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Operators on the stopping time space
by

DIMITRIS APATSIDIS (Athens)

Abstract. Let S* be the stopping time space and B1(S') be the Baire-1 elements of
the second dual of S*. To each element z** in B; (S") we associate a positive Borel measure
pz++ on the Cantor set. We use the measures {pg+ : ** € B1(S')} to characterize the
operators T : X — S, defined on a space X with an unconditional basis, which preserve
a copy of S'. In particular, if X = S', we show that T preserves a copy of S if and only
if {ppsn(pery s 2 € B1(S")} is non-separable as a subset of M (2").

1. Introduction. The stopping time space S was introduced by H. P.
Rosenthal as the unconditional analogue of L'(2Y), where 2 denotes the
Cantor set and L'(2Y) is the Banach space of equivalence classes of measur-
able functions on 2N which are absolutely integrable on 2V with respect to
the Haar measure.

The space S belongs to the wider class of the spaces SP, 1 < p < o0,
which we are about to define. We denote by 2<N the dyadic tree and by
co0(2<N) the vector space of all real valued functions defined on 2<N with
finite support. For 1 < p < oo we define the || - ||s» norm on cyo(2<Y) by
setting, for = € cog(2<V),

Ielse = sup (3 Ja(s)?) "

seEA

where the supremum is taken over all antichains A of 2<N. The space S? is
the completion of (coo(2<N), || - [Is).

The space S! has a l-unconditional basis and G. Schechtman, in an
unpublished work, showed that it contains almost all £, isometrically, 1 <
p < oo. This result was extended in [6] to all SP spaces where it was shown
that for every p < g, £, is embedded into SP. An excellent and detailed study
of the stopping time space S, in fact in a more general setting, is included
in N. Dew’s Ph.D. thesis [7]. The interested reader will also find therein,
among other things, a proof of Schechtman’s result mentioned above. Also,
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in [3] H. Bang and E. Odell showed that S* has the weak Banach-Saks and
the Dunford—Pettis properties, as does the space L1(2N).

In what follows, by an operator between Banach spaces, we shall always
mean a bounded linear operator. Let X, Y, Z be Banach spaces and T :
X — Y be an operator. We will say that T preserves a copy of Z if there is
a subspace W of X which is isomorphic to Z and the restriction of T to W is
an isomorphism. The study of preservation properties of operators on S is
important for the isomorphic classification of the complemented subspaces
of S'. The main results of the present paper go in this direction.

In [8] P. Enflo and T. W. Starbird showed that every subspace Y of L,
isomorphic to L', contains a subspace which is isomorphic to L' and com-
plemented in L'. It follows that if a complemented subspace X of L' con-
tains a subspace isomorphic to L', then X is isomorphic to L. Also, if
L' is isomorphic to an ¢;-sum of a sequence of Banach spaces, then one of
those spaces is isomorphic to L'. We will prove the same results in the case
of S1.

The present paper is motivated by the following problems.

PROBLEM 1.1. Let T : S' — S' be an operator and X an infinite-
dimensional reflexive subspace of S' such that the restriction of 7' to X is
an isomorphism. Does T preserve a copy of S'?

PROBLEM 1.2. Let X be a complemented subspace of S! such that ¢;
does not embed in X. Is X c¢yp-saturated?

It is well known that a subspace of a space with an unconditional basis is
reflexive if and only if it contains neither ¢y nor ¢ isomorphically. Therefore,
an affirmative answer to the first problem yields an affirmative answer to the
second one.

To state our main results we need to introduce some notation and ter-
minology. If X is a Banach space, we shall denote by B1(X) the space of
all Baire-1 elements of X*™* that is, all ™ € X™** such that there is a se-
quence (zp)peny in X with ™ = w*-lim,, z,,, which from [10] is equal to
the space of all ** € X** such that ™|, ,~) is a Baire-1 function. We
denote by M(2") the space of all Borel measures on 2" endowed with the
norm ||| = sup{|u(B)| : Bis a Borel subset of 2N}. To each z** € By(S)
we will associate a positive Borel measure piz«« on 28. The definition of fix
is related to a corresponding concept defined and studied in [I] where the
space V3 is studied. It is worth mentioning that in the case of V) we have
B1(Vy) = (V)**, i.e. a measure can be assigned to every z** € (V3))**. This
is not the case for S*.

We are ready to state the first main result of the paper.
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THEOREM 1.3. Let X be a Banach space with an unconditional basts,
Y a closed subspace of X, and T : X — S' an operator. The following
assertions are equivalent:

(1) {ppes(y==) 1 y™ € B1(Y)} is a non-separable subset of M(2Y).

(ii) There exists a subspace Z of Y isomorphic to S* such that the re-
striction of T to Z is an isomorphism.

(iii) There exists a subspace Z of Y isomorphic to S such that the re-
striction of T to Z is an isomorphism and T[Z] is complemented
in St

Moreover, if (iii) is satisfied then Z is complemented in X .

Clearly, since the basis of S' is 1-unconditional, the above theorem holds
in particular for X = S1.

We state some consequences of the above theorem.

COROLLARY 1.4. Let Y be a closed subspace of S'. Then Mp, vy =
{pye= 2 y™ € B1(Y)} is a non-separable subset of M(2Y) if and only if there
exists a subspace Z of Y isomorphic to S* and complemented in S*.

COROLLARY 1.5. Let Y be a closed subspace of S isomorphic to S'.
Then'Y contains a subspace Z isomorphic to S' and complemented in S'.

COROLLARY 1.6. Let Y be a complemented subspace of S' such that
{pye= 2 y*™* € B1(Y)} is a non-separable subset of M(2Y). ThenY is isomor-
phic to ST.

In [4] it is shown that if L! Gs-embeds into X, where either X is isomor-
phic to a dual space, or X embeds into L', then L' embeds isomorphically
into X. We recall that an operator T': X — Y between Banach spaces is
called a Gs-embedding if it is injective and T'[K] is a G5 subset of Y for all
closed bounded K.

COROLLARY 1.7. Suppose S' is isomorphic to an {1-sum of a sequence
of Banach spaces X;. Then there is a j such that X; is isomorphic to St

Our second result is the following.

THEOREM 1.8. Let X be a Banach space. If S Gs-embeds in X and X
Gs-embeds in ST, then S complementably embeds in X.

As a consequence of the above theorem we obtain

COROLLARY 1.9. Let X be a closed subspace of S*. If S' Gs-embeds
in X, then St complementably embeds in X .

The paper is organized as follows. In Section 2, we fix some notation
and recall the definition of S'. In Section 3, we give the definition of the
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measure i+, while in Section 4 we give the proofs of Theorems 1.3 and 1.8
and their corollaries.

2. Preliminaries

2.1. The dyadic tree. For every n > 0, we set 2" = {0,1}" (where
29 = {0}). Hence for n > 1, every s € 2" is of the form s = (s(1),...,s(n)).
For 0 < m < n and s € 2", we set sjm = (s(1),...,s(m)), where s|0 = 0.
Also, 25" = [JI ;2% and 2<N = (2, 2" The length |s| of s € 2<N is the
unique n > 0 such that s € 2". The initial segment partial ordering on 2<N
will be denoted by C (i.e. s C t if m = |s| < |t| and s = t|m). For s,t € 2<,
s L t means that s,t are C-incomparable (that is, neither s C ¢ nor ¢t C s).
For s € 2<N 570 and s~1 denote the two immediate successors of s which
end with 0 and 1 respectively.

An antichain of 2<N is a subset of 2<N such that s L t for all distinct
s,t € A. If A, B are subsets of 2<Y then we write A L B if s L ¢ for all
s € A and t € B. We denote by A the set of all antichains of 2<N. A branch
of 2<N is a maximal totally ordered subset of 2<N.

A subset T of 2<N is called a segment if (Z,C) is linearly ordered by C
and for any s C— v C ¢, v is in Z provided that s,t belong to Z. For a finite
segment Z of 2<N, max Z denotes the C-greatest element of Z.

A segment 7 is called initial if the empty sequence () belongs to Z. For
any s € 2<N let Z(s) = {t € 2<N : ¢ C s}. Then clearly Z(s) is an initial
segment of 2<N. For s,t € 2<N) the infimum of {s,t} is defined by s At =
max(Z(s) NZ(t)).

The lezicographical ordering of 2<N, denoted by <jex, is defined as fol-
lows. For s,t € 2<N, s <jox t if either sCt,ors Lt, w 0Csand w™1C¢
where w = sAt. Also we write s <jex t if § <jox t and s # t. The lexicograph-
ical ordering is a total ordering of 2<N. This ordering (which identifies 2<N
with N) will be called the natural ordering of 2<N. According to the above,
we can write 2<N as a sequence (s, )nen, Where n < m if either |s,| < [$m],
or [sp| = [sm| and s, <jex Sm.-

A dyadic subtree is a subset T' of 2<N such that there is an order iso-
morphism ¢ : 2<N — T In this case T is denoted by T = (t5),cq<n, Where
ts = ¢(s). A dyadic subtree (t;),co<n is said to be regular if for every n € N
there exists m € N such that {ts;:s € 2"} C 2™,

Let 2N be the Cantor space, i.e., the set of all infinite sequences o =
(o(n))y, of elements of 2= {0,1}.If 0 € 2Yandn €N, let o|n = (o (1),...,0(n))
€ 2". We say that s € 2" is an initial segment of o € 2N if s = o|n; here
o]0 = (. We write s C o if s is an initial segment of o.
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2.2. The stopping time space S'. The space S! is defined to be the
completion of coo(2<N) under the norm

[ ne, = n(3 )

s€A
where the supremum is taken over all antichains A of 2<N; here for every
s € 2<N_ we denote by e the characteristic function of {s}. By the definition
of the S'-norm, {es}4co<n is a 1-unconditional Schauder basis of S*. Also, for
every infinite chain C of 2<N the subspace of S' generated by {e, : s € C}
is isomorphic to ¢g, while for every infinite antichain A the corresponding
subspace is isomorphic to ¢;.

3. Measures associated to elements of Baire-1 space. Our general
notation and terminology is standard and can be found, for instance, in [9].
Let X be a Banach space. As mentioned in the introduction, we denote by
B1(X) the space of all z** € X** such that there is a sequence (zp)nen in X
with ** = w*-lim, x,. The aim of this section is to introduce and study
the fundamental properties of a measure pg«+ corresponding to an element
** € B (S!). We start with some general results about Banach spaces with
an unconditional basis.

LEMMA 3.1. Let X be a Banach space with an unconditional normalized
basis (e;)ien and let x** € B1(X) be such that z**(e}) = 0 for every i € N.
Then x** = 0.

Proof. Since z** € B1(X) there exists a sequence (x,),, of elements of X
such that 2™ = w*-lim, z,, and lim,ef(x,) = 0 for every i € N. By a
classical result of Bessaga and Pelczynski, we may assume that (z,), is
equivalent to a block basic sequence with respect to (e;);. Since (e;); is an
unconditional basis, every block sequence of (e;); is unconditional. But then
either (z,,), has a subsequence which is equivalent to the usual basis of ¢, or
(25,)n is weakly null. Since the basis of ¢; is not weakly Cauchy, we conclude
that ** = 0. m

PROPOSITION 3.2. Let X be a Banach space with a 1-unconditional nor-
malized basis (€;)72,. Then Bi(X) can be identified with the space of all
sequences (a;); of scalars such that sup,, || Y i aie;|| < co. This correspon-
dence is given by Bi(X) > x** < (x**(ef));. Moreover, for every z** €

(2
Bi(X), o™ = w*-lim, >, ** (e} )e; and

n
(1) o™l = sup || 30 (e}
=1

Proof. Let x** € B1(X) and z* € X*. For n € N, we choose a sequence

(i), of signs so that Y 1" | [a**(ef)a*(e;)| = Doy cix™ (e])x*(e;). Since
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(€;); is a 1-unconditional normalized basis of X, we have || Y°1" | g™ (€;)e; || <
||l=*|| and
n n n
Z |z** (e] )z (e;)]| = Z gix™(e])x*(e;) = x™* ( Zeiac*(ei)ei)
i=1 i=1 i=1
< [l [ =]l

Hence, the sequence (37" | **(e})e;)n is weakly Cauchy and

n
| S e e
i=1

Let y** = w*-limy, > ;" ; 2™ (e})e;. Then (y*™* — ™) (ef) = 0 for every i € N
and y*™* — 2™ € Bi(X). By Lemma we have y** = x**. Therefore,
o™ = w*-lim, Y ;| 2™ (ef)e;. By the above inequality and since (e;); is a
monotone basis of X, from the weak® lower semicontinuity of the second
dual norm we derive that

n
o)) = tim | > @ (e )es
n
=1

< |l*|] for all n € N.

n
—sup | Yo (e
"=l

Conversely, let (a;); be such that C' = sup, || > i, aieil| < oo. For
any ¥ € X* and n € N, we choose a sequence (g;)"_; of signs such that
Yo laix* ()] = a* (301 €iaie;). As (e;); is a 1-unconditional normalized
basis of X, we get i | |a;z*(e;)| < C||z*||. Therefore, (31 | a;z*(e;))n is
weakly Cauchy. If ** = w*-lim,, > ; a;e;, by Lemma we conclude that
x** is the unique z** € B1(X) such that **(e}) = a; for every i € N. »

If X is a Banach space and M a subset of X, then the closed linear span
of M is denoted by [M].

PROPOSITION 3.3. Let X be a Banach space with a 1-unconditional nor-
malized basis (e;)2,. Then the operator J : By(X) — [(ef):]* with J(z**) =
x**|[(6;)i] s an isometry and onto.

Proof. The fact that J is an isometry is an immediate consequence
of (). To show that J is onto, let f € [(e});]*. Then we easily observe that
sup, | Yoi; f(ed)e;|| < ||f]l. Hence by Proposition there is ™ € B1(X)
such that z** = w*-lim, Y ;" ; f(ef)e;. Therefore z**(ef) = f(ef) for all i,
and so J(z™) = ™ |((ex),) = f. =

REMARK 3.4. By Proposition for every x** € B1(S1),

|2**|| = sup H 3 (ees| = sup 3 (ed)].
n>0 |s|<n AeA

We are now ready to give the definition of u,«+, the measure associated
with an element z** in B;(S!). We first introduce some simple notation. For
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every ** € B1(S1) and D C 2<N we set
x**(ef) ifseD
*% D * S )
=1D(e) {0 if s € 2<N\ D.

By Remark we easily observe that 2**|D € By (S') and for any Dy, Dy C2<N
with D1 C Do,

(2) 2™ D1 < [lz*[Dal| < [lz*,
and if Dy L Dy, then
Q) 2104 U Dyl| = 41Dy | + [}l

For every t € 2N weset V; = {0 € 2V : t C o}. Recall that {V; : t € 2<N}
is the usual basis of 2V, consisting of clopen sets. Also, for t € 2<N and m > 0
we set

Tm _ <N,
={se2>":tC s, |s| >m}.
By , it is easy to see that for every t € 2<N,
inf [[z**| T3 | = inf [l T || + inf |2 TE .

Therefore, by a classical result of Carathéodory, there exists a unique finite

positive Borel measure iz« on 2N with gz (V3) = inf,, [|[2**|T/"|| for every
te2<N,

DEFINITION 3.5. Let 2** € B1(S'). We define p,++ to be the unique
finite positive Borel measure on 2V such that for all ¢ € 2V,

prae (Vi) = inf [ TE].
REMARK 3.6. The technique used to define the measure g« given x** €
Bi(Sh) is along the same lines as in [I].

REMARK 3.7. Let x** € Bi(S'). By we observe that for every fi-
nite antichain A4 of 2<N and m > 0, |2**|U;ea Tl = Yiea llz™ |17
Therefore, pizx (Ujeq Vi) = infp, || Uyeq T77|| for every finite antichain A
of 2<N.

The following proposition is easily established.
PROPOSITION 3.8.
(i) For every x** € B1(S') and A € R,

/,L)\x** = ‘)\’,Um**

(ii) For every x**,y** € By(SY),
/J,x**+y** S /j,x** + 'L,Ly**
(iii) For every x** € By(S1),
poes (2Y) = d(z**, S1) = inf{||lz** — z|| : z € S*}.
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(iv) For every x**,y** € B1(S?!),

| e — Py || < lz™ — ™.

PROPOSITION 3.9. Let 2** € By(S'). Then for every antichain A of 2<N,
pare (U W) = int | U 77
teA teA

Proof. Let A be an antichain of 2<N. If A is finite, then the conclusion
follows by Remark Assume that A is infinite and let A = {t;}3°; be an

enumeration. Since lim; ux**(ngl Vi) = par(Upea Vi), we have

J
(4) e < g Vt) _ Iiminf‘ U Tth < inf‘ U T{”H.
teA 7om i=1 mn teA

We claim that lim; |2 ;2 TP | = 0. Indeed, if not, then by Remark
[B.4] it is easy to see that there exist ¢ > 0, a strictly increasing sequence

w**

x** :B**

1 <j1 <ja < - in N and a sequence (A;)?2, of finite antichains of 2<N
such that:
(a) Ax CUL; 1 T for every k > 1.

(b) D sea, 2™ (€5)] > € for every k > 1.
Clearly the set B = |J;-; A is an antichain. Hence by (b),

Izl = Dl (el =) D 2™ (ed) = oo,

seB k=1s€A

a contradiction.
Let € > 0. By the claim, we choose jo € N with ||z**| ;2 | < e.

1=jo+1
Then
00 7o 00
inf ‘ z** TTH = inf ’ ** TTH + inf ’ ** "
Jo S
< g (U V;Z) + ‘ ** U Tt?
=1 i=jo+1
Jo 00
<pae (UVar) +2 < e (U W) e
i=1 i=1
Therefore,
. *ok m
g il Ul (U )

tcA teA
By and , the conclusion follows. m
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4. Operators preserving a copy of S!. This section is devoted to the
proof of Theorems 1.3 and 1.8 and their corollaries. The next lemma can be
found in [I, Lemma 41, p. 4252].

LEMMA 4.1. Let (ag)geo<n and (As)geo<n be families of non-negative real
numbers and let n > 0. Then there exists a mazimal antichain A of 25" and
a family (b)sca of branches of 2<™ such that

Z)\as<z<z )

[s|<n teA  seby

and t € by for allt € A. Therefore if » 7, Qglp < C forall o € N then
for each n > 0 there is an antichain A of 25" such that

Z Asrs < C’Z)\s.

[s|<n s€A

PROPOSITION 4.2. Let X be a Banach space and (zs)geo<n be a family
of elements of X with the following properties:

(1) (zs)gea<n is a K-unconditional basic family.
(ii) There is a constant ¢ > 0 such that for each finite antichain A of
2<N and each family (\s)sea of scalars, we have

H D s = e Al

seEA sEA

(iii) There is a constant C' > 0 such that for every o € 2N, n > 0 and
every sequence (ay);_, of scalars,

n
H E Aok
k=0

Then the family (xs)scq<n is equivalent to the basis (es)seq<n of St. In par-
ticular for every n > 0 and every family ()\s)\s\gn of scalars,

%H Z Ass|| < H Z AsTs SC’H Z As€s||-
[s|<n [s|<n [s|<n

Proof. First we show the upper S'-estimate. Fix a family (As)|sj<n of
scalars. Let #* € (S!)* with ||z*| = 1. By Lemma (with |x*(zs)| in place
of a), there is an antichain A C 25" and a family (b;)sc 4 of branches of 25"

such that
(6) (Zm*(xs S ol @) < 30 (S0 1 ) Al

[s|<n [s|<n teA  seb

< C max |ag|.
0<k<n
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By (iii), we have }_ ., [v*(zs)| < C for every t € A. Hence by @),
( 3 nat(@)| <03 Il
[s|<n teA

This yields [| 3 51<p, Assll < Ol X2)51< Ases]l-
To show the lower S'-estimate, let A be an antichain of 2<" such that
| Y jejen Asesll = Sea Aol Then by (i) and (i),

c c 1
CIPORPN B WINPT wP Y B P
[s|<n s€A seA [s|<n

REMARK 4.3. By Proposition[4.2] it is easy to see that if (x4) is a family
in X equivalent to the S'-basis and (t4)s is a dyadic subtree of 2<V, then
(z1,)s is equivalent to the Sl-basis as well.

LEMMA 4.4. Let z** € Bi(SY) and (x,), be a sequence in S' which is
weak® convergent to x**. If there exists an antichain B of 2<N such that
pa(Usep Vs) > p > 0, then for every k € N, there exist a finite antichain
A of 2N with A C U,y TO and 1 > k such that

> les(ar —z)| > p.
seA

Proof. Let k € N and 0 < 3¢ < iz (e g Vi) — p- Since x, € ST, there
is m € N such that

(7) k| Tg"[| < e
Choose a finite antichain A of 2<N with A C (J, 5 T?" such that
(8) N( U v) —e< Y | (en):

seB s€A

Moreover since (z,,) converges weak* to z**, there is [ > k such that

©) | Y la ()= ler@l| <=

s€A s€A
Then by f@ we have

Yo les(a =)l = Y les(@)l = D les(an)l > D ™ (el)] - 2¢

sEA sEA sEA sEA
>,ua;**< U V8> —3>p. =
sEB

In the following, if Y is a subspace of the Banach space X, then we
identify Y** with the subspace Y1 in X**.
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LEMMA 4.5. Let X be a Banach space with a 1-unconditional normalized
basis (e;);, Y a closed subspace of X, and T : X — S an operator. Suppose
that there exist y** € B1(Y) and an antichain B of 2<N such that

e (U V2) > >0,
seB

Then for every m € N and € > 0, there exist y € Y, a finite subset F' of N
with m < min F, scalars {d;};crp with 0 < d; < 1 for every i € F, and a
finite antichain A of 2<N with A C J,cp T? such that

Hy—Z:dizv/**(el)eZ <e and Z\e y))| > p.
S se€A

Proof. We fix m € N and € > 0. Let (y,), be a sequence in Y which is
weak* convergent to y**. By Proposition the sequence (}_7_; y**(e})e;);

weak* converges to y**. Hence (y;—>_7_; y*™* (e} )e;); is weakly null. By Mazur’s
theorem there is a convex block sequence (3_,cp 75(yj — >imy ¥**(€f)e€i))n,
where (F,,), is a sequence of successive finite subsets of N (i.e., max F,, <

min Fy 4 foralln € N), 37, p ;=1 and r; > 0 for all j € F,, such that

i 3 - St o

JEF,

We choose n1 € N with m < min F},, and

(10) H Z TiyY; — Z Tj iy**(el)el

jEFn jEFn =1

for all n > n;.

Since (3, 7jYj)n is weak™ convergent to y™*, and since T** is weak*-weak”™
continuous and T**|X =T, we find that (T'(3_,cf, 7¥;))n Weak™ converges
to T** (y**). Applying Lemma we deduce that there exist a finite antichain
A of 2<N with A C J 5 T and ny > ny such that

(11) € <T< Z iy — Z rij’))‘ > p.

se JE no JE ny

We set 41 = ZJEFM TiYjs Yo = Zjan2 rjy; and y = y2 — y1. Note that

Z szy**(e:)ei_ Z szy**( Zdzy 62,

jEFnz i=1 jEFnl =1 i€F

where F' is a finite subset of N, m < min F' and 0 < d; < 1 for every i € F.
Therefore by and the conclusion of the lemma follows. m

We recall that M™*(2Y) denotes the positive cone of M (2V).
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LEMMA 4.6. Let {i¢}e<w, be a mon-separable subset of M*(2Y). Then
there is an uncountable subset I' of w1 such that for every § € I', pe = Ae+7¢
where A¢, Te are positive Borel measures on 2N with the following properties:

o Forall§ € I', \¢e L 7¢ and ||7¢|| > 0.
e Forall¢<&inl', pe L 7¢.

In particular, 7c L 7¢ for all ( <& in I

Proof. We may suppose that for some § > 0, |[pe — pc|| > 9 for all
0 < ¢ < € < wy. By transfinite induction we construct a strictly increasing
sequence (§q)a<w; i wy such that for each o < w1, pe, = A¢, + 7¢, with
Aeo L Te, 17e, |l > 0 and 7¢, L pg, for all B < a. The general inductive step
of the construction is as follows. Suppose that for some a < w1, ({3)g<q has
been defined. Let (/3,,), be an enumeration of o and set

Co=supép,, Vo= pe, /2" No={{<wi:la<&and pe <vo}
n
n

By the Radon-Nikodym theorem, {ji}ecn, is isometrically contained in
L1(2Y,v,) and therefore it is norm separable. Since we have assumed that
lpe — pell > 6 for all 0 < ¢ < € < wi, we infer that N, is countable. Hence
we can choose £, > sup N,. Let pe, = A¢, +7¢, be the Lebesgue analysis of
pe, where A\e, < vy and 7¢, L v4. By the definition of v, and &,, we have
e, |l > 0, 7¢, L e, for all B <, and the inductive step of the construction
has been completed. =

LEMMA 4.7. Let {7¢}ecw, be an uncountable family of pairwise singular
positive Borel measures on 2~ . Then for every finite family (I})le of pairwise
disjoint uncountable subsets of w1 and every e > 0 there exist a family (Fi')f:l
with I} an uncountable subset of I'; and a family (Oi)le of open and pairwise
disjoint subsets of 2V such that 7¢(2N\ O;) < e for all 1 <i <k and £ € T}.

Proof. For every o < wy, we choose (€4)F_, € Hle I'; such that £ # fiﬁ
for every @ # 8 in wy and every 1 < ¢ < k. For each 0 < a < w; the
k-tuple (T&'X )?:1 consists of pairwise singular measures and so we may choose

a k-tuple (U%)E_ of clopen subsets of 2 with Teo 2N\ O%) < ¢ for each i,
and Of N O% = 0 for i # j.

Since the family of all clopen subsets of 2V is countable, there is a k-tuple
(0;); and an uncountable subset I" of wy such that U* = O; for all 1 <i < k
and o € I'. For each 1 < i <k, set I = {¢* : @ € I'}. Then 7:(2N\ 0;) < ¢
foralll1<i<kand&fel]. m

The following lemma, is the main tool used to prove Theorem

LEMMA 4.8. Let X be a Banach space with a 1-unconditional basis, Y
a closed subspace of X and T : X — S an operator. Suppose that By (Y)
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contains an uncountable family G such that Mg = {fipes gy : T € G} is
non-separable. Then there is a constant p > 0 such that for every e > 0 there
exist a family (ys)s of elements of Y and a family (As)s of finite antichains
of 2<N such that:

(Cl) Ag L Ay foralls Lt.

(C2) Yien, lei (T(ys))| > p for every s € 2<N.
(C3) For every o € 2N and every sequence (ar)72, of scalars,

H Zakya\k

Proof. Let {e;}°; be a l-unconditional normalized basis of X. Since
Pz = |Apges for all ** € B(S') and A € R, we may assume that
G C{y™ € By(Y) : ||[y*™*|| = 1}. By Lemma there is a non-separable
subset {MT**(yg*)}§<w1 of Mg such that e (ye) = Ae+Te forall 0 < € < wy,

lln>0.
| 0e) g ol for a2

and 7¢ L 7¢ for all ( < £ By passing to a further uncountable subset and
relabeling, we may also assume that there is pg > 0 such that ||7¢|| > po. We
fix e > 0 and a sequence (&), of positive real numbers with Y 7 &, < /2.
We will construct the following objects:

e a Cantor scheme (Is)s; of uncountable subsets of w; (that is, for all
s€2N I Ul CTyand IngN Iy =0),

a family (yg*)s with & € I for all s € 2<N,

e a Cantor scheme (Uy); of open subsets of 2, U, = UteBS Vi, where B
is an antichain of 2<N for all s € 2<N,

a family (ys)s in Y,

a family (Fj)s of finite subsets of N and a sequence (d;);ecr, of scalars
with 0 < d; <1 for all 7 € F, and

e a family (As)s of finite antichains of

2<N
such that for each s € 2<N the following conditions are satisfied:

(i) For every & € FS, 7e(Us ) > po/2 and 7 (2N\U;) < (Zlio 2702 g,
(ii) The element Y¢ is a w*-condensation point of {y *}eer, (by Propo-
sition 3.3} we identify B1(X) with [(e})]* endowed with the weak*

topology).
(iii) Foralln >1,s€2" £ €Iy and i € F,-

* * * € —
€)1 < i, where s = (s(0),. s 1)
L
(iv) max F,, < min Fy),4 for all o € 2N and n > 0.
(V) As € Uep, T and Yye u, €5 (T(ys))] > p.
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o~

Given the above construction, we set p = pp/2 and we claim that the
families (ys)s and (As)s satisfy conditions (C1)—(C3). Observe that (C1)
follows from the fact that (Us)s is a Cantor scheme and from the first part
of (v), while (C2) from the second part of (v).

It remains to verify (C3). So let n > 0 and o € 2. Then Lyps1 € Tok
for every k > 0, and so by (iii) we get

HZ Z yﬁa\k i)ei

(vi) For every s € 2<N,

Z dZyZ:(ez )61

1€Fs

k= OzEFv‘k
n—
HZ > e () Z > i (e ez+Z Yo v (e
k=01i€F, k=01i€F, k=014i€F,
n—1
<3S e - v e r+HZ S (e
k=0i€F,y, k=04€F,
n—1 c
<Y eratlug, <5+ 1
k=0

As {e;}; is a 1-unconditional normalized basis of X, by (iv) we infer that if
(ar)72, is a sequence of scalars, then

(13) Hzak Z dlyff’\k i) 0<k<n’ak’HZ Z Z/gc‘k ci)ei

1€F, olk k= OZEFO.Ik

By @, and (vi) we obtain
Hzakya\kH <> |ak|’ya\k Z diye; (€7)e;

0'|k

—i—HZak Z dzygg‘k z‘ €;

k=0 ZeFO'Ik

< s o (55) s o | £ st

k= OZGF‘U“C

= (e) g, lowl

We now present the general inductive step of the construction. Suppose
that the construction has been carried out for all s € 25", For every s € 2",
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we define

(1) Iy ={¢eli: Vi Fy, |y (&) — vl (€])] < enyr/#F:}.

Since Fj is a finite subset of N, the set {yg* : € € I''} is a relatively weak*-

open neighborhood of y¢* in {yg* }eer,- By our inductive assumption, Yeo s

a weak"-condensation point of {y;*}¢er, and therefore for all s € 2" the set

I 51 is uncountable. For every s € 2", we choose uncountable disjoint subsets
o and Fl L of I'}. Applying Lemmawe obtain a 2" *1-tuple (O)scont1

of pa1rw1se dlSJOlIlt open subsets of 2V and a family (1'?),con+1 such that for

each s € 2”1 I'? is an uncountable subset of I}, and for all £ € I

(15) 7e(2Y\ O5) < po /27T
For every s € 2"t we set U, = Oy N U,—. Notice that Uy = UteBS Vi, where

By is an antichain of 2<N. Since I'? C I'". C I, (i) implies that for all
s€ 2" and all € € I'?

(2N\U,-) < <i2_(i+2)>poa
i=0

and hence, by ,
n+1

(16) Te(2N\ Uy) < 7e(2\ Og) + (2N \ U,-) < <Z 2—(i+2))p0'
=0

Moreover as (S0 27042)) py < po/2 and ||7¢|| > po, we deduce that for all
Eel

(17) g(U ) > p0/2

We set I'y = I'? and we choose &, in I'y such that Yy 1s a weak*-condensation
point of {y;* }56[‘9 Since pig«(y, o) 2T for all £ < w; Lemma implies

that for every s € 2" there exist y; € Y, a finite subset F, of N, a sequence
{d;}ier, of scalars with max F,- < min Fs and 0 < d; < 1 for every i € Fj,
and a finite antichain A, of 2<% with A; C {J,c5 77, such that

(18) |y = Y diwge; and Y |ef (T(ys))] > po/2.

1€F teAs
By 7, the proof of the inductive step is complete. m

Let (25)geo<n be a family in S*. We will say that (25)scq<n is a block
family in ST if (25)sco<n is a block sequence of (es)sco<n under the natural
ordering of 2<N.

PROPOSITION 4.9. Let (ys)seq<n be a block family in St and (z}),cq<n a
family in (SY)* with the following properties:

(a) There is a constant ¢ > 0 such that z%(ys) > c for all s € 2<N.
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(b) For every s € 2<N g% = > i, Etef, where Ag is a finite antichain
of 2<N with Ay C supp(ys) and e; € {—1,1} for all t € As.

(c) Ay L Ay foralls L s'.

(d) There is a constant C' > 0 such that for every o € 2N, n > 0 and
every sequence (ay)}_, of scalars,

n
H Z akycr]k
k=0

‘ < C max |ag|.
0<k<n

Then:

(i) The family (ys)sco<n is equivalent to the basis (es)geq<n of ST.
(ii) There exists a projection P : S* — [(ys)seq<n] with | P|| < C/c.

Proof. (i) Since (ys)seq<n is a block family in S, hence 1-unconditionally
basic, we easily observe that (ys),co<n satisfies the assumptions of Proposi-

tion Therefore (i) holds.
(i) We define P : St — S! by

P(z) = Z ggz(x)y re St

s€2<N x: (yS) >

First we show that P is well defined. By (b) we have P(ys) = ys for every
s € 2N Let z € 8', n >0 and 2* € (S1)* with ||2*|| = 1. By Lemma
(with |z%(z)|/x%(ys) in place of Ag and |z*(ys)| in place of «ay), there is an
antichain A of 25" and a family of branches (b;);c4 of 25" such that

> E ) < X ()

|s|<n teA  seby

By (a)-(c), we obtain ), 4 |z} (z)|/xf(y:) < [|z]//c, and by (d), we have
> seb, |77 (ys)| < C for all t € A. Hence

‘Zf&))ys

[s|<n
Since this holds for all z € S and n > 0, it follows that P is well defined and,
in addition, it is a bounded projection onto [(ys)seo<n]| with ||P|| < C/c. m

C
< —|lz||.
C

The following lemma is easily proved by using a sliding hump argument.

LEMMA 4.10. Let (zs)s be a family in S* such that for every o € 2N, the
sequence (To|p)n s weakly null. Then for every 6 > 0, there exist a dyadic

subtree (ts)s of 2<N and a block family (ws)s in S* with the natural ordering

of 2<N such that
Z lxe, — wsl| < 0.

se2<N
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ProroOSITION 4.11. Let X be a Banach space with an unconditional
basis, Y a closed subspace of X, and T : X — S' an operator such that
{ppeeysy + Y™ € Bi(Y)} is a non-separable subset of M(2Y). Then there
exists a subspace Z of Y isomorphic to S such that the restriction of T
to Z is an isomorphism and T[Z] is complemented in S*. Moreover Z is
complemented in X.

Proof. By passing to an equivalent norm, we may assume that the basis
of X is l-unconditional. From Lemma [£.8] there is a constant p > 0 such
that for 0 < € < p there exist a family (ys)s of elements of Y and a family
(As)s of finite antichains of 2<N such that:

Cl) A; L A for all s L t¢.

(
(C2) Syen, |63 (T ()| > p for every s € 25N
(C3) For every o € 2V, n > 0 and every sequence (ax)}_, of scalars,

<(
Hzakyo\kH 1+e¢) Jnax. |ag|.

As T is bounded, (C3) implies that for every o € 2V, the sequence (T'(yoix))k
is weakly null. Therefore by Lemma for 0 < § < ¢, there exist a dyadic
subtree (t5)s of 2N and a block family (ws)s in S! such that

(19) > T (we,) — wsl < 6.
s€2<N

First we will show that the family (ws)s is equivalent to the basis (es) o<
of S* and the space [(w;),] is complemented in S'. Indeed, for every s € 2<N,
let x5 =Y c 4 €vey, Where (gy)pea, is a family of signs such that

= > s (T ()l > p.
vEAs

Without loss of generality, we may assume that As C supp(ws) for every
s € 2<N (otherwise, we replace As by By = A, Nsupp(ws)). Then by ,
it is easy to see that for every finite antichain A of 2<V,

(20) zi(ws) >p—e forallse2<N

Since (ws)s is a block family in S, by (C1) and (20) we find that for every
finite antichain A of 2<N and every family (\s)sca of scalars,

(21) 1> hsws]| = (=) 3 IN.
s€A

s€A
On the other hand, by (C3), for every o € 2N, n > 0 and every sequence
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(ar)p_, of scalars,

(22) H Z aRWr, ),

By ([20] . , we see that (ws)s satisfies the assumptions of Proposition
Hence (w;) is equivalent to (eg),co<n and the space [(ws)s] is complemented
in S*. Therefore by ( . for 0 > 0 sufficiently small, (T'(y,))s is equivalent
to (es)sea<n and T[Z] is complemented in S*, where Z = [(y:,)s]. Now by
(C3), as in the proof of Proposition (yt,)s has an upper S'-estimate,
which implies that (y:,)s is also equivalent to (es)gco<n.

We now proceed to show that Z is complemented in X. Let P be a
bounded projection from S! onto T[Z]. We set Q = T~'PT. Then Q is a
bounded projection from X onto Z. =

(1 +2)IT] +e) max lax|.

LEMMA 4.12. Let 2** € B1(SY). Then for every e > 0 there exists n € N
such that for every finite antichain A of 2<N,

s€A SEA
Therefore, for every finite antichain A of 2<N with min{|s| : s € A} > n,
Z\aﬁ** ]<,ux**<UV>+€

se€A SEA

Proof. Let € > 0 and A be a finite antichain of 2<V. By the definition
of piy++, there exists n € N such that

(23) 2™ T3 | < praee (27) + e

We choose an antichain A’ of 2<N gsuch that A U A’ is a finite maximal
antichain of 2<N and AN A’ = (). Then

x**

(24) ‘90 U | 7| = 273
s€A seA’
and
s€A seA’

By 7, we conclude that for every n > 1,
Uz <pe (U)o (U 12) +e
s€A s€A seA!
s€A

Therefore, |27 J;cq T || < pta(Ugea Vs) + €. m

kk

Uz
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PROPOSITION 4.13. Let (ys)seo<n be a block family in S* with the fol-
lowing properties:

(i) There is a constant p > 0 such that || Z|S|:n AsUs|| > PZ\S\:n [As]
for every n > 0 and every family (\s)|s|=n of scalars.
(ii) For every o € 2N, the sequence (Yo k)i i equivalent to the basis
of ¢.
Then {py= : 0 € 2NV is a non-separable subset of M(2Y), where y** =
w*-limy, Y1 Yo for every o € oN,
Proof. If {jiyz : 0 € 2NV is separable, we can choose a norm-condensation
point p1 € M(2V) of {s+ : ¢ € 2V}, Also fix m € N and £ > 0. Then for
uncountably many o € 2V, we have

(26) gz — pll < e/m.

Let o1,...,0m € 2N satisfy and let ng € N be such that o;|n L ojn
whenever n > ng and 1 < i < 5 < m. By Lemma there is k > ng such
that

(27) > lyiie \<,uy**(UV>+€/m

seA sEA

for every finite antichain A of 2<N with min{|s| : s € A} > k and each
i1=1,...,m. We choose A such that

I3t = X ()

and we set A; = A N supp(Yy, ). Since (Ys)sea<n is a block family in S', we
may assume that min{|s| : s € A;} > k. Then by (i and (27),

mp < H i%m” = (Zyo\kﬂ Z Z vz (

=1 s€

<Zuy**(UV>+s<u< U VS>—|—25§HHH+QE,

seA; seUr, A

a contradiction for e sufficiently small. =

LEMMA 4.14. Let (1), and (yn)n be sequences in S* both equivalent to
the co-basis, and Y, ||zn — yn|| < co. Set

n n
™ = w*-lim E xr and Yy~ =w*-lim E Y-
n n
k=0 k=0
Then /’I’I** = /,[/y**,
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Proof. For every n € N, we set

m m
*k _ *_ : k% — *_ .
TS, =w lgln kg rp and Yy, =w h%n ,; Yk-
=n =n
o, . e 1 1 _
By Proposition (111), ** —:1:|*§n € S+ and y** —yl*Z*n € S, 50 g = Pz,

and py«» = = . Then from the weak® lower semicontinuity of the second
Y y|2n

dual norm we get

e = pyel| = Ntz = pryer I < N2 = 925

>n >n
m m oo
R B _
< lll%nf” > Zka <Dl — gl
k=n k=n k=n

Therefore, letting n — 0o gives ||ftz=+ — fiy=|| = 0 and S0 fiz=x = fly=. m

PROPOSITION 4.15. Let X be a Banach space with an unconditional
basis, and T : X — S' be an operator such that there exists a subspace
Y of X isomorphic to S' such that the restriction of T to Y is an isomor-
phism. Then {ppe- (e 1 y*™ € B1(Y)} is a non-separable subset of M(2N).

Proof. Since Y is isomorphic to S, there is a family (Ys)geon In Y equiv-
alent to the S'-basis with Y = [(ys)s]. By Lemma there exist a dyadic
subtree (t4)s of 2<N and a block family (ws)s in S* such that

(28) D T () — wsll < 6/2
se2<N

for 6 > 0 small enough so that (ws)s is equivalent to the canonical basis
of S1. For every o € 2N, we set y2* = w*-lim, Y j_, Yt,, and wi =
w*-limy, Y ) w,,. Proposition shows that {ytys : 0 € 2V} is a non-
separable subset of M(2Y). Since T** (y2*) = w*-lim, Y T(yt,,), by
and Lemma we see that fuyss = ppe(yzr) for every o € 2N Therefore
{ppes ==y 1 y™ € B1(Y)} is non-separable. u

Observe that Propositions [.11] and [.15] yield Theorem [L.3] from the

introduction.

REMARK 4.16. The proof of Theorem[I.3|actually yields a slightly stronger
result, in particular the conclusion holds if X is assumed to be a subspace
of a space with an unconditional basis.

COROLLARY 4.17. Let Y be a closed subspace of S*. Then Mg, vy =
{pye= 1 y™ € B1(Y)} is a non-separable subset of M(2Y) if and only if there
exists a subspace Z of Y isomorphic to S* and complemented in S*.

Proof. Let I : S' — S! be the identity operator. We observe that
I'*[B1(Y)] = B1(Y). By Theorem the conclusion follows. m
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The following is an immediate consequence of Corollary

COROLLARY 4.18. Let Y be a closed subspace of S* which is isomorphic
to S'. Then' Y contains a subspace Z isomorphic to S* and complemented
in ST,

To state one more consequence of the above theorem we will need

LEMMA 4.19. Let Y be a subspace of S'. Suppose that S' contains a
complemented copy of Y and vice versa. ThenY is isomorphic to S'.

Proof. Notice that
S r® (S oS D)y e ® (S DS D)y B (S DS D)y,
~S'e(SteSte-- )y = (SteSte- ),
and apply the Pelczyriski decomposition method [9]. =

COROLLARY 4.20. Let Y be a complemented subspace of S such that
{pye  y*™ € B1(Y)} is a non-separable subset of M(2N). Then'Y is isomor-
phic to S*.

Proof. Since Y is a subspace of S! and {u,«~ : y** € Bi(Y)} is non-
separable, by Corollary [£.17 we know that Y contains a complemented copy
of S1. Since Y is complemented in S!, Lemma shows that Y is isomor-
phic to S'. =

REMARK 4.21. A standard argument using Rosenthal’s lemma [IT] shows
that if (X;); is a sequence of Banach spaces and X = (3.2, ®X;),, then
Bi(X) = (3°2, ®B1(X;))e, - More precisely, for every z** € Bi(X), there
exists a unique sequence (x}*); with 2}* € By(X;) for all i € Nand ), |||
< oo such that a** = > "2, ™.

COROLLARY 4.22. Suppose S' is isomorphic to an f1-sum of a sequence
of Banach spaces X;. Then there is a j such that X; is isomorphic to St

Proof. Let X = (332, #X;)e, and assume that X is isomorphic to S'.
If we identify X with S', by Corollary it is enough to prove that there
is a j such that {u+ : 2™ € B1(X;)} is a non-separable subset of M (2V).

Assume this is not true. Then for every i, {pz= : ™ € Bi(X;)} is
separable. Therefore for every i there is p; € MT(2Y) such that prg« <
for all z** € By (X;). We set

o0
Hi
p=y —0.
2 F T )
By Proposition [3.8(ii) & (iv), g+ < p for every «** in (>, ®B1(X3)),,
which by Remark is B1(S'). However, by the Radon-Nikodym theorem,
the set {piz« : 2** € B1(S')} is separable, a contradiction. m
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REMARK 4.23. In [2] H. Bang and E. Odell showed that S! is primary,
that is, whenever S' = X @Y, then either X or Y is isomorphic to S'. We
note that this fact also follows from Corollary

The following is an immediate consequence of the main result from [5],
where actually a stronger statement is proven.

PROPOSITION 4.24. Let D be a subset of 2<N such that
DN o<N. =
g D0 {5 €25 s = n})

n—oo 27’1

> 0.

Then D contains a reqular dyadic subtree (ts)s of 2<N.

The next proposition can be found in [4, Proposition 2.2, p. 161]. Recall
that an operator T': X — Y between Banach spaces is called a G§-embed-
ding if it is injective and T'[K] is a G5 subset of Y for all closed bounded K.

PROPOSITION 4.25. Let X and Y be Banach spaces and T : X —'Y be
a Gs-embedding. If X is isomorphic to cg, then T is an isomorphism.

THEOREM 4.26. Let X be a Banach space. If S* Gs-embeds in X, and
X Gs-embeds in ST, then S* complementably embeds in X .

Proof. Let W : 81 — X and R : X — S' be Gs-embeddings and set
T = RW : S' - S!'. By Lemma m passing to the dyadic subtree, we
may assume that (T(es))s is a block family in S'. For every n € N, we
set T, = D14, 2 "es. Notice that [(z)nen] is isometric to cg. Then by
Proposition the restriction of T" to [(xy)nen] is an isomorphism. Hence
there is p > 0 with 2||T"|| > p such that ||T'(z,)|| > p for all n € N. For each n,
we choose a norm one functional =, € (S*)* such that z} (T (x,)) = || T ()|
and we set

Ap={sec2N:2*(T(es)) > p/2, |s| =n} and D= U Ap.
neN
Then

1 " p
< oo (#AaIT + 27 = )5

. . #A,
By the above inequality we get 5 > . Hence,

[
=7
#(Dn{sec2N:|s| =n}) 7#An> p

7 2 2B~ p

(29) >0 forallneN.



Operators on the stopping time space 257

By and Proposition there is a regular dyadic subtree (t5), of 2<N
contained in D. Since (T'(es))s is a block family, we easily observe that for
every n > 0 and every family (As)|s|—p, of scalars,

AT (ex, ‘ > P57 .
Hg:jn Ten)|| > 5 |§n| o
Therefore, the assumptions of Proposition @l are fulfilled and so { fipes (ge+) :
o € 2N} is a non-separable subset of M(2Y), where o** = w*-lim,, > 1_, €ty
for every o € 2N. Now by Theorem the conclusion follows. m

As a consequence of Theorem [4.26], we obtain

COROLLARY 4.27. Let X be a closed subspace of S*. If S' Gs-embeds
in X, then St complementably embeds in X.

REMARK 4.28. Note that a positive answer to the following question
implies that Problem 1.2 has a positive answer as well. Let 7' : S — S* be
an operator and X be an infinite-dimensional reflexive subspace of S' such
that the restriction of T to X is an isomorphism. Is {fipss (=) : 2** € B1(S)}

a non-separable subset of M (2N)?
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