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Abstract. We continue our study of the category of Doi Hom-Hopf modules intro-
duced in [Colloq. Math., to appear]. We find a sufficient condition for the category of
Doi Hom-Hopf modules to be monoidal. We also obtain a condition for a monoidal Hom-
algebra and monoidal Hom-coalgebra to be monoidal Hom-bialgebras. Moreover, we in-
troduce morphisms between the underlying monoidal Hom-Hopf algebras, Hom-comodule
algebras and Hom-module coalgebras, which give rise to functors between the category
of Doi Hom-Hopf modules, and we study tensor identities for monodial categories of
Doi Hom-Hopf modules. Furthermore, we construct a braiding on the category of Doi
Hom-Hopf modules. Finally, as an application of our theory, we get a braiding on the
category of Hom-modules, on the category of Hom-comodules, and on the category of
Hom-Yetter—Drinfeld modules.

1. Introduction. The category 4 M (H)® of Doi-Hopf modules was
introduced in [I1], where H is a Hopf algebra, A a right H-comodule algebra
and C a left H-module coalgebra. It is the category of those modules over the
algebra A which are also comodules over the coalgebra C and satisfy certain
compatibility condition involving H. The study of 4#M(H)¢ turned out to
be very useful: it was shown in [I1] that many categories such as the module
and comodule categories over bialgebras, the Hopf modules category [24],
and the Yetter-Drinfeld category [22] are special cases of 4 M (H)®. For a
further study of Doi-Hopf modules, we refer to [3], [4]. In [2], it is proved that
Yetter—Drinfeld modules are special cases of Doi-Hopf modules, therefore
the category of Yetter—Drinfeld modules is a Grothendieck category.

Hom-algebras and Hom-coalgebras were introduced by Makhlouf and
Silvestrov [I8] as generalizations of ordinary algebras and coalgebras in the
following sense: the associativity of multiplication is replaced by Hom-asso-
ciativity, and similarly for Hom-coassociativity. They also described the
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structures of Hom-bialgebras and Hom-Hopf algebras, and extended some
important results from ordinary Hopf algebras to Hom-Hopf algebras in [19]
and [20]. Recently, more properties and structures of Hom-Hopf algebras
have been developed: see [5]-[9], [12]-[14], [16], [25]-[28] and references
therein.

Caenepeel and Goyvaerts [I] studied Hom-bialgebras and Hom-Hopf
algebras from a categorical view point, and called them monoidal Hom-
bialgebras and monoidal Hom-Hopf algebras respectively; these are slightly
different from the above Hom-bialgebras and Hom-Hopf algebras. Makhlouf
and Panaite [I7] defined Yetter—Drinfeld modules over Hom-bialgebras and
showed that Yetter—Drinfeld modules over a Hom-bialgebra with bijective
structure map provide solutions of the Hom-Yang-Baxter equation. Also
Liu and Shen [I5] studied Yetter—Drinfeld modules over monoidal Hom-
bialgebras and called them Hom-Yetter—Drinfeld modules; they showed that
the category of Hom-Yetter—Drinfeld modules is a braided monoidal cate-
gory. Chen and Zhang [§] defined the category of Hom-Yetter—Drinfeld mod-
ules in a slightly different way to [15], and showed that it is a full monoidal
subcategory of the left center of the left Hom-module category. We have
defined in [I3] the category of Doi Hom-Hopf modules and we have proved
that the category of Hom-Yetter—Drinfeld modules is a subcategory of our
category of Doi Hom-Hopf modules.

In this paper, we discuss the following question: how do we make the
category of Doi Hom-Hopf modules into a monoidal category? We show
in Section 3 that it is sufficient that (A, 8) and (C,~) are monoidal Hom-
bialgebras with some extra conditions. As an example, we consider the cate-
gory of Hom-Yetter—Drinfeld modules, which is well known to be a monoidal
category from [I5]; this category is a special case of our theory.

In Section 4, we give maps between the underlying monoidal Hom-Hopf
algebras, Hom-comodule algebras and Hom-module coalgebras, which give
rise to functors between the categories of Doi Hom-Hopf modules. Moreover,
we study tensor identities for monoidal categories of Doi Hom-Hopf modules.
As an application, we prove that the category of Doi Hom-Hopf modules has
enough injective objects.

Suppose that we have a monoidal category of Doi Hom-Hopf modules.
How do we define a braiding on this category? In Section 5, we point out this
comes down to giving a twisted convolution inverse map 2 : C®C — AR A
satisfying some complicated compatibility conditions. As an application we
get a braiding on the category of Hom-modules, on the category of Hom-
comodules, and on the category of Hom-Yetter—Drinfeld modules.

Throughout this paper we freely use the Hopf algebra and coalgebra
terminology introduced in [10], [21], [23] and [24].
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2. Preliminaries. Throughout this paper we work over a commutative
ring k; we recall from [I] and [13] some information about Hom-structures,
needed in what follows.

Let C be a category. We introduce a new category s (C) as follows:
Objects are couples (M, u) with M € C and p € Aute(M). A morphism
f:(M,p) — (N,v) is a morphism f: M — N in C such that vo f = fop.

Let ), denote the category of k-modules. Then J7(.#);) will be called
the Hom-category associated to 4. If (M,pn) € My, then p : M — M

is obviously a morphism in J#(.#}). It is easy to show that H (M) =
(A (M), @, (I, 1), a,l, 7)) is a monoidal category by [I, Proposition 1.1]: the
tensor product of (M, x) and (N, v) in jg(///k) is given by (M, u)® (N,v) =
(M®N,p®v).

Assume that (M, p), (N,v), (P, ) € %A’;(//Zk) The associativity and unit

constraints are given by the formulas

amn,p(m@n)@p) =pm)® (nex(p),

Iz @m) = Far(m @ ) = zp(m).

An algebra in J€(.#);) will be called a monoidal Hom-algebra:

DEFINITION 2.1. A monoidal Hom-algebra is an object (A, o) € F(My,)
together with a k-linear map m4 : A® A — A and an element 14 € A such
that

a(ab) = a(a)a(b), a(la) =14,
a(a)(be) = (ab)a(c), aly = 1ga = aa),
for all a,b,c € A. Here we use the notation m4(a ® b) = ab.

DEFINITION 2.2. A monoidal Hom-coalgebra is an object (C,~) € 7 (M},)
together with k-linear maps A : €' — C ® C, A(c) = ¢(1) ® ¢(2) (summation
implicitly understood) and ¢ : C' — k such that

A(v(c)) =(cqy) @ (c),  e(v(c)) =¢€(o),

and

7 Hew) ® ) @ @) = o) © cuye) @77 (@),
e(c))ey = elc@))eqy =7 (c),
for all c € C.

DEFINITION 2.3. A monoidal Hom-bialgebra H = (H,,m,n, A, €) is a

bialgebra in the symmetric monoidal category J#(.#};). This means that
(H,a,m,n) is a monoidal Hom-algebra, (H,«, A, ) is a monoidal Hom-
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coalgebra, and A and & are morphisms of Hom-algebras, that is,
A(adb) = a(l)b(l) & a(Q)b(z), A(lg) =1g ® 1§,
e(ab) = e(a)e(b), e(ly) =1g.

DEFINITION 2.4. A monoidal Hom-Hopf algebra is a_monoidal Hom-
bialgebra (H, «) together with a linear map S : H — H in J€(.#};) such that

SxI=1xS=ne, Sa=al.

DEFINITION 2.5. Let (A,a) be a monoidal Hom-algebra. A right
(A, «)-Hom-module is an object (M, u) € %7(///;9) consisting of a k-module
and a linear map pu : M — M together with a morphism ¢ : M @ A — M,
Y(m-a) =m-a,in jfi;(//lk) such that

(m-a)-a(b) = pu(m)-(ab), m-1a=p(m),

for all a € A and m € M. The fact that ¢ € J€(.#}) means that
u(m - a) = () - afa).

A morphism f : (M,p) — (N,v) in %\”/(%k) is called right A-linear if it

preserves the A-action, that is, f(m - a) = f(m) - a. H(M})a will denote
the category of right (A, «)-Hom-modules and A-linear morphisms.

DEFINITION 2.6. Let (C,7) be a monoidal Hom-coalgebra. A right

(C,~)-Hom-comodule is an object (M, u) € (. M#}) together with a k-linear

map py 2 M — M ® C (notation py(m) = mjg) ® myy)) in (.4y) such
that
migjjo] @ (Mo © 7~ (m)) = u™H(mye) @ Ac(mpy),
mige(mpy) = p~ ' (m),

for all m € M. The fact that pys € J(.#}) means that

py(p(m)) = p(mpg)) @ y(myy)-

Morphisms of right (C,~)-Hom-comodules are defined in the obvious way.
The category of right (C, «)-Hom-comodules will be denoted by 2 (.#;,)C.

DEFINITION 2.7. Let (H, ) be a monoidal Hom-Hopf algebra. A mono-
idal Hom-algebra (A, ) is called a right (H,«)-Hom-comodule algebra if
(A, ) is a right (H,a) Hom-comodule with coaction pgq : A - A® H,
pa(a) = ajg ® ayy), such that

pa(ab) = agby @ apybpy,  pa(la) =14 @ 1g,

for all a,b € A.

DEFINITION 2.8. Let (H, ) be a monoidal Hom-Hopf algebra. A mono-
idal Hom-coalgebra (C,7) is called a left (H,«)-Hom-module coalgebra if



MONOIDAL CATEGORIES AND DOI-HOPF MODULES 83

(C,~)is aleft (H, «)-Hom-module with action ¢ : H®C — C, ¢(h®c) = h-c,
such that
Ac(h-c) = h1y - ey ® heg) - ¢(2), ec(h-c)=cec(c)eg(h),
forall c€ C and g,h € H.
A Doi Hom-Hopf datum is a triple (H, A,C), where H is a monoidal

Hom-Hopf algebra, A a right (H, «)-Hom comodule algebra and (C,~) a
left (H, a)-Hom module coalgebra.

DEFINITION 2.9. Given a Doi Hom-Hopf datum (H, A, C), a Doi Hom-
Hopf module (M, p) is a left (A, 8)-Hom-module which is also a right (C,~)-
Hom-comodule with the coaction structure py; : M — M ® C defined by
pm(m) = mig ® myy) such that the following compatibility condition holds:
forallme M and a € A,

pu(a-m) = aj) - mpg) @ apy - myy-

A morphism between left-right Doi Hom-Hopf modules is a k-linear map

which is a morphism in the categories 4. (.#};) and ‘g(///k)c at the same

time. A:%,Z(///k)(H)C will denote the category of left-right Doi Hom-Hopf
modules and morphisms between them.

3. Making the category of Doi Hom-Hopf modules into a mono-
idal category. Now suppose that C and A are both monoidal Hom-bial-
gebras.

PROPOSITION 3.1. Let (M, 1) € a7 (M) (H)C, (N, v) € aH (My,)(H)C.
Then M @ N € A€ (M) (H)C with structure maps
a-(men)= aey - m & aeg) - n, preN(m@n) = mio] ® njo] @ mnq)
if and only if
(31)  a@yo) ® agyo) @ (e - ) a) - d) = apja) @ ajpjz) @ ap © (ed)
for alla € A and ¢,d € C. Furthermore, C = A:%’Z(///k)(H)C is a monoidal
category.

Proof. 1t is easy to see that M ® N is a left (A, 8)-module and a right
(C,v)-comodule. Now we check that the compatibility condition holds:

puen(a- (m@n)) = (aq)-m)g @ (ag) - n)g @ (a@) - m)pj(ae) - )y

= aqyj) - mio] D (ag)o] - 7o) ® (e - mpp)(a@)n) - npp)
)

(3.1)
=" ao)1) - Myo] ® (ap)2) - npo) ® apy) - (Mpnpy

= ap) - (myg) @ npo)) ® ay) - (mpynpy).-
So M ® N € o (M) (H)C.
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Conversely, one can easily check that A ® C' € 47 (M) (H)C, let m =
l®cand n=1®d for any c,d € C and easily get (3.2).

Furthermore, k is an object in 47 (.},)(H)® with structure maps

a-z=cpla)r, plr)=2®lc,

for all x € k if and only if
(3.2) eala)le =ealaq))(aq) 1)
for all a € A. Then it is easy to see that (C = A,}fi;(.///k)(H)C, ®,k,a,1,7) is
a monoidal category, where a,l, 7 are given by

ayn.p((m@n) ®p) =p(m)® (e (p),

Iv(z ®m) =ry(m® ) =zu(m),

for (M, p), (N,v),(P,7) €C. =

We call G = (H, A,C) a monoidal Doi Hom-Hopf datum if G is a Doi
Hom-Hopf datum and A, C are Hom-bialgebras with the additional compat-
ibility relations (3.1) and (3.2).

We will give an example of a monoidal category a2 (.4})(H)C. First,
we define Yetter—Drinfeld modules over a monoidal Hom-Hopf algebra;
these were also introduced by Liu and Shen [I5] or Guo and Zhang [13]
similarly.

DEFINITION 3.2. Let (H,«) be a monoidal Hom-Hopf algebra. A left-
right (H, «)-Hom-Yetter—Drinfeld module is an object (M, u) in J(.#y)
such that (M, pu) a left (H,a)-Hom-module and a right (H,«)-Hom-co-
module with the following compatibility condition:

(3:3)  hqry - mpg) @ heympy = p((hezy - 1~ (m))j0) © (hez) - 1~ (M) by

for all h € H and m € M. We denote by g% 2" the category of left-right
(H, a)-Hom-Yetter—Drinfeld modules, morphisms being left (H,«)-linear
right (H, a)-colinear maps.

PROPOSITION 3.3. (3.3) is equivalent to
34)  plh-m)=alhgym) - mp @ (hgy@a (mp)S™ (ha))
forallh e H and m e M.

Proof. For one direction, we compute

w((hay - p=H(m)g) @ ((hezy - 1~ (m)) )by

(3.4) B . _
=" plalh@@) - # mg) @ ((heye@@e™ (mp)S ™ (i) ha

= a(h@) -mp @ (hy@@ (mp)) (S~ (hay@)hayw)
=l - mpo) ® hezymyy-
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Conversely, we have

(33)u(h2<2) “m) o) @ (a1 () b)) ()
0 h(2))-1~ " (m))o) ® Y(hy) -~ (m) ) (B~ (b))
p((a™2(h) - p=H(m)) ) ® &*((a™2(h) - = (m))py))
= (Ofl(h)-m)m]@a((a (h) -m)py)
which implies (3.4). =

hey) - mio) © (hymp)S™ (ha))
[0

(
((@” (@™

i (
(h a(

)

THEOREM 3.4. Let (H,«) be a monoidal Hom-Hopf algebra with a bi-
jective antipode.

(1) H can be made into a right H® ® H-Hom-comodule algebra. The
coaction H - H ® H°® @ H 1is given by

hi= a(he) i) © (S~ o (ha)) @ hiz)e)-
(2) H can be made into a left H®®@ H - Hom-module coalgebra. The action
of H® ® H on H is given by
(h@k)>c=(ka~'(c))a(h).

(3) The category y Y P of left-right Hom- Yetter—Drinfeld modules
is isomorphic to a category of Doi Hom-Hopf modules, namely

0 (M) (HP @ H)H

Proof. (1) We first prove that H is a right H°? ® H-Hom-comodule. For
any h € H,

(Oéi1 & AHop®H)pH(h) ® AHop®H(S (Ozil(h(l))) & h(2)(2))
= hyn @S Ha~ 1( <2>)) ® by @S (@ (hayay) © k)
= a(hg )®5 Yo~ ( 2)) ® b)) 2)
—1

® S5 ( (b)) ® (h(z)(z))
=« (h(z)(z) ))) ® S~ ( Y(he)1)) © alhe)@)) @)
“Ha (b)) © hey2)e)
=a (h<2>(1 2)(1) ® 5 ( (2)(1)(
a7 (hay)) @ o (R
—P( ( (1) @S ( *(h) ® & Hhy )
= (prr @ a”)pu(h).

1)) ® alh@)1)) @)
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So H is a right H°? ® H-Hom-comodule. We also have
p(hg) = alhz1)9@)0)@ (S~ (hygw)@a™ (b))
= a(h@)a))(g2)1)@ (S~ (k)5S ™ (gay) @™ (h)2)a ™ (92 @)
= (a(h(Q)(l))®(S_ (hay))®a ™ (hz)2)))
(a(92)1) @S g @a  (92)2)))
= pu(h)pu(9).
(2) Now we prove that H is an H°? ® H-Hom-comodule. For any
h,l,k,m,c € H, we have
(a(l) ® a(m)) > [(h@ k) > d = (a(l) @ a(m)) > (ka” ' (¢)a(h)
= [a(m)[(a” (k)a?(c))h]]a?(l) = [a(m)k(a"*(c)a" (h)]]a®(])
= a(mk)[[a” ! (¢)hla(l)] = a(mk)[c(hl)] = mk[ca(hl))
= (WM @mk)>a(c) =[(l@m)(h® k)] >ale),

and this implies that H is an H°? ® H-Hom-module.

Using the fact that (H,«) is an (H, a)-Hom-bimodule algebra, we can
deduce that (H, ) is a left H°P ® H-Hom-module coalgebra.

(3) Let (M,-) be a left (H,«)-module and (M, ppr) a right (H, ar)-co-
module. Then M € y (. #,)(HP @ H)M if and only if

pur(h-m) = alhywy) - m @ (S™Ha (b)) @ hye) >mp)
= a(h(y1)) - i ® (heyya ™ (mp)S™ (b))

for all h € H and m € M. Thus H,y“/i;(///k)(HOp ® H)H is isomorphic to
HHY 9" -

EXAMPLE 3.5. Let (H,«) be a monoidal Hom-Hopf algebra. We have

shown that the category Hfi;(///k)(HOp ® H)H of Doi Hom-Hopf modules
and the category g% 2™ of Hom-Yetter-Drinfeld modules are isomor-
phic. Recall from [I5] that the latter is a monoidal category; let us check
that it is a special case of Proposition 3.3. Indeed, take A = H and C' = H°P
as monoidal Hom-bialgebras. Let a = h, ¢ = k and d = g. Then the left-hand
side amounts to

hioj(1) ® hpoj2) ® hpy - (k@ g)
= alhiym) @ alhe)@) @ (S e (b)) @ b o) - (9k)

= alh(a)1)1) © a(h@)1)2) @ [haye)a (gk)]S ™ (hay).
The right-hand side is
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hayo) @ b)) © (hpjay - k) (Ppyee) - 9)
= a(hay@)m) ® alhe) @) @ (S7Ha ™ (haym)) © hee)a) - k)
o (ST o  (hwy@)) ® heye)e) - 9)
= a(hy2)1) © alhey21) © (hey@ @ (9)S ™ (ha)e))
(hey@wa™ (kDS (hayw))
= alhay2)) © alhe)e)m)
@ ((hey@y@a (@) (@™ (haye) @@ kS~ ()
= a(h)y)@2) @ alhe)1)e)
® (@ (heye) e IS (hayaye) e (hieya)]) kS~ (alhaya)a)))
= a(h@)1)1)) ® alh@)1)2) @ (hey@)@a  (9)1S™ 1(h(z) 1) W)h@mml)
“Ha (k)
a(h@ya)1)) @ alhe)aye) © (he)2)9)kS™ (a” 1(h(1)))
= a(h@)1)1)) ® alh@)a)@) @ (e (heye)a " (9)k]1S™ (ha)
a(h@y 1)) @ alhe)ye) @ [heyee " (gk)]S™ (hay).

4. Tensor identities

THEOREM 4.1. Given Doi Hom-Hopf data (H,A,C) and (H',A',C"),
suppose that a morphism & : (H,A,C) — (H', A’,C") consists of three maps
o:H—-H,y:A— A and ¢ : C — C' which are respectively monoidal
Hom-Hopf algebra, Hom-algebra and Hom-coalgebra maps satisfying
(4.1) o(h-c) =¢(h) - ¢(c),

(4.2) pa(¥(a)) = ¥(ap) @ ¢lap),
forallce C, h € H and a € A. Then we have a functor F : A%%k)(H)C
— w0 (M) (HC, defined as follows:
F(M) =A ®a M,
where (A’ B8') is a left (A, B)-module via ¥ and with structure maps defined
by
(4.3) V- (d @am) =71 (V)d @ p(m),
(4.4) pruy(a’ ®am) = ajg ®amp) @ apy - $(my),
forall ',/ € A" and m € M.

Proof. Let us show that A’ ®4 M is an object of A/jfi;(///k)(H’)C/. It is
routine to check that F(M) is a left (A’, 8')-module. For this, we need to
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show that A'® 4 M is aright (C’,~')-comodule and satisfies the compatibility
condition. Indeed, for any m € M and da’,0’ € A’, we have

proa) (V- (a'®@am)) = /)F(M)(B'_l(b') a'®ap(m))
= B (b)) ajoy @4 p(mie) @[ by )afyy] - (v (mp))
= big)[ajg) @ am| @by lagy - (myy))]
=V (ajg@am@aj;-¢(mpy)) = V' pran(a @am),
i.e., the compatibility condition holds. It remains to prove that A’ ®4 M is
a right (C’,v')-comodule. For any m € M and o’ € A’, we have
(prny @ ide)pron(a’ @am) = (pror) ® ide)(ajg @4 mp) @ afy - ¢(myyy))
= [alg)0 ®a Mpo)j0) @ o) - S(Myoy))] ® afyy - P(mpyy)
= [8" N aly) @a g~ (mp) @ ajyy - dlmp))] © o' (aly ) - (v (M)
= afy ®a mig) @ [afy 1) - A(mp)) @ ) - d(mp)]
= ([dpr) @ Acr) pruy (@ @am),
and
(idpy ® €)prony (@ ®am) = (idpay © 5)(“[0] @A mp) @ a - 2(mq))
= aje(aly)) ®a mygie(d(mp)) = a’ @am,
as desired. u

THEOREM 4.2. Under the assumptions of Theorem 4.1, we have a func-
tor G : g (M) (H'C — 2 (M) (H)C which is right adjoint to F. It
s defined by

GM') = Mo C,

with structure maps

(45) a-(m' @) = ag - m' Gay -c.
(4.6) peory(m' @ ) = p'~H(m') @ ey @ y(c@),
for all a € A.

Proof. We first show that G(M’) is an object of 4 (.4,)(H)C. Tt is
not hard to check that G(M’) is a left (A, §)-module. Now we check that
G(M’) is a right (C,v)-comodule and satisfies the compatibility condition.
For any m’ € M’ and a € A, c € C, we have

paary(a- (m' @ c)) = paoury(ag) - m' @ ap - ¢)
=B ap) - (M) @ apy) - ¢y @ elape) - V()
= a0 - 1~ (M) @ apgyy - ey @ apy - Y(e)
= a- (W~ (m') @ ey ®(c)) = apgary(m’ ® o),
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i.e., the compatibility condition holds. It remains to prove that M’ Oq C' is
a right (C,v)-comodule. For any m’ € M’ and a € A, we have

(pa(vry ©1der) ey (m' @4 ¢) = (pary @ iden) ('~ (m') © ¢y @ v(c)))
= @72 (m") @ cay) @ () @ v(ew)
=12 (m) @ v ) @ () @V (e @)
=17 (m') ® ey @ e)a) @ (@) e)]
= (idgvry ® Ac)peun(m’ @ c),

and

(idG(vr) @ €)pary (m' © ) = (idaary @ e) (W™ (m') @ ey © v(c(2)))
=~ (m )®C(1)€( (2) @le=m'®c,

as required. N

We have G(M') € a7 (My)(H)® and the functorial properties can be
checked in a straightforward way. Finally, we show that G is a right adjoint
to . Take (M,p) € (M) (H)C and define ny : M — GF(M) =

(M ®4 A") 0o C as follows: for all m € M,

nav(m) = mig ®a Lo @ myy).
It is easy to see that gy € 45 (M) (H)C. Take (M, 1) € a0 7 (M) (H')C
and define dp : FG(M') — M', where
Spr(m' @) ®@ad) =ec(e)m’ - d,

It is easy to check that 0y is (A, §)-linear and so 0y € A/%(///k)(ﬂ’)cl.
We can also verify n and § defined above are natural transformations and
satisfy

GOm) ongmry =1,  dpany o F(nm) =1,
for all M € 45 (M) (H)C and M' € 4 (M) (H')C' . u
A morphism & = (¢, 1, ¢) between monoidal Doi Hom-Hopf data is called
monoidal if ¢ and ¢ are monoidal Hom-bialgebra maps. We now consider

the particular situation where H = H' and A = A’. The following result is
a generalization of [3].

THEOREM 4.3. Let & = (idgy,ida,¢) : (H,A,C) — (H,A,C") be a
monoidal morphism of monoidal Doi Hom-Hopf data. Then

(4.7) G(C') =C.

Let (M,p) € A%Z( M) (H)C be flat as a k-module, and take (N,v) €
A (M) (H)C' . If (C,7) is a monoidal Hom-Hopf algebra, then

(4.8) M®@G(N)2G(F(M)® N) inA%”(///k)( )C.
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If (C,v) has a twisted antipode S, then
(4.9) G(N)® M =~ G(N @ F(M)) in o5 (M,)(H)C.

Proof. We know that e ® id¢ : €' 0c C — C' is an isomorphism; the
inverse map is (¢ ® idg)A¢ : C — C' 0¢ C. Tt is clear that e ® id¢ is
(A, B)-linear and (C,~y)-colinear. This proves (4.7).

Now we define a map

I M®GN)=Me (Now C) — GE(M)® N) = (F(M)® N) o¢r C
by
I'(m® (n; ® ¢;)) = (myg] @ n;) @ myyc;.
Recall that F(M) = M as an (A, §)-module, with (C’,~’)-coaction given by
prn(m) = mp ® ¢(mp)-
(1) I' is well-defined. We have to show that
I'(m; ® (n; ® ¢;)) € (F(M)® N) o C.

This may be seen as follows: for any m € M and n; 0cr ¢ € NOgr C, we have

(Pr(neN ®ide) ((mg®@n) @mye;) = (Moo @io)) @ P (Mmoj)) 1) @M Ci
= (u(myg) ® v(n3)) ® (migy))d(ciay) @ 7~ (mpcicz))
= (myo) ® ;) @ [d(mp))P(cir)) @ mpuicica)]
= (idranen ® per)((mp) @ n;) @ mpc;).

(2) I' is (A, B)-linear. Indeed, for any a € A,m € M and n; Ocr ¢ €

N O¢r C, we have

I'(a-(m®(n; ®@c¢))) =I(aqy - me (a@)o) - 7 @ ag@)n) - )
= (o] - mo1 ® az)) - i) @ (a(l)[ 11 - mp(ag)n - ¢)

= (ap)) - M) @ ap)2) - 1) @ aqy - (M)
= ajo] - (M) ® i) @ aqyy - (M [1161) =a-I'(mM® (n; ®c;)).

(3) I' is (C,v)-colinear. Indeed, for any m € M and n; Ocr ¢ € N O¢r C,
we have

pol'(m® (n; ®c;)) = p((mp) @ni) @ mpcs)
= (u~ (m[o ) @ v (n)) ® mpy)ciny @ Y(mpme)ci)
= (myg) @ v~ (1)) @ myga)cin) @ mpy(ci))
=I'® ldc)( mig) ® (V1 (i) ® ¢41))) © mupy(ci(a))
=(I'®idg) o p(m R (n; @ ¢;)).
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Assume (C,~) has an antipode and define
U:(F(M)®@ N)og: C — M ® (N og C),
W ((mi @ny) @ ¢;) = i (mifg) © (n3 ® S(ma))y~>(e)).

We have to show that ¥ is well-defined. (M, p) is flat, so M @ (N 0¢ C) is
the equalizer of the maps

idy Qidve@pc: MAIN®C -+ MeNC' @C
and

idy @ py®ide - MIN®C - MN®C' ®C.
Now take (m; ® n;) ® ¢; € (F(M) ® N)Oer C. Then

(4.10)  (myj0) @ nyjo)) ® (M) @ ¢
= (u~ (ma) @ v () @ Bleiry) © Y(cya))-

Therefore,

idy ®idy @ po(p®(mp) @ (ni @ S(m)y~>(ci)))
= p?(mye)) © (ni @ G(S(myy2))y 2 (cin))) © Smaay)y > (ci)))
= my[g] ® v () ® ¢(S(7(mz‘[1](2)))’Y_I(Ci(l))) ® S(’Y2(mz‘[1](1)))cz’(2)

and

idy @ py @ ide (4 (myp0) @ (ns @ S(mapy)y~>(ci)))
= p?(myg) ® (nijo) ® napa) @ S(myp))y > (cs))
= myj0) ® nij0) @ Y(np1) @ S(y(myp))y " (ci).-
Applying (idys ® ¢ ® ide) o (idy @ (Ac o S¢)) o par to the first factor of
(4.10), we obtain
mijojjo] ® S(S(mijojj2))) ®@ S(miggjan)) @ nafo) @ S(ma))nip) © e
= 1~ (myp) ® G(S(yH (mapy2))) @ SOy mapy)))
® v (i) @ d(cin)) ® Y(ci))-
Applying idys ® 72 ® ide ® idy ® v~ ® v~1 to the above identity, we have

Mmoo @S(S (¥ (Mo 11(2)))) @S (Mg ay1)) @iy @Y~ (B ) @7~ (2)
= u" () ® (S (v (mapy2)))) © S(vH(mapy))) © v ()

® oy ein)) @ ciga)-
Multiplying the second and the fifth factor, and also the third and sixth, we
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have

1(mijo)) @ nijo) @ Y(nipy) @ S(V(mi[l]))’Y_l(Ci)
= p(myp)) ® v (ni) ® ¢(S(7(mi[1](2)))771(Ci(l))) ® 5(72(mi[1](1)))0i(2)a
and applying 1! ® idy ® idc ® ide to the above identity, we obtain

mijo] ® nijo) @ (i) ® S(y(maay))y ™ (ci)
= my[o] ® v (ni) ® ¢(S(7(mi[1](2)))771(Ci(l))) ® 5(72(mi[1}(1)))0i(2)
or
idy ® py ®@ide o (T((m; @n;) ®¢;)) = idy ®idy @ poo (P((m; @n;) ®¢;)).
Let us point out that I and ¥ are each other’s inverses. In fact,
Iow((m; @ ni) ® ci) = I (migg)) ® (g ® S(mapyy(e2))))
= (L2 (magoo) ® 1) @ ¥ (Mygoya) S (mapy)y 2 (i)
= (1*(mapo)jo)) © i) @ [y(mige))) S (map) )y~ (ci)
= (u(myjg) ® i) ® [’Y(mi[l}(l))S(V(mi[l]@)))]'yil(Ci)
= (m; ® nz) ® ¢,
and
ol'(m® (n;®c))=w((mpg ®ni)®mpc;)
= 1 (mp)o) @ (i @ [S(Y ™ (mygup)y 2 (mpp)ly ™ (i)

p(m [o]) (n @[SV (mpay))y ™ (mpy )]y ()
=m® (n; ®¢).

The proof of (4.9) is similar and left to the reader. m

COROLLARY 4.4. Let (H,A,C) be a monoidal Doi Hom-Hopf datum,
and A: 450 (M) (H)C — 450 (M0, (H) the functor forgetting the (C,7)-
coaction. For any flat Doi Hom-Hopf module (M, u), we have an isomor-
phism

MeC=AM)®C

in Aﬁ(///k)(ﬂ)c If k is a field, then AJ/LZ(///;C)(H)C has enough injective
objects, and any injective object in s (M) (H)C is a direct summand of
an object of the form I ® C, where I is an injective (A, B)-module.

We have already proved that the category of Hom-Yetter—Drinfeld mod-
ules may be viewed as the category of Doi Hom-Hopf modules corresponding
to a monoidal Doi Hom-Hopf datum. Then we have the following corollary.
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COROLLARY 4.5. Let (H,«a) be a monoidal Hom-Hopf algebra with the
bijective antipode. Then the category of Hom- Yetter—Drinfeld modules over
(H, @) is a Grothendieck category with enough injective objects.

We continue with the dual version of Theorem 4.3.

THEOREM 4.6. Let x = (idg,v,id¢) : (H,A,C) — (H,A',C) be a
monoidal morphism of monoidal Doi Hom-Hopf data. Then
(4.11) F(A) = A
Let (M, p) € 1(M:)(H)C be flat as a k-module, and take (N,v) €
w (M) (H)C . If (A, ') is a monoidal Hom-Hopf algebra, then

(4.12) F(M)® N~ F(M®G(N)) in o5 (M) (H)C.
If (A, B") has a twisted antipode S, then
(4.13) N®@F(M)~F(G(N)® M) in o (M) (H)C.

Proof. We only prove (4.12) and similarly for (4.11) and (4.13). Assume
that (A’, 8’) is a monoidal Hom-Hopf algebra and define

I ' FIM@GN)=A @4 MoGN)—> FM)oN = (A ®s M) N
by
I(d'® (m®@n)) = (aj;) ®m) ®ajy -n
foralla’ € A',m € M and n € N. Then I' is well-defined since
I(a'p(a) @ (m@n)) = (apy¥(an)) @ m) @ ag(ag) -n
(0(1) ®aq)y - m) @ agy(a) - n
( -m @ p(ag)) - n))
o (mism).

It is easy to check that I" is (A', 3 )—hnear. Now we shall verify that I is
(C,~)-colinear based on (3.1). For any @’ € A’,m € M and n € N, we have

I'(d
r(d

p(I'(d' ® (m@n))) = p((ajy) ® m) @ ajy) - n)
= (a(y0 @ M) @ (a(gp0) - 7o) @ (@) @ M) (@l - )

(af
(3.1)
= (aloj1) ® M) @ (9f)(2) * o)) © @y (mpyn))

= (I'®id )(‘1[0} (M) ® npy)) ® a[1 (mnqy)
— (P®id)p(d ® (m@n)).
The inverse of I' is given by

((a ©m) @ n) = (aly) © (m® S(aly)v(n))
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for all @’ € A/,m € M and n € N. One can check that ¥ is well-defined
similarly to I'. Finally, we have

U(I(d' ® (m®mn)))=T((a)®@m) @ agy - n)
= B8%(a(1y1y) ® (m @ S(afyyq))v 2 (afy - 1))
= B'(a(y)) @ (m @ [S(B"(a(g)1))) B (a(g) )] - v ()
=d ®d ®(men)

and

I(W((d @m)@n)) =T

\/\

) @ (m ® Salgy)r?(n)
1)( ) ®m) & a(2 B/Q(G/(l 2)) S(al(z))’/ﬂ(n)
= (B ’(a (1)) ®@m) ® afy - [B'(aly) ) - S(ﬁl(a/(z)))]’/_l(n)

~~

as needed. m

5. Braidings on the category of Doi Hom-Hopf modules. Con-
sider now amap 2 : C ® C — A® A, with twisted convolution inverse %
such that (8 ® 8)2 = 2(y®~) and (8 ® B)Z = #(v ® 7). This means
that

Z (2" (c2) ® day))y -7 eqy) ® 22(c) @ degy)py -7 (d)))
(B(2%(c2) @ d2))po) © B2 (c(2) @ di2))g))) = ec(c)la ® ec(d)1a,

2(%*(c2) @ di))p) -7 e >)®«%’1( c@) @ dy)y -7 (dqy))
(B(#*(c2) @ d(2)) () ® B(Z (c(2) @ di2))0)) = ec(€)1a @ c(d)1a,

for all ¢,d € C. Sometimes, we write 2(c®d) := 2} (c®d) ® 2%(c®d) for
all ¢,d € C.

Let (M,p), (N,v) € AH (M) (H)C . By Proposition 3.3 we know that
(M @ N,u®v) € A (M) (H)C. Define a map

cun:M@N— N M,

(5.1)
CM7N(?TL & n) = Q(n[l] & m[l])(n[o] ® m[o}).

We will prove that ¢y n is an isomorphism with inverse
CMN N®M— M®®N,
CM,N(n ®m) = %’(n[l] & m[l])(m[o} ® n[o]).



MONOIDAL CATEGORIES AND DOI-HOPF MODULES 95

For any m € M and n € N, we have

Cann © emn(m®n)

= CXfN(e@(n[l] ® mp)(njo ® myo)))

Z((2 mp) - o))y © (2% (npy ® mpy) - mpop)y)
(2 m11®m ) - mio)o] ® (2" (np) ® my)) - njo)) o))
=2 (2' (v(np)2) @ Y (M) - nwy @ 2°(V(npe) © Y(mue)n - mao)
(=92 Y(npye) @ y(m [1](2)))[] Vl(m[m)@a@(( 1@) @ v(mue)o v ()
= (2(2" (i) @ mue)n -7 () ® 2% (npye) @ muye)u -~ (M)

(B(2%(ny2) ® mpy(2))0) ) ® B(2" (npy2) ® muye)))) (Mo ® njo))
= (Ec(m[l])lA ® EC’(n[l])lA)(m[o] ® n[o]) =mQ@n.

So c]&l’N ocy,N = idygn. Similarly, we can prove ¢y, n © c]T/[l’N = idyem-
Our aim is now to give necessary and sufficient conditions on 2 for cps n
to define a braiding on the monoidal category of Doi Hom-Hopf modules. Re-

call from [I5] that for any (M, p), (N,v) € Af%7(//lk)(H)C, the associativity
and unit constraints are given by

aynp:(MON)Q@P —- M® (N® P),

(m®@n)®@p— u(m)© (nor " (p)),

Iy k@M — M, k®mw— ku(m),

ry:Mek— M, m®k— ku(m).
Next, we will find conditions under which cpsn is both an (A, 5)-module
map and a (C,7)-comodule map, and satisfies the following conditions (for
P € 4 (M) (H)C):
(56.2) an,pmocuNopoam NP = (idy ® car,p) o an m,p o (cym,n ®idp),
(5.3) a]_v,lp,M O CM@N,P © an’N’P = (epm,p ®idy) o aX/}’RN o (idy ® en,p).

Recall from [I3] that A ® C' can be made into a Doi Hom-Hopf module

as follows: the (A, §)-action and (C,~y)-coaction on A ® C' are given by the
formulas

a-(b®c)=p"a)p®v(c), pascb®c)= (b ® ca)) @ bpuce),
for any a,b € A and c € C.

To formulate and prove our main result, we need some lemmas:

LEMMA 5.1. Let (M, ), (N,v) € a7 (M) (H)C. Then cpry is (A, B)-
linear if and only if

(5.4) D(a@)n) - @ anyn) - d)(a@yo @ aqyg) = Ala)2(c® d)
foralla € A and ¢,d € C.
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Proof. If cpr n is (A, B)-linear then a>cpy y(m®@n) = ey n(a>(mEn)).
We compute the two sides of the equation as follows:

ab> cMyN(m & n) = (a(l) & a(Q))Q(nm ® mm)(nm & m[0]>
and
emN(a> (m®@mn)) = 2(ag)n) - np) ® aqy) - mpp)(ae)o] - 7o) © a)o] - Mio])-

Conversely, considering these equations and taking M = N = A®C and
m=1®candn=1®d for all ¢,d € C, we get (5.4). =

Recall from [7] that a quasitriangular monoidal Hom-Hopf algebra is
a monoidal Hom-Hopf algebra (H,«) together with an invertible element
R=RW ® R® € H® H such that:

(QT1) A(RM)® R® = RW ®r<1) @ RAr@),

(QT2) R! ® A(R2) Rir' @ r? @ R?,

(QT3) e(RM)R® = 1, RWe(RP)) = 1g,

(QT4) A“P(h)R = RA(h),
(QT5) (e @ a)(R) = R,

where AP (h) = h(g) ® h(y) for all h € H. Moreover, (H, ) is called almost
cocommutative if A°°P(h)R = RA(h).

EXAMPLE 5.2. Suppose that C' = k and write R = 2(1®1). Then (5.4)
takes the form RA%?(a) = A4(a)R, and this means that (A, ) is almost
cocommutative.

LEMMA 5.3. Let (M, 1), (N,v) € o5 (M) (H)C. Then ey is (C,7)-
colinear if and only if
(5.5 2(dez) ® c(z))j0) ® me(2(d) ® e(z2))y(dy @ cq1)))
= 2(d) @ ¢(1)) ® c2)dy2)
foralle,d € C.
Proof. If cprn is (C, y)-colinear, then

pyemem,n(m @ n) = pyen (2(npg) @ mp))(ng © myg)))
= 2(npy) @ my)jo)(nyoo) @ mpojjo) © me (L(ngy @ myy)y (ngojy © mpoja))
=207 (npye) © 7 (mpe) (v (ng) @ plmyg))
@me (207 (nu) © 77 (me))y () © mye))-
On the other hand, we have
(e, Ny @1de)puen(m @n) = 2(np)y @ mo)m) (7)o © Moj)) @ (Myn))
= 2(np)1) @ mpy)) W (np) © w(myg)) @ v~ (mp@npe)-
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Conversely, let M = N = A® C and take m =1® cand n =1 ® d for
all ¢,d € C. Then we can get (5.5). =

DEFINITION 5.4. A coquasitriangular monoidal Hom-Hopf algebra is a
monoidal Hom-Hopf algebra (H, o) together with a bilinear form o on (H, «)
(i.e. 0 € Hom(H ® H, k)) such that:

(BR1) o(hg,l)) = o(h,l2))o(g,11)),

(BR2) o(h, gl) = o(hq), g)o(h).1),

(BR3) U(h (1)»9 1))9(2)h(2) = h(1)9(1)0(h( 2)) 9(2)),
(BR4) o

(BR5) o(a

Q

)

BR4 1H, )—O'(h 1H)—€(h)
BR5 (h),alg)) = o(h, g),

for all h,g,l € H. Moreover, (H, «) is called almost commutative if

g

a(hay, 901))92)he) = ha)gmyo(h), 9@2)-
EXAMPLE 5.5. Suppose A = k. Then (5.5) takes the form

2(h1), 91))92)h2) = h1)91)2(h2), 912))

and this means that (A, 3) is almost commutative.

LEMMA 5.6. Let (M, 1), (N, v), (P, 7)€ 45 (M) (H)C. Then (5.2) holds
if and only if, with % = 2,

(5.6)  2Y(e®(dw))® (%" (v ()@ 2% (e®(di))mdn))
QU (v ()@ 22 (e@ () (0(1 ) 2*(e®7(d(2))
= 2 ey () @y(mp) @y ® 2 (er () @7(e) 2@ 2% (v (e)y () ®d)
for all c¢,d,e € C.
Proof. 1f (5.2) holds, then

(idv ® em,p) 0 an,m,p o (cm,ny ®idp)((Mm @ n) @ p)
= (idy ® car,p) © an,ar,p(2" (npy @ mpy)ng) @ 27 (npy © m[l]) 0] ©P)
(idyv ® ear,p)(B(2" (np) @ mpu)))v(ngg) ® (2°(npy @ mp)mig @ 7 (p)))
B(2" (njyy @ mp))v(ne) @ % (v (ppy) © 2% (npy) @ mpy) m[o][1])
(7 (pro)) ® 2% (npy) ® mp) p1myo)o))
= B(2" (npy ® v(mpy)v(ne) © % (v (pp)) © 2% (npy ® v(m (2)))[1]m[11(1>)
(v~ (ppo) ® 2% (npy @ 7 m[1](2)))[0 H(mp))
= B(2" (np) @ v(mpy))v(ne) © (7" (v (pp)) © 2% (npy ® Y(mpye))pmun))
7 (poy) ® B~ (2 (v (b)) ® 2% () @ v(mpy))mmia)))
2% (npy @ Y(mpy2))ompo) -
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Also we have

an,p,MOCM,NoPoaM,N,P((M®@n)®p)

= an,procm,Nep(i(m)@(ner(p)))

= an,pm ((Aa®ida)(2(npy " (pp) @7 (mp)) (g @7 (po)) @(myg))))

= (2" (npy () @y (mpuy)) ) ¥ () ©2" (ny ™ (o) @7 (mpy)) 2)
7 (o) @B (L (npuy ™~ () @ (myy))) ) myg-

Conversely, take M = N =P=A®Candm=1®d, n=1®e, and
p=1®cforall ¢,d,e € C. Then we obtain (5.6). =

The proof of the following lemma is similar to that of Lemma 5.6.

LEMMA 5.7. Let (M,p),(N,v),(P,x) € 1(M,)(H)C. Then (5.3)
holds if and only if the following condition is satisfied, with % = 2:
5.7 2N (2 @@y ()n ey ®72(d) 2 (v(ew) @ e)g
RU*(2'(V(c) ® ey ®77Hd) ® 2 (c®e)
=2 (c@y 2 (d)y 7 (e) © 22(v(c) @ v (d)e)y ® 23 (v(c) @y (d)e) )
for all e,d,e € C.
Proof. 1f (5.3) holds, then

(eap ®idn) 0 ay) py o (idar @ en,p)(m ® (n @ p))
= (em,p @1dy) 0 ayf p v (m @ 2(py) © npp) (po) © 1))
= (ea,p @ idy) (1~ (m) ® 2" (pp) @ npy)pjo) ® B(2% (ppy ® npyy))v(ng))
=% (2" (ppy @ np)) Py @7 (mp) (2" (g @ ) opppojo) @ £ (M)
® p(2 (p[1 ® nyy))v(n)
= {8717 (2" (v (@) @np)mpp @@y mp)) 2 ( (P e) @1 2
® %2(31( (Pry2) @ np) P @7~ (mpy) ™ (myg))
® B(2%(pp) ® npp))v(nj)
and
Aphs N © CMeN,P © Ayt y p(m @ (n @ p))
= aphyy © aran,p((n”! (m) ®n) ® (p))
= aphy v 2(v(pp) © 7 mp))ng) (7 (py) @ (" (mpg)) ® nyg)))
= B2 (v(pp)) ©@ v~ (mpy)np))pg) © 2% (v(ppy)
@ (mp)np)) s (mp) @ B2 (v(ppy) © 7~ (mp)npy) v (ng)-
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Conversely, take M = N=P=A®Candm=1d,n=1®e, and
p=1®cforall ¢,d,e € C. Then we obtain (5.7). =

Therefore, we can summarize our results as follows.

THEOREM 5.8. Let (H, A,C) be a monoidal Doi Hom-Hopf datum, and
2:C®C — A® A a twisted convolution invertible map. For (M, u), (N,v)
€ A (M) (H)C, the family of maps

cuN - MON = N®M, CM7N(m ® n) = Q(nm ® m[l])(n[o] X M[O]),
defines a braiding on the category of Dot Hom-Hopf modules A¢%7(///k)(H)C
if and only if (5.4)—(5.7) are satisfied.

EXAMPLE 5.9. (1) Take A = k and write

R=2(1c10) = Y RV 0 R = 10 @ ),

Then (5.6) and (5.7) take the form

A(RM)® R® = R @ M) @ r@RA),

RW & A(R( ) =rMWRM g+ @ RO,
and the braiding is
eun:MON >N M, ceynimon) =R v n)o RY . u~(m).
Assume that R is a-invariant (i.e. a(RM) ® a(R®) = RM @ R®). We
conclude that the conditions of Theorem 5.8 are satisfied if and only if
(C, R71) is a quasitriangular monoidal Hom-bialgebra.

(2) If C =k, then (5.6) and (5.7) take the form
G(hg7 l)) = U(h7 l(l))a(ga l(2))7 U(ha gl) = O-(h(l)a Z)O'(h(g), 9)7

and the braiding is
cuN :MON — N®M, CM7N(m ®n) = U(n[l], m[l})u(nm]) ® u(m[o})
Assume that o is a-invariant (i.e. o(a(h),a(g)) = o(h,g) for all h,g € H).
Then the conditions of Theorem 5.8 are satisfied if and only if (A4,0) is a
coquasitriangular monoidal Hom-bialgebra.

(3) Let (H, ) be a monoidal Hom-Hopf algebra with bijective antipode.
We have seen that the category 7 (#),)(H® @ H)! of Doi Hom-Hopf
modules and the category p#% 2 of Hom-Yetter-Drinfeld modules are
isomorphic. Recall from [I5] that z 2% 2 is a braided category. The
braiding is induced by

cMN M@N = N®M, menw—ving)® n[l],u_l(m).
The corresponding map 2 is
2:H®oH—-H®H, hk—n(Ek))h.
It is straightforward to check that 2 satisfies the conditions of Theorem 5.8.
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6. The smash product of monoidal Hom-bialgebras and the
Drinfeld double. In this section, we introduce the smash product of mono-
idal Hom-bialgebras and prove that the Drinfeld double is a quasitriangular
monoidal Hom-Hopf algebra, which generalizes [4].

Let (A, ) be a right (H,a)-Hom comodule algebra, and (B,() a left
(H, «)-Hom module coalgebra. Consider the smash product A # B with the
multiplication given by

(a#b)(c# d) = aB(cy)) # (¢ (b) — cpyy)d.
Then A # B is a monoidal Hom algebra with unit 14 # 1p.

REMARK 6.1. Here the multiplication of a smash product monoidal
Hom-algebra is diffierent from the one defined by Ma and Li [16].

If (C,~) is a faithfully projective left (H, a)-Hom module coalgebra, then
(C*,v*) is a right (H, «)-Hom-module algebra. The right (H, «a)-action is
given by

(¢* = h,c) = (c",h-c).

Given (M, ) € A€ (AM)(H)C, we define an A # C*-action on (M, i) as
follows:

(a#c*)-m=(c",my))a-my.

Assume that (A4, 5) and (B, () are both monoidal Hom-bialgebras, and con-
sider Ayup and € 44 p defined by

AA#B((Z +# b) = (a(l) +# b(l)) X (a(z) +# b(g)), e’;‘A#B(a +# b) = 5A(a)€B(b).

PROPOSITION 6.2. Under the notation introduced above, we have

(6.1)  Aa(Blag) ® Aa(CHb) — ap))

= Blayo) ® Bla@)o) ® (¢ H(bay) < apya)) @ (b)) “ ape)
and
(6.2) ealap)) ® ep(b = ap)) = eala)ep(b),

foralla € A and b € B, so A# B is a monoidal Hom-bialgebra. If (A, )
and (B, () are both monoidal Hom-Hopf algebras, then A4 B is a monoidal
Hom-Hopf algebras with antipode given by

Saxp(a#b) = S(B(a)) # (S(¢H (b)) = S(a)n)-

Proof. We leave it to the reader to show that A4 p is multiplicative if
and only if (6.1) holds, and € g4 p is multiplicative if and only if (6.2) holds.
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We show that the antipode defined above is convolution invertible. In fact,

)
= (a1 # b)) (S(Bla@))g © (S (b)) — S(ae)p))
— S(Bla@)) o) (S (b)) — Sla@)ny)

— S(Bla@)nym) (S (ba)) = SBla@)n@)
= a(1)S(B(ag)) o) # (b)) S b)) — S(Blaw))py

and

Saxn(aqy # b)) (a@) # b))
= (S(Bla@)) o @ (S (b)) — Sla@)) ) (a@) # b))
= S(Bla@)))oBlaao) # (S bay)) — Slaq)maen)be)
=ca(a)ep(b),
as desired. =

PROPOSITION 6.3. Let (H,A,C) be a monoidal Doi Hom-Hopf datum.
Assume that (C,v) is faithfully projective as a k-module. Then (A, f)
and (C*,v*) satisfy (6.1), (6.2), and A,}%‘T(.///k)([-[)c and the category of
A # C*-Hom-modules are isomorphic as monoidal categories.

Proof. Apply the arguments used in [4, p. 94]. The details are left to the
reader. m

Inspired by [7], we have the following example.

EXAMPLE 6.4. Assume that (H, «) is faithfully projective as a k-module.
The monoidal Hom-algebra A # C* is nothing else than the Drinfeld double
D(H) = H # H*. Then we define multiplication by the formula

(h# f)(k# g) = ha® (h)) # (2 (f), b)) — @ = S (' (h)))g.

Now let (H, A, C) be a monoidal Doi Hom-Hopf datum, and 2 : C®C —
A ® A a twisted convolution invertible map satisfying (5.4)—(5.7). Then 2
induces the map

Dk (A#CHR(A#CY).

The braiding on Aﬁ(%k)(H)C translates into a braiding on A # C*-Hom-
modules. This means that A # C* is a quasitriangular monoidal Hom-Hopf-
algebra. m
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