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1. Introduction. The Fibonacci sequence F := {F,},>0 is given by
Fy =0, Fy =1and F19 = Fpq1 + F, for all n > 0. Carmichael’s Primitive
Divisor Theorem (see [2]) says that if n > 13, then there is a prime factor p
of F,, which does not divide F},, for any 1 < m < n — 1. In particular, if n >
m > 1 and F,, and F,,, are multiplicatively dependent, then max{m,n} < 12.
Further, a quick check shows that in fact the only indices 1 < m < n
corresponding to multiplicatively dependent Fibonacci numbers F;,, and F;,
have either m € {1,2} (for which F; = F5 = 1), or (m,n) = (3,6). In the
same spirit, in [7], we looked at multiplicatively dependent pairs of terms in
the k-generalized Fibonacci sequence F(*) := {Fék)}nz,(k,m given by

FM =0 fori=—(k—2),-(k—3),...,0, F®=1,

FO —F® 4 F® 4k FE® foralln> —(k—2).

Although there is no version of Carmichael’s theorem for the k-generalized
Fibonacci sequence when k > 2, we showed that if 1 < m < n are such that
Fr(f ) and F}lk) are multiplicatively dependent, then either m € {1,2} (and

Fl(k) = FQ(k) = 1), or n < k + 1. Furthermore, since Fr(f) is a power of 2 for
all m in the interval [1,k + 1], it follows that for any 1 < m <n < k+ 1,

Fy(f ) and Frgk) are multiplicatively dependent.

In this paper, we look at the Tribonacci sequence T := {T},},>0 given
byTOZO, T1:T2:1, and

Thys =Thio+Thi1+ T, foralln>0.
We study the multiplicatively dependent triples of positive integers belong-
2010 Mathematics Subject Classification: 11B39, 11J86.

Key words and phrases: multiplicatively independent integers, Tribonacci numbers, linear
forms in logarithms of algebraic numbers.

DOI: 10.4064/aal71-4-3 [327] © Instytut Matematyczny PAN, 2015



328 C. A. Gémez Ruiz and F. Luca

ing to T. That is, we look at the Diophantine equation
(1.1) TyTYT: =1 with 1</ <m <nand z,y, z integers.

We discard the situation when one or more of the indices ¢, m,n is 1 or 2 since
T1 =15 = 1. We also assume that any two of Ty, T},,T,, are multiplicatively
independent, since if two of them are multiplicatively dependent, then by
the main result in 7] these numbers are in {2,4}, and the third one is either
in this set as well or it is not really involved in the actual multiplicative
dependence relation (i.e., its exponent in is 0).

We prove the following result.

MAIN THEOREM. The only triples of Tribonacci numbers which exceed 1
and are multiplicatively dependent, but any two are pairwise multiplicatively
independent, are:

Tis =TpTs, Ts=T5Ts, Tp =TTy, T4 =TT,
Tty = ThrTy, Tie =TisTir,  Tip = TisTo.

2. Preliminaries

2.1. The Tribonacci sequence. The characteristic polynomial of the
Tribonacci sequence is

U(X)=X3-X? X —1.
It has a real root
a=1(1+ (19 - 3v33)"/% + (19 + 3v33) /%)
and two complex conjugate roots
(2.1) B=a"1%"P and ~y=a 2 with 0 e (7/2,7).

A recent result of Dresden and Du [4] establishes a Binet-like formula
for k-generalized Fibonacci numbers. For Tribonacci numbers it states that

(2.2) T, = doa" + dgf" + d ",
where dx = (X —1)/(X(4X —6)). We set
(2.3) dg = pe™ and d,=pe ™ withw € (0,7).

Dresden and Du also showed that the contribution of the complex roots
and v with absolute value less than 1 to the right-hand side of (2.2)) is very
small; more precisely,

(2.4) T, —do"| < 1/2  for all m > 0.
These facts were already known to Spickerman [9].
Furthermore,

(2.5) T, — daa™ = 2Re(dgB") = 2p cos(w + nb) /o™
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It is also well-known (see [1]) that
(2.6) Q" 2< T, <™t foralln > 1.

Let L := Q(a, B) be the splitting field of ¥ over Q. Then dy, = [L : Q]=6.
Furthermore, [Q(«) : Q] = 3. The Galois group of L over Q is

G = Gal(L/Q) = {(1), (aB), (av), (B7), (@f7), (ayB)} = S.

Here, we identify the automorphisms of G with the permutations of the roots
of ¥. For instance, the permutation («f) corresponds to the automorphism
c:am— B, 86— a, vy .

We conclude with a few results which play important roles in our work.

THEOREM 1. Let «,d, be the algebraic numbers given by (2.2)). If r,s
are integers such that a"d}, € Q, then r = s =0.

Proof. If s # 0, then conjugating the equality a"d}, =t with some ¢t € QQ
by the automorphisms (af) and (ay), we obtain

57’ S — ,yrds
o
Since (8/7)" is a unit in L, we conclude that d,/dg is also a unit, in parti-

cular, an algebraic integer. However, this is impossible because the minimal
polynomial of this number over Z is

11X% 4+ 33X° +64X* — 73X3 + 64X2 + 33X + 11.

Thus, s = 0 and o” € Q. Now, if r # 0, then o/l = ¢ > 1 and conjugating
again by (af3), we obtain ||I"l = ¢ > 1, which is false because |3] < 1.
Hence, r =s=0. n

THEOREM 2. Let m > ¢ > 3. Then
ged(Ty, Th) < am/3,

Proof. If m = 4, then £ = 3 and 2 = ged(T3,1y) < o®/3. From now on,
we assume m > 5. We set D := ged(Ty, Ty, ). Let ¢ be a positive constant to
be determined. We first consider the case £ < ¢m. Then

D<T, < TLch < OchmJ_l < a“m.

Now, we assume that £ > c¢m. By performing calculations in the integer ring
of K := Q(«), we see that D divides the algebraic integer

am—Z Ty — T, = dﬁﬁé(am—f _ Bm—é) + d’y,}/(am—ﬁ _ ,ym—f).

For the above calculation we have used (2.2). Hence, by calculating norms
from K to Q, we conclude that D3 divides

INig /(@™ Ty — T)| = |0 Ty — T 1B Ty — Ton| [y™ Ty — Tl
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Observe that
" Ty T | = [ds (0™ — B7) + dyy (0 A7)

20 [ s 1 (1=3¢/2)m , 2P
< 2 (oc + a(m—f)/2> < 2pa + oz

In the above, we have used the fact that ¢ > max{3,cm} as well as (2.1
and (2.3). On the other hand,

1B Ty — Tl 7™ Ty — Trn| < (Ty + Tn)? < AT2 < 4a>™2,

Thus,
m— —3c/2)m— 1
D?* < |Ngjg(a™ " Ty — T)| < 8pa®73¢/2) 2<1 " ag(l—c>m>
Hence,
9 p 1/3
(1—c/2)m
D= a?/3 (p—i— ag(l_c)m> ) .

We choose ¢ = 2/3, and use the fact that m > 5 to get

2 + p 1/3<i( +L)1/3<1
2B \P " Za—om = 2B\ T 52 ’

and therefore conclude that D < a2™/3. u
LEMMA 1. There do not exist positive integers a,b,c,f < m < n with

max{a, b, c} < n such that

Té Tn Tm

— +c— =b—7.

ot Tam

Proof. Multiply equation (2.7) by o™ and rearrange terms to get

(2.7) a

am

T+ (=)™ ™™ + aTya™t = 0.

Write u = n—m, v = n — ¥ and note that 1 < u < v. Conjugating the above
equation by any conjugation with a — 3, then with o — -, we find that
U = (cTy,, —bTy,, aTy)T is a vector in the null-space of the matrix

1 o* o'
(2.8) Avp=1|1 p* p°
1 ,.}/U ,y’l)

By the main result of [6], we have (u,v) = (3,4),(13,16), (13,17), (16,17)
and in each case the matrix A, , has rank 2. Thus, its null-space is one-
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dimensional. A quick computation shows that the vectors

1 1 2 1
(2.9) -2, 56 |, 103 |, 103
1 -9 -9 —56

are in the null-space of A, , for (u,v) = (3,4),(13,16),(13,17), (16,17),
respectively. For example, one can check that each of the polynomials
X4 —2x3 41, 9X10 4 56X13 41,
9X' +103X12 +2, —56XY 4+103X0+1

has X2 — X? — X — 1 as a factor. Thus, U is parallel to one of the four
vectors from (2.9). The last three are excluded because in U the first and
last components have the same sign, whereas in the last three vectors in ([2.9)
the first and last components have different signs. Thus, the only possibility
is the first one for which { = n—4, m =n—3 and ¢TI, = aT,,—4 = (b/2)T),—3.
We get T,,/T),,—4 = a/c. Hence, T,,/gcd(Ty,, T—4) = a/ged(a, ¢) < n. Thus,

"2, < nged(Th—4,T,) < nagn/3,

giving o™ < (a?n)3, so n < 20. In the above argument, we have used Theo-
rem 2} Now one prints T}, /T;,—4 for all n € {5,...,20} and checks that none
of these fractions is of the form a/c with max{a,c} < n, so there are no

examples satisfying (2.7]). m

2.2. Linear forms in logarithms. Let n be an algebraic number of
degree d over Q with minimal primitive polynomial

d
F0) = ao [[(X —n) e z[x],
i=1

where ag > 0. The logarithmic height of 1 is given by

d
1 .
= — (Z)

h(n) - d(logaﬁzi_llogmax{'" 113).

The following properties of the logarithmic height function h(-) will be used:
h(my™') < h(n) +h(y) and  h(n®) = |s|h(n) for s € Z.

Our main tool is a lower bound for a linear form in logarithms of algebraic
numbers given by the following result of Matveev [§].

THEOREM 3 (Matveev’s theorem). Let K be a number field of degree D
over Q, n1,...,n: nonzero elements of K, and by,...,bs rational integers.
Set

A=t pf =1 and B> max{|bi|,..., b}
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Let A; > max{Dh(n;), [logn;|,0.16} be real numbers fori =1,...,t. Then,
assuming that A # 0, we have
|A] > exp(—3-30"* - (¢t +1)° - D*(1 +log D)(1 + log(tB))A; - Ay).
If in addition K s real, then
|A] > exp(—1.4-30""3 . 45 . D*(1 + log D)(1 + log B) Ay - - - Ay).

2.3. The reduction lemmas. In the course of our calculations, we get
some upper bounds on our variables which are very large, so we need to
reduce them. To this end, we use some results of the theory of continued
fractions and geometry of numbers.

The following results, well-known in Diophantine approximation, will be
used when dealing with homogeneous linear forms in two integer variables.

LEMMA 2. Let M be a positive integer, and let p1/q1,p2/q2, ... be con-
vergents of the continued fraction of the irrational T such that M < qni41
for some N. Write apy = max{a;:t =0,1,...,N + 1}. Then

mr —n| > ————
| | (ap +2)m
for all pairs (n,m) of integers with 0 < m < M.

For nonhomogeneous linear forms in two integer variables, we will use
a slight variation of a result due to Dujella and Pethd [5], which itself is a
generalization of a result of Baker and Davenport. For a real number X, we

write || X|| = min{|X — n|: n € Z} for the distance from X to the nearest
integer.

LEMMA 3. Let M be a positive integer, let p/q be a convergent of the
continued fraction of the irrational T such that ¢ > 6M, and let A, B, u be
real numbers with A > 0 and B > 1. Let € := ||ug|| — M||7q||. If e > 0, then
there is no solution to the inequality

0<|mr—n+pu <AB™F
i positive integers m, n and k with
log(Ag/€)
logB

On various occasions, we will need to find a lower bound for the absolute

value of linear forms in three and four integer variables:
(2.10) |11 + -+ x| with |z;] < X
To this end, we set X := max{X;}, choose C > (tX)!, and consider the
integer lattice {2 generated by

bj=e;+ [C7jle; for1<j<t—1 and b = |Crees.

m<M and k>
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We first calculate a reduced base {b1, ..., b;} using the LLL-algorithm and
afterwards its Gram—Schmidt associated basis {b7, ..., b;}. We further com-
pute the following values:

b1 b1 | ‘
¢; = max - — m =110 Q:ZXZ?, T:ZXZ-/Q.
=1 =1

- isist |[br|l” c1

Finally, from the geometry of numbers we conclude that if m? > T2 4 @,
then

leim + -+ ] > (Vm?2—Q —T)/C.

For more details, see [3, Chapter 2].

3. Proof of the Main Theorem

3.1. Bounds on exponents. We recall that our goal is to solve the Dio-
phantine equation . Without loss of generality, we can assume that x,
y and z are relatively prime. Furthermore, we suppose that at most one of
Ty, T, and T, is a power of two.

Let P = {p1,...,p} be the set of all primes involved in the factorization
of TyT,,T,,. Thus

(3.1) T, =[]p" Tm=]]p™ T.=][r"

peP peP peEP
As a consequence of inequality (2.6)) and o < 2 we have

max{/l,, m,,n,} < n.

s P{ ps Mip, Tip }

For a prime p and a nonzero integer m, we write v,(m) for the exact exponent
of p in the factorization of m.

LEMMA 4. Let Ty, T, T, be Tribonacci numbers of indices at least 3
which are pairwise multiplicatively independent. If TfT;{lTrf =1 and vy(T})
<k fort € {{,m,n}, then exactly one of the numbers x,y, z has an opposite
sign to the other two and

max{|z, [y, ][} < k%

Proof. 1t is easy to note that exactly one of the numbers x,y,z has
opposite sign to the other two. For the second assertion, we take the Q-vector
space

H := (log Ty, log T, log T),) C (logp:p € P).
Then dimg H = 2. Indeed, since 1}, T},, T, are multiplicatively dependent,

we have dimg H < 2. However, dimg H = 1 would contradict the hypothesis
that any two of Ty, Tp,,T;, are multiplicatively independent.
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The Diophantine equation (1.1)) can be represented in matrix form as
T

x by o Ay | |logp x| [logTy
Y Mp, - My, : = |y log T, | = 0.
Np, - Np, log py z log T,

Now, as dimg H = 2, the 3 x t-matrix on the left-hand side has rank 2. So,
there are p,, pp € P such that uy,, = [€p,, mp,, np,] and uy,, = [£p,, My, , Np, ]
are linearly independent. In particular, [z,y, z] is parallel to the vector cross
product

PGk
Upy X Upy, = by, My, Ny

a

by, mp, Ny,

= 1(Mp,Np, — N, Myp, ) = J (bpu 1y, — Mpolp,) + KLy, Mp, — Mip, Ly, ),
and since ged(x,y,z) = 1, it follows that x,y, z are divisors of the com-
ponents of the vector u,, X u,, above. Since these components are each a

difference of two nonnegative integers each of size at most k%, we conclude
that max{|z|, y|,|z|} < k?. =

From Lemma |4} we conclude that max{|z|, |y|,|z|} < n?, and we may
assume that among z,y, 2z there are two positive integers and one negative
integer.

For the rest of this paper, we distinguish two cases:

d§+y+za&v+my+nz 7& 1 and d§+y+za€x+my+nz =1.

4. The case dj TV atetmy+nz o 1 For technical reasons, we assume
that n > 50. Note that by (2.5), we can write

(4.1) T, = doa™ + e, /a™?,  where ey, := 2pcos(w + nb).
We have
z
zZ mn €n
We look at the elements
z - - En
(4.3) (14r)* and k:=2zr, where r:= FIVETIER

Since n > 50, e,/d, < a and |z| < n?, we have

k| = |2r] < 2n%/a®/? and in particular |k| < 3-1071°,
Now, if z > 0 and r < 0, then

1> (14 r)* =exp(zlog(l —|r|)) > exp(—2|k|) > 1 — 2|k|,
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while if z > 0 and r > 0, then
1<(14r)*=>0+4|k|/2)* <explk| <1+ 2|k,

because |r| < 1/2 and |k| is very small.
Thus, in either case assuming that z > 0 we have

(4.4) T? = 2™ (14 ¢,)  with  |¢] < 3n2/a/2,

Regarding T} and T3, we assume that m > ¢ > 10logn (later we will
show that £ < m = O(logn)). By the respective choices of r and k, we use
the same argument as above to conclude that

) 3n?
(4.5) TF = d%a™(1+¢)  with |¢] < i
4 TY = q¥a™ ith 3n”
( 6) m = @& (1 + Cm) wit |<m| < 3m/2’

provided that x and y are positive.

Now, supposing z < 0 (the same conclusion is obtained in the other two
cases when x or y is negative), we make use of f in the Diophantine
equation to obtain

i (14 C) (14 Gn) = dil ™ (1 + G,).
Separating the dominant terms, we get
dgcé-i-yaéa:-&-my - dL’jlanl'Z' _ d|o,éz\an|z|cn o di—i—yam-ﬁ—my(g + Cm + CZCm)

Dividing by dlf Lol and taking absolute value, we conclude that

d$+ya€:p+my
(4'7> |dg+y+zaﬁx+my+nz _ 1| < ’Cn’ + TKE 4+ Cm + Cng|
In?
B2
Above, we have used the inequalities
0.5n2 4.25n2
|Cn| < M and |<€ +Cm + CZCm| < 3@/2
as well as
de aletmy 1+¢n __1+08
dlz|an|z| T (I+C)A+6n) (1 —4-10742 7

which follows from - In the above inequality, we have also used
the fact that the functlon f(n) = 3n%/a’/? is decreasing, and that f(n) <
f(5) < 0.8 for all n > 5, as well as that

3 3
15logn T plsloga—2 < 515loga—2

max{|Ce|, |Cm|} < <4-107%
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On the left-hand side of inequality , we have a linear form in ¢ := 2
logarithms, with n; := du, 72 := «a, by := x4+ y + z, by := Lx + my + nz.
So, Ay 1= dETVT#olrtmytnz _ 1 js nonzero by hypothesis, and from we
deduce that

9In?
(4.8) ’/11’ < W
The field K := Q(«) contains 71,72 and has D = [K : Q] = 3. Since the
minimal polynomial of d, is 44X3 — 2X — 1, and d, and its conjugates dg
and d, are all inside the unit disk, we can take A; := log44. Further, by
the properties of the roots of ¥, we take Ay := 0.7 > log . Since K is real,
Theorem [3| gives the following lower bound for |A;|:

exp(—1.4 x 30° x 2%53%(1 + log 3)(1 + log(2n?)) (log @)(0.7)),

which is smaller than 9n?/a%/2? by ([#.8). Taking logarithms on both sides
and performing the corresponding calculations, we get

(4.9) (< 1.5-10" logn,

where we have used 1 + log(2n3) < 4.1logn for all n > 5.
We go back to equation (1.1). Replacing T)%,T7 according to ([4.4))
and (4.6)), by the same arguments used to derive (4.7]) we obtain

(4.10) |dYT2 Q™A T 1) < 5n?/a’m/2,
Again we use the real version of Matveev’s theorem, with t := 3,

m=da, m2:=a, n3:=71Ty
b1 :=y+z, by:=my+nz, by:=uz.

So, Ay := dﬁ*zam%ng — 1 and
(4.11) | Ag| < 5n2/a®m/2,

We can take again K := Q(«), D := 3, Ay := log44, Ay := 0.7 and
B := 2n3. For As, we note that T) < a‘~1! < 2¢, so we can take Az := 0.7¢.
We are ready to use Theorem 1 since Ay # 0: indeed, otherwise by Lemmal[]]
we would obtain y + z = my + nz = 0. Since m # n, we get y = z = 0. So,
T7 =1 and thus x = 0. However, this contradicts our hypothesis.

Combining the conclusion of Theorem |3| with inequality , we get,
after taking logarithms, the following upper bound for m:

3loga
2

m — log(5n?) < 1.4 - 305 - 345 . 3%(1 + log 3)
x (1 4 log(2n?))(log 44)(0.7)(0.7¢).
Using again the fact that 1 + log(2n3) < 4.1logn for all n > 5 and that



Tribonacci numbers 337

¢ < 1.5-10" logn, we get
(4.12) m < 2.6 -10%* log® n.

Returning once again to (1.1]), we replace T)? according to (4.4). We now
obtain

(4.13) |A3] = |dZa™*TPTY, — 1] < 4n? /a2,
A new application of Theorem [3| (real case) with the data
t:=3, m:=dao, Mmi=a, n3:=Tp ng:=Thy,

b1 =2, by:=mnz, by3:=x, b=y,

where we take
K=Q(a), D=3, A;=log44, Ay =07, A3=0.7¢, Ays=0.Tm
and B = n3, leads to
n < 1.2-10%¢mlogn.

The fact that A3 # 0 is an immediate application of Lemma [I} Inserting
and in the above inequality, we get n < 4.5 - 10°° log* n, which
leads to n < 3.3 - 10%%. From and , we deduce that ¢ < 1.5 - 103
and m < 4-10%.

In summary, we have proved the following result.

LEMMA 5. Let (¢,m,n,xz,y,z) be a solution of (L.1) with3 <l <m <n
such that d5 Y 2 ama+ny+lz £ 1. Then max{|zl, |y|, |z|} < n? and

0<15-10%, m<4-10%, n<1.6-10%.
The rest of this section is dedicated to reducing the bounds given in this
lemma. For this purpose, we return to Ay, A and As.
First of all, we consider
I = (x + y + z)log(da) + (bx +my + nz) log a.
Then e/* — 1 = A;. Assuming that ¢ > 310, we have |A;| < 1/2 (given that
n < 1.6-10%), so el < 3/2 and
(4.14) 1| < el — 1] < 13.5n% /032,

From the above inequality, we note that |I7| < 1. Thus, without loss of
generality, we can suppose that 4+ y 4+ z and fx + my + nz are positive.
Dividing both sides of (4.14) by (z + y + z) log at, we obtain

(4.15) log(d,')  fx+my+nz _ 23n? .

log o r+y+z a3l2(x +y + 2)
We set 7 := log(d;!)/log o, and compute a few initial terms of its continued
fraction [ag, a1, ag,...] and its convergents pi/qi,p2/qe,.... Then we find

an integer t such that ¢ > 5.2 - 10118 > 2n2 > o + 4 + 2 and take ay; =
max{a; : 0 < i < t}. Computationally, we confirm that ga3; > 5.2 - 10118
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and ap; = 174. Thus, combining (4.15]) with the conclusion of Lemma |2, we
get
o3 < 41103z +y + 2)n* < 8.2-10%".

Using the fact that n < 1.6 - 1059, we conclude that ¢ < 610.
We now go back to the inequality for As, where we set

I :=xzlog Ty + (y + 2) logdy + (my + nz) log a.
It is easy to see from (4.11)) that
(4.16) |Iy| < 8n2/a®™/2,

For each ¢ € [3,610] we estimate |I3| from below via the procedure
described in Section 2.3 (LLL-algorithm). First of all, note that I # 0
because Ay # 0.

As in (2.10]), we set ¢ := 3,

71 :=logTy, To:=logd,, T3:=1loga,
T =, To =Y+ 2, T3:=MYy-+nz.

Further, we take X :=2-(1.6-10%)3 as an upper bound for |z|, |y + 2| and
lmy + nz|, and C := (3X)3. A computer search then reveals that |I%| >
2.3 - 10730, Combining this with , we conclude that m < 1210.

Returning to the application of Matveev’s theorem for A3, we use the
latest bounds for ¢ and m, instead of and , to obtain n < 4.4-10%2.
We return to I7 and I3 with this new bound on n and suppose that m >
¢>120. So, |I1], |I2] < 1/2, and and are satisfied. In our new
reduction of the bound of ¢, we find that o3 > 4-10% > 2n? >z +y + 2
and ap; = 49. This time we obtain ¢ < 240. Regarding m, we redefine
X :=2-(4-10%?)3. By the LLL-algorithm, we obtain |y2| > 1.7-10714, from
which we conclude that m < 470.

Now, with £ € [3,240], m € [{ +1,470] and n € [m + 1,4.4 - 10??], we go
back to As. Taking

Iy :=xlog Ty + ylog T, + zlogdy + nzlog o,

we get e/3 — 1 = Az and |I3] < 6n2/a/? (here we have used n > 50).

We use the LLL-algorithm with X := (4.4 - 10%2)3 (a current upper
bound on |zl,|y|, |z|, |nz]) to find a lower bound of |I3]. Computationally
we confirm that [I3] > 10742, Thus, n < 1050. Once again, we reduce the
bounds on ¢ and m using |I| and |I%|, respectively (now it is enough to
assume that m > ¢ > 25). This time we obtain ¢ < 40 and m < 72. Finally,
applying the LLL-algorithm to |I3]| with ¢ € [3,40] and m € [¢ + 1,72], we
obtain n < 130.

A thorough inspection, through the analysis of the primitive prime fac-
tors of Ty, T,,, and T,, (here, we say that p|T,, is primitive if p { T, for all
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1<k<n-—1)with ¢ e [3,40], m € [{+1,72] and n € [m + 1,130], reveals
that the only solutions of ([1.1)) in this case are

Tis=TiTs, Tis=TTs, Ti=T3%Ty, T3 =T5Ty.

5. The case dl ¥V af*+my+n2 — 1, This case is a lot more challenging.
By Theorem [1, we conclude

(5.1) r+y+2z=0, Lr+my+nz=0.

So, z+y = —z and (n—¢)x+ (n—m)y = 0. Solving this system with respect
to = and y while treating z as a parameter, we get, by Cramer’s rule,

’0nm 72(n_m)

(5.2) T = ’n_gn_m‘_ p—
I IO

(5.3) y_’nl_gn_lm‘_ ypp—

Taking into account that n — ¢, n —m and m — ¢ are all positive, we deduce
that = and z have the same sign, so are positive, while y is negative. Even

more, from (5.1)) we get |y| = = + z. Thus, (1.1)) becomes
(5.4) Ty T? = TEH.
On the other hand, as ged(z, z) = ged(y, z) = 1, from (5.2) and (5.3) we get

(5.5) zlm—4L, x|n—m, y|n—€.
Thus,
(5.6) max{z, |y, z} < n.

We now go back to (2.2)), (4.1) and (4.2)) in order to derive new expres-
sions for T}, T and T%T* with two dominant terms. As in the previous
section, we begin by assuming that m > £ > 10logn. We analyze

(1+ eedy a™32)
by using the binomial theorem. We write

sei=(1+ egdafla*?’em)w —1- acegd;lcf?’e/2 and Kk :=2p/d,,

|se < Z ( ) <a3e/2> a3z Z(asem)
7 1.1 K22
ase Z( O;,z/z) B0

SO
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where we have used the inequalities

x ; ; KN K K
J J 10-6
<j> <) <n/ and 302 < T5loga 1 < FT5loga 1 <4-107°.

In summary, we have shown that

1.1-K2n?
0 < —
cos(w + £0) + Sz) |se| T

(5.7) T} =d> “<1+ i

In the same way, we obtain

Kz 1.1 k2n?2

(58) T; — dzanz <]_ —+ W COS(W -+ n@) + Sn), ‘3n| < T,
2,2

(5.9) Tl = glvlgmly (1 + Sy cos(w +mb) + sm |, |sm| < T

Inserting (5.7)-(5.9) in (5.4), and using d& Y Fafotmytnz — 1 to simplify
the resulting expressions, we obtain

Kz
(1 + 3(/2 cos(w + £0) + Sg) <1 + a2 cos(w + nf) + sn>
K(z + 2)

adm/2
Expanding the left-hand side and performing some calculations, we arrive
at

=1+ cos(w + mb) + sp,.

k(T + 2 KZ
(5.10) 36/2 cos(w + £8) = 2437”/2) cos(w +mb) — 32 cos(w + nb)
2
— % cos(w + £0) cos(w + nb)
RT K
pETIE) cos(w + £0)s, ~ cos(w + nb)sy

+ Sy — S¢ — Sp — S¢Sn-
Multiplying (5.10) by o/2/ka and taking absolute values, we get

3n?
admin{ém—£}/2°

: ds\ (B
2lcos(w + £0)] = 1+ eX(H)| = ’1 B (‘) <> |
dy Y

|cos(w + €0)] <
But

Thus,

o ()E))-

6n?
ad min{¢,m—~£}/2"
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In order to find an upper bound for £ and m in terms of logn, we use the
complex version of Theorem [3] with the parameters

t:=2, m:=—dg/dy, m:=p/y, bi:=1 by:=1.
Thus, Ay =1 — (—dg/d,)(8/7)", and from (5.11)) we obtain

6n2
q3min{,m—£}/2°

The number field K = Q(«, ) contains 71,72 and has degree D = 6 over Q.
A simple check shows that the minimal polynomials of 7, and 7y are

(5.12) 44| <

d
I1 (X + U(j)) = 11X% — 33X°% + 64X* + 7T3X° + 64X% — 33X + 11,
ceG v

[T(X —o(8/7) = X6 +4X° +11X* + 12X + 11X° +4X +1,

oelG

respectively, where G is the Galois group Gal(K/Q). Furthermore, the con-
jugates of n1 and 7y satisfy

d d
ds| _ |% -1, |£ & —0.773..., daf _1dal _y 995
d7 dﬁ da (e} dﬁ d’Y
5‘ Y e} a
Pl=1Zl =1, |2 =12|=04008..., |2|=|2|=2494....
Y ‘5‘ ‘04 Bl v
Hence,
1 de,
h(m) = ={log1l + 2log < 0.5, h(n) = log < 0.31.
6 ds 3

So, we can take A; := 3 and Ay := 2, given that |logn;| < 2 and |logns| < 2.
Finally, A4 # 0, because (/v is an algebraic integer while d,/ds is not. We
set B :=n.

By Theorem [3] we obtain

(5.13)  |Aa| > exp(—3-30°-3>"-6%- (1 +1log6) - (1+1log(2n))-3-2)
> exp(—1.7-10% logn).
Here we have used 1 + log(2n) < 3logn, valid for all n > 5.

Combining ([5.12)) and ( -, we arrive at

2log6 4logn  3.4-10'
3loga  3loga 3loga
<2-10%logn.

(5.14) min{/,m — (} < logn

We now analyze two cases according to whether £ or m — £ is smaller.
CASE 1. £ <m — /. By (5.14), we have
(5.15) ¢ <2-10%logn.
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As in the above section, we go back to the Diophantine equation ((5.4) and
replace T, T according to (4.6)) and (4.4)), respectively. This time, we get
an inequality analogous to (4.10)):

(5.16) Ay = |d5"a™ " TF — 1] < bn/a™/2,
Here, we have used analogues of and ,
Gl < 3002 and (] < 3n/a?,
which hold because max{|y|, z} < n (see (5.6)).
We next apply Matveev’s theorem again with ¢ := 1 and
N = d;la_ng and by := .
Note that ;1 € K := Q(«) and [K : Q] = 3. Using the properties of logarith-
mic height (see Section 2.2), we get
h(nm) < h(dy) + Ch(a) + h(Ty) < h(dy) + 2¢h(a) < 20,

where we have used (2.6) and the fact that h(d,) < 1.3 (since the minimal
polynomial of d is 44X3 —2X — 1). Thus, we take A; := 6/ and B := n. It
is easy to see that A is nonzero: otherwise z = 0, which is not true.
Theorem |3| gives the following lower bound for |A}]:
exp(—1.4-30* - 3%(1 + log 3)(1 + log n) (6£)).

Combining (5.15)), (5.16) and the above bound, we conclude that

(5.17) m < 5.7-10% log? n.
We go back to (5.4)) and replace only T by using (4.4)), to obtain
(5.18) |Af| = |dya T, 2 TS — 1] < 3n/a’™/2.

Clearly, A5 # 0, because otherwise z = 0, which is not true.
With appropriate choices of K, D, n;, b;, A;, B, we obtain from Matveev’s
theorem (real case) the following lower bound on log |A%|:

(5.19)  —1.4-307-4"5.3%(1 +log 3)(1 + 2log n)(log 44)(0.7)(0.7£)(0.7m).
But, from ([5.18]), we have the upper bound
log | A5| < log(3n) — (1.5log a)n.

Hence, using (5.15) and (5.17)), we get n < 10°*log? n. This last inequality
leads to the following absolute bounds on ¢, m and n.

LEMMA 6. Let (¢,m,n,x,y, z) be a solution of (5.4) with3 <l <m<n
and £ < m — € and dg VT Fate v — 1 Then max{z, |y|, 2} < n and

0<32-10", m<8-10%%, n<4.2-10%
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We now reduce the bounds given in this lemma. We begin by assuming
that ¢ > 480. From (5.11]), we get

|sin(w 4 €0 — 7/2)| = |cos(w + £0)| < (3n?)a 3% < 2a7/2,

Setting t := | (w + £0 — w/2) /]|, where |y] is the nearest integer to the real
number y, we obtain —7/2 < w + 0 — /2 — tw < 7/2. Hence,

(5.20) 2072 > |sin(w + €0 — 7/2)| = |sin(w + €0 — /2 — tr)]
> |22 20 o),
™ T

where we have used the inequality
2
|siny| =sin|y| > —|y| for all —7/2 <y < 7w/2.
™
We conclude from ((5.20]) that

6 1
(5.21) 0 —t+ <w — >‘ <a™t?
s T 2
We note that
R
T T 2
is nonzero. We set
6 1
Ti=—, ,u::g—f, A:=1, B:=a'?
i T 2
Inequality ([5.21)) can be rewritten as
(5.22) 0<|rl—t+pu <AB™"

The fact that T is nondegenerate ensures that 7 is an irrational number
(otherwise the ratio /7 is a root of unity, which is not the case). Lastly,
we take M := 3.2 - 10'7 which is an upper bound on ¢ by the inequalities
in Lemma @ and apply Lemma |3[ to . With the help of Mathematica,
we find that g3g > 6M and ¢ = 0.39065.... Thus, the maximum value
of |log(Aq/e)/log B| is 142, which is an upper bound on /¢, according to
Lemma [3| However, we assumed that ¢ > 480. This contradiction shows
that ¢ < 480.

We now go back to and note that
(5.23) 3.3-10719 < Zetéligo] ldota™"T, — 1) < |(dyta™"Ty)* — 1] < %
This leads to m < 640.

Returning to the application of Matveev’s theorem in A%, we use the lat-
est bounds for £ and m, instead of (5.15)) and (5.17)), to obtain n < 1.4 - 10%2.
Using this new bound on n, we return to our application of continued frac-
tions in . We now assume that ¢ > 180 and take M := 480 (the current
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upper bound of ¢). The same arguments used before lead to ¢ < 180. Redo-
ing the calculations for ¢ € [3,180], we obtain 2.6-10~72 as a lower bound on
the right-hand side of . Thus, m < 240. Once again, returning to A5,
we obtain n < 3.6 - 10,

With the new bounds, namely

€ [3,180], me[l+1,240], nec[m+1,3.6-10"],
we implement the LLL-algorithm on A5. We write
(5.24) Iy .= zlog Ty + ylog Tp, + 2logd, + nzloga.

Since |45 < 3n/a®/? < 1/2 for all n > 50, we conclude that || <
5n/a’™/2. We note that max{z, |y|, z,nz} < n?, so we set X := (3.6-1019)2.
Computationally, we verify the lower bound

1.1-107"0 < |1} < 5n/a®/2.

Hence, n < 500. Once again, we return to the argument using continued
fractions (|5.21]), where we now assume that ¢ > 30 and take M := 180. This
time we have g9 > 6M and ¢ < 60. In (5.23]), we now have

min _|d a7, — 1] > 21072,
¢€[3,60]

Using the above inequality instead of the left-hand side of , and the
fact that n < 500, we obtain m < 70. We now repeat the LLL-algorithm
with ¢ € [3,60] and m € [¢ + 1,70], where we take X := 500%. We get
I > 1.2-107™, and so n < 200. We finish our reduction here, since the
current bound is acceptable for a computational search.

CASE 2: m — ¢ < (. By (5.14), we have
(5.25) m—{<2-10%logn.

SUBCASE 2.1: In (3.1) we have m, > 5(,/6 for all p € P. Then, by
Theorem [2]

5/6
P2/ < Tf/6 = (prp) / < ged(Ty, Trn) < o2m/3,

Thus, 5(¢ —2)/6 < 2m/3 and so

(5.26) 0 < im+2.
Combining (5.25)) and ((5.26)), we deduce
(5.27) 0 <9-10%logn and m < 2-10%logn.

We now return, as before, to (5.18]) and (5.19)), where we use (5.27) to
obtain n < 8.4 - 10% log® n. This inequality and (5.27)) allow us to deduce
the following result.
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LEMMA 7. Let (¢, m,n,z,y,z) be a solution of (5.4) with3 <{<m<n
and dg VT tTtmyine — 1 Assume that m — € < £ and v,(T,,) > 5v,(Ty)/6
for all p € P. Then max{z, |y|,z} < n and

0<11-10%, m<13-10"%, n<15-10°2

We next start reducing the bounds on ¢, m and n. Returning to ((5.12]), we
have |cos(w+£0)| < 3n%/a3(m=0/2 First assume m—¢ > 390. Repeating the
arguments concerning continued fractions, we deduce an inequality similar

to (5.21)) but with m — ¢ instead of ¢:

- ( - ;)‘ < a0/,

s s

(5.28)

Setting M := 1.1-10'® (current bound on £), we confirm with Mathematica
that g41 > 6 M and € = 0.0141.... Thus, m — ¢ < 164, which contradicts our
assumption that m — £ > 390. From now on, we assume that m — ¢ < 390.

Therefore, by (5.26)), we get
£ <1570 and m < 1950.

With these bounds, we go to the lower bound of log | A4 given in and
replace ¢ and m, to obtain n < 1.4 - 10?3, Restarting our reductlon cycle
through the continued fractions argument, inequality and the linear
form in logarithms Af, we conclude that ¢ < 710, m < 885 and n < 2.8-10%2.

We implement the LLL-algorithm with ¢ € [3,710] and m € [¢ + 1, 885]
on I'; in (5.24)). We now set X := (2.8-10%?)? (current bound on max{z, |y|,
z,nz}). We verify with Mathematica the lower bound

107360 < 1% < 5n /a2,

Hence, n < 920. Once again, we return to the argument using continued
fractions , where we now assume that m — ¢ > 30. We take M := 710.
This time we have m — ¢ < 60. Thus, ¢ < 250. For ¢ € [3,250], we calculate
an inequality similar to (5.23)):

(5.29) 1.2-1071%° < min |d e, — 1]
£€(3,250]

< [(d7ta™"Ty)* — 1| < 5n/adm=0/2,
This leads to m < 260. Finally, applying the LLL-algorithm algorithm on

Fé leads to the conclusion that n < 280. The bounds ¢ < m < n < 280 are
low enough to perform a computer search.

SUBCASE 2.2: In (3.1)), we have my < 5€,/6 for some p € P. From the
Diophantine equation ([5.4), we deduce that

by = vp(T}) < vp(T3,"%) = my(z + 2) < %Ep(*f + 2).
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Thus, x < 5z. Combining this with ., and inequalities ([5.5)) and -,
we conclude that

(5.30) z < 10%logn, z<2-10%logn,
(5.31) m—£<2-10%1logn, n—m <10®logn, n—/¢<2-10%logn.

We go one last time to (5.4)), and replace each term according to ((5.7)—(5.9),
where we now use the identity

ds (B\' dy (7'
3t/2 cos(w + th) = d/B <a> +(;<a>

for each ¢t = £, m, n. Thus, the Diophantine equation T} T} = T%1* is reduced

(B0 -5 0))
(B 5 )
—1~|—(x—|—z)<;l <a> d”<l> >+sm.

Multiplying, simplifying and rearranging terms, we get

ds (BY' | dy (7' dg (B\" | dy ()"
e o(3(2) +2 ()= (2() ~2(2))
d

AN GARN AN A
v do do < a) o + o o
(Y (B () (2 _
de « de, «
We work on the left-hand side of (5.32)). We start reorganizing the terms:
(5.33) a. (a) [x—l—z(a —(z+2) o
d v 14 ~ n—~¢ ~ m—/{
(L s _ s
@) ) e )
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The second term in ([5.33)) is nonzero. Indeed, otherwise

v = (o +2) (l)m_é . (Zé)n_ﬁ.

Taking absolute value and using
/ol =1/a®?, m<n, x<5z z<m-—1I,

we get
x+z z 7(m —¥)
3m—0/2 T 302 < 3(m=0))2"
Q@ @ !
The last inequality holds only for m — £ < 3. Thus,
€[1,15], z€[1,3], m—te[l,3], n—{e[218]

However, a computational check reveals that

x+z<z>ne—mx+wﬂ(z>mé

for z, z, m — £ and n — £ in the above range.
We now show that every expression on the left-hand side of (5.32) is
nonzero. First of all, we note by (2.2) that for t = ¢,m,n,

d t t
i é + di 1 — Tt —1
da « da (6% da@t

Hence, if the left-hand side of (5.32)) is zero, then
T T, T,

Ty T,

rT— 4z

dyof + doa™

However, this is not possible by Lemma

Factoring the second term in ([5.33)), we get

so 2 [re() e (d)]
[2(0) iiiiiii e

Below we work on the right-hand side of . We consider the follo-
wing facts:

1<z<

>1

Thus,

T
(x—l—z)d et

dg

dy

dg

da

dy

da

s =

32

Bl_ 2| =
=2 =
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Furthermore, in order to use ([5.30]), we note that, more generally, we can
get slightly better inequalities than ([5.7)—(5.9)):

2.722 2.722 2.7(z + 2)?
[sel < =50 snl < g sml < =

a3m )

where we have used 1.1 - k2 < 2.7.
We have shown that the absolute value of the right-hand side of ([5.32))
is less than

2.7z 2.722 N 2.7(x 4+ 2)%  Ta?2?

(535) a3t as3n a3m a3(+n)
4.8722 4.8222 4z
o (3/2)+3n + o (3n/2)+30 + QBnt0/2)"
We set
n—~ m—~
(5.36) X = x—i—z(fy) —(x+2) <7> .
leY «

Keeping in mind that the absolute value of ({5.34)) is less than the expression
in (5.35)), we multiply by (do/p)a’*/? to obtain
. 2.2
d 12
BYdsx 122727
We now give lower bounds for each absolute value.

Since v/« is an algebraic integer in L := Q(«, ), we have x € Op. Thus,
NL/Q(X) Z 1. But

(5.37) X! -

Neoto) = ] letl,

oeG
where G = Gal(L/Q). Hence,
(5.38) x> [T letol™
oelG
o#(1)
Now,
~ n—~¢ ~ m—/
< L L .
\a(x)_x—l—za(a) +(x+z)a<a>’

We note that |o(v/a)| < a3/? for all ¢ € G. Thus
(5.39) lo(x)] < z + 203972 4 (2 4 2)a3(m—0/2
< n(l + a3(n7€)/2 + 2a3(m7€)/2)
< na2n=0 < pgd10'logn exp(2.44 - 10*%log n),

where we have used ([5.31]). Hence, returning to (5.38)), we get
(5.40) x| > exp(—1.3-10' 7 log n).
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Y4 _
Aym 1 (»5’) <_dﬁ>><_
Y dy ) x

We use one last time Matveev’s theorem (complex case), with the parame-
ters t := 2 and

Ao\ v
m = éu 2= <_dﬁ>xu bl = 67 b2 =L
v v/ X
As before, we take K := Q(«, ), D = 6 and B := (. In addition, recall
that from the application of Theorem [3|to A4, we have h(8/a) < 0.31 and
h(—dg/d,) < 0.5. Then, by the properties of logarithmic height,
h(nz2) < h(=dg/dy) + 2h(x).
We assume that d is the degree of x over Q and use ([5.39)) to conclude that

h0) = 5 3 Toa(max(1, lo(x)1})

oceG
< log<ma();({1, |a(x)|}) < 2.44-10' log n.
[AS]

We now set

Hence, h(n2) < 5106 logn.
On the other hand,

(5.41) logma| < [log(—dg/dy)| + 2|log x| < 2+ 2[log x|.

Furthermore,
5 m—~{ e n—~{
(- ((02)(3) —G) )]
AN’ T\«

9 m—~{ n—~0k
Z z Y (7
el Xz (6% r \

< loglogn ; 70.

In the above inequality, we have used the fact that = < 10'%logn (by (5.30))
and

<1+;>§z>’”;<z>”

m—~{ .
<1+<1+’
(6% xr (6%

llog x| < log z +

IN
[

)

R S SN S P 2 v 0963
= B\t T\t T sz ) ) < qair T g < U0

By (5.41)), we conclude that log(n2) < 2loglogn + 150. So, we can take
A :=2and Ay :=3-10""logn.
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Applying Theorem (3| (complex case) with the above information, we
obtain the following lower bound for |A5|:

¢,
d
(5.42) ‘ (ﬂ) SBX 1‘ > exp(—1.7-10%? log nlog f).
v/ dy X
Combining (5.37)), (5.40) and (5.42)), we get
¢ - 2,2
39 B\ dg x 12z%2
(5.43) exp(—2-10°*lognlogl) < |x| - ‘<7> <X +1] < DR

We now take logarithms on both sides, and consider the bounds on z and z

given in ([5.30)), to obtain

¢
5.44 — <22-10%1ogn.
(5.44) Tog { < ogn

We use the fact that

t
(5.45) (A >3and — < A) = t <2Alog A.
logt

Taking A := 2.2 - 10%?logn, we deduce from (5.44) and (5.45) that
(< 2(2.2-10%%1logn) log(2.2 - 1032 log n)
< 4.4-10%%(logn)(75 + loglogn).

Thus, by (5.31]), we get
n<2-10%logn+ ¢ < 2-10%logn + 4.4 - 10*2(log n)(75 + loglog n),

which leads to n < 3 - 1036 and later to £ < 3 - 10%6.

Repeating the arguments concerning continued fractions, we return to
the linear form associated to A4 (given in ), where we assume again
that m—¢ > 390. Applying Lemmawith M := 3-103% (current bound on /),
we obtain g77 > 6 M, e = 0.2423... and m — £ < 293, which was confirmed
with Mathematica. Since we have assumed in fact that m — £ > 390, we
conclude that m — ¢ < 390.

We use the facts that n —¢ = (n—m)+ (m—¥¢) and x(m—{) = z(n—m)
(by (5.2)) to derive the following result.

LEMMA 8. Let (¢,m,n,x,y, z) be a solution of (5.4) with3 <l <m<n
and d3 VT Falermytng — 1 Assume further that m — € < £ and vy(Ty,) <
5vp(1y)/6 for some p € P. Then max{z,|y|,z} < n and

(<n<3-10%  m—0<39, n—{<6(m—£) < 2340.

As before, our next step is to reduce the above bounds. To this end, we
return to inequality (5.37), which we rewrite as
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¢ - 2
(5.46) As| = ’<5> (dﬁ)x _a| < 12272 s
v dy) X IX|
102(r 73
3-10°(m = 07 ey,
X

where x corresponds to the simplification of z in x (see (5.36))). Moreover,
z ~ n—~_ z ~ m—{
D
z «@ z a
n—~_ m—{
-Ge)- () -G @)
m — 4 o m—/ o

The previous calculations lead us to note that the upper bound in in-

equality (5.46]) is only determined by the values
0<3-10%, 1<m—0<390, m—{0<n—{<6(m—1{) < 2340.

Before continuing, we note that

min IX| >2.5-1077.
1<m—<390
m—L<n—0<2340
Thus, assuming that ¢ > 40, we conclude from ([5.46) that |A5| < 1/2.
Now, taking log w = log |w|+i arg w with —7 < argw < 7 (the logarithm
of the complex number w), we get
oo wn
log(1+w) =Y (~=1)"'— for w € C with |uw| < 1.
n
n=1
From the above formula, one easily shows that |log(1 4+ w)| < 2|w| if |w| <
1/2. Hence, with w = A5, and recalling that the complex logarithm is addi-
tive modulo 27i, we deduce from ([5.46|) that

da ¥ -1 2 iy 3
(5.47) ‘Elog b + log(ﬁ X> — 27rl<:i‘ < wa’%ﬂ
g dy X X
for some k € Z. We note that 3/v and (—dgz/d,)x/x are complex numbers

of absolute value 1. Moreover,

B _da X _
v dy X
where 6, § and w are the arguments of §/v, dg/d, and x/x, respectively.
We see from inequality (5.47) that

25+2w+m)i
)

6-10%(m — 6)306_36/2‘

1200i + (26 + 2w + )i — 27k | < ¥
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Dividing both sides by 27i, we get
2 3

Op oy (22 1) L3200 m 07 o
T T 2 7|X|
We note that the left-hand side is nonzero, and the fact that T is nonde-
generate ensures that 6/7 is an irrational number.

A new implementation of Lemma |3 in (5.48)) for m — ¢ € [3,390] and
n—{e[m—1{,6(m—1/)], with

(5.48)

0 0+w 1
Y= = a5
T T
and ) 5
A::—E}‘10 (n}—ﬁ) , B:=a%? M:=3-10%,
m|x|

yields ¢ < 130. Then, by Lemma 8] we get n — ¢ < 2340, and so n < 2470.
We return one more time to , where we now assume that m—~¢ > 40,

and take M := 130. We conclude that m — ¢ < 40. Finally, we return to

(5.46), where we now assume that ¢ > 20, to conclude that |A5| < 1/2

given that n < 2340. We apply Lemma [3] in with m — £ € [3,40] and

n—~0¢cm—~£,6(m—{)] and with M := 130 (current bound on ¢). A quick

calculation with Mathematica reveals that £ < 40, son < 6(m—£)+¢ < 280.
Summarizing all the cases, we have

< m < n <280.

Using the primitive prime factors of Ty, T, and T,,, we check that the only
solutions of ({5.4)), corresponding to = + z = |y| (see (5.1)), are

Th =TirTo, Tig=TisTir, Tih = TisTh.
This completes the proof of the Main Theorem.
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