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NUMBER OF SOLUTIONS IN A BOX OF A LINEAR
EQUATION IN AN ABELIAN GROUP

BY

MACIEJ ZAKARCZEMNY (Kraków)

Abstract. For every finite Abelian group Γ and for all g, a1, . . . , ak ∈ Γ, if there
exists a solution of the equation

∑k
i=1 aixi = g in non-negative integers xi ≤ bi, where

bi are positive integers, then the number of such solutions is estimated from below in the
best possible way.

1. Introduction. We have proved in [3] the following conjecture of
A. Schinzel [2]: For every finite Abelian group Γ and all a1, . . . , ak ∈ Γ,
the number of solutions of the equation a1x1 + · · · + akxk = 0 in non-
negative integers xi ≤ bi, where the bi are positive integers, is at least
21−D(Γ )

∏k
i=1(bi+ 1), where D(Γ ) is the Davenport constant of the group Γ

(see Definition 2.1 below).
The present paper is a sequel to [3], and the notation of that paper is used

throughout. The aim of this paper is to deal with the inhomogeneous case.
We shall prove the following two statements.

Theorem 1.1. For every finite Abelian group Γ and all g, a1, . . . , ak ∈ Γ,
if there exists a solution of the equation

∑k
i=1 aixi = g in non-negative

integers xi ≤ bi, where the bi are positive integers, then the number of such
solutions is at least

(1.1) 31−D(Γ )
k∏
i=1

(bi + 1).

Theorem 1.2. For every finite Abelian group Γ and all g, a1, . . . , ak ∈ Γ,
if there exists a solution of the equation

∑k
i=1 aixi = g in non-negative

integers xi ≤ bi, where bi ∈ {2s − 1 : s ∈ N}, then the number of such
solutions is at least

(1.2) 21−D(Γ )
k∏
i=1

(bi + 1).
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Remark 1.3. Let Γ = nZ2 be the direct product of n cyclic groups of
order two, and a1, . . . , an a basis for Γ. Then the number of solutions of the
equation

∑n
i=1 aixi =

∑n
i=1 ai in non-negative integers xi ≤ bi = 2 equals 1.

Since D(Γ ) = n + 1 (see Olson [1]) and 1 = 31−D(Γ )
∏n
i=1(2 + 1), we see

that in Theorem 1.1, 31−D(Γ ) is the best possible coefficient independent of
ai, bi, g and depending only on Γ.

2. Lemmas and definitions. Let Γ be a finite Abelian group with
multiplicative notation.

Definition 2.1. Define the Davenport constant D(Γ ) to be the smallest
positive integer n such that for any sequence g1, . . . , gn of group elements
there exist indices 1 ≤ i1 < · · · < it ≤ n for which

gi1 · . . . · git = 1.

Definition 2.2. For an element
∑

g∈Γ Ngg of the group ring Q[Γ ] and
a number n ∈ Q we write∑

g∈Γ
Ngg � n iff N1 ≥ n.

Lemma 2.3. For every finite Abelian group Γ and all a1, . . . , ak, g ∈ Γ,

the number of solutions of the equation
∏k
i=1 a

xi
i = g in non-negative integers

xi ≤ bi is equal to N1, where

g−1
k∏
i=1

(1 + ai + · · ·+ abii ) =
∑
h∈Γ

Nhh

is an identity in Q[Γ ].

Proof. We interpret the equation g−1
∏k
i=1(1+ai+· · ·+abii ) =

∑
h∈Γ Nhh

combinatorially. For g ∈ Γ look at all sequences ax11 , . . . , a
xk
k whose prod-

uct is g, where xi ≤ bi are non-negative integers. Then N1 counts these
sequences. Therefore the number of solutions of the equation

∏k
i=1 a

xi
i = g

in non-negative integers xi ≤ bi is equal to N1.

Lemma 2.4. Theorem 1.1 with multiplicative notation is equivalent to
the statement: for every finite Abelian group Γ and all g, a1, . . . , ak ∈ Γ, if
there exists a solution of the equation

∏k
i=1 a

xi
i = g in non-negative integers

xi ≤ bi, where the bi are positive integers, then

(2.1) g−1
k∏
i=1

(1 + ai + · · ·+ abii ) � 31−D(Γ )
k∏
i=1

(bi + 1),

where D(Γ ) is the Davenport constant of the group Γ .

Proof. This follows from Lemma 2.3 and Definition 2.2.
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Lemma 2.5. Theorem 1.2 with multiplicative notation is equivalent to
the statement: for every finite Abelian group Γ, all g, a1, . . . , ak ∈ Γ and all
positive integers b1, . . . , bk ∈ {2s − 1 : s ∈ N}, if there exists a solution of

the equation
∏k
i=1 a

xi
i = g in non-negative integers xi ≤ bi, then

(2.2) g−1
k∏
i=1

(1 + ai + · · ·+ abii ) � 21−D(Γ )
k∏
i=1

(bi + 1).

Proof. This follows from Lemma 2.3 and Definition 2.2.

Lemma 2.6. For every finite Abelian group Γ and all g, a1, . . . , ak ∈ Γ , if
there exists a solution of the equation

∏k
i=1 a

xi
i = g in non-negative integers

xi ≤ 1, then

(2.3) g−1
k∏
i=1

(1 + ai) � 21−D(Γ ) · 2k.

Proof. We may assume that
∏t
i=1 ai = g, where 1 ≤ t ≤ k. We have the

identities

g−1
k∏
i=1

(1 + ai) = g−1
t∏
i=1

ai

t∏
i=1

(1 + a−1i )

k∏
i=t+1

(1 + ai)

=
t∏
i=1

(1 + a−1i )
k∏

i=t+1

(1 + ai).

By [3, Theorem 1.1],

t∏
i=1

(1 + a−1i )
k∏

i=t+1

(1 + ai) � 21−D(Γ )2k.

This implies

g−1
k∏
i=1

(1 + ai) � 21−D(Γ )2k.

Lemma 2.7. If 0 ≤ t < b, where t, b are integers, then

b− t+ 1 ≥
(

2

3

)t
(b+ 1).

Proof. We verify by differentiation that the function f(x) = 2
(
3
2

)x−x−2
is increasing in the interval (1,∞). Since f(0) = f(1) = 0 and f(2) = 1/2

we get 2
(
3
2

)t≥ t+ 2 for non-negative integers t. Hence

1− t

b+ 1
≥ 1− t

t+ 2
≥
(

2

3

)t
,

which yields the desired conclusion.
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Lemma 2.8. For s ≥ 1 we have the following identity in Q[Γ ]:

(2.4) 1 + x+ x2 + · · ·+ x2
s−1 =

s∏
j=1

(1 + x2
j−1

).

Proof. We proceed by induction on s. The case s = 1 is obvious. Assume
the identity is true for s− 1, where s > 1. Then

1 + x+ x2 + · · ·+ x2
s−1 = (1 + x2

s−1
)(1 + x+ x2 + · · ·+ x2

s−1−1)

= (1 + x2
s−1

)
s−1∏
j=1

(1 + x2
j−1

) =
s∏
j=1

(1 + x2
j−1

).

3. Proofs of theorems

Proof of Theorem 1.1. We may find 0≤ ti≤ bi, where 1≤ i≤ k, such that
at11 ·. . .·a

tk
k = g. By definition of the Davenport constant we may assume that

(3.1)

k∑
i=1

ti ≤ D(Γ )− 1.

Suppose ti = bi for 1 ≤ i ≤ s ≤ k, and ti < bi for s + 1 ≤ i ≤ k; if ti < bi
for 1 ≤ i ≤ k, then we take s = 0. We have the identities

g−1
s∏
i=1

(1 + ai + · · ·+ abii )

k∏
i=s+1

(atii + ati+1
i + · · ·+ abii )

=
s∏
i=1

a−bii

k∏
i=s+1

a−tii

s∏
i=1

(1 + ai + · · ·+ abii )
k∏

i=s+1

(atii + ati+1
i + · · ·+ abii )

=

s∏
i=1

(1 + a−1i + · · ·+ (a−1i )bi)
k∏

i=s+1

(1 + ai + · · ·+ abi−tii ).

By [3, Theorem 1.1],

s∏
i=1

(1 + a−1i + · · ·+ (a−1i )bi)

k∏
i=s+1

(1 + ai + · · ·+ abi−tii )

� 21−D(Γ )
s∏
i=1

(bi + 1)
k∏

i=s+1

(bi − ti + 1).

Lemma 2.7 yields

21−D(Γ )
s∏
i=1

(bi + 1)

k∏
i=s+1

(bi − ti + 1) ≥ 21−D(Γ )
s∏
i=1

(bi + 1)

k∏
i=s+1

(
2
3

)ti(bi + 1)

≥ 21−D(Γ )
k∏
i=1

(
2
3

)ti(bi + 1).
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From (3.1) it follows that

21−D(Γ )
k∏
i=1

(
2
3

)ti(bi+1) ≥ 21−D(Γ )
(
2
3

)D(Γ )−1
k∏
i=1

(bi+1) = 31−D(Γ )
k∏
i=1

(bi+1).

Hence

g−1
s∏
i=1

(1 + ai + · · ·+ abii )

k∏
i=s+1

(atii + ati+1
i + · · ·+ abii ) � 31−D(Γ )

k∏
i=1

(bi + 1).

Finally

g−1
k∏
i=1

(1 + ai + · · ·+ abii ) � 31−D(Γ )
k∏
i=1

(bi + 1).

Proof of Theorem 1.2. Let bi = 2si−1, where si ∈ N. We take 0 ≤ ti ≤ bi,
where 1 ≤ i ≤ k, such that at11 · . . . · a

tk
k = g. Since 0 ≤ ti ≤ 2si − 1 we may

find εji ∈ {0, 1} such that

ti =

si∑
j=1

εji2
j−1

for 1 ≤ i ≤ k. Using (2.4) we obtain

a−tii (1 + ai + · · ·+ abii ) = a−tii

si∏
j=1

(1 + a2
j−1

i )

=

si∏
j=1

a
−εji2j−1

i (1 + a2
j−1

i ) =

si∏
j=1

(a
−εji2j−1

i + a
(1−εji)2j−1

i )

=

si∏
j=1

(1 + a
ηji2

j−1

i ),

where ηji = 1− 2εji ∈ {−1, 1}. Thus

g−1
k∏
i=1

(1 +ai+ · · ·+abii ) =
k∏
i=1

a−tii (1 +ai+ · · ·+abii ) =

k∏
i=1

si∏
j=1

(1 +a
ηji2

j−1

i ).

By [3, Theorem 1.1],

k∏
i=1

si∏
j=1

(1+a
ηji2

j−1

i )� 21−D(Γ )
k∏
i=1

si∏
j=1

2 = 21−D(Γ )
k∏
i=1

2si = 21−D(Γ )
k∏
i=1

(bi+1),

which implies

g−1
k∏
i=1

(1 + ai + · · ·+ abii ) � 21−D(Γ )
k∏
i=1

(bi + 1).
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