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Abstract. A family fi,..., f, of operators on a complete metric space X is called

contractive if there exists a positive A < 1 such that for any =,y in X we have d(f;(x), fi(y))
< Ad(z,y) for some . Austin conjectured that any commuting contractive family of op-
erators has a common fixed point, and he proved this for the case of two operators. We
show that Austin’s conjecture is true for three operators, provided that A is sufficiently
small.

1. Introduction. Let (X,d) be a (non-empty) complete metric space.
Given n functions fi,...,f, : X — X and X € (0,1), we call {f1,..., fn}
a A-contractive family if for any points z,y in X there is ¢ such that
d(fi(x), fily)) < Ad(z,y). We say that {f1,..., fn} is a contractive family
if it is A\-contractive for some A € (0,1). Furthermore, when f is a function
on X and {f} is a contractive family, we say that f is a contraction. Re-
call the well-known theorem of Banach [3] stating that any contraction on
a complete metric space has a fixed point. Finally, by an operator f on X
we mean a continuous function f: X — X.

Stein [7] considered various possible generalizations of this result. In
particular, he conjectured that for any contractive family {fi,..., fn} of
operators on a complete metric space there is a composition of the functions
fi (i.e. some word in f1, ..., f,) with a fixed point. We refer to this statement
as Stein’s conjecture. However, in [2], Austin showed that this is in fact false.
Recently, the present author showed [6] that Stein’s conjecture fails even for
compact metric spaces. But Austin also showed that if n = 2 and f; and fo
commute, the conjecture of Stein does hold.

With this in mind, we say that {f1,..., fn} is commuting if any f; and
fj commute.
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THEOREM 1.1 ([2]). Suppose that {f, g} is a commuting contractive fam-
ily of operators on a complete metric space. Then f and g have a common
fixed point.

Let us mention another result in this direction, which was proved by
Arvanitakis [I] and by Merryfield and Stein [5].

THEOREM 1.2 ([I], [5], Generalized Banach Contraction Theorem). Let
f be a function from a complete metric space to itself such that {f, f2,..., f*}
s a contractive family. Then f has a fixed point.

Note that there is no assumption of continuity in the statement of The-
orem We also remark that Merryfield, Rothschild and Stein [4] proved
this theorem for the case of operators. Furthermore, Austin raised a question
which is a version of Stein’s conjecture, and generalizes these two theorems
in the context of operators.

CONJECTURE 1.3 ([2]). Suppose that {fi,..., fa} is a commuting con-
tractive family of operators on a complete metric space. Then f1, ..., fn have
a common fized point.

Let us now state the result that we establish here, which proves the case
n = 3 and A sufficiently small:

THEOREM 1.4. Let (X, d) be a complete metric space and let { f1, fo, f3}

be a commuting \-contractive family of operators on X, for a given X in
(0,10723). Then f1, fo, f3 have a common fized point.

We remark that such a fixed point is necessarily unique.

2. Main goal, notation and definitions. In this section we will give a
statement that implies the theorem we want to prove and we will establish
the notation and definitions that will be used throughout the proof. We
write Ny for the set of non-negative integers, and for a positive integer N,
[N] stands for the set {1,...,N}.

When « is an ordered triple of non-negative integers and = € X, we
define a(z) = fi"* o f3? o f§*(x). Since our functions commute, we have
a(b(z)) = (a +b)(z) for all a,b € N3.

Pick an arbitrary point pg € X, and define a new pseudometric space
(abusing the notation slightly) G(po) = (N§, d), where d(a, b) =d(a(po), b(po))
for a,b € Nj. Therefore, we will actually work on an integer grid instead.
Define ¢e; to be the triple with 1 at position 7, and zeros elsewhere.

Now, we will prove a few basic claims which will tell us what in fact our
main goal is.
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PROPOSITION 2.1. Let (X,d) be a complete metric space and let
A € (0,10723), and suppose that fi, fa, f3 : X — X form a commuting \-
contractive family. Then for some i, f; has a fixed point.

PROPOSITION 2.2. If Proposition [2.1] holds, so does Theorem [1.4].

Proof. Without loss of generality, fi has a fixed point z. Define X; to be
the set of all fixed points of fi. It is a closed subspace of X, hence complete.
Further, s € S implies f1(fi(s)) = fi(f1(s)) = fi(s), so fi(s) € Si, hence the
other two functions preserve S; and form a A-contractive family themselves,
so fs has a fixed point in S7; repeat the same argument once more to obtain
a common fixed point. m

PROPOSITION 2.3. Let (Ng, d) be a pseudometric space and suppose that
A € (0,1072) is such that given any a,b € N3, there is i € [3] for which
Ad(a,b) > d(a+e;,b+e;). Then there is a Cauchy sequence (xy,)n>1 in this
space such that x,4+1 — xy, is always an element of {e1,es2,es}.

PROPOSITION 2.4. If Proposition [2.3] holds, so does Theorem[L.4]

Proof. 1t suffices to show that Proposition implies Proposition [2.1
Let (X,d) and fi, fa, f3 be as in Proposition Pick an py € X, and
consider the pseudometric space G(pg) defined before. By Proposition
there is a Cauchy sequence (x,),>1 with the property there. So, (z,(po))
is Cauchy in X. Without loss of generality, we have change by e; infinitely
often, say xp,+1 = xn, + €1 for i > 1. As X is complete, z,(po) converges
to some z. Hence zy,(po) converges to x, and so does fi(xyn,(po)); but fi is
continuous, thus fi(z) =z. »

Therefore, Proposition [2.3]is what is sufficient to prove. The integer grid
has a lot of structure itself, and the following definitions aim to capture
some of it and to help us establish the claim.

Let x be a point in the grid. Define p(x) to be the maximum of d(z, x+e1),
d(z,z + e3), d(z,z + e3). As we shall see in the following section, p will be
of fundamental importance. Given z in the grid, we define N(z) = {z + ey,
x + ea, x + ez} and refer to this set as the neighbourhood of x.

Let S be a subset of the grid. Given k € [3], we say that S is a k-way set
if for all s € S, precisely k elements of N(s) are in S. We denote the unique
3-way set starting from = by (z)3 = {z + k : k € N3}.

3. Overview of the proof of Proposition The proof of Propo-
sition [2.3] will occupy most of the remainder of the paper. To elucidate the
proof, we will structure it in a few parts. The short first section will show
our strategy along with some basic ideas. The second part will be about
k-way sets and how they interact with each other. Afterwards, we shall deal
with the local structure, namely we shall prove existence or non-existence
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of certain finite sets of points, and our main means will be k-way sets. Fi-
nally, after we have sufficiently clarified the local structure, we will be able
to obtain the final contradiction. Let us now be more precise and elaborate
on these parts of the proof.

First of all, we shall establish a few basic facts about p, most importantly
p = inf p(z) > 0, where x ranges over all points. Important for the proof of
this statement is a lemma that says d(z,y) < (p(x)+p(y))/(1—A). This fact
will be the pillar of the proof, and it will be used several times. The basic
idea introduced in this section is to create sets of points by contracting with
some previously chosen ones (by contracting a pair x,y we mean choosing
a suitable function f in our family such that d(f(z), f(y)) < Ad(z,y)). By
doing so, we will be able to construct k-way sets of bounded diameter.

After that, we shall prove a few propositions about k-way sets. For exam-
ple, every 3-way set of bounded diameter contains a 2-way subset of much
smaller diameter, in a precise sense. At first glance, it seems that we have
lost a dimension by doing this; however, we shall also show that if we have a
2-way set of sufficiently small diameter, we can obtain a 3-way set of small
diameter as well. So, for example, given K and provided X is small enough,
we cannot have 3-way sets of diameter K, and we cannot have 2-way sets
of diameter AK i inside every 3-set. From this point on we shall combine the
results and approaches of these two parts in the proof. Most of the claims we
establish afterwards will either show that a certain finite configuration (by
which we mean a finite set of points with suitable mutual distances) exists
or does not exist, and we do so by supposing the contrary, contracting new
points with the given ones and finding suitable k-way sets, which give us a
contradiction.

As the basic example of this method, we note that each point x induces
a l-way set of diameter at most 2p(z)/(1 — A), more importantly, such a set
exists in every 3-way set. With a greater number of suitable points we are
able to induce bounded k-way sets for larger k. Using the facts established,
we prove the existence or non-existence of specific finite sets.

Gradually, we learn more about the local structure of the grid considered.
For example, for some constant C' (independent of ) we have y with p(y) <
Cp and d(y + e1,y + e2) < ACu, provided A is small enough. Similarly, we
shall establish that there is no point y with p(y) < Cp and diam N(y) <
ACu, for suitable A\, C'. Such points will be used several times in the later
part of the proof and in the final argument to reach a contradiction.

At this point we introduce the notion of a diagram of a point x, giving
the information about the contractions in {x} U N(x). The diagrams will be
shown in figures, and usually dashed lines will imply that the corresponding
edge is the result of a contraction. In Figure [I] we give an example of two
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Fig. 1. Examples of diagrams

diagrams @; the left one, denoted by A, tells us among other things that
x+eq, z+eg are contracted by 1 (i.e. d(z+2e1, z+e1+e) < Ad(x+e1,z+e3)).
The claims established so far allow us to have a very restricted number of
possibilities for diagrams, and one of the possible strategies will then be to
classify the diagrams, see how they fit together and establish the existence
of a 1-way Cauchy sequence. The most important claim that we use to reject
diagrams is the following proposition.

PRroOPOSITION 3.1. Given K > 1, suppose we have xq,T1,x2,x3 such
that diam{x; +e; : 0,7 € [3], i # j} < AKp. Furthermore, suppose p(xq) <
Ku and that d(xo,x;) < Kup for i € [3]. Let {a,b,c} = [3]. Provided A <
1/(820C1 K), whenever there is a point x which satisfies d(x + eq, x + ep) <
AKp and d(z, z0) < Kp, then d(x + ec, xc + e.) < 16AK p.

The final part of the proof is based on the following claim:

PROPOSITION 3.2. Fiz xg with p(xo) < 2u. For K > 1 and i € [3], define
Si(K,x0) ={y : d(zo,y) < Kp, d(y,y + €;) < Ku}. Provided 1 > 10 AKC1,
in_every (z)3 there is t such that d(t,xz¢) < 3Kpu, but for some i we have
s 7~ t whenever s € S;(K, x).

Using the point ¢ whose existence is provided, we shall discuss the cases
of d(t+ej1,t+e2) being large or small. Both help us to reject many diagrams
and then to establish a contradiction in a straightforward manner.

To sum up, the basic principle here is that contractions ensure that
we get specific finite sets. On the other hand, certain finite sets empower
contractions further, allowing us to construct k-way sets of small diameter.
Therefore, if we are to establish a contradiction, we can expect a dichotomy:
either we get finite sets that imply global structure that is easy to work with,
or we do not have such sets, and we impose strong restrictions on the local
structure of the grid.

We are now ready to start the proof of Proposition The proof will
run for most of the paper, ending in Section 8.

(*) In other figures we shall not denote the points on the diagram itself; however, the
coordinate axes will always be the same.
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Proof of Proposition[2.5. Suppose the contrary: there is no 1-way Cauchy
sequence in the given pseudometric space on Ng. This condition will, as we
shall see, imply a lot about the structure of the space, and we will start by
getting more familiar with the function p, which will, as already remarked,
play a fundamental role.

4. Basic finite contractive configurations arguments and prop-
erties of p. In this section we establish a few claims about p, together with
some claims which will come in handy at several places of the proof.

LEMMA 4.1 (Farthest neighbour inequality, FNI). Given z,y in the grid
we have d(z,y) < (p(z) + p(y))/(1 = A).

Proof. Let i be such that Ad(z,y) > d(x + e;,y 4-€;), which we denote
from now on by = ~ ¥, and say that i contracts , yJﬁ Using the triangle
inequality a few times yields d(z,y) < d(z,z + ¢;) + d(z + e,y + €;) +
d(y + ei,y) < Md(z,y) + p(z) + p(y), which implies the result. =

Similarly to x A Yy, we write x /7\ y to mean that d(z + e;,y + ;) >
Ad(z,y).

LEMMA 4.2. Let x,y be any two points in the grid. Then we can find a
1-way subset S such thaty € S and given € > 0 we have d(s,z) < 5 p(x)+€
for all but finitely many s € S.

Proof. Consider the sequence (z,)n>0 defined inductively by z¢o = y and
for any k > 0, 11 = xx + ¢; when ¢ contracts x and xi. By induction on
k we shall prove that d(z,z;) < A\¥d(z,y) + p(z)/(1 — N).

The case k = 0 is clear as p(xg) > 0. If the claim holds for some %k and
x) —~ x, then by the triangle inequality we have

d(zgy1,2) < d(zpg1,x+e) +d(z+ e, x) < Md(zgk, x) + p(xo)
< Nd(@, y) + Ap(w0) /(1 = X) + p(xo)
< XFd(,y) + plwo) /(1= N),
as desired.

Now, take n sufficiently large so that p(z)/(1—\)+A"d(z,y) < 155 p(20)

+ €. Hence d(zy, 2) < 25 p(x0) + € for all k > n, so choose S = (z1)>0- ®

PROPOSITION 4.3. Given any x in the grid, we have p(x) > 0.

Proof. Suppose p(z) = 0 for some x. Then Lemma immediately gives
a l-way Cauchy sequence, which is a contradiction. =

PROPOSITION 4.4. The infimum inf{p(z) : x € N3} is positive.

(?) We also say z,vy is contracted by i, or x,y is contracted in the direction e;.
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This result is one of the crucial structural properties for the rest of the
proof, and having it in mind, we will try either to find small p, or to use the
structure implied to get a Cauchy sequence, which will yield a contradiction.
To prove this statement, we use Lemma the difference being that we
now contract with many different points of small p instead of just one.

Proof of Proposition[{.4} Suppose, contrary to our claim, that there is
a sequence (Yn)n>1 such that p(y,) < 1/n. As p is always positive, we can
assume that all elements of the sequence are distinct.

We define a 1-way sequence (xj)k>0 as follows: start from an arbitrary
xo and contract with y; as in the proof of Lemma until we get a point
xy, with d(zg,,y1) < 2p(y1)/(1 — X) (such a point exists by Lemma [4.2).
Now, start from xj, and contract with ys until we reach x, with d(xg,,y2) <
2p(y2)/(1—X). We require that k;11 > k; for all possible 4, so that, proceeding
in this way, one defines the whole sequence. Recalling the estimates in the
proof of Lemma we see that for k; < j < k;11 we have

d(xj,yir1) < d(@r;, yir1) + p(yis1) /(1 = A)
< d(wr;, yi) + d(is yir1) + p(yiv1) /(1= A).

So by FNI, we see that d(z;, yi+1) < (3p(yi) + 2p(yir1))/(1 = X) < sy
Hence, if we are given any other xj; with ky < j' < k4, by the triangle
inequality and FNI we see that d(z;, ;) < -2 (1/i+1/4’), which is enough

to show that the constructed sequence is 1-way Cauchy. u

We will denote i = inf p, where the infimum is taken over the whole
grid. We have just proved p > 0.

5. Properties of and relationships between k-way sets. The fol-
lowing propositions reflect the nature of k-way sets. These both confirm
their importance for the problem and will prove useful at various places of
the proof.

PROPOSITION 5.1. If (a)3 is a 3-way set of diameter D, then it contains
a 2-way subset of diameter not greater than N\C1D, where Cy = 49158.

Proof. This will be a consequence of Proposition [5.2] and Lemma
each needing an auxiliary lemma. Let us start by establishing:

PROPOSITION 5.2. If the conclusion of Proposition does not hold,
then given z,y € (a)3 and distinct i, j € [3], there is z € (a)3 with d(x, z+¢;)
> 2D and d(y, z + €j) > 2AD.

The purpose of this proposition is to provide us with a finite set of points
which will then be used to induce a 2-way set of the desired diameter, by
contractions. To prove this claim, we examine two cases: d(z,y) > 5AD and
when d(z,y) < 5AD.
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Proof of Proposition[5.3.

CASE 1: d(z,y) > 5AD. We shall actually prove something more gen-
eral: if d(z,y) > 5AD and we cannot find a desired point z, then we get a
3-way subset T of (a)3 of diameter not greater than 4\D.

Suppose there is no such z, hence for all z € (a)3 either d(z, z+e1) < 2AD
or d(y, z+e2) < 2AD. We can colour all points ¢ in this 3-way set by ¢(¢) = 1
if d(t,z) < 2A\D, c(t) = 2 if d(t,y) < 2AD, and ¢(t) = 3 otherwise. This is
well-defined, as the triangle inequality prevents the first two conditions from
holding simultaneously. Thus, for any z, either c(z+e1) =1 or ¢(z+e2) = 2.
Also given any two points z,¢ in the grid such that ¢ A z, and whose
neighbours take only colours 1 and 2, it cannot be that c¢(z+e;) # c(t +e;),
as otherwise we would have e.g. ¢(t +¢€;) = 1, ¢(z +e;) = 2. Then d(z,y) <
d(z,t+ej)+d(t+ej,z+e;)+d(z+ej,y) < 5D, a contradiction. Thus for
any such z and ¢, there is an i such that c(t +¢;) = c(z + ¢;).

The following auxiliary lemma tells us that all such colourings are essen-
tially trivial. (Note that we are still in Case 1 of the proof of Proposition )

LEMMA 5.3. Let c: (8)s — [3] be a colouring such that:

1. Given z € (B)3, either c(z +e1) =1 or c(z + e2) = 2.
2. Given z,t € ()3 such that the neighbours of z,t take only colours 1
and 2, we have c(z + e;) = c(t + ¢;) for some i.

Then there is a 3-way subset of (B)3 which is either entirely coloured by 1,
or entirely coloured by 2.

Proof. We denote coordinates by superscripts. Given non-negative inte-
gers a > A3 and b > M) + 82 denote
Lla,b)={zeN}: 20 =q, 20 4 2 = p},
Such a line must be coloured as ¢(b— fa, f2,a) = 1,¢(b— 2 — 1,62+ 1,a) =
1,...,c(t+e1—e2) = 1,c(t) arbitrary, c(t+ea—e1) = 2,...,¢(f1,b—p1,a) = 2,
for some point t. If all z in £(a,b) with z(V) > g1 43, 2() > 3(2) 1 3 are
coloured by 1, say that L(a,b) is a 1-line. Similarly, if they are coloured by 2,
call it a 2-line, and otherwise a 1,2-line.
Observe that if £(a,b) is a 1,2-line for a > &) and b > M) 4 2 410,
then L(a+ 1,b— 1) is not a 1,2-line, for otherwise we have:

L (8,6 — W a), (BV + 1,0 — Y —1,a), (BV,b— M) —1,a+1)
are coloured by 1,

2. (b— B9, 83, a), (b— P -1, +1,0), (b—® —1,8®,a+1)
are coloured by 2,

which is impossible by the second property of the colouring.
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Suppose we have a 1,2-line L(a,b) for a > g3, b > g + ) 4 20.
Then L(a + 1,b — 1) and L(a — 1,b + 1) are either 1- or 2-lines. But as
above, we can exhibit z’, vy’ such that 2’ + ey, 2’ + es,y’ + e3 are of colour 1,
while ¥’ + e1,1y’ + e, 2’ + e3 are of colour 2, or we can find z’,v’ for which
' +er, 2’ +eo, 2’ +e3 have c = 1, and y' +e1, 9y +ea,y' +e3 are coloured by 2.
So, there can be no such 1,2-lines. Further, by the same arguments we see
that £(a, s—a) for fixed s must all be 1-lines or all 2-lines, for a > f3+1, and
that in fact only one of these possibilities can occur, hence we are done. =

Applying Lemma [5.3] immediately solves Case 1 of the proof.

CASE 2: d(z,y) < 5AD. Suppose the contrary. Then in particular, for
any z, we have d(x,z + e1) < 7TAD or d(z,z + e2) < TAD. Further, we
must have z such that d(z,z + e;,),d(x, z + €;,) > 10AD for some distinct
i1,i2 € [3]. Take such a z, and without loss of generality iy = 2, io = 3.
So d(z + e1,x) < 7TAD. Hence d(z + (—1,1,1),2) < 7TAD and contracting
z,24+(—1,0,1) gives d(z+(—1,0,2),x) > 9A\D. Now contract z, z+(—1,1,0)
to get d(z,z + (—1,2,0)) > 9\D. However, this is a contradiction, as both
z+4+(—1,1,0) + e; and z + (—1,1,0) 4 ey are too far from z.

Having settled both cases, we have completed the proof of Proposi-
tion 3.2. m

If there is € (a)3 such that for some 2z’ € ()3 and for all y € (2)3
we have d(z,y) < 5AD, we are done. Hence, we can assume that for all
x, 2’ € ()3 there is y € (2')3 which violates the above distance condition.

Take now an arbitrary zp € (a)3. Due to the observation we have just
made, for any i € [3] there is an x; # xo such that d(z; + e;, xo +€;) > HAD;
to be on the safe side, assume that the neighbourhoods of xg, x1, z2, x3 are
pairwise disjoint. Now, by Proposition given i # j in [3], we can find
x;; € (a)3 such that d(x; ; +e;,x0+€;), d(z; j + €,z +e;) > 2XD. Now, let
y be any element of the 3-way set generated by «. Take ¢ which contracts
xo,y, implying d(zo + €;,y + ¢;) < AD. Hence by the triangle inequality
d(z; + ej,y + e;) > AD, so z;,y must be contracted by some j # i. Using
the triangle inequality once more, we get d(x;; + e;,y + €;) > AD and by
construction d(x; ;+e;, y+e;) > d(z; j+e;, x0+e;) —d(zo+e;, y+e;) > AD,
therefore for k # i, j we have d(y + ey, x; j +e) < AD. We are now ready to
conclude that there is a finite set of points P such that whenever y € («)3 is
given, then for each i € [3] there is a point p € P with d(p, y+e;) < AD. Here
P consists of N(xg), z; + e; and x; j + e, for suitable indices ¢ # j # k # i,
in particular |P| = 15.

LEMMA 5.4. Suppose we are given a 3-way set ()3 = Ule A; of di-
ameter C, where diam A; < A\rC' for each i©. Then there is a constant K,
(i.e. does not depend on X or C) such that (8)3 has a 2-way subset of di-
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ameter at most K, AC. Further, we can take K1, = r, Ko, = 2r + 8,
Kii1, = Kior41 for allr and k > 2.

Proof. We use induction on k. When k£ = 1, there is nothing to prove,
and Ky, = r. Suppose k = 2.
Before we proceed, we need to establish:

LEMMA 5.5. Consider a 3-colouring of the edges of a complete graph G
whose vertex set consists of all positive integers, namely ¢ : {{a,b} : a # b,
a,b € N} — [3]. Then we can find sets A, B with union N such that for
some colours ca,cp we have diam., G[A],diam., G[B] < 8. (Here diam,
means the diameter of the graph induced by colour cy.) Furthermore, we can
assume A and B are non-disjoint when cq # cp.

Proof. Let x be any vertex. Define A; = {a : ¢(a,x) =i} for i € [3], the
monochromatic neighbourhood of colour 7 of z. We shall start by looking at
the sets A; if these are not appropriate, we shall look at similar candidates
for A, B until we find the right pair of sets. The following simple fact will
play a key role: if X, Y intersect and diam. G[X], diam. G[Y] are both finite,
then diam. G[X UY] < diam. G[X]| + diam. G[Y].

Firstly, if any of the sets A; is empty, then taking A; U{z} and A, U{z}
for the other two indices j, k proves the lemma. So assume that all A; are
non-empty. The next idea is to try to ‘absorb’ all the vertices into two of the
sets A;. To be more precise, let B; ; = {a; € A; : Va; € Aj, c(ai, a;) # j} for
distinct 4, j € [3]. Then

dlamz({m} UA; U (AJ \ Bj,i)) <4

for all distinct 4, j (which is what we meant by ‘absorbing vertices’ above).
Observe that if {4, j,k} = [3] and B;; and Bj, are disjoint, then A; \ B;;
and Aj \ Bj cover the whole A; so we can take c4 = i, cg = k and
A={2}UA;U(A;\Bj;), B={x}UA,U(A;\Bj). Hence, we may assume
that B;; and Bj, intersect, and in particular are non-empty.

Observe also that for {7,7,k} = [3], if we are given a; € B, j, a; € Bj;
then c(a;, a;) # 1,7, so c¢(a;,a;) = k. This implies diamy G[B; ; U Bj;] < 2.
We shall exploit this fact to finish the proof.

Now pick an ag € Bz 1 N Bz a. If ¢(a1,a3) = 3 for some a; € By 2, then
diamg(BLg @] Bg71 UAsU {a:}) < 5 and diam; (Al @] (A2 \ 3271) @] {a:}) <4,
so we are done. The same argument works for a3 and Bj 1, allowing us to
assume that no edge between By 2 U By 1 and ag is coloured by 3. Therefore,
since a3 € B3 1 N B3, we have ¢(Bj 2,a3) = 2 and ¢(B21,a3) = 1.

Recall that previously we tried to absorb the vertices of A1 to As to have
a set of bounded diameter in colour 2, but this failed for the set Bj 2. Now,
we have ¢(Bj 2,a3) = 2, so we can once again try the same idea, by looking
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for an edge of colour 2 between ag and A; \ By 2 (vertices of which are joined
by an edge of colour 2 to something in Asg).

Suppose that c(a1,a3) = 2 for some a; € A1\ By 2. Then diamy(A; UAU
{z} U{as}) < 8, and taking Az U {x} for the other set proves the lemma.
Analogously, the lemma is proved if c¢(a,a3) =1 for some ag € Az \ By 1.

Finally, since a3 € B3 1 N B3 2, we may assume that ¢(A; \ By 2,a3) =3
and c(A2 \ B21,a3) = 3. Observing that diamz(Bj2 U By;) < 2 and
diamg(N\ B2 \ B2,1) < 4 completes the proof. =

We refer to diam,. as the monochromatic diameter for c.

¢ such that = olzy) y. From Lemma we have sets Bj, Bo whose union

is (/3)3, and whose monochromatic diameters for some colours are at most 8,
that is, by the triangle inequality diam(B; + e;, ), diam(Bsa + €;,) < 8AC for
some i1,19. If i1 = i9 we are done, hence we can assume these are differ-
ent, and in fact without loss of generality i1 = 1, io = 2. If Ay, Ay inter-
sect, then the diameter of their union is not greater than 2rAC, proving
the claim. Therefore, we shall consider only the situation when these are
disjoint. Similarly, if B; 4 e intersects both A1, Ao, then by the triangle in-
equality, diam (8)s < (2r+8)AC, so without loss of generality B1+e; C A;.
Depending on which of the two sets contains Bs + es, we distinguish the
following cases:

Consider the complete graph on >3 along with an edge 3-colouring
5.5

CASE 1: A1 D By +e3. We now show that A; has a 2-way subset, whose
diameter is then bounded by the diameter of A, which suffices to prove the
claim. Suppose a € A;. Then a € B; for some i, hence a + e1 or a + es
is in Aj. If both are, there is nothing to prove. Otherwise, the other point
must be in Ay, say a +e1 € A1, a+ ey € As. Suppose a + ez € As as well.
Then a + e3 — ej,a+ e3 —e; € By, thus a + (—1,2,0),a+ (—1,1,1) € Ay,
hence contracting a,a—ej +eg gives d(A1, A2) < AC. Otherwise a+e3 € Ay,
hence we are done.

CASE 2: Ay D Bs + eo. Colour a point by i if it belongs to A;. Such a
colouring satisfies the hypothesis of Lemma since given a point y, either
Yy + e1 is coloured by 1, or y + es is coloured by 2, and the second condition
is also satisfied (or after contraction we get d(Aj, As) < AC' so we are done).
Hence, we have a colouring that is essentially trivial, proving the claim.

Suppose the claim holds for some k& > 2, and we have k + 1 sets. As
before, we can assume that these are disjoint and thus define a colouring
c such that y € Agq). Further, we can assume that d(A;, 4;) > AC for
distinct 7, j. Moreover, we have A; N (5 + (1,1,1))3 # (), as otherwise we are
done by considering 5 + (1,1,1) instead of f.
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Let z € (8)3. Define the signature of z as
0(z) = (c(z + e1), c(z + e2), ¢z + e3)).

By the discussion above, given i € [k+1], [ € [3] we have a point z such that
a(z)(l) = 4. Also, whenever z, 2’ are two points in our 3-way set, we must
have (2)% = o(2')® for some i, for otherwise we violate the condition on
the distance between the sets A;.

Let (a, b, ¢) be a signature. Suppose there were another signature (p, d, e)
where b # d, ¢ # e, which implies that p = a. Since k + 1 > 3, there are
signatures (g1, h1,71), (92, ha, jo) where g1, g2, a are distinct. Then (hq,j1) =
(ha,jg2) € {(b,e),(d,c)}; without loss of generality these are (b,e). Hence,
for any z we have o(2)® = b or 0(2)® = e. Now, define a new colouring
c of (B)s: if a point p was coloured by b set ¢/(p) = 1, if it was coloured by
e set ¢ (p) = 2, otherwise ¢/(p) = 3. Recalling the previous observations we
see that ¢’ satisfies the necessary assumptions in Lemma and we apply
it (formally changing the coordinates first) to finish the proof.

Otherwise, any two signatures must coincide on at least two coordinates.
In particular, the only possible ones are (-,b,¢), (a,-,c),(a,b,-) where the
dot can be any member of [k + 1]. If a # b, ¢, we have o(z + (1,0,—1)) =
(a,b,a) and o(z + (1,—1,0)) = (a,a,¢). Thus o(z + (2,-1,-1))@ =
o(z+(2,-1,-1))®) = a, which is impossible. Similarly b € {a, c}, ¢ € {a, b},
hence a = b = ¢, and so A, is a 2-way set with the desired diameter. m

By Lemma there is a 2-way set T with diamT < Kj52\D. Setting
S = 3, we haVe K157571 = K1472571 = K13722571 = .= K2,213571 = 2143+6
= 49158, as desired. =

We say that a set of points of the grid @ is a quarter-plane if there are
distinct 41,92 € [3] such that @ = {t + ae;, + be;, : a,b € Ny} for some
point .

PROPOSITION 5.6. Suppose A < 1/4 and there is a 2-way set S of diam-
eter D. Provided m; = infscg p(s) > D(2+ X), S contains a quarter-plane

subset Q.

Proof. Without loss of generality, we can assume that S has a point p
such that S C (p)s, and all points s of S except p have a unique point s’
such that s € N(s’). This is because we can always pick such a subset of S,
and it suffices to prove the statement in that situation. We say that such a
k-way set is spreading (from p).

CASE 1: For all i € [3], there is x with x + e; not in S. Let z,y € S be
points such that = + e;,y +e; € S with i # j. Take k so that {i,j,k} = [3].
Then if © ~ y, by the triangle inequality we have m; < d(z,z + ¢;) <
d(x,y)+d(y,y+e)+d(y+ei,z+e;) < (2+A)D, a contradiction. Similarly
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we reject z -~ y, hence x X y. Thus, if we define A = {s € S:s=1t+e¢
for some t € S}, these are all of diameter < 2AD.

Suppose A; and As are disjoint. Consider x such that x + ez ¢ S. If
x4+ e +e €8, 1t is in both Ay and As, which is impossible. Hence,
r+e +eg,r+e+ez €8, thus x + e3 + e1 + eg is not in S, so we
can repeat the argument to get all the z 4+ (1,0,n) and = + (0,1,n) in S.
Now, by the triangle inequality we must have x + (1,0,n) Aat (0,1,n),
2+ (1,0,n) A 2+ (0,1,n + 1), for all non-negative n, so (z + (1,0,7))n>1
is Cauchy, a contradiction. Thus A;, Ao intersect, and similarly A; and As
intersect As; therefore, the union 7' of these, which is 2-way (as every point
of S belongs to some A;, except the starting one), has diam T < 4\D.

CASE 2: there is © such that for any x € S, x4+ e; is in S. Without loss
of generality, we assume ¢ = 3. Pick any zg in S and set a = (mo)(?’). Starting
from zp we can form a sequence (zy)n>0 such that {z,41} = SN {z, + e,
Zn + e2}. Suppose we have z,y among these such that x + e,y +e2 € S.
Hence, z + (1,0,n),z + (0,0,n),y + (0,1,n),y + (0,0,n) belong to S for all
non-negative n, thus x + (0,1,n),y + (1,0,n) are never elements of S. Now,
contracting the pairs z+(0,0,n),y+(0,0,n) and x+(0,0,n+1),y+(0,0,n)
gives a 1-way Cauchy sequence as in Case 1. If there are no such x,y then
S contains a quarter-plane.

Therefore, if we ever get into Case 2, we are done. Hence, let S = S.
Then by Case 1, we have a 2-way Sy subset of S7, which we can assume
to be spreading, by the same arguments as those for S. It also satisfies the
necessary hypothesis of this claim, so we can apply Case 1 once more to
obtain a 2-way set S3 C S5. Proceeding in the same manner, we obtain a
sequence of spreading 2-way sets S1 D S2 D --- whose diameters tend to
zero, so just pick a point in each of them, and then find a 1-way Cauchy
sequence containing these to reach a contradiction. m

PROPOSITION 5.7. Let {iy, 12,13} = [3]. Suppose we have a quarter-plane
S = {a+ me;; + ne;, : m,n € Ny} of diameter D, and let R = infg p.
Provided A\ < 1/3 and D(1 — X?) < (1 — 4\)R, there is a 3-way set of
diameter at most QA(ﬁD + %R)

Proof. Without loss of generality, i3 = 1. Observe that for any s € S
we must have p(s) = d(s, s + e1). The reason is that both s + eg, s + e are
in S and so d(s,s + e2),d(s,s + e3) < diam S = D, but max{d(s,s + e1),
d(s,s+e2),d(s,s +e3)} =p(s) > R> D.

Let z,, € S with p(zy,) < (1+1/n)R < 2R. As XA < 1/2, we must have
Ty -~ T, + e1. Furthermore, suppose i # 1 contracts y, 2, + e1 for some y
in S. Thus x, + e; € S and so p(z, + €;) = d(x,, + €;,x, + €1 + €;). Then,
by the triangle inequality, p(x, + €;) = d(zy, + €;, xn + €1 + €;) < d(zy, + €5,
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y+e)+dy+e,xn+er+e) < Ay,zn+e1)+D<IN2R+(1+\)D < R,
therefore y ~ a,, + e1. Hence p(y) < d(y, xpn) + d(zpn, Tn + 2e1) + d(zy + 261,
y+e) <D+ R1+1/n)(1+ AN+ XD+ R(1+1/n)) for all n, hence
p(y) < D1+ X))+ R(1+2X) <2R.

Now we claim that for all y € S and all £ > 1, we have y A y + key,
which we prove by induction on k. For k = 1, this is immediate as otherwise
there is y with p(y) < 2AR < R.

Suppose the claim holds for some k£ > 1. Then for any y and | < k + 1
we have

d(y,y +le1) < d(y,y +e1) +d(y + e,y +ler) < p(y) + Ad(y,y + (I — 1)er)
<< py) LA+ AT < p(y) /(1= N).

Also, d(y,y+ler) > d(y, y+er)—d(y+e1,y+ler) > p(y)—Ad(y, y+(1—1)e1) >
p(y) = 1_2/\ . As A <1—2)\, we see that 1 always contracts y,y + (k+ 1)e;. In
partlcular p(y) =2 R < d(y,y+ k’el) < p(y)/(1—=N).

Fix any x € S. Now, suppose & —~ 3y + kej for some i # 1. Then

— 2\ 1—2X
—y Selyte) T <dly+eiyteitker)
< d(y + e @+ ei) + Md(2,y) + d(y, y + ker))
2\
a contradiction. Hence, by looking at distance from z + e;, we see that
diam{a + (a,b,¢) : a > 2,b,c > 0} < 2X(D + D(1 + \)/(1 — ) +
R(1+2X)/(1— X)), as required. =

R

In order to make the calculations easier, we use the following corollary.

COROLLARY 5.8. Suppose we have a 2-way set S of diameter D, and
R = inf,cg p(s). Provided A < 1/9 and R > (2 + \)D, there is a 3-way set
of diameter at most 6AR.

Proof. Firstly, apply Proposition [5.6] to find a quarter-plane inside the
given 2-way set. Since R(1 —4\) > R/(2+ ) > D > (1 — A?)D and
A< 1/3, we can apply Proposition E 5.7 to obtain a 3-way set of diameter at
most 2)\( <D+ 1+2}‘ R) An easy calculation shows that this expression is
smaller than )\(5D ¥ 3R) < 6AR. =

Recall that we defined p = inf,, p(x), where = ranges over the whole grid.
Recall also that p > 0 by Proposition

PROPOSITION 5.9. Given K, provided 1 > (2 + MAKC1, all 3-way sets
have diameter greater than Kpu.



Commuting contractive families 239

Proof. This is clear for K < 1, so assume K > 1 and in particular
A < 1/9. Suppose T is a 3-way set of diameter D < Ku. By Proposition
there is a 2-way set S C T with diam.S < ACjKpu. Therefore by Corol-
lary [5.8] as AC1Kp < pu/(2+)), we have a 3-way set of diameter not greater
than 6AKp < u, a contradiction. m

PROPOSITION 5.10. Given K, provided A < 1/9,1/(3K), all 2-way sets
have diameter greater than AKp.

Proof. Pick a set Sy contradicting the conclusion. Since KA\pu(2+\) < p,
we have a 3-way set T with r; = diam T} by Corollary[5.8] Now take a 2-way
subset S; C 11 with diam 57 < KApu, so we have a 3-way set 15 of diameter
not greater than ro = 6Ar;. Repeating this argument, for each £ > 1 we can
find a 3-way set T} with diameter bounded by rg, where rp 1 = 6Arg. But
then we must have r; < u for some k, a contradiction. m

Note that the only way for a 2-way subset not to have elements in every
{(n,n,n))s is to be contained in a union of finitely many quarter-planes.

6. Finite contractive structures. Recall the proofs of Proposition 5.1
and Lemma[4.2] There we fixed a finite set S of points, and then contracted
various points with points in S to obtain k-way sets. The following claims
pursue this approach further. In this subsection, we also show that we cannot
have some configurations of points.

PROPOSITION 6.1. Suppose K > 1 and A\ < 1/(24K). Then we cannot
have a point xq in the grid with p(xo) < Ku such that N(xo) = {x1,22, 23}
with diam (N (xo) U{x; +e;: 4,5 € [3],1#j}) < AKp.

When using this proposition (and to obtain a contradiction in the proofs
to follow), we say that we are applying Proposition to (zo;x1, T2, 23)
with constant K.

Proof of Proposition 6.1. Suppose we do have points as described in
the statement. By Lemma in each 3-way set we have a point ¢ such
that d(t,z9) < 2K p. Consider the contractions of ¢ with xg, z1, 2, x3; our
main aim is to obtain a 2-way set of a small diameter and then to use
Proposition to reach a contradiction.

Observe that from the assumptions of the proposition, for any {i, j, k}
= [3], we have

maX{d(ﬂJi, x; + ei), d(l’i, x; + ej), d(:L‘i, x; + ek))}
= p(xi) 2 p > AKp > max{d(z;, z; + e;), d(zi, i + eg) }.
Thus p(z;) = d(x;, z; + e;) for all i € [3].
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Suppose first that ¢ -~ z; for all i € [3]. Take ¢ so that t A zo. Then

p(z;) = d(zi, x; + e;) < d(xi,xo + €;) + d(xo + €5, t +€;) +d(t + e, x; + €;)
< AKp A+ Md(zo, t) + Ad(z4,t) < 6AKp < p,

which is impossible.

Thus, there are distinct i, € [3] with ¢ A x;. If j were to contract ¢, xj,
we would get

p(z;) = d(zj, z; + €;)
<d(zj,x; +ej) +d(z; +ej,t+e;) +dt+ej,z; + €j)
< AKp+ Md(x,t) + Md(t, x5) < TAKp < pu,

which is impossible. Therefore, for some k # j, we have t X xj. In particular,
d(t+ej,x1+e2) <d(t+ej,xi+ej)+d(xi+ej,x1+e2) <At x;) +AKp <
AANK i, and in a similar fashion d(t + eg, 1 + e2) < 4\Kp. Furthermore by
the triangle inequality, both ¢t +e; and t+ey, are at most Ku+4AKp < 2Kp
away from xg, so we can apply to these points the same arguments as we did
for t. Hence, we obtain a bounded 2-way set of diameter at most 4K u. But,
considering all the points of the 2-way set except t and their distance from
x1 + e, this is actually a 2-way set of diameter at most 8AK 11, and we have
such a set in every 3-way subset of the grid. Now, we apply Proposition [5.10
to obtain a contradiction, since A < 1/(24K) and K > 1. »

PROPOSITION 6.2. Given K > 1, provided A < 1/(78K),1/(13C4), there
is no x such that p(x) < Ku, but p(x + ¢;) > TKu for all i € [3].

Sometimes we refer to a pair of points a,b in the grid as the edge a,b,
and by the length of the edge a,b we mean d(a,b). The points a and b are
the endpoints of the edge a,b.

Proof of Proposition 6.2. Suppose there is such an x. Consider the con-
tractions of x + e;, z 4 e; for ¢ # j and suppose that two such pairs are con-
tracted by the same k. Thus diam{z+e;+e1, z+ep+es, r+ep+es} < AAKp.
Now, contract x, z+ej, to get p(z+ey) < (2-+5A) K < 3K u, a contradiction.
So, the pairs described above must be contracted in different directions. Fur-
ther, we can make a distinction between the short edges of the form a,a+e¢;
and the long edges a + e;,a + e;, where a is any point of the grid and 1, j
are distinct integers in [3] @ For every such long edge we have a unique
short orthogonal edge a,a+ ey, where {4, j,k} = [3]. Observe that if we have
a short edge and a long edge in {x} U N(z) which are not orthogonal, but
both contracted by some ¢, then we must have another such pair, contracted

(3) Note that ‘short’ and ‘long’ have nothing to do with the length of an edge previously
defined, but actually just describe how these edges appear in the figures in the proofs.
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by some j # i. One can show this by looking at the short edge e which is
orthogonal to the long one in a given pair of edges contracted by 1.

If we write [3] = {i, 4, k}, then j contracts one long edge, and so does k.
But now consider the orthogonal short edge e described above. It cannot be
contracted by i, for otherwise p(z + e;) is too small. Thus, it gives another
pair as desired. Having shown this, we have two cases, with at least two
such pairs (i.e. non-orthogonal short and long edges contracted in the same
direction), or no such pairs.

CASE 1: There are at least two such pairs. In Figure 2] we show the
possibilities for contractions; the edges shown as dashed lines have length
at most 3K A\u. Here we actually consider possible contractions and then

T
_ [ g 1
4 1

Fig. 2. Case 1

apply triangle inequalities. This way, we obtain very few possible diagrams.
We only list the possible configurations up to rotation or reflection, as the
same arguments go through. In diagram A, by short edge contractions we
get p(z 4 e;) < 3K for some ¢, which gives the claim. Dotted lines marked
with D will be called D-lines. On the other hand, in diagrams B, C and D
we claim that either we are done, or the dotted lines marked with D are of
length at most 9AK p. Once this is established, we have p(x +¢;) < 3K for
some ¢, resulting in a contradiction.

For each i € [3], let z; € N(x) be such that x; + ¢; is not an endpoint
of a long edge shown as a dashed line. By Lemma in each 3-way set
we have a point ¢ with d(z,t) < 2p(z)/(1 — A) < 3Kpu. Observe that from
the diagrams we have d(z;, 7; + ;) < (24 6\)Kp whenever i # j. Further,
we cannot have z; —~ t for all %, since otherwise we get a contradiction by
considering the contraction x Lot e+ e;j is an endpoint of an edge shown
as a D-line, and x +e; + ¢; is the other endpoint, we have x +¢; = xj, hence
dz+e+ej,x+e;) < Nd(x+ej,t)+d(t,x)) < TAKp, which is impossible.
Thus, « + e; is not on a D-line edge, which gives p(z;) = d(zj,z; + ¢;) <
d(xj, ) +d(z,x + e;) + d(z + ej,t +e5) +d(t +ej, 75 +ej) < (2+ TA)Kp.
Previous arguments imply that we must have ¢ # j with x; Z.t, and hence

xj 7 t (otherwise p(x;) < (2+14X\) K p), so given such a t we get t+eq, t+ep,
a # b, at most 13AK p away from x1 + e2 and at most 3K u away from x, by
the triangle inequality. Hence, in every (z)3 we get a 2-way subset of diameter
not greater than A\26 K u, yielding a contradiction, due to A < 1/(78K) and
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Proposition [5.10] Hence, edges shown as D-lines satisfy the desired length

condition.

CASE 2: There are no such pairs. The possible cases up to rotation or
reflection are shown in Figure [3, where the short edges shown as dashed
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Fig. 3. Case 2

lines are of length at most MKy, while the long ones are of length 2AK 1. As
above, diagram A gives p(x + ¢;) < 3K immediately. On the other hand,
we can consider points shown as black squares and empty circles in the other
two possibilities. We call a point black if it is a black square, and white if
it is an empty circle. In the course of the proof, we shall colour more points
black and white. Let » be the minimal length of dotted edges in Figure
and ' the maximal one. Then 7’ < r + 2Ky + 6AK u. Furthermore, given
i € [3] we have TKpu < p(x +€;) <r' <r+3Kpu, sor > 4K pu.
Consider ¢ such that d(z,t) < 2r. Let j contract x + ¢;,t, so we have
dit+ej,z) <d(t+ej,x+e+ej)+dx+e +ejx+e)+da+e,x)

< M(t,x +e) + p(z +€;) + p(x)

< Ad(t,z) +d(z,z+e))+7r" + Kp

<22r + AKp+ 714+ 2Kp+6AKp+ Kp

<(1T4+20)r+ B+ 8NKu < (1+2X+ (3+8X)/4)r < 2r,
since A < 1/16. Similarly if j contracts z,t we have d(t + e, x) < d(t + e;,
r+ej)+d(xz+ej,x) < 2 r+ Kp < 2r as well. Further, observe that if t +e;
is the result of contraction as before, then we have a point a € N(z) U {z +
ei+ej 4,5 €3]} with d(t + ej,a) < A(2r + Kp). Restrict our attention to
the black points (shown as black squares) and white points (empty circles)
in Figure |3 We have diam{white points} < 6AKu, diam{black points} <
(2 + 2)\) Ky and the distance from any white point to any black point is at
least 7 — Ky — 4\K pu. Take a point ¢ at most 2r away from x (note that by
Lemma such a point exists in every 3-way set). Consider contractions
with {#} U N(z) and suppose that t + e;, w and ¢ + e;, b are results of these
operations, where w is white and g is black. Then, by the triangle inequality,
r— Kp—4AKp < dw,b) < d(w,t+ ¢e;) + d(t + e;,b) < 2X2r + Kp),
a contradiction. For any given i € [3] let ; stand for the point of N(z) such
that d(z;,z; + e;) < AKpu, thus N(z) = {x1,22,23}. Let t ~ x. Then take
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J € [3] distinct from i. We see that x; + e; is white, while z + e; is black,
hence ¢ does not contract t,z;. Let k # i contract ¢, x; and let [ be such that

i, 7,1} = [3]. If k = j then similarly we see that ; -~ ¢, while in the other
{i,74, J y :

case k = [ and z; -~ t. Hence, in conjunction with the previous arguments,
we obtain a 3-way set of diameter at most 4r.

Furthermore, recall that given pairs ¢t + e;, p and t + ¢;, ¢, which are re-
sults of contracting ¢ with z or a point in N(z), we must have p and ¢ of
the same colour. As each of t + e1, t + e2 and t + eg3 is a result of such a
contraction, we can extend the 2-colouring of the points in diagrams F and
G to all points of (x)3, namely ¢ : ()3 — {black, white}, with ¢ + e; being
coloured black if p described above is black in the original colouring, and
white otherwise.

Now, the distance between any black point and any white point in the
extended colouring is at least r — Ky — 4NKpu —2A(2r + Kp) = (1 —4\)r —
(1 + 6A)Kp. Recall Proposition which guarantees the existence of a
2-way set S C (x)3 of diameter at most 4\Cir, from which we infer that S
is monochromatic, since 4AC1r < (1 —4\)r — (1 + 6)) K pu.

CASE 2.1: S is black. Consider any ¢ € (x)3 which has two black neigh-
bours t+e;, , t+e;,, where i1 # i2. Then, letting i3 be the third direction, that
is, [3] = {i1, 42,43}, we have t & x;,, since the points of N(x;,) \ {zs, + iy}
are white. Hence, N(t) is black for any ¢ € S. Furthermore, by the same
arguments, t ~ x; for all i € [3]. Now, if ¢ is in S, and without loss of gener-
ality so are t +eq,t + eg, then N(t+e1), N(t + ez) are black, so at least two
elements of N(t + eg) are black too, implying that N (¢ + e3) is black. But
now looking at t gives ¢ A x3, and similarly looking at ¢t + e1,t + ea,t + e3
tells us that 3 contracts t 4+ eq,t + es, t + e3 with x3.

Let s be the distance from such a ¢ to z. Then, for all ¢ € [3]|, we have a
black point p in {x} U N(x), which is contracted with ¢ by ¢, so that p+ e;
is black as well. Now, by the triangle inequality,

d(z,t+e;) < d(z,p) +d(p,p+e) +dp+eit+e)
<d(z,p) +d(p,p+e;) + Ad(p,t)
< Ad(t,z) + (1 + N)d(z,p) + d(p,p+e;) < As+ (2 + A)(Kp).
As in the proof of Lemma[4.2] there is ¢ € S such that d(t,z) < 3K . From
the estimates just made, d(t + e;,2) < 3Kpu for all i € [3]. Without loss
of generality t,t + e1,t + e2 € S. Recalling that this implies d(t + es, z3),

d(t + e3 + e;,x3) < 3NKp where i takes all the values in [3] shows that
p(t + e3) < 6AKp, a contradiction.

CASE 2.2: S is white. If t € S, then the point in N(¢) \ S is black, by
contracting ¢, x. Hence, by Proposition 5.8, we must have a 3-way set inside
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(x)3 of diameter at most 6Ar, since (1 — 4\)r — (1 + 6A\)Kp > (1 —4\)r —
(14+6XN)r/4>2r/3 > (24 A\)MCyr, since A < 1/(13C1). But such a set has
at least one black point, so it must have only black points, and we have a
contradiction as in Case 2.1. u

PROPOSITION 6.3. Given K > 1, provided A < 1/(41KC1), there is no
x with p(x) < Kp and diam N (z) < AKp.

Proof. Suppose we have such an xz. We start by observing that two
pairs of the form x + e;,  + e; cannot be contracted by the same k. Other-
wise, since diam N (z) < MKy, after an application of the triangle inequal-
ity, we also have N(z + e;) < 2A\2Ku. Let t be such that Az 4 e
Then

d(x + e, x + 2ex)
<dx+ex,x+e)+dx+e,x+er+e)+dx+ep+e,x+ 2ex)
< diam N(z) + Ad(z, x + e}) + diam N (x + ey,)
<AKp 4+ MK p+ 202K p < 40K p.

But then, for any s € [3], we have d(z+ep, x+er+es) < d(x+ex, r+ep+ex)
+ diam N (z + eg) < 6AKpu < p, implying that p(x 4 ex) < p, which is im-
possible.

Thus, all three pairs of the form x + e;, z + e; are contracted in different
directions, hence we can distinguish the following cases (up to symmetry):

CASE 1. The results of contractions are shown as dashed lines in Fig-
ure[d] diagram A. It is not hard to see that after contracting all pairs x, x+e¢;,
we get p(z + e;) < p for some j, a contradiction.

CASE 2. The results of contractions are shown as dashed lines in Fig-
ure[d] diagram B. By considering contractions of pairs z, x+e;, we get either
p(xz + ;) < p for some j, or diagrams B.1, B.2 in Figure 4, where dashed
lines now indicate lengths at most 3AK u.

CASE 3. The results of contractions are shown as dashed lines in Fig-
ure[d] diagram C. By considering contractions of pairs z, x+¢;, we get either
p(z + ej) < p for some j, or diagrams C.1, C.2 in Figure 4 where now a
dashed line implies length at most 3AK .

Firstly, we will use Proposition to reject B.1 and C.1. In these two
diagrams, for each i € [3] we can find a unique z; € N(z) such that p(x;) =
d(zs, z; + e;). Then diam(N(z) U {x; +e; : 4,5 € [3],7 # j}) < 15AKp.
Also p(z) < Kpu, hence we can apply Proposition to (z;x1,x9,x3) with
constant 15K to obtain a contradiction, since A < 1/(360K).

Observe that in diagrams B.2 and C.2 we can denote N (z) = {z1, z2, 23}
so that d(z;,z; + ;) < 3AKpu. By Proposition plx;) < (T+TNKp
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Fig. 4. Possible distances in the proof of Proposition [6.3]

for all € [3], as A < 1/(78K),1/(13C4). Now, start from a point ¢ with
d(t,z) < 2p(x)/(1—-\) < 2Kpu/(1—X) < 10K, which exists by Lemma[4.2]
Take any p € {z} U N(z) and contract with ¢. If ¢ A p, then
d(t +e;,z) <d(t+ei,p+e)+dp+e,p) +dpx)

< Ad(t,p) +d(p + e, p) + d(p, x)

< Ad(t, @) + d(z, p)) + d(p + €5, p) + d(p, @)

<ANOKp+ (T+7NKp+ 1+ NKp < 10K p.
Contract such a point ¢ with « by some i. Write [3] = {i,, k} and consider
the contraction of ¢,x;. It is not 7 that contracts this couple of points, as
otherwise p(z;) < p. If it is j, then we can see that x t, and if it is k,

then x;, ~~ t. Hence, all the points of N(t) are at most 10K away from z,
so we can repeat the argument to obtain a bounded 3-way set of diameter
at most 20K u. However, we get a contradiction by Proposition [5.9] since
1>41KCiA. =

PROPOSITION 6.4. Given K > 1, suppose we have xg, x1, X2, T3 such that
diam{xz; +e; : 1,7 € [3], i # j} < AKp. Furthermore, suppose p(zo) < Kp
and d(xo,x;) < K fori € [3]. Let {a,b,c} = [3]. Provided A < 1/(820C1 K),
whenever there is a point x which satisfies d(x + eq,x + e5) < AKpu and
d(z,z0) < Kp, then d(z + ec,xc + e.) < 16AK p.

Note that this is Proposition [3.1] in the overview of the proof. When
using this proposition, we say that we are applying Proposition to
(zo; 1,22, x3; x) with constant K.
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Proof of Proposition 6.4. Suppose the contrary. Without loss of gener-
ality, we may assume a = 1, b = 2, ¢ = 3. Let us first establish d(z,z + e1),
d(z,x +e2) <3Kpu. As d(z + e3, x3 + e3) > 16AK p, either 1 or 2 contracts

o 3 3 .
x,r3. Similarly, we cannot have x ~ zg and g —~ x3 simultaneously. If

z A xo then zg ~ 23 for some i € [2], and recall z A x5 for some j € [2], so

d(z,z +e1) < d(z,x0) + d(xo,x0 + €;) + d(x0 + €5, 3 + €;)
+d(x3 + e, w3 +e5) +d(z3+ej,x +e;) +d(r+ej,x+er)
SKpu+Kp+AKp+AKp+ 2 Kp+ MK < 3K p,

and in the same way d(x, 2 + e3) < 3Kp. On the other hand, if z ~ zq for

i € [2] we get d(z,z + e;) < d(z,z0) + d(zo,x0 + €;) + d(zo + €5, + e;) +

dlz+e,x+e) < Kp+ Kp+AKp+ MKp < 3Ky for any j € [2].
Similarly, observe that diam{x, 22,23} U{z; +€; : 4,5 € [3],4 # j} <

5K ju. This certainly holds if there are distinct i, j € [3] with zg ~ z;, as then
d(zi, z; + €j) < d(xi, xo) + d(xo, 0 + €5) + d(xo + €5,z + ) < (2+ N Ky,
and the claim about the diameter follows. Hence, suppose that for all 7 € [3]
contractions are zo -~ z;. Then we cannot have zy ~~ x, so suppose zo ~ x
and = A& x3, where j, k € [2]. Now, by the triangle inequality,

d(zs + ep, x3) < d(x3 +ep, x + e) +d(x + ep, v + ) + d(x + €5, 20 + €)
+ d(zo + ej,x0) + d(xo, 23)
CONKp+ MK+ MK+ Kp+ Kp = (2+ 4\ Ky,

so once again we have the desired bound on the diameter.

Now, by Lemma in every 3-way set we have a point ¢ with d(t,zg) <
7K ui. Suppose that for some distinct i, j € [3] we have t ~ z; and t ~ x;.
Then d(x;+e;, zi+e) < d(xi+e;, t+e;)+d(t+e;, zj+e;)+d(xj+ei, ziter) <
17AK i for any k # i. Hence diam N (x;) < 17TAK u. However, contract xg, ;
to see that p(z;) < (24 18\)Ku < 17K pu. But we can apply Proposition[6.3]

as A < (17.41K (1), to obtain a contradiction. Hence, we cannot have x; At
and x; At

Suppose that for every such ¢t we have distinct 4,5 € [3] with ¢ ~ xj.
Then, by the previous observation, we see that ¢ —~ x; for some k # i. Hence
d(t+ei, o) < d(t+e;, xj+e;)+d(xj+e;, xj)+d(xj, v0) < SAKpu+6Kpu < 7TKp
and similarly for ¢t + eg. So, we can apply the same arguments to newly
obtained points, and proceeding in this manner we construct a bounded
2-way set. However, the points that we construct after ¢ are at most 9AK
away from x1 + eo, hence we get a 2-way set of diameter at most 18 \K u.
This contradicts Proposition [5.10} as we have such a point ¢ in every 3-way
set and A < 1/(54K).
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With this in mind, we see that in every 3-way set there is a point ¢ with

d(wo,t) < TKp but t ~ x; for all i € [3]. Contract such a t with z. It cannot
be by 3, as then d(z + es, 3 + e3) < 16AKp, so without loss of generality

we have  ~~ t. But then for any j € {2,3} and k € [2] that contracts x and
T3 we obtain

d(z1+er,x1+¢€j) <d(xi +e,t+er) +dt+e,x+er)) +d(z+ e,z +ep)
+d(x + ex,x3 + ex) + d(z3 + eg,x1 + €5)
<BAK 4 8AK o+ AK o+ 2AK i+ AK 1 = 20\K

giving diam N (z1) < 20A\Kp and as before p(z1) < 20K . Applying Propo-
sition [6.3| establishes the final contradiction, as A < 1/(820C1 K). m

7. Existence of certain finite configurations. Our next aim is to
show that, provided A is sufficiently small, certain finite configurations must
exist. Recalling Proposition [6.3] we see that we are approaching the final
contradiction in the proof of Proposition [2.3]

PROPOSITION 7.1. Provided A < 1/(5x10'?), there is a point = such that
p(x) < Cop and diam{z, z + e;, z + e;} < ACou for some distinct i,j € [3].
Here Cy = 100000.

Proof. Suppose the contrary. First we will establish the existence of an
auxiliary point y with p(y) < 15 and d(y,y +€;) < 192A\p, d(y +e;,y + ex)
< 4\ for some {i,j,k} = [3]. Pick any ¢ with p(t) < 2u and consider
contractions {t} U N(t). As before, up to symmetry, we have diagrams A,
B and C in Figure [5| as possibilities for contractions of pairs of the form

B B.1 B.2 . B.3 >
, P , \ , - ,
’ lo" ’ - 7’ - 7
’ . - [ ’
4 1 7’ g L7 4
~ —= ~ 1 - — — —4 ~ - —_ o ~ =
~ 1= ~ 1-- ~ P ~ T_-
N N> Nt NPt
P 1
|
. .
C o1 - c.2 ~Poe C.3 -——e
-
el -
NS RN \ AN Pid IS
4 ~ 4 ~ 7’ ~ L g e ~
s = . =

Fig. 5. Possible contractions in the proof of existence of an auxiliary point

t+ eq,t+ ep, since no two such long edges can be contracted by the same 3.
If an edge is a dashed line in Figure[5| then it is the result of a contraction of
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some pair of points in {t} UN(x). The dotted lines marked with P represent
the edges that will be results of applying Proposition [6.4

CASE 1. Suppose that we have diagram A. We see that we have diagrams
A.1 and A.2 up to symmetry, or otherwise some p(z) is too small. However,
diagram A.1 is impossible since p(t+e1) < Cop and diam{t+eq,t+e1 + €1,
t+e1+ea} < ACou, which does not occur by assumption. Hence, diagram A.2
must occur, so we have y with p(y) < (4 + 6Ny, d(y,y + e3) < 2Au and
dy+e1,y + e2) < 4\p.

CASE 2. Suppose that we have diagram B. As above, we can distinguish
diagrams B.1, B.2, B.3, up to symmetry. First of all, if we have diagram B.3,
we can apply Proposition to t, as A < 1/(13C1),1/(78 - 2), to obtain
p(t + e;) < 14u for some i. This yields p(y + e3) < 15u, d(y + e3 + eq,
y+es+es) <Ay, d(y+ es,y+ 2e3) < 2\, as desired.

» B *
A ’
= 4 » =
- - ’ -- S
= , = N
’
,
~ ’
S ,
. L
» C.1 » C.2 -——-p
C ; - p ;
, <_ o , ,
s . - .
, ’ « ,
~ = ~ = ~ =
~ 1-- ~ - ~ J--
Ny N e N e
. 3
D ] D.1 ---e D.2 > 0
Pl - Pkt R ol
~ - ~ ~
’ ~ L3 ’ ~ ’ N
et et et
. 3

Fig. 6. Possible contractions in the neighbourhood of an auxiliary point

Consider now diagrams B.1 and B.2. We can denote N () = {t1,t2,t3} so
that t14ea,t1+e3 is a result of a contraction in N (¢), and so on. Observe that
diam{t; +e; : 4,5 € [3], 7 # j} < 12 p and p(t) < 2p, and in diagram B.1,
d(t + e1,t + e3) < 8Au, while in diagram B.2, d(t + e1,t + ea) < 10A\y; we
can apply Proposition as A < (9840C1), to (t;t1,te, ts;t) with constant
12 to see that d(t + eg,to + e2) < 12 - 16Au = 192A\p in diagram B.1 and
d(t+es3,ts+e3) < 192\u. Hence, t+eg in diagram B.1 and ¢+ e3 in diagram
B.2 are the desired points.

CASE 3. Asin the previous case, we are able to reach the same conclusion
using similar arguments.
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To sum up, without loss of generality, we can assume that there is yg
with p(yo) < 15u, d(yo + e1,y0 + e2) < 4 p and d(yo, yo + e3) < 192 u. We
shall now use this point to obtain a contradiction.

Let K = 20000, and consider those points y which satisfy p(y) < Kpu,
d(y + e,y +ej) < AKp and d(y,y + e) < AKp for some {i,j,k} = [3].
We know that yo is one such point. Contract first the pairs inside N (y),
that is, the long edges. As a few times before, it is not hard to see that
for i = 1, j = 2, k = 3 we can only have diagrams A, B, C and D of
Figure |§| (if an edge is shown as a dashed line, that implies that it is a result
of a contraction) and diagrams symmetric to these for different values of
1, 7, k. However, we can immediately reject diagram A, for if a point y had
diagram A, by contracting the short edges we obtain either a point t € N(y)
with p(t) < 3Kp and diam{t,t + e;,t +€;} < 3AKp, or a point t € N(y)
with p(y) < 4A\Kp < p, both resulting in a contradiction. Furthermore, if
we were given a diagram B, then we can immediately apply Proposition
to (y;y+es,y+e2,y+e1;y) with constant 6K, as A\ < 1/(4920C, K), which
gives d(y + e3,y+e1 +e3) < 96AK . Then we must have y A y + e3, hence
ply+er) < (14+97TNKp < (K+1)p,diam{y+e1,y+ei+er,y+er+ea} <
5AK u, giving a contradiction once more.

Therefore, we must end up with either diagram C or D. Also observe

that y + e; X y + e; must then hold for any y with the properties stated
above. Furthermore we must have d(y + e,y + 2¢ex) < 96AK 11, as we can
apply Proposition [6.4] to (y;y1,¥2,¥3;y), where {y1,92,93} = N(y) with
constant 6 K. From this, we conclude that neither y A y+e; nor y X y+e;j.
Also we cannot have y —~ y +e; and y ~ y + e; simultaneously, as then
p(y+e;) < p, and similarly we cannot have both y A~ y+e; and y = y+ e;.
Hence, contracting the short edges implies that in fact we can only have
diagrams C.1, C.2, D.1 or D.2.

Observe that actually we can only have either C.1 and D.1, or C.2
and D.2. This is because if we had y; with diagram C.1 or D.1, and a
point yo with diagram C.2 or D.2, we could first find the unique e;, e; such
that d(y1 +ei, y1 + e +e1) < AKp and d(y2 + €, y2 + ¢+ e1) = p(y2 + ¢;).
Now, apply Proposition to (y1;y1 + €, y1 + ex, Y1 + e3;y2 + €) with
constant 6K, where k € [2], k # i, to obtain

p(y2 +e;) = d(y2 +ej,y2 +e; +e1)
< d(y2 + €j,y2) + d(y2, y1) + d(y1, y1 + ;)
+d(yr +ei,y1 +ei +e1) +d(yr + e+ e, y2 +ej+er)
<Kp+2Kp/(1 =X+ Kp+ AKp+ 96 K u < 5Ky,

while diam{ys +e;, y2+e€j+e2,y2a+ej+e3} < 3AKp, a contradiction. Thus,
we shall consider the following cases.
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CASE 1: We only have diagrams C.1 and D.1. Suppose we had y with
p(y) < Kp/10, d(y +ei,y+e;) < AKp/10, d(y,y+er) < AKp/10, for some
{i,j,k} = [3] that gave us diagram C.1 after contractions in {y} U N(y).
Without loss of generality, we take ¢ = 1, j = 2 and & = 3. Then, by
Proposition and the triangle inequality, we get p(y+e1), p(y+e2) < Kpu.
In conjunction with d(y +e1 +e1,y+e1 +e3), dly+ex+e2,y+ea+e3) <
AKp/5 and d(y + e1,y + e1 + e2),d(y + e2,y + ea + e1) < AKp/10, we
see that y + e1,y + ez are points whose neighbourhoods contracting gives
one of the diagrams considered, in particular y +e; +e; —~ y +e1 + e3
and y + ez + e A Yy + e2 + e3. But contracting y + e; + €2, with y gives
ply +e1+e2) < Kp/5 < Kp and diam N(y + ey + e2) < N2Kp < AKp,
which contradicts Proposition since A < 1/(41C1 K).

Hence, as long as y satisfies p(y) < Kp/10, d(y + ei, y +¢e;) < AK /10,
d(y,y + ex) < AKpu/10 for some {7, j,k} = [3], it must have diagram D.1.
Start from yo. Then d(yo+e3+e1, yo+es+ea) < N2Ku, d(yo+es, yo+2e3) <
A2K . Now, apply Proposition to yo to see that p(yo + e3) < 8p(vo).
Therefore, contractions around yg + e3 give us diagram D.1. But contract
Yo + €1,Yo + €1 + ez to obtain p(yp + e1 + e3) < p or p(yo + €1) < p.

CASE 2: We can only have diagrams C.2 and D.2. Start from gy and
define y, = yo + nes for all n > 1. By induction on n we shall prove
that p(yn) < 16p, d(yn + e1,yn + e2) < 4N, d(yn + €1, ynt1 +e1) <
(45 4 8n)A" "y, d(yn + €2, Yni1 + €2) < (45 + 8”)/\n+1ﬂ> d(Yns Yn + €3) <
2000 .

For n = 0 the claim holds, since gy has diagram C.2 or D.2. Suppose
the claim holds for some n > 0. Then yo must have diagram C.2 or D.2, so
Yn €1 2 Y + €2, giving d(yns1 + el, Ynt1 +e2) < Ad(yn + e1,yn + €2) <
4\ We can apply Proposition [6.4] to (yo; %o + €2, %0 + €1, Yo + €3; Yn) OF
(Yo; yo + e1,yo0 + e2,yo + e3;yn) (depending on the diagram of yg), and to
(Y0; Yo + €2, %0 + €1, Yo + €35 Yn+1) OF (Yo; Yo + €1, Yo + €2, Yo + €3; Yn+1) With
constant 60, so we get d(yo + e3,yn + €3),d(Yo + €3, Yn+1 + €3) < 960y,
thus d(yYn+1,Yn+1 + €3) < 2000 . So p(Ynt1) < (1 4+ 3X)p(yn) < 17u, so
Yn+1 has diagram C.2 or D.2. If the diagrams of y, and y,+1 are distinct,
then y, + e A UYnt1 + €1 and y, + e A Yn+1 + €2, S0 the inequalities
for d(yn+1 + €1,yn+2 + €1) and d(yn+1 + €2, Ynt+2 + €2) follow. Otherwise,

3 3
Yn + €1 ™ Ynt1 +e2 and y, + e2 ~ Yp41 + €1, S0

d(Ynt1 +e1,Ynr2 +e1) < d(Yny1 + €1, Yns1 + €2) + d(Ynt1 + €2, ynt2 +e1)
< AN+ A(d(yn + €2, Yn + €1) + d(Yn + €1, Ynt1 + €1))

The inequality for d(yn+1 + €2, Ynt2 + €2) is proved in the same spirit.
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Finally, by the triangle inequality we get d(yo+e1, yn+1+e1) < d(yo+e1,
y1+es)+d(yi+es,y1+er)+dyi+er,yat+ea)+- - +d(yn+er, yni1t+e1) <
50Ap. Also d(yo, yn+1) < d(yo, yo+e3)+d(yo+es, yntes) < 192Au+960Au =
1152 p. Combining these conclusions further implies p(yn,+1) < 16p, as
desired. Having established this claim, we can see that (y, + e1)n>0 is a
1-way Cauchy sequence, which is the final contradiction in this proof. =

ProposITION 7.2. Set C3 = 240000000000 and Cs; = 19000000000,
and let i,j € [3] be distinct. If X < 1/(7380C1C3,1), then there is x such
that p(z) < Csp and d(x + €5, + €5) < AC3p.

Proof. The statement will be a consequence of a few lemmata, the last
one being Lemmal 7.8 It suffices to prove the claim for i = 1, j = 2. Suppose
there is no such x. Consider those y which satisfy p(y) <C31p and d(y + es,
y+ei) < ACs1p; call them Cs1-good, and more generally use this definition
for an arbitrary constant instead of C'3;. We already know that such a y
exists by Proposition We show the possible diagrams of contractions in
{y} U N(y) for such a point in Figure |7| for i« = 1. If an edge is shown as a

A —-———-p» B C - ——e
s | ’ |-
s : | . =

Fig. 7. Possible diagrams in the proof of Proposition [7.2]

dashed line, then it is a result of a contraction. Furthermore, dotted lines
marked with P indicate edges whose length will be the result of applying
Proposition It is not hard to show that these are the only possible di-
agrams, but for the sake of completeness we include an Appendix on the
contraction diagrams, which in particular provides an explanation for Fig-
ure [7. Diagrams symmetric to these for the case ¢ = 2 are denoted by A’,
B, etc.

Our aim is to reject diagrams one by one. We shall start by discarding
diagram A, and the same method will then be used for the others. As we
shall see, we can first apply the propositions proved so far to discard many
diagrams in the presence of one given, and then the remaining ones can be
fitted together so that we obtain a 1-way Cauchy sequence.
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LEMMA 7.3. Set C32 = 3100000000. There is no C32-good y such that
contractions give diagram A or A’ for y.

Proof. Suppose we do have such a point y, and without loss of generality
d(y + e1,y + e3) < AC32pu. Firstly, suppose that there is another point z
that is C31-good, but whose diagram is D, D', E, E/, F or F’. By FNI we
have d(y,z) < (C32+ C31)p/(1 — ) < 2Cs1p. Then, for a suitable choice
{z1, 22, 23} = N(z), we can apply Proposition|6.4|to (z; z1, 22, z3; y+e1) with
constant 6C'3 1 to get

d(z3,23 + €3) < d(23,2) +d(z,y) + d(y,y + €1 + e3)
+d(y+€1 + e3, 23 —1—63)
< 03’1/1 + 203}1# + (1 + )\)03,2,u + 96/\0371,[; < 403’1/1.

Hence, p(z3) < 4C51p, except when the diagram is D or D', so we must apply
Propositionto z first, to obtain p(z3) < 10C53 1 4. Also, d(z3+e1, z3+ez) <
2AC3,1, but such a point z cannot exist by the assumptions.

Now, take an arbitrary (C31/3)-good point z with diagram A. Consider
the point z+e3. We have p(z+e3) < (243A\)p(2), d(z+e3+e1,z2+e3+e3) <
2Ap(z), so z + e3 is Cs1-good, so its diagram is A, B or C (it cannot be
symmetric to these, as then p(z + e3) < p). If it were B, then contracting
the pair z4-e1, z4e3+eo would give an immediate contradiction, for we would
obtain p(z + e1) < C3 1, p(z + e2) < p or p(z + ez + e3) < p. Similarly,
it cannot be C, since contracting the same pair of points would give the
contradiction once again, as it would yield p(z + e2) < p or p(z + 2e3) < p.
Therefore, whenever we have a (C31/3)-good point z with diagram A, then
z + eg is C31-good and has the same diagram.

Now, start from the y given, and define y,, = y + nes for n > 0. We shall
show that (y,)n>0 is a Cauchy sequence and hence obtain a contradiction.
We claim d(yn, yn + €1) < A*Caap, d(Yn + €1, ynt1) < A1 Cs0u, plyn) <
(24 10A)C32p and the diagram of y, is A. This is clearly true for n = 0.

Suppose that the claim holds for n > 0. Note d(yo,yn+1) < d(yo,y1) +
d(yi,y2)+- - +d(Yn, Ynt1) < C'372/L+2/\Cg,2u+2)\20372u+' < < (143X)Cs 2.
The fact that y, has diagram A and is in fact C5;/3-good implies that
Yn+1 is C31-good and itself has diagram A. Further, y, A Yn + €1 and
Yn +€1 — yYn + e3. This is then sufficient to obtain the next two inequalities:
d(yo + e2,yn+1) < Cz2p+ 3C321/(1 — X) < 5C3 4. Hence, we must have
Yo+ €2 A Yn+1, for otherwise p(yo+e1) < por p(y1) < p. So d(yo, Yn+1+€2)
< d(yo, Yo + 262) + Ad(yo +e9, yn+1) < 0372/1« + /\ng/i + 5)\6’372/1, from which
we can infer p(Yn+1) = d(Ynt1,Yn+1 + €2) < d(Yn+1,%0) + d(yo, Y0 + €2)
+ d(yo + €2, Yo + 2e3) + d(yo + 2€2, Ynt1 + €2) < (2 + 10A)C3 241, as claimed.

From this we immediately see that (yn)n,>0 is a Cauchy sequence. m
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LEMMA 7.4. Set C33 = 1029000000. There is no C33-good point y with
diagram E or E'.

Proof. Suppose the contrary, and without loss of generality d(y + e,
y+e3) < ACs 3u. Firstly, suppose there is a C3 o-good point z with d(z+ ey,
z+e3) < A\C32p and a diagram among B, C, D. Take p = z+e5 for diagrams
B, D, p = z + e3 for C, and apply Proposition with constant 3C3 2 (for
d(p,y) < 3C32p and for such a constant the other necessary assumptions
also hold) to (y;y + e3,y + €2,y + €1;p) to obtain a contradiction at y + eq,
as it has d(y +e1 +e1,y +e1 +ez) <2033 u and

p(y + 61) = d(y +e,y+e+ 63)
<d(y+e1y) +d(y,z) +d(z,p+e1) +dp+er,y+es+er)
< Csap+ (C33+ C32)p/(1 = A) + 20300 + 48XC32 < C31p1.
Hence, any such C32-good point z can only have diagram E or F.

Now, return to the point y and define y,, = y-+mnes for all n > 0. We shall
show that (yn)n>0 is a Cauchy sequence. By induction on n we shall show
d(yn + €1,yn + e3) < X'TLC5 31, d(yn + €3, Ynt1 + €3) < (34 2n)A" 1 C35 30
and p(y,) < 3C33u. The case n = 0 is clear.

Suppose the claim holds for some n > 0. Firstly, y, is C3 2-good, so it has
diagram E or F, so in particular d(y,+14e€1, Yn+1+e3) < Ad(yn+e1, yntes) <
A5 3. Applying the triangle inequality gives

d(Yn+1 +e3,90 + €3) < d(Ynt1 + €3,yn +€3) + -+ d(y1 + 3,90 + €3)

< (54 2n)A" O3 30 + -+ - + 3AC3 31

< 3AC33p/(1 —2N).
Further, since d(yo, yn+1) < d(y0, yn)+d(yn, yn+1) < (p(yo)+p(yn))/(1=A)+
p(yn) < 8Cs 34, apply Proposition [6.4]to (y;y + €3,y + €2,y + €1; ynt1) with
constant 8C35 3, which gives d(y1, yn+2) < 128A\C5 3p. Therefore, p(yn+1) <
3C3 31, in particular y,41 is C3 2-good, hence its diagram can also only be E
or F. If y, and y,+1 have the same diagram, then contract y, +e1, yn+1 + €3,

otherwise y, + es,yn+1 + €3. These must be contracted by 2, so using the
triangle inequality gives in the former case

d(Yn+1 + €3, Ynt2 +€3) < d(Yni1 + €3, Yns1 + €1) + d(Yni1 + €1, Yny2 + €3)
< A"P2C3 30 4 Ad(yn + €1, Yni1 + €3)
< )\"+20373u + M d(yn + €1,Yn + €3) + d(yn + €3, Yn+1 +€3))
< 2A"P2C3 30+ Ad(yn + €3, Yns1 + €3)
< (54 2n)A\"203 3,

as desired. In the latter case we are immediately done.
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Furthermore this claim implies that (y, + e1)n>0 is a Cauchy sequence,
so we obtain a contradiction. m

LEMMA 7.5. Set C34 = 147000000. There is no C34-good point y with
diagram F or F'.

Proof. Suppose there is such a point y and without loss of generality
d(y +e1,y +e3) < ACs 4.

Suppose that we have a point z that is 3C3 4-good with diagram F and
satisfies d(z+e1, z+e3) < 3AC3 41, while z+eg being C3 3-good has diagram
B, C or D. If it were B, we would immediately obtain a contradiction by
contracting z+eq, z+2e9, and if it were C, contracting z+e1, z+e2+e3 would
once again end the proof, both giving a point p with p(p) < p, so suppose
that it were D. Apply Proposition to (z;z24e1,2+e2,2+e3;2+ex+e3)
and to (z;z 4 e1,z + ez, z + e3; 2z + 2e9) with constant 12C3 4. Now z +e; is
7Cs5 4-good, so it has diagram B’, C/, D’ or F'. However, diam{z + e; + ea,
z 4 2e; + e,z + €1 + ez + ez} < 4NC34p, so it must in fact be F/. Apply
Proposition to (z;z+e1, 2+ ez, 2+ e3; 2+ €1 +e3) with constant 12C5 4.
Thus z + e3 ~ z + 2e3. Write r = d(z + e3, z + 2e3), so we see that FNI
implies 7 — p(z) < d(z,z + 2e3) < A(r + p(2))/(1 — A), but r > Csu and
p(z) < 3C3 4 give a contradiction.

Hence, whenever z is a 3C34-good point with diagram F, then z + e
is C33-good and has the same diagram. Now (y + nez2),>o is Cauchy by
the arguments from the proof of Lemma [7.4] since there we allow both E
and F. m

LEMMA 7.6. Set C35 = 21000000. There is no Cs5-good point y with
diagram D or D’.

Proof. Suppose there is such a point y and without loss of generality
d(y + e,y +e3) < ACz5p.

Now consider a 3C3 5-good point z with diagram D and d(z+e;1, z+e3) <
A3C3 5. Since z + e is C34-good, it can only have diagram B, C or D. If
it were not D, contract z + eq, z 4+ e1 + e3 for the sake of contradiction: if it
were B we would get p(z+ e2) < p or p(z+2e;) < Csu, but d(z + 2e1 + ey,
z 4 2e1 + e2) < 2MCs5u, and if it were C, we would obtain p(z + e; + e3)
< por p(z+ 2e1) < pu. Hence, whenever z has the given properties, z + e;
has diagram D.

Now, return to y, and consider the sequence ¥, = y + ne; for n > 0. By
induction on n, we shall show that p(y,) < 3C3 5/, d(Yn, yn +€3) < AN"C3 50
and d(yn, + €3, Yn+1) < N'T1C5 5. This is clearly true for n = 0.

Suppose that the claim holds for some n > 0. Then y, is 3C35-good,
so it has diagram D. Hence, y, A Yn + €3 and Yni+1 A Yn + e3, which
establishes two of the necessary inequalities. Also, by the triangle inequality
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d(Yn+1,90) < Cs5p + 2AC351/(1 — X), so we can apply Proposition to
(o390 + €e2,y0 + e1,Y0 + €3; Yn+1) with constant 6C3 5 to get d(yn+1 + ez,
Yo + €1 + e2) < 96C3 5, in particular p(yn41) < 3C3 54, as desired.

Now it follows that (y,)n>0 is a Cauchy sequence. =

LEMMA 7.7. Set C36 = 3000000. There is no C3g-good point y with
diagram C or C'.

Proof. Suppose there is such a point y and without loss of generality
d(y +e1,y +e3) < ACs 6.

Firstly, suppose that we have a 3C3¢-good point z such that d(z + ey,
z+e3) < 3AC3 6/, and z+e; has diagram B. We shall obtain a contradiction
by considering contractions. First, observe that z + eg £ + e + e3. Note
that d(z + 2e1,2z + 2e1 + e3) > Cspu, so d(z + ez, z + 2e3) > d(z + 2ey,
z42e1+e3) —d(z+e3,z24+2e1) —d(z+2e3, 2+ 2e1 +e3) > Cyu—24\Cs 6.

CASE 1. Suppose that z + e A + 2e3. We see that z + eg +e3, 2 + 2e3
is not contracted by 1, and from FNI, we must have p(z 4+ 2e3) > (1 — A)
d(z,z42e3) —p(z) > (1 =N)d(z+es,z+2e3) — (2— A)p(2), thus z + e2 + e3,
z+2e3 is not contracted by 3 either, hence z+eo+e3 A z+2e3. Now suppose
that z+2ey -~ z+e; +eo. Then d(z+e3,z+2e3) < d(z+es,z+ex+2e3)+
d(z+e2+42e3, z+e2+e3)+d(z+ea+e3,2+2e3), so d(z+e3, z2+2e3)(1—A) <
3p(z), which is impossible.

Therefore we must have z + 2eq A z+e1 + ey and z + 2¢; A z + 2eo,
otherwise p(z + e1 + e2) < p. Finally, contract z 4+ 2e;with z 4 2e3 to get
p(z+2e1) < por p(z+2e3) < p.

CASE 2. Suppose that z + eg A 2e3. By FNI applied to z,z + 2e3
we see that p(z + 2e3) > (1 — A\)d(z + e3,z + 2e3) — (2 — A\)p(2), hence
p(z+2e3) = d(z+2e3,z+ex+2e3) > (1= N)d(z+es3, 2+ 2e3) — (2= \)p(2).
So we have z + 2e3 A + e +e3. Also z + 2es A + eg, from which we see

that z + 2es A + 2e1, a contradiction.

Thus, whenever we have a point z as described, we must have z 4 e
with diagram C as well. Now, set y, = y + ne; for n > 0. We claim that
d(Yn, yn + €3) < A"Ca 64, d(yn + €3, Ynt1) < A" Cs60, p(yn) < 3C36p and
yn, has diagram C. This is clear for n = 0.

Suppose the claim holds for some n > 0, so y, must have diagram C,
from which the first two inequalities follow. Observe that d(yn+1,%0) <
p(10)+2Xp(y0) /(1= X) and d(yo + e, Yo+ e2+e3) > Cspt, SO Y1 ~ Yo+ €2.
Therefore p(yn+1) < 3p(yo) < 3C36u, which gives the rest of the claim, as
Yn+1 = Yn + €1 must have diagram C, by the previous conclusions.

Hence (yn)n>0 is a 1-way Cauchy sequence, which is a contradiction. m
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LEMMA 7.8. Set C37 = 100000. There is no C37-good point y with dia-
gram B or B'.

Proof. Suppose there is such a point y and without loss of generality
d(y + e,y +e3) < ACz7p.

Consider a 6C3 7-good point z which has d(z+e1, z+e3) < 6AC37u, and
which therefore must have diagram B. We have p(z + e2) < (2 4 3A)p(2),
d(z+ea+e2, z+ea+e3) < 2\p(2), so z+ ey is C5 g-good, so has diagram B'.
Observe that z + e3 -~ 2 + e3 + €3 as d(z + (1,0,1),z2 4+ (1,1,1)) > R —
4Ap(z) and d(z+(0,1,1),2+4(0,2,1)) > Csu —2Ap(z), where R = d(z + ey,
z+e1tes) > Cypu. Also z+e A z+e3 since z has diagram B. Similarly, since
z + e9 has diagram B’, we must have z + 2es A + e9 + e3. Furthermore
p(z +e1+e2) < (24 3\)p(z +e2) < (24 30)2p(2), d(z + e1 + ez + e1,
z+er+ex+e3) <2Xp(z+e2) <HAp(2), s0 2+ e1 + ez is C3 6-good, hence
has diagram B, from which we infer z + (0, 1,1) At (1,1,1).

Suppose that z + e + e3 -~ z + e + €3, 50 d(z+(1,0,2),z+(0,1,2)) <
A(R+3p(z)) and d(2+(1,0,2), 2+(0,0,2)) <A(R+6p(z)). Thus d(z+(1,0,1),
z+(1,0,2)) < AR+ 8p(2)), hence z Ao+ 2e3, which implies d(z + 2es,
z+3e3) > R(1—X)—3p(z),s0 z+e1+e3 A 24 2es (if z+e1+es 2 2+ 2es,
then p(z+2e1+e2) < ), giving d(z+(2,0,1), 2+ (1,0,1)) < A(R+10p(2)).
Also z+(1,1,0) At (2,0,0) and z + 2e; 2. 2+ 2ey, but then contracting
z + 2e1, z + 2e3 results in a contradiction.

Thus z+(1,0,1) A (0,1,1), as otherwise R(1—\) < 2C5 7u, which is
not possible. From the fact that z has diagram B, we have z Az +eq. Also,
we must have z+e; A z+e1+ex. Asd(z+ey+ez, z+2e1+e3) > (1—A)R—
7Ap(z), we cannot have z + e; A + 2e1. Suppose that z + e; A + 2eq;
then contracting z + 2e2,z + €1 and z + 2e2, z + 2e; (both must be in the
direction e3) gives d(z + e1 + e3, z + 2e1 + e3) < 6Ap(z), a contradiction.

We conclude that z A z4+e1, z+ e X z+e1+esand 2 +e; A z+ 2eq,
for such a z. By symmetry, when d(z + ez, z + e3) < 6AC3 7 holds instead
of d(z +e1,z+e3) < 6AC3 7, we must have z A z+eg, 2+ e A z+el+eo
and z + eg /1\24-262.

Return now to the point y and consider the sequence given as yg = v,
Yk+1 = ¥ + e2 when k is even, otherwise yi+1 = y + e;. By induction on k

2
we shall prove p(y) < 3Cs74, d(yk, Yrr2) < 3NLEC3 71, d(yk, yp + e3) <
)\kC'377,u and d(yk,yx + €1) < 3)\]“6‘3,7/1 for even k, and d(yg,yr + €2) <
3)\’“0377/; for odd k.

When k£ = 0, the claim clearly holds. Suppose that it is true for all
values less than or equal to some even k > 0. We shall argue in the case
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when k is even; the same argument works in the opposite situation. By the
triangle inequality, we have d(yo,y;) < 3m03 7 for even i < k+ 2,

and d(y1,yi) < 3)\m
C36-good, it has diagram B, so

C37p for odd @ < k + 2. In particular, as yy, is

P(Yk+1) = d(Yr+1, Ye+2) < d(Yrt1,y1) + p(Yo) + d(Yo, Yr+2)
1+ A2
(1= N1 - \2)
and d(yg4+1 + e2,yk+1 + €3) < 2Ap(yx) < 10AC37u. Then yiqq is 10C3 7-
good, so it must have diagram B’. From the contractions implied by this
diagram described previously, we get d(yxi1, yp+1 +e3) < )\’”103,7#. More-

2 2 1
over, Yp41 — Yr+11€2, Ypr1+e2 — Ypr1ter+es and yry1+ea — yrpi1+2es.
Therefore

<3(1+A)

Csrp+ Csrpn < 5C3 741

d(Yrs1 + €2, Yrt3) < d(Yrs1 + €2, Ypr1 + 2€2)
+ d(Yrt+1 + 2€2, Y1 + 2e2 + €1) + d(Yr+1 + 2e2 + €1, Yr+3)
< A(Yr+1 + €2, Yk+3) + (1 + AN)d(yr+1 + €2, Yry1 + 2e2)
< A(Yr+1 + €2, Yk+3) + A1+ N)d(Yrr1, Yrr1 + €2)-
2 . .
Hence d(yg+1, Yr+3) < %d(yk_t'_l, Yp+1 + €2), proving the claim.

Now, we infer that yo,yo + e1,vy1,y1 + €1,42,... is a 1-way Cauchy se-
quence, which is a contradiction. =

But now, Proposition [7.1] provides us with a C3 7-good point, which how-
ever cannot exist because of the lemmata we have shown during this proof. =

8. Final contradiction. In the remainder of the proof of Proposi-
tion an important role will be played by the sets

Si(K,z0) = {y : d(z0,y) < Kp, d(y,y + €;) < Kp},

defined for any point zg, constant K and i € [3]. Given any point ¢, the set
S; (K, x0) serves to give approximate versions of contractions of zg and ¢ in
the direction i, in the following sense. If t ~ g for some y € S;(K, ), then

d(zo,t + €;) < d(zo,y) +d(y,y +e;) +d(y +ei,t +e)
< Kp+ Kp+ AMd(y,t) < 2Kp+ Md(y, zo) + d(zo, 1))
< (24 N)Kp+ Ad(xo,t).
Using this idea, unless ¢ never contracts with S;(K, o) in the direction ¢ for
some ¢, we can get 3-way sets of small diameter, as we shall see in the proof
of the next proposition.

An additional benefit of using these sets is that they usually do not only
consist of zy (note xy € S;(K,xg) if p(zg) < Kpu), and for example, under
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certain circumstances, we can find a point y with y,y+e3 € S3(K, zp). Such
points will then be used in proving Propositions[8.3|and [8.4] which combined
with the following proposition finish the main proof of this paper.

Recall that = /A y means that d(x + e;,y + ;) > Ad(z,y).

PROPOSITION 8.1. Fiz xg with p(xg) < 2u. Given K > 2, when i € [3],
define S;(K,xo) = {y : d(zo,y) < Ku, d(y,y + e;) < Ku}. Provided 1 >
2AKC1(2+A)2/(1 =), in every (z)3 there is t such that d(t,xq) < %Ku,

but for some i we have s 7~ t whenever s € S;(K, x).

Proof. First of all, we have g € S1(K,x0), S2(K, o), S3(K, xp), mak-
ing these non-empty, as Ku > p(xo) > d(xo, o + ¢;) for all ¢ € [3]. Sup-
pose that, contrary to our statement, there is z without any ¢ as described
above. Since %Ku > p(xg)/(1 — X), we know that there is y € (z)3 such
that d(zg,y) < %K,u, by Lemma Then we have s; € S7 such that
s1 ~ y. Hence dly+er,z0) <d(y+er,si+er)+d(si+er,s1)+d(si1,zo) <
Ad(y, o) + d(x0,81)) + 2Kpu < AN(EXKp + Kp) + 2Kp = 252 Ky Simi-
larly, we get the same result for y + e,y + e3, and so we have constructed
a 3-way set of diameter not greater 2§f§K w, but there are no such sets
since 1 > 2AKC1(2 + A\)?/(1 — \) by Proposition giving a contradic-
tion. =

As before, we use tighter constraints on A. Here we use the fact that
A < 1/10 implies (2 + A)/(1 — A) < 3and (2+X)?/(1—)) < 5. The corollary
below is Proposition [3.2] described in the overview of the proof.

COROLLARY 8.2. Fix xg with p(xg) < 2u. Given K > 2, provided 1 >
10AKC1, in every (z)s there is t such that d(t,z9) < 3Kpu, but for some

i € [3] we have s 7~ t whenever s € S;(K, xo).

Based on this, we shall reach the final contradiction in the proof of
Proposition To do so, we shall consider the possible cases for d(t + e;,
t+ey) where {7, 7,k} = [3] and ¢ is given by Corollary Namely, suppose
that d(t + ej,t + ej) is small enough, and in fact j = 1, k = 2, ¢ = 3.
Then whenever we have y € S3(K, x¢) with d(y + e1,y + e2) small, we shall
have diam{y + e1,y + ea,t + e1,t + ea} small as well. On the other hand, if
d(t+ey,t+es) is large, and y1,y2 € S3(K, xo) with d(y1 +e1,y1+e2),d(y2+
e1, Y2 + e2) small but d(y; + e1, y2 + e1) large, we shall have pairs ¢,y; and
t,y2 contracted by different values in {1,2}. Of course, we need to specify
what we mean by small and large in this context, and this is done in the
following two propositions.

PROPOSITION 8.3. Let Cy = 16C5. Fiz xo with p(xg) < 2u. Let {i,j,k}
= [3]. Given K, provided \ < 1/(44C3+6Cy + K), 1/(34440C1C3), we have
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d(t + ej,t +ep) > KA when t is such that d(t,z9) < 3C4p and s 724 t
whenever s € S;(Cy, o).

PROPOSITION 8.4. Let C5 = 1000Cs. Fiz x¢ with p(xg) < 2u. Let
{i,4,k} = [3]. Provided X < 1/(8200000C1C3), we have d(t + e;j, t + e) <
10CsA\p when t is such that d(t,zq) < 3Csu and s 7~ t whenever s €
Si(Cs, z0).

Once we have shown these propositions, we just need to take A small
enough so that they both hold. Now, let us prove a lemma that classifies the
possible relevant diagrams, which will be used in further arguments. Once
that is done, we proceed to establish the propositions.

LEMMA 8.5. Let K > 1 and A < 1/(4920KC4). Suppose that we have a
point y with p(y) < Kp and d(y+e1,y+e2) < AKu. Then y must have one
of the diagrams shown in Figure 8] (up to symmetry).

p A2 R

Fig. 8. Possible diagrams for p(y) < Kp and d(y + e1,y + e2) < AKu

Proof. Contracting the long edges in N(y) U {y} can only, up to sym-
metry, give us diagrams A, B, C and D, as described in the first part of
the Appendix, with the requirement 1/(164KC7) > A. Observe that in B,
C and D, we can apply Proposition to (y;y +es,y+e2,y+e;y+er),
(y;y+e2,y+er,y+es;y+es) and (y;y+er, y+ea, y+es; y+es) respectively
with constant 6K, as long as A < 1/(4920K C1). Further, by contracting the
short edges, we can only obtain diagrams A.1, A.2, B.1, etc. in Figure (8] up
to symmetry, as otherwise we obtain a point p € {y}UN (y) with p(p) < p. =
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Proof of Proposition [8.3. We prove the claim for i = 3, j = 2, k = 1;
the other cases follow by symmetry. Suppose that for some K and A <
1/(44C3+6Cy+ K), 1/(34440C1C3), we have tg such that d(tg+e1,to+es) <

K\, d(tg,z9) < 3Cyu and s 73\ to whenever s € S3(Cy,x), where xg is a
point with p(zg) < 2u.

Consider now a point y with p(y) < 7Csu, d(y + e1,y + e2) < TAC3u;
its existence is granted by Proposition [7.2] Apply Lemma 8.5 to y. Now we
shall discard some of the diagrams by contractions with £y. Suppose that y
had diagram A.1. By FNI, d(y,zo) < (7Cs + 2)u/(1 — A) < 8C3pu, and so

y,y + eg € S3(Cyq,x0). Hence y,ty and y + es, tp would be contracted by 1
or 2. However, from this we see that if y + eg A to we get

ply+e)=dly+ei,y+es+er)
<d(y+ei,to+er)+d(to+er,y+ez+er)
<d(y+e1,y+e2) + Ad(to,y)
+d(to + e1,t0 + e2) + A(d(to, y) + d(y,y + e3))
< TACsp + 3ANCyp + Ad(xo,y) + AKp
+ 3ACap + Ad(xo, y) + TACsp
< A30C5 +6Cy + K)u < p.

On the other hand, if y + e3 A to, we get
ply+e2) <d(y+es+esy+e)+dly+es+es,y+es+e)
< d(y+es+ e to+e)+d(to+ e, y+e2)+ 14\Csu
< Ad(to, o) + d(zo,y) + d(y,y +e3)) + d(y + e1,y + e2)
+d(to + e1,to + e2) + Ad(y, to) + 14ACs
< 3ACup + 8ACsp + TACsp + TACsp + MK jt + 3AClap
+ 8ACs + 14MCp
< A44C5 +6Cy + K)u < p.
Similarly, if it were A.2 instead of A.1, we would have y,y+ e € S3(Cy, x0)
and so contracting these two points with ¢y would give
ply+ex) =d(y+e+er,y+ea)
<d(y +e1+e2y+2e1)+ Ay + e, to)
+d(y +e1,y +e2) + Ad(y, to) + AK p
< A(14C5 + 15C3 + 3C4 4+ 8C5 + 3Cy + K)p < pu.
Now consider diagrams C.2 and D.2. We have y,y + eg € S3(Cy, x0), so

contracting these points with ¢y must be by 1 or 2, so we immediately get
p(y +e1) < A44C5 +6Cy + K)p < po.
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Therefore, we can only have diagrams B.1, C.1, D.1, or a diagram sym-
metric to B.1, which we shall refer to as B.2. Suppose now that y with
p(y) < 7Csu, d(y + e1,y + ea) < 7TACsp had diagram C.1 or D.1. Also, as-
sume p(y + e3) < 7Cap, d(y + e3 + e1,y + ez + e2) < ACspu, thus y + e3
itself has one of the above diagrams. Suppose that it had diagram B.1
or B.2. Without loss of generality, it is B.1, since the other case is sym-
metric.

Suppose y has diagram C.1. Then given any point z with d(z,y) < 2p(y),

suppose d(y + e1,z + e1),d(y + e2,z + e2) > 5Ap(y). Then z A y and so
y+er A z, y+ ez —~ z. However, we can apply Proposition 6.4 to (y;y + e,
y+e1,y+es;y+2es) with constant 42C5 to see that diam N(z) < 800ACsp,
so after contracting y,z we obtain p(z) < 12C3u and applying Proposi-
tion gives a contradiction, provided A < 1/(32800C1C3). So whenever
d(z,y) < 2p(y), we must have d(y+e1, z+e1) <5 p(y) or d(y+ez, z+e2) <
5Ap(y). But contract z with y + ey in the former case and with y + e; in
the latter to see that for some choice of distinct 4,j € [3] we must have
d(z+ei7 y+€1)7 d(z+€j7 y+€1) < 20>\p(y), S0 d(z+eiv y)> d('z+€j> :’-/) < 2p(y)v
thus we can repeat these arguments for the points z + e;, 2z + e¢j. Doing
so, we obtain a 2-way set of diameter at most 280AC3u by considering
the distance from y + ey, if the point z is removed. But, by Lemma 4.2
we get such a 2-way set in every 3-way set, which is a contradiction by
Proposition since A < 1/(840C3). Similarly we argue if y had dia-
gram D.1.

We conclude that if y is as described and has diagram C.1 or D.1, then
y + e3 also has one of these two diagrams. Now, start from a point yg
with d(yo + e1,y0 + e2) < 3\Csu, p(yo) < 3C3u and diagram C.1 or D.1,
provided such a point exists. Define the sequence v, = yo+nes for all n > 0;
we aim to show that it is Cauchy. By induction on n we shall show that
p(yn) < TCsp, d(yn + €1, Yns1 + €1), d(yn + €2, Ynt1 + €2) < (n+3)A" 1 Csp,
d(yn+e1, ynt+es) < 3C3A" 1y and y, has either diagram C.1 or diagram D.1,
which is true for n = 0.

Suppose the claim holds for all m not greater than some n > 0. By
Propositionapplied to (yo; p1, P2, P3; Yn) With constant 18C5 with suitable
{p1,p2,3} = N(yo) we get d(y1,Yn+1) < 288AC3pu, so we infer that

PYn+1) < d(Ynt1, Yns1 +€1) + d(Ynt1 + €1, Yns1 + €2)
< d(Yn+1,y1) + d(y1,yo + e2) + d(yo + e2, y1 + €2)
+d(y1 +e2,y2 +e2) + -+ d(yn + €2, Ynt1 + €2) < TC3p

and y, + e1 A Yn + €2, 50 d(Yni1 + €1, Yni1 +e2) < 3N"T2C3, therefore y, 1
must itself have diagram C.1 or D.1. If y,, and ¥, 11 have the same diagram,
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then we can see that y, + e; A Yn+1 +e2 and ynt1 + €1 A Yn + €2, which
is sufficient to establish the claim, as we obtain

d(Yn+1 + €1, Ynt2 + €1) < d(Ynt1 + €1, Ynt2 + €2) + d(Yn+2 + €2, Ynt2 + €1)
< AMd(yn + e1,ynt1 +€1) Fd(Ynt1 + €1, Ynt1 + €2))
+ Ad(Yn+1 + €1, Yng1 + €2)
< )‘d(yn +e1,Yn+1 + 62) + 6>\n+3C3l'L
< (n+3)AN"2Csu + A2 051
< (n+4)A"2C5p.
Likewise, we get the bound on d(yn+1 + €2, yn+2 + €2). If the diagrams are
different, it must be the case that y,+e1 —~ ypr1+e1 and y,+e2 A Yn+1+€2,
once again proving the claim; this time this is immediate.

Hence, if y is such that p(y) < 3Csu, d(y+e1, y+e2) < 3ACsp, then it can
only have diagram B.1 or B.2. In the light of this, pick yo with p(yo) < Csp,
d(yo + e1,yo + e2) < ACspu, whose existence is provided by Proposition
so it has diagram B.1, without loss of generality. Set y1 = yo + e1 and
so diam{y1,y1 + e1,y1 + e2} < 3Ap(yo) for the diagram for yo. Also, by
Proposition applied to (yo; yo + €3, Yo + €2, yo + €1;y1) with constant 6C5
we get p(y1) < 3Csu, so y1 has diagram B.1 or B.2. If it is B.1 define o
to be y; + e1, otherwise set yo = y1 + es. Continuing, if y; is defined and
has one of these diagrams, define yx1+1 = yr + €1 when y;, has diagram B.1,
and yx11 = yr + ez if it has diagram B.2. We now claim that y;, is defined,
p(yr) < 3Csu and diam{yx, v + €1,y + €2} < 3(3X)¥C3u. This is clear for
k=0.

Suppose the claim holds for some k£ > 0. Then y; has diagram B.1
or B.2, say the former; we argue in the same way for the other option.
Firstly, yx41 is defined. Then, from contractions implied by diagram B.1, we
get diam{yx i1, Yp+1 + €1, Ypr1 +e2} < 3Ndiam{yg, yx + €1, yr + e2}. Finally,

as d(yo, k) < (p(yo) +p(yk))/(1—A) < 5C3p, we may apply Proposition [6.4]
to (yo; Yo + €3, Yo + €2, Y0 + €1;yg+1) with constant 6C3 to obtain

P(Yk+1) = A(Yk+1, Y1 + €3)
< d(Yr-+1,Y0) + d(Yo, Yo + €3) + d(yo + €3, Yk+1 + €3)
< d(Yr+1,Yk) + d(Yr, Yk—1) + -+ d(y1,90) + p(yo) + 96ACsp
< OANC3u/(1 — 3X) 4+ 2C5u 4 96ACspu < 3C5u,
which proves the claim.

This brings us to the conclusion that (yx)r>0 is a 1-way Cauchy sequence,
yielding a contradiction. m

Proof of Proposition [8.4) During the course of our argument, we shall
prove a few auxiliary lemmata, the last one being Lemma allowing us
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to conclude the proof. It suffices to prove the claim for ¢ =3, j =2, k = 1.
Suppose there is tg with d(to + e1,to+ e2) > 10ACsu, d(to, xo) < 3Csu, and
whenever s € C3(Cj5, o) we must have either s ~ ty or s ~ t.

Set C51 = 100C3 and consider the points y with p(y) < Csp and
d(y+e1,y+e2) < ACs 1. Note that such a point exists by Proposition
The possible diagrams of contractions are shown in Figure [9] and the ar-

---»

Fig. 9. Possible diagrams of points p with d(p + e1,p + e2) < AC5,1u, p(p) < Cs1u

guments to justify these are provided in the Appendix. These are precisely
the same diagrams as in the previous proposition. Using d(to+e1, to+e2) >
10ACsu, we reject most of these.

B.1: Suppose that y as above has diagram B.1. First of all, as A <
1/(4920C1Cs,1), apply Proposition to (y;y + e3,y + €2,y + e1;y) with
constant 6C5; to see that in particular y,y + e1,y + e2,y + e3 are all in
Cs3(x0,C5), as d(y, o) < (Cs1 +2)p/(1 = A), ply) < Csap, d(y,y + €3) <
Csip, d(y+e1,y+er+e3) < (24+96AN)Cs 141, d(y +e2,y+e2+e3) < ACs1p
and d(y + e3,y + 2e3) < (24 3X)Cs 1.

If ¢ A y, then contract tg,y + e3 to get p(y +e1) < 6A(Cs51+ Cs)pn < p
when tg ~ Yy + es, or
d(to + e1,to + €2)

<d(to+e,y+er)+dy+e,y+es+er)+dy+es+eato+er)
< )\(30571 +3C5)u + 3ACs 110+ (30571 +3C5)u < 10ACsp

otherwise, both of which are not permissible.
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C.1: Suppose y has diagram C.1. Then d(y,y + e3) < Cs1p, d(y + ex,
y+er+es),dy+er,y+ertes) <3ANCsip, dly+es,y+2e3) < 96ACs 1p.
Also d(y, o) < (C51+2)u/(1=A), p(y) < Csap, soy,y+en,y+es,yt+es €
S3(z0,C5). Without loss of generality y A to. But if y + e A to, then
ply+er) =d(y+er,y+er+ez) < Ad(y,to) +Ad(y+ez, to) < 6A(Cs1+Cs)p
< p. However, y + e; —~ to is impossible as well, for it implies d(tg + €1,
to+ e2) < d(to + e,y +e1) +d(y + e1,y + 2e2) + d(y + 2e2,t0 + e3) <
6A(Cs5,1 + Cs)pp+ TAC5 1 < 10ACs .

C.2: Assume that y has diagram C.2. First of all apply Proposition [6.2
to y (we have A < 1/(78C5 1)) to see that d(y + e1,y + e1 + e3),d(y + ez,
Y+ ez +e3) < 905 . Also d(y + e3,y + 2e3) < ACs1p, p(y) < Cs1p,
d(y,zo) < (Cs51 +2)p/(1 — A), s0 y,y + €1,y + €2,y + €3 € S3(z0,C5).
Without loss of generality y At I y+ep A to then ply+er) <d(y+es,
y+2e1) +d(y + 21,y + e1 + e2) < Ad(y, to) +d(y + e1,t0)) + 2AC51p <
6A(Cs,1 4+ Cs)p + 2AC51 < p. So, we must have y + e; A to, but this also
implies a contradiction as

d(to +e1,to +e2) < d(to +e1,y +e1) +d(y+ e,y +y1 +e2)
+d(y +e1 + ea, to + €2)
< Md(y,to) + ACs,1p0 + Md(y + e1, to)
<6A(Cs 4+ Cs51)pt + ACs 10 < 10ACs .

D.1: Let y have diagram D.1. Then d(y,y + e3) < Csip, d(y + er,
y+ei+es), dy+er,y+er+es) <3ANCs1p, dly+es,y+2e3) < 96ACs 1p.
Also d(y, o) < (Cs,1 +2)p/(1 = A), p(y) < Cs1p, 50 Y,y + €1,y + e,y + €3
€ Ss3(xg,C5). Without loss of generality y N to. If ¢ A y + e1, then
ply+er) =dly+e,y+2e) <dy+er,to+er)+dto+ e,y +2e) <
A(d(y, to)+d(to,y+e1)) < 6A(C5+Cs,1) < . On the other hand, tg = y+e;
implies d(to + e1,to + e2) < d(to +e1,y +e1) +d(y + e1,y + e1 + e2) +
d(y + e1 + ez, to + e2) < A(6C5 + 7C5 1) < 10ACsp. Thus, y cannot have
diagram D.1.

D.2: Suppose that y as above has diagram D.2. First of all, apply Propo-
sitionto y to see that d(y+e1,y+ei1+e3),d(y+e2, y+ea+ez) < 9C5 1.
Also d(y+es, y+2e3) < AC514, p(y) < Cs1p, d(y, zo) < (C51+2)p/(1=A),
so Y,y + e1,y + e2,y + ez € S3(xp,Cs5). Without loss of generality y N to.
Now contract y + eg,ty. If these are contracted by 1, then p(y + e1) <
dly+e,y+e +e)+dly+e+eny+er+e3) < AN6Cs5+8Cs1)p <,
a contradiction. Therefore tg A y + e, which gives d(ty + e1,to + e2) <
d(to+er,y+er)+dy+er,y+2e2) +d(y+2eq,to+ez) < AN6C5+8Cs1)pn <
10ACs .
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Thus, we are only left with diagrams A.1 and A.2. Let A.1’ and A.2' be
symmetric to these after swapping e; and es. Let y be the same point as
before. We now distinguish the possibilities for contractions with tg.

If y has diagram A.1, then y,y + e1,y + e3 € S3(xg,C5), and it is easy
to see that tg,y and tg,y + e; are contracted in the same direction, while
to, y+es is contracted in the other. Similarly, we see the possible contractions
with ¢y for diagram A.1".

If y has diagram A.2, all the points in {y} U N(y) are in S3(x,C5), and
pairs tg, y and tp, y+e; must be contracted in different directions (otherwise
p(y + e2) < p). The same holds for the pairs y + e1,tg and y + es, to. From
this we see that tg A Y, to A Y+ es3, to A y + e1. Analogously, we classify
the contractions for A.2'.

LEMMA 8.6. Let K < C5;. There is no sequence (yi)rer for suitable
index set I C Ng, with the following properties:

L. yo is defined, has p(yo) < K/(2+67), d(yo+e1, yotez) < AK/(2+A)p.

2. If yi is defined and satisfies p(yr) < Kp, d(yo + e1,y0 + e2) < AKp,
then yi has diagram A.1 or A1, and we define ypi1 = yr + €;, with
1 =1 when the diagram of yi is A.1 and i = 2 otherwise.

Proof. We claim that yj is defined and diam{yg,yr + e1,yr + e2} <
(3\)FK /(2 + 6)X). This trivially holds for ¥ = 0. Also, without loss of
generality yo has diagram A.1.

Suppose that the claim holds for all £ < k, where k£ > 0. Observe that

d(yo, yx) < d(yo,y1) +d(y1,y2) + - + d(yr—1, yx)

1, Kp 1
< k—1
S (34 + BN )0y < T e T oy

Now, contract yo + es, yi. It is contracted neither by31 nor by 2, since we
get either p(yo + e1) < p or p(yo + e2) < . Hence yr, ~ yo + €3, so

d(yr + e3,y0 + e3) < d(yx + e3, Yo + 2e3) + d(yo + 2e3, yo + €3)

A(3 — 6))
(1 =3X\)(2+6))
Finally, we establish p(yx) < (2 4+ 6A\)Kpu/(2 + 6)\) = Kp, which com-
bined with d(yr + e1,yx + e2) < AKp gives that y itself has diagram
A.1 or A.1". Hence yjy1 is defined, and diam{yyi1, yx+1 + €1, Yks1 + €2} <
3Xdiam{yk, yx + €1, yi + €2}, as desired. However, this shows that (yx)r>0
is a 1-way Cauchy sequence, which is not allowed. =

Ku.

< Kp < 2)\Kp.

COROLLARY 8.7. There exists a point y with p(y) < 3Csu, d(y + e1,
y + e2) < 3NCsp with diagram A.2 or A.2'.
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Proof. Suppose the contrary, and let yo be a point with p(yp) < Csp and
d(yo + e1,yo + e2) < ACsu, given by Proposition We shall now define
a sequence (yx) inductively, as long as we can. The starting point yq is as
above. Given yy, provided it satisfies p(yx) < 3Csu, d(yr + e1,yx + €2) <
3ACspu, define yi41 to be yi + e; when y, has diagram A.1, and yi + e2
if y, has diagram A.1’ (note that by assumption these two are the only
permissible diagrams). But this gives a contradiction by Lemma with
K=3C;5.»

COROLLARY 8.8. We have d(tg + e1,to + e2) > 5Cspu.

Proof. Suppose the contrary. In order to reach a contradiction, we shall
obtain a Cauchy sequence as in the previous proof. Consider a point y with
p(y) < 36Csu, d(y + e1,y + e2) < 36AC3u. Assume that this point has
diagram A.2. Recall that % EN y + e, to A y. This gives p(y +e1) < Cs 14,
and from contractions of {y}UN (y) we get d(y+ei+e1,y+ei+ez2) < ACs 1
as well, so y 4+ e; has one of the four diagrams considered so far. However,
we immediately see that it is not possible for y + e; to have diagram A.2,
for tg A y+er.

Suppose that y + e; has diagram A.2'. Firstly, suppose that y + ey A
y + e2 + e3. Then contract y,y + 2e3. If it is by 3, we have p(y + 2e3) < p,
otherwise p(y + e3) < u. Hence y + €1 A y + e2 + eg. This further implies
y+er A y+2es (or otherwise p(y+2e1) < p). However, y+2ey € S3(zo, Cs),
so contract y + e2, 1o to get a contradiction.

Suppose now that y has diagram A.1 and p(y) < 17Csu, d(y+e1, y+ea) <
17AC3pu. If y 4+ eq has diagram A.2, then y + e A to, y +e1 + e3 A to,
Yy + 2e;1 A to. But y has diagram A.1, so ¢y contracts with y + e1,y in the
same direction, thus in ey, and with tg, y + e3 in the other, i.e. e;. However,
then diam Nj(z + 2e1) < 10AC5pu, contrary to Proposition used with
constant 10Cs after contracting y,y + 2e;.

Assume that y + e; has diagram A.2’. Thus ¢ A y+er, to A y+ei+es
and tg A y+e1+es. As y has diagram A.1, we have £, A y and tg A y+es.
But as d(tg + e1,to + e2) < 5Csu, y + e1 + ez is 100C3-good, so by the
previous discussion y + ej + e can only have diagram A.1 or A.1' (as y+e1
is 36C3-good).

If y+e1+eo has diagram A.1 then ¢ A y+ei+eates, sop(y+er) < p, so
we may assume y+ej+eg has diagram A.1’, which implies ¢ A y+ei+eates.
Look at pairs y+2e;1, y+2e1+e3 and y+2e; +ea, y+2e1+e3; both have length
at most 6C'31, so cannot be contracted by 2, as otherwise d(to+e1,tg+e2) <
10C5 . Suppose that at least one of these pairs is contracted by 1. Then
apply Proposition to (y;y + 3e1,y + 2e1,y + e1;y + ez) with constant
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10C5 (since A < 1/(8200CCs)) to see that p(y + 3e3) < p. Hence, the two
pairs considered are contracted by 3. But contract y+ e, y + 2e;1 + e3 to get
p(y + 2e1 +e3) < por d(tg + e1,to + e2) < 200ACspu, giving p(y + e2) < p.
Now, start from y{ with p(y() < Csu, d(y} + e1,yy + e2) < ACspu, given
by Proposition If y; has diagram A.1 or A.1' set yo = y(, otherwise
set yo = y + €1 if the diagram is A.2, and yo = y; + ez if the diagram
is A.2". Hence, p(yo) < 6C3pu, d(yo + e1,y0 + e2) < 6ACsu, and defining
the sequence as in Lemma gives a contradiction for K = 17C5 by the
discussion above. =

LEMMA 8.9. Suppose that y1,y2 are two points with p(y1), p(y2) < Cspu.
Then d(y1 + es, y2 + e3) < 40ACspu.

Proof. Recall that we have a point yo with p(yo) < 6Cspu, d(yo + e1,
yo+e2) < 6ACsu, with diagram A.2 or A.2/; given by Corollary Without
loss of generality the diagram is A.2.

Let z be any point with p(z) < Csu. We shall prove d(yg + e3, 2z + e3) <
20ACsp, which is clearly sufficient. Note that d(z, zo) < (Cs+2)u/(1—-X) <
Csp,d(z,t0) < d(z,z0) + d(zo,t0) < (C3+2)p/(1 — X) +3Cs5p < 4C5p, and
similarly d(yo, 2) < 4Cs5p and yo, z € S3(xg, Cs).

Assume tg A 2. Recall that to A yo- If yo A z, then
d(to + e1,to + e2) < d(to+ e1,z+e1) +d(z + e1,yo + e1)
+d(yo + 1,90 + e2) + d(yo + €2, to + €2)
< MCs5pu+ A7C3/(1 — A) + 6ACsp + 4XNCsp
< 5C3u < d(to + e1,to + e2),

a contradiction. Similarly we discard the case yq A z, as then d(tg + eq,
to+e2) < d(to+er, z+e1) +d(z+er,z+e2) +d(z+e2,y0 +e2) +d(yo + ez,
to + e2) < 5C3u. Therefore, yo A z,80 d(yo+es,z+e3) < AN7Csu/(1—-)N) <
SAC3 .
Thus, we must have z A tp. But we can have neither yg + e A 2 nor
2 . .
Yo + e1 ~ z, for otherwise we obtain

d(to + e1,to + e2)
< d(to+ e1,yo + 2e1) + d(yo + 2€1,z + €2) + d(z + e2,to + €2)
< Md(to,yo + e1) + d(yo + 2e1,y0 + €1 + €2)
+ Md(y + e1,2) + 2p(2) + Ad(z,t9) < 5Csu.
Hence, yo + e1 ~ 2, 50 d(yo + €3,z + e3) < Ad(yo + e1,2) + d(yo + e1 + e3,
yo + e3) < 1ANCsp + 6ACsp = 20\Csp, as desired. =

We are now ready to establish the final contradiction. By Proposition[7.2]
we have points x1, z2, x3 such that whenever {i, j, k} = [3], we have p(z;) <
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Csp, d(zi+ej, zi+er) < ACsp. First of all, 1, x2, x3 all belong to S3(zo, Cs),
since d(zg, z;) < (C3+2)u/(1—X). Suppose that for some i, j we have ¢ A i
and %g A xj. Then, by the triangle inequality and FNI,

d(to + e1,t0 + €2)
< d(to +e1,z; +e1) +d(x; + e1, x) + d(xi, z;) + d(zj, x5 + e2)
+ d(a:j + eo,tg + 62)
< Ad(to, wo) + d(wo, 7:)) + p(xi) + (p(zi) + p(x)) /(1 = A)
+ p(z;) + Ad(zj, z0) + d(zo, o))
< ABCsp+ (p(wo) + p(xi)) /(1 = A)) + Cap +2C30/(1 = A)
+ Cap+ A(p(x5) + p(20)) /(1 = A) + 3C51)
< 5Csp,
which is not possible, hence tq contracts with z1, 22, z3 in the same direction,
e1 say. But also Lemma gives diam{z1 + e3, x2 + e3, 3+ e3} < 40ACsp,

and diam{z; + e1,z2 + e1,23 + e1} < 8ACsu, so diam N(z1) < 9ACsp,
a contradiction by Proposition [6.3] =

Now combine Corollary [8:2] with Propositions [8.3] and [8:4] to obtain a
contradiction. m

9. Concluding remarks. Let us restrict our attention once again to
Austin’s conjecture in its generality. Thus, we can formulate the following
hypothesis, which captures its essence.

CONJECTURE 9.1. Let n be a positive integer and A a real with 0 <
A < 1. Suppose (Ny,d) is an n-dimensional \-contractive grid, that is,
a pseudometric space with the property that given x,y € Ny we have some
i € [n] with d(x + e;,y + e;) < Ad(z,y). Then there is a 1-way Cauchy
sequence.

Of course, having in mind the proof of Theorem|[I.4] other similar versions
of this hypothesis that can be formulated. Recall p = inf p(x), where z
ranges over all points in the grid, and set pioo = limy_,o infzeg, p(z), where
Sk is the n-way set generated by (k,..., k). Also, say that a pseudometric
space is a contractive grid if it is an n-dimensional A-contractive grid for
some 0 < A < 1 and a positive integer n.

QUESTION 9.2. Can p > 0 occur in a contractive grid?
QUESTION 9.3. Can s = 00 occur in a contractive grid?

Note that the proofs we give here are of combinatorial nature, with the
flavor of Ramsey theory, and it seems that the complete proof of Conjec-
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ture [9.1] should be based on a similar approach. Note that the proof of the
Generalized Banach Theorem rests on the Ramsey Theorem.

QUESTION 9.4. What is the combinatorial principle behind Conjecture
[0.1)? Is it related to Ramsey theory?

Finally, we consider some points of the proof of Theorem and pose
the following questions and conjectures.

QUESTION 9.5. What is the relation between k-way sets in higher-di-
mensional grids?

CONJECTURE 9.6. For each k > 2 there is a positive constant C), with the
following property: Given a k-colouring of a countably infinite graph G, we
can find sets of vertices Aq, ..., Ap_1 which cover the graph, and for suitable
colours ci,...,cx—1 € [k] we have diam,., G[A4;] < Cy for alli € [k — 1].

QUESTION 9.7. What conditions on a colouring c¢ of Nij ensure that the
colouring is essentially trivial, that is, it is monochromatic on an n-way
set?

Appendix. Discussion of the possible contraction diagrams. In
this appendix we discuss how we obtain the possible diagrams for contrac-
tions in the last part of the proof of Proposition For this discussion we
assume the propositions prior to Proposition [7.1] to hold.

Let us start with a point x with p(x) < Kp for some K > 1. Consider
first the contractions of the long edges, that is, those of the form z+e;, z+e¢;,
where 4, j are distinct elements of [3]. If two such edges are contracted in
the same direction, say k, then diam N(x + e;) < 4AKpu. Furthermore,
we can contract z,z + e to get p(zr) < (2 + 5A)Kpu, a contradiction by
Proposition provided A < 1/(164C1K), which we shall assume. Thus,
all three long edges must be contracted in different directions.

Contract now the short edges, i.e. those of the form z,z + e; for some
i € [3]. Given such an edge, there is a unique long edge x+e¢;, x+e, such that
{i,7,k} = [3]. We say that these edges are orthogonal. Suppose that a short
edge = + e; is not contracted in the same direction as its orthogonal long
edge. Then x+e; must be contracted in the same direction e; as x+e;, x +e¢;
for some j # i. Let k be such that {i,j,k} = [3]. Then x + e cannot be
contracted in the same direction as z+e;, as otherwise p(z+e;) < 3AKpu < p,
which is impossible. So, « + ej, is contracted in the same direction as one of
its non-orthogonal long edges. Hence diam{z + e;,z + ¢; + e;,x + ¢, + €;},
diam{z + ey, x + em + €, T + €y, + €, } < 3Ap(x) for some m,n € [3] where
m # | and n # k. From this we conclude that contractions in {z} U N(x)
can only give the diagrams shown in Figure There, an edge shown as a
dashed line has length at most 3\p(x).
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Fig. 10. All possible contraction diagrams

A.1. Diagrams in the proof of Proposition As in the proof
of Proposition we consider a point y with d(y + e1,y + e3) < ACs1p
and p(y) < C31p, that is, we set the previously considered K to be Cs3;
instead, and so assume A < 1/(164C1C3,1). Consider the possible diagrams
of contractions of edges in {y} U N(y). Recall that our assumption is that
there is no point x with p(z) < Csp and d(x + e1,z + e2) < AC3u. We now
describe how to reject all diagrams except 2, 4, 6, 11, 15, 23.

Immediately we get p(y + e3) < 4\Cs1u < p.

We have p(y + e1) < 4XCs 14 < p.

Similarly to previous ones, p(y + e1) < TAC3 4.

We get p(y + e3) < 4XC3 11 < p.

We have p(y+e2) < (243N C3 11, d(y+ea+er,y+ea+er) < 3AXC3,
but we assume that there are no such points.

9. The diameter of N(y) is at most TAC3 11 and p(y) < C3 14, so apply
Proposition provided A < 1/(287C1C3.1).

Q0 N ot =



10.

12.

13.

14.

16.
17.

18.

19.

20.

21.

22.

24.
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The diameter of N(y) is at most 10ACs 1 and p(y) < Csqp, so
apply Proposition provided A < 1/(410C,C3.1).

We apply Proposition to (y; y+e2,y+e1,y+es;y) with constant
9C5.1, so p(y+e2) < 144XC5 110 < p, as long as A < 1/(7380C1C3 7).

Use Proposition[6.2]to get p(y+e1) < (11+9X)Cs 10 and d(y+e1+e1,
y+er+ez) <3\Cs1p, as A < 1/(936C31). This is a contradiction
as C3 > 120371.

Apply Proposition [6.4] to (y;y + e3,y + €2,y + e1;y) with constant
9C5.1 to get p(y+e2) <144XC3 1 . Here we need A <1/(7380CC3 7).
As 14.

As for 13, we get p(y + e2) < (11 4+ 9N)Cs1p and d(y + ez + ey,
y+e2+er) < 3)\0371M.

Apply Proposition to (y;y + e1,y + es,y + ea;y) with constant
9C5,1 to get p(y + e2) < 144MCs 100 < p.

Apply Proposition|6.4|to (y; y+e1,y+es, y+ea; y+e3) with constant
9C3.1 to get p(y +e2) < (24 6X)Cs1p, dly+e2+e1,y+ex+er) <
3AC3 1.

As 18.

Use Proposition[6.2 to get p(y+e3) < (9+3X)Cs1p0 and d(y+ez+e1,
y+ez+er) <3AC3qp, as A < 1/(78C3 ).

We have diam N(y) < 7AKp, which contradicts Proposition
when \ < 1/(287010371).

Apply Proposition [6.4]to (y; y+e1, y+e2, y+es; y+e2) with constant
60371 to get p(y + 62) < 96)\0371[L.

Therefore, for y given above, provided A < 1/(7380CC3 1), we can only
have diagrams 2, 4, 6, 11, 15, 23. However, in all of these diagrams we can
classify contractions more precisely.

2.

11.

Observe that we cannot have y + e; A yory+e; A y, as the first
one of these gives p(y + e2) < 10AC3 10 < p, while the latter implies
ply+er) <10C5 1 < p. Hence y + e A y. Similarly, we must have

Yy A y + e3, otherwise we get a point p with p(p) < 10ACs1p < p.

. As in 2, if we do not have y A y+e and y A Yy + e2, we obtain a

point p with p(p) < 10ACs1p < p.
As in 2, if we do not have y A Y+ e and y A Yy + e3, we obtain a
point p with p(p) < 10ACs 1 < p.
If y A y + e3, then p(y + e3) < 10AC3 11 < p. On the other hand,
if y A y + es, then diam N(y) < 8\Cs1u and p(y) < Cs,1p, which
is 1mp0s31ble by Proposition if A < 1/(328C1C3,1). Therefore,

Y S 1+ ez, and in the same fashlon Y A Yy + es. Furthermore, apply
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Proposition to (y;y + e2,y + €1,y + e3;y) with constant 6p(y)/u
to get d(y + e2,y +e1 + e2) < 96Ap(y).

15. Asin 11, we obtain y A y+ep and y A y+es. Apply Proposition
to (y;y + €3,y + €2,y + e1;y) with constant 6p(y)/u to get d(y + ea,
Y+ 2e2) < 96Ap(y).

23. Asin 11, we obtain y A y+ep and y A y+es. Apply Proposition
to (y;y +e1,y + e2,y + e3;y) with constant 6p(y)/u to get d(y + e,
y +2e2) < 96Ap(y).

Acknowledgements. Let me thank Trinity College for making this

project possible through its funding and support. I am also indebted to the
anonymous referee for the very careful reading of the paper, improving the
presentation significantly.

References

A. Arvanitakis, A proof of the generalized Banach contraction conjecture, Proc. Amer.
Math. Soc. 131 (2003), 3647-3656.

T. Austin, On contractive families and a fized-point question of Stein, Mathematika
52 (2005), 115-129.

S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux
équations intégrales, Fund. Math. 3 (1922), 133-181.

J. Merryfield, B. Rothschild and J. D. Stein, Jr., An application of Ramsey’s theorem
to the Banach contraction mapping principle, Proc. Amer. Math. Soc. 130 (2002),
927-933.

J. Merryfield and J. D. Stein, Jr., A generalization of the Banach contraction mapping
theorem, J. Math. Anal. Appl. 273 (2002), 112-120.

L. Miliéevié, Contractive families on compact spaces, Mathematika 60 (2014), 444—
462.

J. D. Stein, Jr., A systematic generalization procedure for fixed-point theorems, Rocky
Mountain J. Math. 30 (2000), 735-754.

Luka Mili¢evié

Trinity College
Cambridge CB2 1TQ
United Kingdom

E-mail: Im497@cam.ac.uk

Received 28 April 2013;
in revised form 16 April 2015


http://dx.doi.org/10.1090/S0002-9939-03-06937-5
http://dx.doi.org/10.1112/S0025579300000395
http://dx.doi.org/10.1090/S0002-9939-01-06169-X
http://dx.doi.org/10.1016/S0022-247X(02)00215-9
http://dx.doi.org/10.1112/S0025579313000296
http://dx.doi.org/10.1216/rmjm/1022009293

	1 Introduction
	2 Main goal, notation and definitions
	3 Overview of the proof of Proposition 2.3
	4 Basic finite contractive configurations arguments and properties of 
	5 Properties of and relationships between k-way sets
	6 Finite contractive structures
	7 Existence of certain finite configurations
	8 Final contradiction
	9 Concluding remarks
	Appendix. Discussion of the possible contraction diagrams
	References

