg, 02(v', v0) ) R)R
@ va(((wp)g)ps va(wg, w"))

) / " /

01 (v, (o)) (v, 020, (v)))) (2 (g "))
1 ((wg)g)p. vy, w" ) © (20 02t (1)g) B

® V2(((w§)q)pv VZ(wQ’ w”))

&) 51 (0, 05)01 (020, v5). (15)g) (1 (wly, W) s () vy, W)

® (02(02(v, v), (vQ)g) R)R ® va((wg)g)p, v2(wh, w"))

W
]

2 01 (0, o) (020, 11g). (V) (whg, W) ((wgr) )y va(wly, "))

® 02(02( ’Ula)v (vé)Q)R ® VQ(((U)@)Q)P’ VQ(lev w//))

o1 (v, v’a)m(oz(v, U/Q)’ (v9) o) 1 ((wg)g, wo)vi (v2((wg) g wi), w")R

® 02(02(v,v5), (v)g) R ® va(va((wg)g, wh), w")
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o, (0, 05) {11 (wg) wigh (val(wg) g wly) w0 )

1(02(v, v5)r, (VG)g)R) @ 02(02(v, viy)r, (V)g)R)

® va(v2((wg)g, wg), w")
c

[
IS

1(v, vi5) 1 (wg)g: w) rv1 (2 ((wg)g, wg), w' )R]
1(02(v,vg)r, (v))g) RIR) ® o2(02(v, v5)r, ((VG)e)R)R)
® VZ(VQ((wa)qaw,Q)a w”)

B
I

o1(v, U’@) [Vl(w@ w,)l/l(l/z(w@ w/)Qv w")r]ro1(02(v, U’@)r, (Ugg)R)
® 02(02(0,v5)r, (V) R) ® v2(v2(wg, w')q, w")

N
1N

01(v, v (wg, w') p(v (ve(wg, w')g w")R)ro1 ((02(v, 1) R)r. (v0)R)
® oa((o2(v, ’U’Q)R)T, (Wh)R) ® va(va(wg, w')g, w”)

)
15

o1(v, v’a)yl (wé, w’)Ral (o2(v, U/Q)R, vé)yl (o (wa7 w’)Q, w")r
® 02(02(v, V) R, VQ)r ® V2 (v2(wg, W), w")
= (pa ®idy ®idw)(o1(v, vla)ul(w@ w')g ® o1(o2(v, ’Ula)R, vg)
I/l(l/g(wé, w)g,w"), @ oa(oa(v, ’L)IQ)R, vé)r
® Vg(yg(wa, w')Q,w"))
(ta ®@idy ®@idw) o (ida ® 0) (o1 (v, Ula)l/l (wgrw')r
® 02(v,v5)r ® v2(wg, w') ® v" ® w")
= (4 ®idy ®idy) o (ida ® 0) o ( @ idy ® idy)(v @ w
@veuw @v" @w”), qed.
Proof of .
(pA®idy ®idy )o(id4®0)o(S®idy ®idy o (idy @idy ®.9) (vRWRY @w' ®a)
= (pa®idy ®@idy) o (ida ® 0) o (S @ idy ® idw)
(v@w® (ap)r ® v @ wp)
= (pa®idy ®@idw) o (ida ® 0) ((((ap)r)p)r @ vr @ wy ® v @ wp)
(((@p)Rr)p)ror(vr, (VR)Q)v1((wp)q, wp)r
® 02(vy, (VR)Q)r ® va((wp)q, wp)

2 (((a P)p)R)ro1(vr, (vQ) R)VL((WQ)p, wp)R
® 02(vr, (V) R)R @ va((wQ)p, wp)
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|
2
B
e
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T
B
5
g
QO
%—/
g
D
2
®
)
\V)
<
e
e
x
®
S
g
S
s
g
z

w')ap]r ® 02(v,v9)R @ va(wg,w')p

I
2
<
4
S-
5
g
e

/

D (0, vy )1 (w0 R(ap)r ® (02(v, V) R)r ® va(wg, w')p

= (ua®idy ®idwy) o (idg ® S)(al(v,v’Q)ul(wQ,w’)R

® 02(v,vg) R @ va(wg, w') ® a)
= (pa®idy @idy) o (ida® S)o (I ®ida)(v@wev @w ®a), q.ed.
So A®gp (V ® W) is indeed a crossed product. With a similar com-
putation one can prove that (A ®ro V) &7, W is a crossed product; the
only thing left to prove is that the multiplications of A ®gg (V ® W) and
(A®Ro V) @7, W coincide. A straightforward computation shows that the
multiplication of A ®gg (V ® W) is given by the formula
(a®v@w)(d®v @uw) = alap)roi(vr, vo)vi((wp)g, w'),
® oa(vR, vé?)r @ va((wp)g,w').

We now compute the multiplication of (A ®g, V) @1, W:

(a®@vew)(dev w)
= (a®v)(d @v")rm(wr,w") @ ne(wr, w')
v)(ap @ vg)m (wp)g, w') @ m((wp)g,w')
)(GP®UQ)( 1((wp)g,w') ® 1v) @ 1a((wp)q, w')
v)(apri((wp)qg,w')r ® (vg)r) @ va((wp)Q, w')
alaprr((w ) w')r ]r(fl(vm(v@) ) ® o2(vr, (vg)R) @ v2((wp)g, w')

(a®
:(a
(@@

||ﬁ I

(
ap)r (1 ((wp)q, w)r),01((vR)r, (VG)R)
®02( vR)rs (VQ)R) ® va((wp)Q, w')

N
I

a(ap)ro1(vr, vo)vi((wp)g, w'), ® o2(vr,vg)r ® va((wp)g,w'),
and we can see that the two multiplications coincide. »

EXAMPLE 3.2. We recall from [JLPV] what was called there an iterated
twisted tensor product of algebras. Let A, B, C be associative unital algebras,
Ri:BRA—-ARB, Ry:CR®B—-B®C,R3:C®A— AR C twisting
maps satisfying the braid equation
(idA ® RQ) o (R3 & idB) o (idc & Rl) = (R1 X idc) o (idB & Rg) o (R2 & idA).

Then we have an algebra structure on A® B® C (called the iterated twisted
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tensor product) with unit 14 ® 1p ® 1¢ and multiplication
(@a®b®c)(d @V &) =aldg,)r, @br,bg, ® (cRry)R,C-
We define V=B, W =C, R= Ry, P = R3, @ = Ry and the linear maps
c: VeV ->ARYV, o(b@b)=14@0bb, VbV €V,
v WeaW =AW, vieed)=1a®cd, Ve,d eW.

Then, for the crossed products AQgr ,V = A®g, B, A®p, W = A®g,C and
the map @, one can check that the hypotheses of Theorem are satisfied
and the crossed products A ®gy (VW) = (A®ps V) @71, W (notation
as in that theorem) coincide with the iterated twisted tensor product.

EXAMPLE 3.3. Let A®pg,V be a crossed product and W an (associative
unital) algebra. Define the linear maps

P-W@A—ARQW, Plw®a)=a®w, Va e A, we W,
vWeW =AW, vweuw)=I1axww, Yww €W,

so we have the crossed product A ®p, W which is just the ordinary tensor
product of algebras A ® W. Define the linear map Q : WV = VW,
Qw®v) =v@w forallv € V, w € W. Then one can easily check that the
hypotheses of Theorem are satisfied.
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