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Abstract. Let a, 8 and ~ be algebraic numbers of respective degrees a, b and ¢ over
Q such that a+ 8+ v = 0. We prove that there exist algebraic numbers a1, 51 and 71
of the same respective degrees a, b and ¢ over Q such that ai181y1 = 1. This proves a
previously formulated conjecture. We also investigate the problem of describing the set
of triplets (a,b,c) € N* for which there exist finite field extensions K/k and L/k (of a
fixed field k) of degrees a and b, respectively, such that the degree of the compositum
KL over k equals c. Towards another earlier formulated conjecture, under certain natural
assumptions (related to the inverse Galois problem), we show that the set of such triplets
forms a multiplicative semigroup.

1. Introduction. In [3], jointly with Chris Smyth, we proposed the
following problem:

Find all possible triplets (a,b,c) € N3 for which there erist algebraic
numbers «, 3,7, of degrees a,b,c (over Q), respectively, such that

a+B+v=0.

When such «, 3, v exist, we say that (a, b, ¢) is sum-feasible. For example,
(2,2,4) is sum-feasible (take o = /2, f = V3, v = —(v/2 + V/3)), whereas
(2,2,5) is not, since the degree of the sum of two algebraic numbers cannot
exceed the product of their degrees.

This is a natural generalization of the trivial problem with two algebraic
numbers summing to zero which only happens if their degrees are equal.
With three numbers, even for small values of a, b and c it is sometimes
difficult to determine whether (a, b, ¢) is sum-feasible. See, for instance, the
proof of [2, Theorem 1.1], where, jointly with Florian Luca, we showed that
(6,6,8) is not sum-feasible (see also [3, Theorem 38]). In fact, [3, Theorem 5]
combined with [2, Corollary 1.6] provides the description of all sum-feasible
triplets (a, b, ¢) satisfying a < b < ¢ where b < 7. In particular, by exploiting
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the properties of the projective special linear group PSL(2,7) of order 168,
we proved that (7,7,28) is sum-feasible, although there is no particular
reason for this to happen.

In a similar fashion, we say that a triplet (a,b, c¢) € N is product-feasible
if there are algebraic numbers «, 8 and v of respective degrees a, b and ¢
over Q such that afy =1 @ We conjectured (see [3, Conjecture 3]) that
if (a,b,c) € N? is sum-feasible then it is also product-feasible. We can now
prove this conjecture.

THEOREM 1.1. If for (a,b,c) € N there exist algebraic numbers o, 3,7
of respective degrees a, b, c over Q satisfying

a+p+v=0,

then there also exist algebraic numbers aq, B1,v1 of respective degrees a,b,c
over Q such that

a1y =1

Note that the converse of Theorem is false, i.e., if (a,b,c) € N3 is
product-feasible then it is not necessarily sum-feasible. This can be easily
seen from the following example. Let

a=(-1-iV3)/4, B=1V2, ~y=(-1+iV3)/V2

Then «, 5,7 have degrees 2,3,3, respectively, and af~y = 1. Therefore,
(2,3,3) is product-feasible. However, it is not sum-feasible, by the main
theorem of [4]. See [3, Theorem 8] for an infinite family of product-feasible
triplets which are not sum-feasible.

Let k be a field. We say that a triplet (a,b,c) € N® is compositum-
feasible over k if there exist finite field extensions K/k and L/k of degrees
a and b such that the degree of their compositum KL (over k) is c. In
case k = Q we simply say “compositum-feasible” instead of “compositum-
feasible over Q. In [3, Theorem 5] and [2, Corollary 1.5] we described all
the compositum-feasible triplets (a,b,c) satisfying a < b < ¢ where b < 7.
Moreover, [2, Theorem 1.4] implies that given a triplet (a,b,c) € N* one
can in principle find whether it is compositum-feasible or not by performing
a finite calculation with all the subgroups of the full symmetric group S,
which appear as Galois groups of irreducible polynomials of degree c.

The three feasibility problems are related. For instance, if (a,b,c) € N?
is compositum-feasible then it is also sum-feasible and product-feasible (see
[3, Proposition 1]). The converse is false, since (4,4,6) is sum-feasible, but
not compositum-feasible (see, e.g., [3, Proposition 29]).

(*) Note that the equalities a4 8+~ = 0 and afy = 1 can be replaced by a+5+7 € Q
and afy € Q\ {0}, respectively.
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Among other things, in [3] we conjectured that the set of compositum-
feasible triplets forms a multiplicative semigroup:

CONJECTURE 1.2 (Part of [3, Conjecture 4]). If (a,b,¢), (a/,b',c) € N3
are compositum-feasible then so is (aa’,bb’, cc’).

Some partial cases of Conjecture are given in [3, Lemma 26 and
Corollary 27]. For example, if (a,b,c) is compositum-feasible and p is an
arbitrary prime number then (ap, bp?, cp?) is also compositum-feasible.

In order to state our next result we first recall some basics related to
the so-called inverse Galois problem. Let k be a field, and let G be a finite
group. We say that G occurs as a Galois group over k if there exists a Galois
extension K/k whose Galois group Gal(K/k) is isomorphic to G. Given a
field k the inverse problem of Galois theory (or simply the inverse Galois
problem) asks whether every finite group occurs as a Galois group over k
(see, for instance, [5], [7], [10]). It is believed that in case k = Q (the classical
inverse Galois problem) the answer is affirmative.

THEOREM 1.3. If every finite group occurs over Q as a Galois group
then Conjecture is true.

Recall that a field k is said to be perfect if every finite extension K/k
is separable. For instance, fields of characteristic zero and finite fields are
perfect. Theorem [I.3]is a corollary of the following result.

THEOREM 1.4. Let k be a perfect field. Assume that every finite group
occurs as a Galois group over k. Then for any (a,b,c),(a’,V/,c) € N3
compositum-feasible over k the triplet (aa’,bl,cc’) is also compositum-fea-
sible over k.

Note that not every perfect field satisfies the assumption of Theorem [T.4]
For example, only cyclic groups occur as Galois groups over finite fields.

There are fields for which the inverse Galois problem is solved. For in-
stance, Riemann’s existence theorem implies that every finite group occurs
as a Galois group over the field C(t) of rational functions with indeterminate
t and complex coefficients (see, e.g., [3]). Since the field C(t) is perfect (as
it is of characteristic zero), Theorem implies the following:

COROLLARY 1.5. If (a,b,c), (a',V,c) € N® are compositum-feasible over
C(t) then so is the product (aa’,bV,cc’).

The proofs of Theorems and are based on quite different argu-
ments, so they are given in two separate sections.

We remark that, by Propositions and below, the assumption
in Theorem that every finite group occurs as a Galois group over k
can be replaced by the following weaker (but quite technical) condition.
Assume that a triplet (a, b, c) over k is realizable by the fields K, L, so that
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a=[K:kl,b=[L:k],c=[KL: k], with G being the Galois group of the
normal closure of KL over k (and similarly that (a/,b, ') is realizable by
some fields K', L', so that «’ = [K' : k|, v/ = [L' : k], ¢ = [K'L’ : k]). We
will show that then (ad’, bV, cc’) is compositum-feasible over k if the n-fold
direct product G™ occurs as a Galois group over k, where n is the number of
intermediate fields between k and K'L’ (including k and K'L’). At the end
of Section 3] we will show that the number of intermediate fields m in a finite
separable extension F'/k of degree d > 2 (including k and F') is bounded by

(1.1) m§2+z€:<jj>7

where the sum is taken over all divisors ¢ of d satisfying 1 < ¢ < d. This
bound is better than the one in [§, Exercise A-30] (i.e. 2%) and the one in
[12] (ie. 29°1).

2. Proof of Theorem In the proof we shall use the following
lemma.

LEMMA 2.1. Let d and X be positive integers, and let zq,...,zq be dis-
tinct complex numbers. Then there is a positive integer k for which the
equality

(2.1) (k—f—zl)xl --'(k—l—zd)”d =1

does not hold for xy,...,xq € Z satisfying |x1|,...,|xq] < X unless x1 =
R —)

Proof. Assume that there are no such k. Note that there are (2X 4+ 1)¢
vectors (x1,...,1q) € Z¢ satisfying

(2.2) max |z;| < X.
1<i<d

Hence, for some non-zero vector (z1,...,z4) € Z¢ satisfying , equality
holds for infinitely many positive integers k. Let S C N be the set of
all such k. Let I and J be the sets of indices ¢ in {1, ...,d} for which z; are
positive and negative respectively, so that INJ =@ and TUJ C {1,...,d}.
Without restriction of generality we may assume that z; > 0, so that 1 € 1.
Consider the polynomial
P(z) = H(z + 2;)" — H(z +2;)7 %,
il jeJ
where the second product is 1 if the set J is empty. By the definition of S, P
and (2.1), we see that P(k) = 0 for each k € S. However, P is a polynomial,

so P(z) = 0. In particular, from 1 € [ and P(—z;) = 0 we deduce that
[Ijc /(=21 +2;)7% =0, which is impossible in view of z; # 21 for j > 1. =
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Proof of Theorem[I.1. Let o, 3,7 and a, b, ¢ be as in the hypothesis. Also,
let K be the Galois closure of Q(«, 3,7) over Q, and let G = Gal(K/Q).
Set d = [K: Q] = |G|. By the normal basis theorem, there is w € K such

that w; = oj(w), j = 1,...,d, where o; runs through all d automorphisms
o1,...,04 of G, is a basis of K. In particular, there are rational numbers
ai,...,aq for which

a = aiwi + -+ + aqugq.
Similarly, there exist by,...,bq € Q and c1,...,cq € Q such that
B =biwy + -+ bgwg, v=crwr+ -+ cqwq.

Clearly, a = dega is the number of distinct numbers in the list o(«),
where o runs through the d automorphisms of G. For each o € G, we can
write

o(a) = agywr + - -+ + ay(q)Wa,
where o acts a permutation of {1,...,d}. As wy,...,wq is a basis of K, we
see that a is equal to the number of distinct vectors in the set

A= {(aa(l), c. ,aa(d)) L0 € G},
each repeated d/|A| = d/a times. Similarly, the degrees b and ¢ are equal to
the numbers of distinct vectors in

B = {(bo(l)7 .. .,ba(d)) 10 € G}, C = {(Ca(l)a S aca(d)) L0 € G},
respectively. Also, a + 5+ v = 0 implies
(2.3) a;+b;+c; =0
foreachi=1,...,d.

Note that, by replacing the initial w by w + k, where k € Z, we get
a+ (a1 + -+ aq)k instead of «, and similarly 5+ (by + - - - + bg)k (instead
of B) and v+ (¢1 + - - + ¢q)k (instead of 7). Hence, the degrees of the new
a, 3,7 are a,b,c again. Furthermore, the sum of these new «, 3,7 is zero,
by . Note that by multiplying each «, 3, by the common denominator
of the numbers ai,...,aq,01,...,bq,¢1,...,cq € Q, we do not change the
degrees a,b,c and the property o + 8 + v = 0 still holds. Thus, we can
assume that these 3d numbers are all in Z. Define

(2.4) L :=max{|ai],...,|aq|, |b1], ..., |bdl, |c1],---,]|cal}-
Consider the following three numbers in K:
a1 = (wy + k)" (wg + k),
where k > max;<i<q |w;| is a positive integer to be chosen later,
B = (w1 + k)P - (wg + k)%

and
v = (w1 + k) - (wg + k).
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In view of (2.3) and w; + k # 0 for 1 < i < d, we obtain
(2.5) a1y = 1.

It remains to show that for some positive integer k we have dega; = a,
deg 1 = b and degy; = c. This time, all the conjugates of a1 are

('U)l + ka)ao'(l) . (wd + k)ao-(d>’

where o runs through d permutations of {1, ..., d}. Evidently, two such num-
bers, say, (w1 +k)*® - (wg+k)*@ and (w1 +k)* O -« (wg+k)* @, where
o, are permutations of {1,...,d}, are equal when the vectors (ag(1),- - -,
Ag(d)) and (ar(y,---,a.(q)) are equal. Hence, deg ay = |A] = a if

(wy + k)% - (wg + k)@ #£ (wy + k) - (wg + k)@

whenever the vectors (ag(1), - - -, a(q)) and (arq, - . -, ar(q)) are distinct. By
Lemma, with X = 2L and L defined in , we see that such k£ € N
can be chosen. Thus, deg a1 = a. By the same argument, we have deg 81 =
|B| = b and degy; = |C| = c¢. This shows the existence of a triplet of
algebraic numbers a1, 81,71 of degrees a, b, ¢, respectively, satisfying ,
and so completes the proof of the theorem. m

3. Proof of Theorem [1.4l Let K and L be two field extensions of
a field k which are contained in some common field. Then K is said to
be linearly disjoint from L over k if every finite set of elements of K that
is linearly independent over k is still so over L (see, e.g., [0l p. 360]). It
is well-known (see, e.g., [9, Lemma 20.4]) that if K/k and L/k are finite
extensions then the linear disjointness of K from L over k (and vice versa)
is equivalent to

(3.1) [KL: k] =[K: k]-[L: k]

If L/k is a Galois extension then [KL: k|- [KNL: k] = [K: k]-[L: k], so the
fields K and L are linearly disjoint if and only if (see [LI], Corollary 3.4.5])
(3.2) KNL=k.

The following result is essentially a part of [Il, Theorem 4.2]. For the sake
of completeness we give its proof.

PROPOSITION 3.1. Suppose that K is a finite Galois extension of a field k
with Galois group G. Assume that for every positive integer n the n-fold di-
rect product G™ occurs as a Galois group over k. Then for any finite separable
extension F/k there exists a Galois extension L over k with Galois group
isomorphic to G which is linearly disjoint from F over k.

Proof. By (3.2), the linear disjointness of F' and a Galois extension L
over k is equivalent to LNF = k. Therefore, it suffices to prove the existence
of a normal extension L/k with Galois group G and LN F = k.
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Since the extension F'/k is finite and separable, the number of interme-
diate fields F” satisfying k C F’ C F (including k and F) is finite, say m. By
hypothesis, there exists a finite Galois extension F/k with Gal(E/k) = G™.
Define, for each ¢ = 1,...,m,

N; = {(917--~7gm) eG™ LG = 1}
Obviously, Nj; is a subgroup of G™ isomorphic to G™~!. Denote by E; the
subfield of E corresponding to N;. The extension F;/k is normal, since N;
is a normal subgroup of G"™. Therefore, Gal(E;/k) = G™/N; = G. Hence,
each extension F;/k is normal and has Galois group isomorphic to G.
We claim that

(3.3) E;NE;j=Fk fori#j.
Indeed, the intersection subgroup

NiﬂNj::{(gl,...,gm)GGm:gi:gjzl}, 7]7&],
is isomorphic to G™~2, and therefore G™/N;NN; = G?. Moreover, as N;NN;
corresponds to the compositum F;F;, by the fundamental theorem of Ga-
lois theory, the index of N; N N; in G™ equals the degree of E;E; (over k),
i.e.,
[E;Ej: k| = |G™/N; N\ N;| = |G?| = [E;: k] - [E;: K.

Consequently, [E; N E;: k] = 1, which yields E; N E; = k. This proves .

Now, we claim that at least one of the fields F; satisfies E; N F = k.
Indeed, if E;NF = E;NF for some distinct ¢ and j then E; N F is a subfield
of E;N E;. This, in view of (3.3)), implies E; N F = k. Alternatively, if all the
subfields E; N F, i =1,...,m, are distinct then one of them equals k, since

there are exactly m distinct intermediate fields between k and F', including
kand F. m

Note that in the proof of Proposition we have used the separability
of F' only to ensure that the number of intermediate fields between k and F
is finite.

PROPOSITION 3.2. Suppose that (a,b,c), (a',b',c) € N3 are composi-
tum-feasible over a field k. Assume that there exist finite separable exten-
sions K/k, L/k, K'/k, L' /k of degrees a, b, ', V, respectively, such that
[KL: k] =cand [K'L': k] = . Let G = Gal(K'L'/k). Assume that for ev-
ery positive integer n the n-fold direct product G™ occurs as a Galois group
over k. Then the triplet (aa’,bV, cc’) is compositum-feasible over k.

Proof. Let Hy and Hs be the subgroups of G fixing the subfields K’
and L', respectively. Then [G: Hi] = [K': k] = o/ and [G: Ha] = [L': k]
= b/. Moreover, the subgroup H; N Hs corresponds to the compositum K'L’
(see, e.g., [0, Chapter 6, Corollary 1.3]). Therefore, by the fundamental the-
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orem of Galois theory, the index of Hy N Hs in G equals the degree of K'L’
(over k). Consequently, [G: Hy N Hy] = [K'L’: k] = (.

By Proposition there exists a Galois extension N/k whose Galois
group is isomorphic to G and which is linearly disjoint from KL over k.
Let K7 and Ly be the subfields of N corresponding to H; and Hs, respec-
tively. Then [K;: k] = [G: Hi| = d/. Similarly, [L1: k] = [G: Ha] = ¥V
and [K1Lq: k] = [G: Hy N Hy] = ¢. This yields the linear disjointness of
KL and K;L;. Hence K and K; are also linearly disjoint over k, since
subextensions of linearly disjoint extensions are linearly disjoint (part of [6]
Proposition 3.1]). Therefore, by , we obtain

[KKi: k] =[K: k] [Ky: k] = ad

and [KLK Ly: k] = [KL: k| - [K1L1: k] = ¢c. Similarly, [LL,: k] = bV,
since L and L are linearly disjoint over k. Thus, (ad’, b, cc’) is compositum-
feasible over k. m

Let £k = Q. In the case of a solvable group G the assertion of Proposi-
tion [3.2| involving the direct product G™ holds, since, by a well-known the-
orem of Shafarevich, every solvable group occurs as a Galois group over
(see, e.g., [5l Theorem 0.2.4]).

Proof of Theorem . Assume that k and (a, b, c), (¢/,b', ) € N3 satisfy
the condition of the theorem. Then there exist field extensions K/k, L/k,
K'/k, L' |k of degrees a, b, d’, ¥/, respectively, such that [KL: k] = ¢ and
[K'L’: k] = (. Since k is perfect, all these extensions are separable. De-
note by G the Galois group of the Galois closure of K'L’/k. By assumption,
G™ occurs as a Galois group over k for every positive integer n. Hence, by
Proposition (ad’, b, cc’) is compositum-feasible over k. m

In conclusion, we shall prove the upper bound . It suffices to count
those subfields M, k ¢ M C F, different from k£ and F = k(«), and then
add 2. Let M be such a field, ¢ := [M : k], and let g(z) be the minimal
polynomial of v over M. Note that

d=[F:kl=[F:M]-[M:Ek]=I[F:M]lt,

so degg = d/t = (. Following the argument in [8, Proposition 5.3|, the
field M is generated by the coefficients of g(x). Since g(x) is a divisor
of the minimum polynomial f(z) of a over k, each M is uniquely deter-
mined by a collection of ¢ = d/t roots of f(x), one of which is o and the

other ¢/ — 1 roots are its conjugates over k. There are (le) such collec-

tions, so there are at most ((lfj) possibilities for extensions M of degree
t = d/¢. Summing over all proper divisors ¢ of d (and adding 2) we obtain

the bound ({1.1)).
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