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LAZY 2-COCYCLES OVER MONOIDAL HOM-HOPF ALGEBRAS

BY

XIAOFAN ZHAO (Xinxiang) and XIAOHUI ZHANG (Qufu)

Abstract. We introduce the notion of a lazy 2-cocycle over a monoidal Hom-Hopf
algebra and determine all lazy 2-cocycles for a class of monoidal Hom-Hopf algebras. We
also study the extension of lazy 2-cocycles to a Radford Hom-biproduct.

1. Introduction. Let H be a Hopf algebra over a field k. A left 2-cocycle
o: H®H — kis called lazy if

o(h1,g1)h2g2 = h1gio(h2, g2)

for any h,g € H (see [11]). An important property used in Chen’s study [6]
of Hopf algebras is that all normalized and convolution invertible lazy
2-cocycles form a group denoted by Z%(H). Moreover, Schauenburg [23]
defines the lazy 2-coboundary subgroup B%(H) of Z%(H) and the second
lazy cohomology group HZ(H) = Z%(H)/B2%(H), generalizing Sweedler’s
second cohomology group of a cocommutative Hopf algebra. In connection
with Brauer groups of Hopf algebras, bi-Galois groups, projective representa-
tions, lazy cocycles have been studied systematically in [3], [5], [11] and [21].

Motivated by certain problems in physics, various classes of nonassocia-
tive algebras such as Hom-Lie algebras, quasi-Hom-Lie algebras, Hom-Lie
superalgebras etc. have been studied (see [2], [1] and [13]). With the same
idea of modifying associativity-like conditions by endomorphisms, the con-
cepts of Hom-algebras, Hom-colgebras, Hom-Hopf algebras etc. were intro-
duced in [17], [18], [19] and [27]. In [4], the authors consider Hom-structures
from the point of view of monoidal categories and introduce monoidal Hom-
algebras, monoidal Hom-coalgebras etc. in a symmetric monoidal category,
which are slightly different from the above Hom-algebras and Hom-coal-
gebras. Clearly, the notion of monoidal Hom-Hopf algebra is a generalization
of the ordinary Hopf algebra. The theory of monoidal Hom-Hopf algebras
was further developed by many scholars [7-10], [14-16].

The main purpose of this paper is to establish a theory of lazy 2-cocycles
in the setting of monoidal Hom-Hopf algebras. The paper is organized as
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follows. In Section 2, we recall basic definitions and facts on monoidal Hom-
Hopf algebras, Hom-modules, Hom-comodules, Hom-Yetter—Drinfeld mod-
ules, and Radford’s Hom-biproducts. In Section 3, we introduce the notions
of left 2-cocycle, right 2-cocycle and lazy 2-cocycle o : H ® H — k over a
monoidal Hom-Hopf algebra H. Then we compute all lazy 2-cocycles over
a class of monoidal Hom-Hopf algebras including a 3-dimensional monoidal
Hom-Hopf algebra and Sweedler’s 4-dimensional monoidal Hom-Hopf alge-
bra [7]. The main result of that section is Theorem 3.5 asserting that all
normalized and convolution invertible lazy 2-cocycles form a group. Then
we define the second lazy cohomology group H? (H). Some properties of left
2-cocycles are also studied.

Sections 4 and 5 are devoted to the extension of lazy 2-cocycles to a Rad-
ford Hom-biproduct. Namely, let (H,a) be a monoidal Hom-Hopf algebra
with a bijective antipode, and (B, 5) be a Hopf algebra in the Hom-Yetter—
Drinfeld category £HYD (see [15] for details). In Section 4, we present a
new construction (BﬁX H, B ® a) generalizing Radford’s Hom-smash product
and we obtain a lazy 2-cocycle over (BﬁX H,8 ® a) from a lazy 2-cocycle
over (H,«). In Section 5, we define a lazy 2-cocycle in the setting of Hom-
Yetter—Drinfeld categories and study some of its properties similar to ones
of Section 3. Moreover, we show that a lazy 2-cocycle over (B, /3) induces a
lazy 2-cocycle over (B H, 8 ® a).

Throughout this paper, k is a fixed field. Unless otherwise stated, all
vector spaces, algebras, coalgebras, maps and unadorned tensor products
are over k. For a coalgebra C, we denote its comultiplication by A(c) =
c1 ® ¢y for any ¢ € C; for a left C-comodule (M, p), we write its coaction
p(m) = m(_1y ® my for any m € M, where the summation symbols are
omitted. Throughout this paper we freely use the Hopf algebra terminology
introduced in [12], [20], [22], [25], [26].

2. Preliminaries. Let My = (Mg, ®,k,a,l,7) be the category of
k-modules. Following [4] we form a new monoidal category H(My) =
(H(My), ®, (k,idy), a,1,7). The objects of H(My) are pairs (M, ), where
M € Mg and p € Autg(M). Any morphism f : (M,u) — (N,v) in
H(My) is a k-linear map from M to N such that vo f = f o u. For any
(M, ), (N,v) € H(My), the monoidal structure is given by

(M, p) ® (N,v) = (M &N, p@wv),
and the unit is (k,idy).

Generally speaking, all Hom-structures are objects in the monoidal cat-
egory H(My) = (H(My),®, (k,idy), a,1,7), where the associativity con-
straint a is given by the formula

avnr =aynso(p@id) @A) =(ue (ido ™) oaynnr,
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and the unit constraints [ and 7 are defined by

Iy =poly=lyo(id®p), Fa=pory=ryo(p®id),
for any (M, i), (N,v), (L, \) € H(My). The category H(My) is called the
Hom-category associated to the monoidal category M.

REMARK 2.1. We recall from [10, Section 5] that there is an exact func-

torial isomorphism
¢ : H(My) — Mod(k[t,t~1])

between the monoidal category H(My) defined above and the category
Mod(k[t,t71]) of all modules over the k-algebra k[t,¢~1] of all polynomials
in one indeterminate ¢, with coefficients in k, localized at the multiplicative
system {1,¢,¢2,...}. Therefore our monoidal category H(My) is nothing
else than the module category Mod(k[t,t~!]). Consequently, the monoidal
category 7:[(Mk) can be viewed as a full exact subcategory of the category
Repy @ of all k-linear representations of the quiver () with one vertex and
one loop (see Sections 14.1-14.4 of the monograph [24]).

This interpretation of the category H(My) in terms of quiver represen-
tations could probably simplify part of our study.

Now we recall from [4], [7] and [15] some definitions on Hom-structures.

DEFINITION 2.2. (i) A wunital monoidal Hom-associative algebra is an
object (A, «) in the category H(My) together with an element 14 € A and
alinear map m: A® A — A, a ® b+ ab, such that
(2.1) a(a)(be) = (ab)a(c), aly = ala) = 1aa,

(2.2) a(ab) = a(a)a(b), «o(la) =14,
for all a,b,c € A.

(ii) Let (A,a) and (A’,a’) be two monoidal Hom-algebras. A Hom-
algebra map f : (A,a) — (A’,d/) is a linear map such that foa = a’ o f,
flab) = f(a)f(b) and f(1a) =1,

Note that the first part of (2.1) can be rewritten as
(2.3) a(ba™(c)) = (o Ha)b)e.

In the language of Hopf algebras, m is called the Hom-multiplication, o

is the twisting automorphism, and 14 is the unit.

DEFINITION 2.3. (i) A counital monoidal Hom-coassociative coalgebra is
an object (C,~) in the category H(My) together with linear maps A : C' —
C®C, c—c1 ®cg, and € : C' — k such that

(24) 7y He) @ Aler) = Aer) @7 Hez),  cre(en) = e(er)ea =y (e),
(2.5) A(v(c)) = v(e1) ®v(c2), ey(c) = €(c),
for all c € C.
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(ii) Let (C,~) and (C’,4") be two monoidal Hom-coalgebras. A Hom-
coalgebra map f : (C,v) — (C',') is a linear map such that foy=+"o f,
Ay of=(f® f)oAoand ey of = ec.

Note that the first part of (2.4) is equivalent to
(2.6) c1 ® c21 @ y(c22) = v(c11) ® €12 ® ca.

DEFINITION 2.4. (i) A monoidal Hom-bialgebra H = (H,oc,m, 1, A, €)
is a bialgebra in the category H(My), which means that (H,o,m,1p) is a
monoidal Hom-algebra and (H,a, A,¢) is a monoidal Hom-coalgebra such
that A and e are Hom-algebra maps, that is, for any h,g € H,

A(hg) = A(R)A(g), A(lw)=1p® 1,
e(hg) = e(h)e(g), e(lg) = 1y

(ii) A monoidal Hom-bialgebra (H,«) is called a monoidal Hom-Hopf
algebra if there exists a linear map (called the antipode) S : H — H in

H(My) (i.e., Soa = aoS), which is the convolution inverse of the identity
map (i.e., S(h1)he = e(h)lg = h1S(hs) for any h € H).

As in the case of Hopf algebras, the antipode of a monoidal Hom-Hopf
algebra is a morphism of Hom-anti-algebras and Hom-anti-coalgebras.

DEFINITION 2.5. (i) Let (A4, @) be a monoidal Hom-algebra. A left (A, )-
Hom-module is an object (M, p) in H(My) together with a linear map
w: A M — M, a ®m — am, such that

a(a)(bm) = (ab)p(m),  1am=p(m), plam) = a(a)u(m),
for all a,b € A and m € M.
(i) If (M, ) and (N, v) are two left (A, a)-Hom-modules, then a linear

map [ : M — N is called a left A-module map if for any a € A and m € M
we have f(am)=af(m) and fou=vo f.

DEFINITION 2.6. (i) Let (C,7) be a monoidal Hom-coalgebra. A left
(C,~)-Hom-comodule is an object (M, p) in H(My) together with a linear
map py 2 M — C® M, m — m_) ® m), such that

A(m_yy)@u~ (mg) =7 (my)@pm(m),  e(my)me) = p~ ' (m),
pum (p(m)) = v(m_1)) @p(m)),
for all m € M.
(ii) If (M, p) and (N, v) are two left (C,~y)-Hom-comodules, then a linear

map g : M — N is called a left C'-comodule map if gopu = vog and
pn(g(m)) = (id ® g)par(m) for any m € M.
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DEFINITION 2.7. Let (H, ) be a monoidal Hom-bialgebra and (B, ) be
a monoidal Hom-algebra.

(i) (B,p) is called a left (H,«)-Hom-module algebra if (B, ) is a left

(H, a)-Hom-module with the action - and satisfies
h~(ab)=(h1~a)(h2~b), h'lBZE(h)lB,

for any a,b € B and h € H.

(ii) (B, B) is called a left (H, a)-Hom-comodule algebra if (B, f3) is a left
(H, a)-Hom-comodule with the coaction p and satisfies

plab) = a_1b1) ® a@)bo), p(lp) =1 @ 1,

for any a,b € B.

DEFINITION 2.8. Let (H, ) be a monoidal Hom-bialgebra and (C, ) be
a monoidal Hom-coalgebra.

(i) (C,~) is called a left (H,a)-Hom-module coalgebra if (C,~) is a left
(H, a)-Hom-module with the action - and satisfies
A(h-c)=hi-c1®hy-ca, ec(h-c)=ecn(h)ec(c),

for any c € C' and h € H;
(ii) (C,~) is called a left (H,«)-Hom-comodule coalgebra if (C,7) is a
left (H, a)-Hom-comodule with the coaction p and satisfies

c—1) ® A(c(o)) = c1(=1)C2(=1) @ C1(0) @ C200),  c(—1)Elc(oy) = €(e)lm,
for any c€ C' and h € H.
DEFINITION 2.9. Let (H, «) be a monoidal Hom-bialgebra and (B, ) be

a left (H, «)-Hom-module algebra. The Hom-smash product (Bt H, 54 a) of
(B, ) and (H, «) is defined as follows, for all a,b € B,h,g € H:

(i) Bt H= B® H, when we view them as k-vector spaces,
(ii) Hom-multiplication is given by
(ath)(btg) = alhi-B7 (b)) § alha)g.
Note that (B # H, 5§ «) is a monoidal Hom-algebra with unit 1z £ 1.
DEFINITION 2.10. Let (H,«) be a monoidal Hom-bialgebra and (B, §)

be a left (H,a)-Hom-comodule coalgebra. Their Hom-smash coproduct
(B x H, 3 x «) is defined as follows, for all b€ B,h € H:

(i) Bx H= B ® H, when we view them as k-vector spaces,
(ii) Hom-comultiplication is given by
A(bx h) = (b x by_pya ' (h1)) ® (B(by(o)) X ha).
Note that (B x H,3 x «) is a monoidal Hom-coalgebra with counit
EB X EH.
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Let (H,«) be a monoidal Hom-bialgebra and (B, ) be a left (H,«)-
Hom-module algebra and a left (H, «)-Hom-comodule coalgebra. Denote the
Hom-smash product (BfH, St «) and the Hom-coproduct (B x H, 5 X «) by
(BﬁX H,B ® «). In [15], the authors proved that (BjjX H, 3 ® «) is a monoidal
Hom-bialgebra if and only if the following conditions hold:

(i) ep is an algebra map and Ag(lg) =15 ® 1p,
(ii) (B, p) is a left (H, «)-Hom-module coalgebra,
(iii) (B, p) is a left (H, «)-Hom-comodule algebra,
(iv) AB((lb) = ai(ag—1y - B~ L)) ® Blas(o))b2,
(v) (h1-B7H(D))(—1yha @ B((h1 - B~ (b))(O)) h1b_1) @ ha - by, for all
a,be B and h € H.

Note that if (BﬁXH ,8 ® «a) is a monoidal Hom-bialgebra as above, it
is called a Radford Hom-biproduct. In this case, the pair ((H,«), (B, [))
is called an admissible pair. Moreover, if (H,«) is a monoidal Hom-Hopf
algebra with antipode Sy and S : B — B in H(Mj) (i.e., SgoB = f0Sp)
is a convolution inverse of idp, then (BﬁX H, 3 ® «) is a monoidal Hom-Hopf
algebra with antipode S given by

S(b X h) = (13 X SH(afl(b(,l))Oé72(h))) (SB(b(O)) X 1H)
forallbe Band h € H.

DEFINITION 2.11. Let (H,a) be a monoidal Hom-Hopf algebra. A left-
left (H, «)-Hom-Yetter—Drinfeld module is an object (M, ) in H(My) such
that (M, ) is a left (H, «)-Hom-module (with notation h ® m — h-m) and
a left (H,a)-Hom-comodule (with notation m — m_1) ® m()) satisfying
the following compatibility condition:

him_1) ® hy - mg) = (h1 - 87 (m))(_1yha @ B((h1 - B7(m)) (o)),
which is equivalent to the equation

p(h-m) = (hia™ (m(-1)))S(h2) @ (a(h12) - 1)),
for all h € H, and m € M.

Let ZHYD be the category of all left-left (H, a)-Hom-Yetter-Drinfeld
modules and left H-linear left H-colinear maps. If the antipode of (H, «) is
bijective, then the category (g?—[}ﬂ?,@, (k,id), a,l, r, c) is a braided monoidal
category, where for any (M, ), (N,v) € H(My), the monoidal structure is
given by (M,p) @ (N,v) = (M @ N,u®@v), (M ® N,u®@v) € THYD in
the usual way), the unit is (k,id), ((k,id) € ZHYD in the usual way), the
associativity and unit constraints are given by
avvw :(URV)@W - U(VeW), (uev)w— Bu)®(ver (w)),

ly : k@V =V, keve—ky(v),
rv:Veok—=V, v®k— ky(v),
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and the braiding is given by
oy UV —=Val, ugveu_y -y (v)® By,

for any (U, B), (V,7), (W,7) € BHYD and u e U, v € V, w e W, k € k.

Recall from [15, Proposition 4.7] that if (H, «) is a monoidal Hom-Hopf
algebra and (B, ) is a Hopf algebra in gHyD, then (BﬁXH,B ® «a) is a
monoidal Hom-Hopf algebra.

3. Lazy 2-cocycles over monoidal Hom-Hopf algebras. In this
section, we always let (H, ) denote a monoidal Hom-Hopf algebra and o :
H ® H — k be a k-linear a-invariant map, i.e., 0o (o ® a) = 0.

DEFINITION 3.1. Let 0 : H ® H — k be a k-linear a-invariant map.

(i) o is called a left 2-cocycle if o(h1, g1)o(haga,l)=0(g1,11)0(h, gal2);
(ii) o is called a right 2-cocycle if o(h1g1,1)o(ha, g2) =0 (h, g1l1)o (g2, l2);
(iii) o is called lazy if o(h1,g1)hage = h1g10(h2, g2);
(iv) o is called normalized if o(h,1) = o(1,h) = e(h),

for any h,g,l € H.

REMARK 3.2. (i) If 0 : H ® H — k is a convolution invertible left
2-cocycle, then o1 is a right 2-cocycle;

(ii)) If 0 : H® H — k is a lazy left 2-cocycle, then it is also a right

2-cocycle and in this case, we call o a lazy 2-cocycle.

ExaMPLE 3.3. Let (H =k{1,9,¢9°},a) be a 3-dimensional monoidal
Hom-Hopf algebra, where the Hom-multiplication is given by

H |1 g g

11 ¢ g
919 g 1
?lg 1 ¢

the Hom-comultiplication is given by
A =101, Alg)=¢*"@¢ Al)=gog,

the counit is given by

the antipode is given by

S =1, S(g=g" S =g
and a € Autg(H) is given by

a(l)=1, alg)=¢>, alg’)=gy.
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It is easy to see that any k-linear a-invariant map o : H ® H — k is of the
form

o1 g ¢
1 | k1 ko ke
g | ks ka ks
9 | ks ks ka

for some k; €k, i =1,2,3,4,5.

Since (H, «) is cocommutative, any left 2-cocycle is lazy. A computation
shows that any lazy 2-cocycle o must be equal to ko; for some k € k and
i€{1,2,3,4,5,6}, where

o |l g g oa |1 g ¢° o3 |1 g ¢°
111 1 1 111 1 1 111 1 1
g |1l 1 1 g|1l 0 O g |0 0 O

¢l1 1 1 11 0 0 g0 0 0
os |1 g g° os |1 g g o6 |1 g g°
111 0 o0 111 0 0 110 0 0
g|1l 0 O g |0 0 O g |0 0 1
¢>|1 0 0 >0 0 0 g2 |0 1 0

EXAMPLE 3.4. Recall from |7, Example 3.5] that (Hs = k{1,¢,z,y}, «)
is a 4-dimensional monoidal Hom-Hopf algebra (usually called Sweedler’s
4-dimensional monoidal Hom-Hopf algebra), where the Hom-multiplication
is given by

Hy | 1 g x oy

1 g cx cy

g 1 cy cx
cc —cy 0 O

e 8 @ =

cy —cx 0 O

the Hom-comultiplication is given by

A(l)=1®1, A(g)=g®gy,

1
(y@g+1®y),

A(m)z%(@'@l—i—g@x), A(y):E

the counit is given by

e(l)=c(g) =1, e(x)=¢(y) =0,
the antipode is given by

S1)=1, S(g=g9 Sk)=-y, S =z,
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and o € Auty(Hy) is given by
al)=1, alg)=g alz)=cr, oy =cy,
for any 0 # c € k.
We will find all lazy 2-cocycles of (Hy, ). When ¢ = 1, (Hy, ) is just

the ordinary Sweedler’s 4-dimensional Hopf algebra and any lazy 2-cocycle
of (Hy, ) is of the form

c|ll g «x Y
171 1 0 0
g1l 1 O 0
x |0 0 t/2 —t/2
y|0 0 t/2 —t/2

for some ¢ € k (see [3, Example 2.1]).
When ¢ = —1, any lazy 2-cocycle of (Hy, ) is of the form

ocl|l g Y c|ll g = vy
110 0 1/ k£ 0 0
g|0O O 0 O or glk kK 0 O
|0 0 ki ko z|0 0 t —t
y |0 0 ks ka y|0 0 t —t

for any ki, ko, ks, ke, k,t €k, and k 7é 0.
When ¢? # 1, any lazy 2-cocycle of (Hy, ) is of the form

S O T |9
O O O O8
o O O oOo|w

@ 8 @ ~=[9
o O F oI

for any k € k.

Notation. (i) The set of normalized and convolution invertible k-linear
a-invariant maps ¢ : H ® H — k is denoted by RegQ(H ,a); it is a group
under convolution product.

(ii) The set of lazy elements of Reg?(H, ), denoted by Reg? (H, ), is a
subgroup of Reg?(H, a).

(iii) We denote by Z2?(H,a) the set of left 2-cocycles on (H,«) and
by Z2(H,a) the set Z%(H,a) N Reg? (H, ) of normalized and convolution
invertible lazy 2-cocycles.

It is well known that Z2(H,«) is in general not closed under convolu-
tion. Next we show that one of the main features of lazy 2-cocycles is that
Z2(H, ) is closed under the convolution product.
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THEOREM 3.5. The subset Z%(H, ) of Z*(H,«) is a group under the
convolution product.

Proof. One easily shows that o € Z%(H, «) implies 0! € Z2(H, a). It
remains to show that o * 7 € Z%(H,«) for any 0,7 € Z?(H, ), i.e.,

(0% 7)(h1,91)(0 * T)(haga, 1) = (0 * 7)(g1, 1) (0 * T)(h, gal2)

for any h, g,l € H. Indeed, we have
(U*T)(hlvgl)(U*T)(h2927 1) = o(h11, g11)7(h12, g12)0 (ha1g21, 11) T (ha2g22, l2)
h1, g1)o(a(hai2)a(g212), 1) T (a(ha11), a(g211))7(ho2ga2, l2)
= o(h1, g1)o(a(hor1)a(ga11), l1)7(h212, g212) 7 (h22g22, I2)
= 0(h1,91)0(ha1921, 1) 7 (h221, g201) 7 (ha22g202, a~*(I2))
h1,91)0( )7 (g1, & (I21)) 7 (hag, gazae™ ' (l22))

=0 ha1go1,l1)T

I
Q

o(
(
(
(
(h11, g11)o (hi2g12, 1) 7 (921, I21) 7 (h2, ga2la2)
(911, li1)o(h1, g12l12)7(g21, l21) T (h2, gaal2o)
(
(
(
(

|
)

I
)

g1, 01)o(h1, a(g211)a(l211))7(g212, l212) T (h2, g22l22)

I
Q

(
91,11)7(go11, l211) 0 (h1, a(g212)a(l212)) 7 (h2, gazl22)

91,11)7(g21, 121)0 (h1, a(g2a1)(l221)) T (h2, (g2 ) (l222))
91,11)7(g21, l21) (0 * 7) (h, a(g22) a(l22))

o(g11,111)7(g12, l12) (0 * 7)(h, g2l2) = (0 * 7)(g1,11)(0 * T)(h, g2l2). =

ExXAMPLE 3.6. If (H, «) is a monoidal Hom-Hopf algebra of Example 3.3,
then one easily shows that Z%(H, ) = {01} in the notation of Example 3.3.

I
Q

o

EXAMPLE 3.7. Let (Hy4, ) be a monoidal Hom-Hopf algebra of Example
3.4. Then Example 3.5 yields:

(i) for ¢ =1, the elements in the group Z7(Hy, ) are of the form

c|ll g = Y
111 1 0 0
gl1l 1 0 0 with A € k;
2|0 0 A2 —)\2
y|0 0 A2 —)2
(ii) for ¢ = —1, the elements in the group Z#(Hy, ) are of the form

O O R

xr
0
0 0 with u € k;
o
o

< 8 @ = |9
S O = =
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(iii) for ¢ # 1, the group Z%(Hy, @) has a unique element o of the form

c|ll g = vy
111 1 0 O
gl 1 0 O
z|[0 0 0 O
y|0 0 0 O

Next we define the second lazy cohomology group of (H, a).

DEerINITION 3.8. Let v : H — k be a k-linear a-invariant map, i.e.,
voa=1.

(i) We say that ~ is normalized if v(1g) = 1.

(ii) We say that v is lazy if v(h1)he = hi1y(hg) for any h € H.

THEOREM 3.9. (i) The set of normalized and convolution invertible
k-linear a-invariant maps v : H — k, denoted by Reg!(H, ), is obviously
a group under the convolution product.

(ii) The set of lazy elements of Reg!(H, «), denoted by Regt (H, ), is a
central subgroup of Reg!(H, ).

LEMMA 3.10. For any v € Reg!'(H, ), the map D*(vy) : H® H — k
defined by
DY(7)(h,g) = v(h1)y(g1)7 " (hage)

for any h,g € H is a normalized and convolution invertible left 2-cocycle.
Moreover, if v is lazy, then so is D'(7).

Proof. Clearly, D!(v) is k-linear, a-invariant and normalized. We check
that D!(v) is a left 2-cocycle. Indeed, for any h,g,l € H, we have

D'(7)(h1,91) D (7) (haga, 1)
h11)v(g11)7 " (ha2g12)v(ha1ga1 )7 (117~ ((ha2ge2)ls)
ho119211)7(h2129212)7(1)y " ((ha2gas)la)

=7
=7 (

hi)y ™ (hoa ! (gal2))
ol
1

-1

Y(h1)y ™ (ga11l211)v(g212l012) 7 (haa(gazlan))
)y(1)y ™~ (gralia) v (ha)y(garlar )y~ (ha(gaalas))

= Dl(’)/)(glyll) Y(9)(h, gala).

Hence D'(v) is a left 2-cocycle. Next we prove that D!(v) is convolution
invertible. Define a map T'(v) : H ® H — k as

T'(7)(h, g) = v(h1g1)y ' (h2)v " (g2)
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for any h,g € H. We show that D'(y) * T'(y) = T'(v) * D'(v) = egon.
Indeed, we have

(D7) * T () (s 9)
= W(hn) (911)7 " (Pa2g12)v(ha1g21)y " (haa)y ™" (g22)
(h1)7(g1)7 " (ha1g21)v(ho21g221)y  (haz2)v ™' (g222)
(hl) (91)7 " (ha119211)v(ha129212)7 ™ (ha2)y ™ (g22)
= e(h)e(g).
Similarly, we get T'(vy) * DY(y) = eggn. If 7 is lazy, it is easy to see that
D'(y) is lazy. =

PROPOSITION 3.11. The map D'(a) defined in Lemma 3.10 induces a
group morphism Reg} (H,a) — Z2(H,a); its image, denoted by B} (H,«),
is contained in the center of Z3(H,a).

Proof. By Lemma 3.10, we have D(y) € Z%(H,a) for any v €
Reg! (H, ). Next we check that D'(y x 4/) = D!(y) x D'(y/) for any
7,7 € Regt (H,a), and D'(¢) = eggp. Indeed, for any h,g € H, we have

D (y ) (h,g) = y(h11)y (h12)7(911)7 (912)7' " (ha1ga1)y ™ (hazgaa)

(h)v(g1)7 " (haagaa)y (ha11)7' (9211)7' ™ (ha12g212)
= y(h)v(g1)7 " (haaga2) D' (7') (a1, g21)
v(h1)7(91)7 " (ha1g21) D' (') (haz, ga2)
Y(h11)y(g11)7 " (h12gi2) D' (7) (ha, g2)

= (D'(7) * D'(¥"))(h, 9),

(
and D' (e)(h, g) = e(h1)e(g1)e(haga) = e(h)e(g).

Finally, we show that B%(H,«) is contained in the center of Z%(H, ),
i.e., cxD(y) = DY(y)*0 for any v € Reg} (H,a) and o € Z2(H, «). Indeed,
for any h,g € H, we have
(0% D'(7))(h, g) = U(hl,gl)

hlvgl)

= (D'(7) % 0)(h,g). =
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DEFINITION 3.12. Let (H,a) be a monoidal Hom-Hopf algebra.

(i) The elements of B%(H,«) are called lazy 2-coboundaries.
(ii) The quotient group

Hi(H,0) = Zj(H,a)/BL(H,a)
is called the second lazy cohomology group of (H, ).
Finally, we list some properties of left (right) 2-cocycles.

PROPOSITION 3.13. If we define a Hom-multiplication -, on (H,«a) by
h o g = o(h1,g1)alhage) for any h,g € H, then (-H,a) = (H,,1n, )
is a monoidal Hom-associative algebra if and only if o is a normalized left
2-cocycle.

Proof. For any h € H, it is easy to see that h-, 1 = a(h) if and only if
o(h,1g) =¢e(h) and 1y -» h = a(h) if and only if o(1x,h) = ¢(h). For any
h,g,l € H, we have
a(h) o (90 1) = o(g1,l)o(a(hn), a(gar)a(lar))a? (ha) (a® (g22)a® (l22))
= o(g11, i1)o(h1, grali2)o® (ha) (a(g2)e(la)),
and
(h -5 9) o a(l) = o(h1, g1)o(a(ha)a(gar), a(lr))(a® (hz)a?(g22)) @ (Io)
= o(hi1, g11)o(h2giz, h)a® (ha) (a(g2)a(l2)).
Hence, if -, is Hom-associative, we get

(911, ln)o(hn, giahi2)a® (he) (a(g2)x(la))
= o(h1, gn)o(hiagiz, h)a® (he)(a(g2)a(l2))-
Applying € to both sides, we obtain
o(g1,h)o(h, g2lz) = o(h1, g1)o(h2ga, 1),
which means o is a left 2-cocycle.

Conversely, if o is a left 2-cocycle, it is straightforward to deduce that
ah) 6 (g6l)=(hg)oall),ie., , is Hom-associative. m

ProproSITION 3.14. Let 0 : H ® H — k be a normalized left 2-cocycle.
Then (,H, ) is a right (H, a)-Hom-comodule algebra via Ap.

Proof. From the above proposition, we know that (,H, «) is a monoidal
Hom-associative algebra. Clearly, it is a right (H, «)-Hom-comodule via Ap.
We just need to show that Ag(h -5 g) = h1 -6 g1 ® hage. Indeed,

Ap(h o g) = o(hi, g1)a(har)a(gar) ® alhaz)a(gee)
= o(h11, g11)a(h12)a(g12) ® hage = hi - g1 @ hago. =

By applying the arguments in the proofs of Propositions 3.13 and 3.14,
we get the following three propositions.
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PROPOSITION 3.15. If we define a Hom-multiplication -, on (H,«a) by
h-o g = alhigr)o(he, g2) for any h,g € H, then (Hy, o) = (H, o, 1H, ) is
a monoidal Hom-associative algebra if and only if o is a normalized right
2-cocycle.

PROPOSITION 3.16. Let o be a normalized right 2-cocycle. Then (Hy, &)
is a left (H, «)-Hom-comodule algebra via A .

PROPOSITION 3.17. Let o be a normalized lazy 2-cocycle. Then (,H, &)
= (H,, ), and we denote it by H(o). It is an (H,a)-Hom-bicomodule al-
gebra via Ag.

4. Extending (lazy) 2-cocycles to a Radford biproduct, I. We
begin this section with the following construction.

PROPOSITION 4.1. Let (H, «) be a monoidal Hom-bialgebra, (B, 3) a left
(H, «)-Hom-module algebra and (A,~) a left (H, a)-Hom-comodule algebra.
Then on the space B ® A we have a Hom-associative algebra structure, de-
noted by (B X A, B ® ), with unit 15 X 14 and Hom-multiplication

(bx a)(b xad)= bla_y) BT X 'y(a(o))a'
for any b,b' € B and a,d’ € A.

Proof. We can easily see that 1p x 14 is the unit. Next we just show the
Hom-associativity of the Hom-multiplication, i.e.,

BV xa) (¥ xa)( xa")) = ((bxa)¥ xd))(Bey)O xad)
for any b,V/,b" € B and a,d’,d’ € A. In fact, we have
B 7)(6 x a)((b’ 2 a’)(b’/ a"))
(®)(v(a W (af_yy - BTHO)) % ¥(v(@) o) (g )a”)
(<a a1y) - B (alary2) - B alyy - B7HH))))
x 7% (ago)) (v(afg))a”)
= (bac—1) - B~ E)))B(ala) 1) - (@ (a(_y) - B2()))

X (7 ((0)(0))7(“’(0)))’7(“”)

/

e
b(a -1) B~ l(b/
(ay- 87"
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ProrposiTIiON 4.2. If ((H,«),(B,f)) is an admissible pair and (A,~)
is a left (H,a)-Hom-comodule algebra, then (B X A, ® ) becomes a left
(BﬁX H, 5 ® a)-Hom-comodule algebra with coaction

A Bb<A—>(B H)® (Bx A),
A(b % a) = (b1 X by (a(1))) ® (B(ba0)) X ag)),
for any b € B and a € A.

Proof. We first prove that ((B x 4,8 ®7),) is a left (BS'H, 5 ® a)-
Hom-comodule. For this, we have the following computations:

(e ®@id)A(b x a) = e(by X by—1ya ' (a(—1))) (B(b(0)) X a(n))
= (e Hbxa),

AB@)(bx a) = (B(b1) x B(b)a—na ' (v(a) (1)) @ (B(B(b)2(0)) * ¥(a)(0))
= (B(b1) x 04(52(—1))6%—1)) ® (52(52(0)) X V(G(o)))
=(Bea®B@7)A(bxa),

and

(B®a)™ @A a)

= (571(51)Xafl(bz(fl))ad(a(fl)))

® ((B(ba(0)1) X Bba(oy2) (—1y ™ (a(0y(-1))) @ (B(B(b2(0)2)(0)) X A(0)(0)))
= (B~ (b1) x (@ M (bar—1y)a (ban(—1)))a Ha_1y1))
® ((B(ba1(0)) X (baz(oy(~1))r (g 1)2))®(52(b22 0) %7 a)))

= (b x (@™ (brg(—1))B "  (b2) (-1 ) ) “ac))

@ ((B(bra()) x (B~ (b2) (<1 ) Ja" (a—1)2)) @(8 )0) 7 (ag))))

= (b1 xbio—1y(a (ba_1y1)a (a1 )®( 512 (0) XbQ D2a (a(-1)2))

® (bayo) D<7_1(@(0))))

= (A @ (897 )AGxa),

for any b € B and a € A. We proceed to show that A is a Hom-algebra map.

Clearly, \(1px14) = (1px1g)®(1gx 14). For any b,b' € B and a,d’ € A,
we have

A(bx a)(b xa))
= ((bla1y - B7HO))1 x (bla1y - B7HE)))2—nye (Va@))a')(-1)))
® (B((bla1y - B7H1)))20)) % (V(a@))a) o))
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Bbao)) (a2 - 871 (05))) (—nya ™ (alagy-1))a(_1)))
@ (B((B(by )(a (—12 - B7H05))) ) X Y(a)0)a(p))
= (bl (by—1))e Ha1y1) - B71(BY))
o (by(0)(— )(04 Ya-yy2 - B7H)) (v -)e (a(_1))
® (8(ba0)(0))B(a-1)2 - B~ 1(b'z))(o)) X v(a)(0)) (o))
= (bi(a™ (by—p))a(aay) - B7H(BY))
X a (bz( o) (@ H((ela—1y21) - B7H(B5)) cnyela—1ya2))a (a(_yy)))
® (52 (ba(0)(0)) B(la—1y21) - B71(15))0)) ¥ a(0)a(o))
= (b1(a by (a( ) ()
o (by0) (—1)) (@ (ea(1y21)by 1)) (a(_yy)))
® (ﬂz(bz(O)(O))(a(a(—l)m) b)) X aq)a(p))
= (b1 (ba—1yra-1y1 - B /))

X

a® (by(—1)2) (@ (aa_y12)bhy 1)) (af_y))))
® (B(ba(0)) (a(-1)2 - b2(o)) X a(0)a(g))
= (bi(by—1y1a(-1y11 - B~ (0))) x O‘(b2(—1)2a(—1)12)(bIZ(fl)a_l(a/(—l))))
® (B(bao)) (a(1)2 - by(g)) % aq)a(p))
(bl((b2 —pna (a( 1))) B (bl))
x a((by—1ya " (a—1)))2) by o (a(_y)))
® (B(bao)) (aq)(—1) - byo)) % ¥(@)0))a(n))
= (b1 x by—1ya (a(_1))) (b) x blz( 1)0‘ 1(‘1'( 1)
® (B(ba(0)) * a())(Bbyg)) % alg))
=Abx a)A\(b' x d),
Hence, A is a Hom-algebra map, and the proof is finished. =

Now we can obtain the main result of this section.

THEOREM 4.3. Let ((H,«),(B,f)) be an admissible pair and let o :
H® H — k be a normalized and convolution invertible right 2-cocycle.
Define a map

G:(BYH)®(&:BYH) ~k,  &(bxht xh)=epb)est)o(h,h),

for any b,/ € B and h,h' € H. Then ¢ is a normalized and convolution
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invertible right 2-cocycle on BﬁXH, and we have
((BﬁXH)&yﬂ ® a) = (B X Hy, B® a)

as left (BﬁXH,B ® a)-Hom-comodule algebras. Moreover, & is unique with
this property.

Proof. Clearly, ¢ is 8 ® a-invariant, normalized and convolution invert-
ible. Next we show that it is a right 2-cocycle. By Propositions 3.15 and 3.16,
we know that (H,, «) is a left (H, a)-Hom-comodule algebra via Ag. So by
Proposition 4.1, B X H, is a Hom-associative algebra. For any b,0’ € B and
h,h' € H, we have
(bx h)-5 (1 xh)
= (B@a)((br xby—pya ! (7)) (V) x by _pya =" (B))))

7 (B(ba0) X ha, ﬁ(blz(o)) x hy)
= (B@a)(bi((by—nya  (hn))1-B7H()) x al(by— 1yt (hn))2)by_yya ' (hY))
6B(b2(0))53(b,2(o)) o (ha, hy)
= B(b1)B(1ra" (hir)-B7 (b))
a?(1ga™t (2))(Lphy)ep(b2)ep (V) o (ha, hy)
= b(a(hn)- B (V) x a®(hiz)a(hy)a (ha, k)
= b(h1-B71(V)) x alalhar)hy)o (alhaa), hy) = (bx h)(B' % ),
which means the Hom-multiplication on (BﬁX H)s coincides with the one

on B X H,. So by Proposition 3.15, ¢ is a right 2-cocycle and we have
((B;(H)(}, fRa) = (Bx Hy, f®a) as Hom-associative algebras. It is obvious
that they also coincide as left (BﬁX H, f ® a)-Hom-comodules.

Finally, we show the uniqueness of &. Since the Hom-multiplications on
((BJ(H)(}, f®a) and (Bx H,, B®«) coincide, we apply ep ®ep to conclude
that (b x h,b' x ') =ep(b)ep(b')a(h,h'). u

5. Extending (lazy) 2-cocycles to a Radford biproduct, II. In
this section, we always let (H, ) denote a monoidal Hom-Hopf algebra with
a bijective antipode and (B, 3) be a Hopf algebra in £HYD.

Let 0 : B® B — k be a morphism in gHyD, that is,

a(B(b), B(V)) = o (b,b),
o(hy - b by - ) = e(h)o (b, 1),
b(—l)b/(—l)g(b(O)a bl(O)) = U(ba b,)lHa
for any b, b’ € B.
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Let (B, 3) be a Hopf algebra in #7{)D. Then the Hom-coalgebra struc-
ture of (B® B, ® () in E’HJ}D is given by
Apep(b@b') = (b1 @ by_1y - B~ (b)) @ (B(b(0)) @ b)

for any b, € B.
So, if 0,7 : B ® B — k are morphisms in g’HyD, their convolution
product in g%yp is given by

(0% 7)(b,b) = o (b1, by_1) - B~ (b)) 7(B(ba(o)), bb)
for any b, € B.
DEFINITION 5.1. Let (H,«) be a monoidal Hom-Hopf algebra with a

bijective antipode, (B, ) be a Hopf algebra in ZHYD and 0 : B® B — k
be a morphism in g’HJ}D. For any a,b,c € B,

(i) o is called a left 2-cocycle in EHYD if

(a1, ag—1y - B~ (b1))o(B(ag))b2, €)
= o(b1, ba(—1) - B (c1))o(a, B(bao))c2);
(i) o is called lazy in BHYD if

o(ar,as—1) - 571(b1))ﬁ(a2(0))b2
= o(B(ag)), b2)ar (ag—1) - 87 (b1));
(iii) o is called normalized if o(b,1) = o(1,b) = £(b).
PROPOSITION 5.2. If we define a Hom-multiplication -, on (B, 3) by

bo b = o(b1,by_1) - B (61))B(B(ba0))bh)
for any b,b’ € B, then

(a) (,B,B) = (B, s,1B,8) is a monoidal Hom-associative algebra if and
only if o is a normalized left 2-cocycle in g’HyD.

(b) (»B,B) is aleft (H,«)-Hom-module algebra with the same action as
(B,B).

Proof. (a) Use the same idea as in the proof of Proposition 3.13.

(b) We check that (,B, f) is a left (H, «)-Hom-module algebra. Clearly,
h-1p = e(h)lp for any h € H. Next we show the identity h - (b, V') =
(h1-b) -5 (hy - V) for any h € H and b,b' € B. Indeed, we have
(hy - b) o (2 - V)

= o (h11 - b1, (b2 - ba)(_1y - B (a1 - 0))) B(B((haz - b2)(0)) (hoz - bb))
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= o (h11 - by, ( h1211a 1( _1)))S(hia2) - B (hoy - b))
B(B(a h1212 ))(h22 by))

= o (h11 - b1, (@ (hi21)a™ ( 1)))S(a(hi222)) - B~ (hay - b))
B(B(a(hi2a1) - bay) (o2 - bg))

(a(h111) - b1, (h112) (a ™ (ba(—1))S(@ H(h122)) - B2 (ha1 - ))))
B(B(hi21 - byg)) (haz - b))

I
Q

(
= 0 (b1, (by_1))S(@*(h12)) - (@ *(ha1) - B72(81))) B(Ra1 - Blbao)))
B(hag - b)
= o (b1, (by—1y) (@ (S(h12)) e (har)) - B~ (7)) ((ha1) - B2 (o))

(-
(a(haz) - B(b))
= o (b, (by—1)) (@ 2 (S(ha1))a 2 (haar)) - B71(6)) (b - B2(bo(0)))
(a® (hag2) - B(bY))
= o (b1, 0 (by—1)) (@ > (S(a(han))a ™ (har2)) - B7H(b1)) (ha - B2 (b))
(a(haz) - B(b))
= 0(b1,by—1y - B7H(VY)) (ha - B2 (ba0))) (ha - B(bE)) = h - (b V). m
THEOREM 5.3. Let (H,«a) be a monoidal Hom-Hopf algebra with a bi-

jective antipode and (B, ) be a Hopf algebra in THYD. If o : B® B — k
is a normalized left 2-cocycle in g’l—[yD, and

:(ByH)® (BSH) =k, a(bxhb xh')=ab,a ' (h)-57))e(h),

for any b,/ € B and h,h' € H, then & is a normalized left 2-cocycle on
B H, and we have (5 (B H),f®a)=(,BfH,B®a) as monoidal Hom-
algebms Moreover, ¢ is unique with these properties.

Proof. It is easy to see that & is normalized. We will show that the Hom-
multiplications on (,B § H, 8 ® a) and (5(B; H), 8 ® a) coincide. Indeed,

(Ogn)( ER)
= 0 (br,by—1) - B ((h1- B~ (¥))1))B(B b2(0) )(ha-B7H())2) § ()R
=0 (b1, ba—1y - (@~ (h11) - B72(01))) (8% (baoy ) (a(P2) - b)) § a(ho) b
= o (b1, a ™ (by—y)a (1) - B7H(B)))( 5 by0)) (e(har) - b3)) # @? (haz)h!
=0 (by, M (ba_1y)a (b)) - B7H(HY)) (B® ) (5 ba(0)) X h2)(by x a~ ' (h')))
=o(bi,a 1(b2(71))047 1) B7H(BY))e( bIQ( Ho (nY))

(B®@a)((B(by0)) x h2)(B(byg)) x h3))
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= (b1 X bypya " (), by x byt (hy))

(8 © ) (Blbagey) X 12) (Bly) X 1))
=(bxh)s (@ xh),

for any b,b’ € ,B and h,h' € H. So from Proposition 5.2 and 3.13, we deduce
that & is a left 2-cocycle on (By H, 3 ® a) and certainly (;(B; H), B® a) =
(,Bf H,B ® «a) as monoidal Hom-algebras.

Moreover, if (5(B?H),ﬂ ®a) = (B H,f® «a) as monoidal Hom-

algebras, the uniqueness of & follows easily by applying eép ® e to the
Hom-multiplications on ((—,(BuX H),f®@a)and (,BfH,f®a). n
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