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Schatten class Toeplitz operators acting on
large weighted Bergman spaces

by

HicHAM ARROUSSI (Barcelona), INYOUNG PARK (Pohang)
and JOrRDI PAU (Barcelona)

Abstract. A full description of the membership in the Schatten ideal S,(AZ) for
0 < p < oo of Toeplitz operators acting on large weighted Bergman spaces is obtained.

1. Introduction. Let H(D) denote the space of all analytic functions
on D, where D is the open unit disk in the complex plane C. A weight is a
positive function w € LY(D,dA), with dA(z) = dz—wdy being the normalized
area measure on . The weighted Bergman space A2 is the space of all
functions f € H(D) such that
1/2
1z = (J1FG)Pw(z)dAz) " < .

D

We are going to study Toeplitz operators acting on these weighted Bergman
spaces, for a certain class W of radial rapidly decreasing weights. The class
W is the same class of weights considered in [13] and [4], and consists of those
radial decreasing weights of the form w(z) = e=2#(*) where ¢ € C?(D) is a
radial function such that (Ag(z))~"/2 < 7(z) for a radial positive function
7(z) that decreases to 0 as |z| — 17, and lim,_,;- 7/(r) = 0. Here A denotes
the standard Laplace operator. Furthermore, we shall also suppose that
either there exists a constant C' > 0 such that 7(r)(1 — )~ increases as

r 1, or
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The prototype is the exponential type weight

wa(z) = exp((l__‘;z)a>, a >0,

but the class W also contains the double exponential weights

w(2) = exp (—vexp<(1_6’z|)a>>, o, B,y > 0,

For weights w in our class, the point evaluations L, are bounded linear
functionals on A2 for each z € . In particular, the space A2 is a reproducing
kernel Hilbert space: for each z € D, there are functions K, € A2 with
[ L|l = [[ K2 a2 such that L, f = f(2) = (f, K.)w, where

(f,9)w = | [(2) g(2) w(2) dA(2)
D

is the natural inner product in L?(D,wdA). The function K, is called the
reproducing kernel for the Bergman space A2 and has the property that
K.(§) = K¢(z). The properties of Bergman spaces with exponential type
weights have attracted a lot of attention in recent years [3 [4} 6] [7, 13|, [14],
and new techniques different from the ones used on standard Bergman spaces
are required.

Let w € W and p be a finite positive Borel measure on D. The Toeplitz
operator T}y with symbol p is given by

T f(2) = T f(2) o= | f(&) Ko(§) w(§) dp(§),  f € H(D).

D

Toeplitz operators acting on various spaces of holomorphic functions
have been extensively studied [2], 5, 9] 111, [I5] 17], and the theory is especially
well understood in the case of Hardy spaces or standard Bergman spaces (see
[18] and the references therein). Luecking [9] was the first to study Toeplitz
operators on Bergman spaces with measures as symbols, and the study of
Toeplitz operators acting on large weighted Bergman spaces was initiated
by Lin and Rochberg [§], who proved the following result (as the conditions
on the weights are slightly different, we offer a proof in Section 3).

THEOREM 1.1. Let w € W, and p be a finite positive Borel measure
on D. Then

(i) T, : A2 — A2 is bounded if and only if for each & > 0 small enough,

(1.1) C,, :=sup [is(z) < 00,
zeD

Moreover, in that case, ||T,|| < C,,.
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(ii) Ty, - A2 — A2 is compact if and only if for each 6 > 0 small enough,
(1.2) lim sup pus(z) = 0.

r—1- |z|>r

Here fis is the averaging function defined as

-~ n(D(07(2)))
/1’5(2:) - 7(2)2 ) S ]D)v

where 7(z) is the function associated to the weight w, and D(d7(z)) denotes

the euclidian disk centered at z and of radius d7(z).

Before introducing our main result, we need to review some definitions
and properties of Schatten ideals. Let H be a separable Hilbert space, and
0 < p < oo. The Schatten class S, = Sp(H) consists of those compact
operators 1" on H for which the sequence {\,} of singular numbers of T'
belongs to the sequence space P (the singular numbers are the square roots
of the eigenvalues of the positive operator T*T, where T™ is the Hilbert
adjoint of T'). For p > 1, the class S, is a Banach space with the norm
1T, = (3, [M|?)'/?, while for 0 < p < 1 one has [I0] the inequality
1S+ Ty < ISy + IT|[p- Also, T € Sy, if and only if T*T € S, 5. We refer
to [18, Chapter 1] for a brief account on Schatten classes.

Concerning membership in Schatten ideals of Toeplitz operators, a de-
scription for the standard Bergman spaces was obtained by Luecking [9].
For the case of our large Bergman spaces, the following characterization
is the main result of this paper, and solves a problem posed by Lin and
Rochberg [§].

THEOREM 1.2. Let w € W, and p be a finite positive Borel measure
on D. For 0 < p < oo, the Toeplitz operator 1), is in the Schatten class
S,(A2) if and only if the averaging function fis is in LP(D,d)\;), where
d\; = 7(2)72dA(2).

Throughout this work, the letter C' will denote an absolute constant
whose value may change at different occurrences. We also use the notation
a < b to indicate that there is a constant C' > 0 with a < Cb, and the
notation a < b means that a < b and b < a.

The paper is organized as follows. In Section 2 we recall some notation
and preliminary results to be used later. We prove Theorem on the
boundedness and compactness of Toeplitz operators in Section 3, and finally
in Section 4 we describe the membership of the Toeplitz operator in the
Schatten ideals S,(A2).

2. Preliminaries and basic properties. A positive function 7 on D
is said to be in the class L if satisfies the following two properties:

(A) There is a constant ¢; such that 7(2) < ¢1(1 — |z|) for all z € D.
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(B) There is a constant cg such that |7(z) — 7(¢)| < c2|z — (] for all
z,¢ € D.

We also use the notation
m, :=min(1,c; ;) /4,

where ¢; and co are the constants appearing in the previous definition. For
a € D and 6 > 0, we use D(67(a)) to denote the euclidian disc centered at a
and of radius d7(a). It is easy to see from conditions (A) and (B) (see [13]
Lemma 2.1]) that if 7 € £ and z € D(67(a)), then

(2.1) %T(a) < 7(2) <27(a)

for sufficiently small § > 0, namely for § € (0, m,). This fact will be used
many times in this work.

DEFINITION 2.1. We say that a weight w is in the class L* if it is of the
form w = e~2%, where ¢ € C?(D) with Ap > 0, and (Ap(2))"? < 7(2),
with 7(z) being a function in the class £. Here A denotes the classical
Laplace operator.

It is straightforward to see that W C L*. The following result is from
[13, Lemma 2.2] and gives the boundedness of point evaluation functionals
on A2.

LEMMA A. Letw e L*, 0<p<oo, z€D and B € R. Then there exists
M > 1 such that

PP < |

< Sy [F©)Pw(€)” dA(&)

D(é7(2))
for all f € H(D) and all 6 > 0 sufficiently small.
The following lemma on coverings is due to Oleinik [12].

LEMMA B. Let 7 be a positive function in D in the class L, and let
d € (0,m;). Then there exists a sequence {z;} C D such that

(i) zj & D(67(2k)), J # k-
(if) U; D(97(25)) = D. )
) D{9r(29) € D@H(), where DIF7(23) = sz D))
j=1,2,....
(iv) {D(307(z;))} is a covering of D of finite multiplicity N.

The multiplicity IV in the previous lemma is independent of §, and it is
easy to see that one can take, for example, N = 256. Any sequence satisfying
the conditions in Lemma [B| will be called a (4, 7)-lattice.
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2.1. Reproducing kernel estimates and test functions. The next
result (see [T, [7, 13] for (a), and [8, Lemma 3.6] for (b)) provides useful
estimates involving reproducing kernels.

THEOREM A. Let K, be the reproducing kernel of A2 where w is a weight
in the class W. Then:

(a) For each z € D,
1

2 -
(2.2) 5 [[2 w(2) =< 7 z € D.
(b) For all 6 € (0,m;) sufficiently small,
(2.3) B (O = Bz laz - [[Kcllaz, ¢ € D(67(2))-

The following result on test functions obtained in [I3] is basic for our
characterization of Schatten class Toeplitz operators.

LEMMA C. Let N € N\ {0} and w € W. Then there is a pyp € (0,1)
such that for each a € D with |a| > po, there is a function Fy N analytic in
D with

(2.4) |Fan(2)Pw(z) <1 if |2 —a| < 7(a),
and
(2.5) |Fa,N(Z)’ w(z)l/Z < min<17 mln(’Z(i);T(Z)))3N7 .

Moreover, the function F, n belongs to A2 with
[Fanllaz < 7(a), po<lal <1.

2.2. Carleson type measures. Let i be a finite positive Borel measure
on D. We say that yu is a Carleson measure for A2 if there exists a finite
positive constant C' such that

[1FGIR duz) < CIfI

D
for all f € A2. Thus, p is Carleson for A2 when the inclusion I W A% —
L?(D, 1) is bounded. The next result was proved in [13].

THEOREM B. Letw € W, and p be a finite positive Borel measure on D.
Then:
(a) 1, : A2 — L*(D,p) is bounded if and only if for each sufficiently
small § > 0,

1
Kpwi=sup—— | w(@ "du() < .
a€eD T(a) D(67(a))

: - 2
Moreover, in that case, K, ., =< ||Iu||Ag—>L2(m>7u)-
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(b) I, : A2 — L*(D, u) is compact if and only if for each sufficiently
small 6 > 0,

1
lim sup — w(&)tdu(¢) = 0.
r—1- la|>r T(a)2 D(5§-(a))

LEMMA 2.2. Letw € W, and assume that jis5 is in L (D) for some small
0 > 0. Then

(Tuf, 900 = | 1O 9(Qw(Q)du(),  f.g€ A

D

Proof. Since w is a radial weight, the polynomials are dense in A2 and
we may assume that g is a holomorphic polynomial. Because of Theorem [B]
the assumption implies that dv = wdy is a Carleson measure for A2. Then

| (TIAONEAQ W) du(Q) ) lg(=) k(=) dA(2)
D D

< f 2wy § Il 2y l9(2) ] w(z) dA(2)
D

S I laz - llglloo Y 1K1 azw(2) dA(2)

S IFNaz - Nlglloo

D
S OJ
D
and this is finite (see [13, Lemma 2.3] for example). Thus, Fubini’s theorem
gives
(116
D

=
£ (S K¢(z)w
S

(T, f,9) w(Q)dp(€) ) 9z (=) dA(z)

2) dA(2) ) w(Q) du(C)
/

(
f(¢ g,Kgmc)du(o:S (©) 9(Q)w(C) dp(C). =

D

3. Proof of Theorem [1.1. Recall that, for § € (0, m,), the averaging
function i is defined on D by

3.1. Boundedness. Assume first that 7}, is bounded on A2. For fixed
a € D, one has

T, Ko(a) = | |Ka(2)Pw(z) du(2).
D
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By (2.3), there is § € (0,m) such that |[Kq(2)| < [ K. | a2 - [| Kal| a2 for every
z € D(d7(a)). This together with the norm estimate given in (2.2)) and the
fact that 7(z) < 7(a) for z € D(d7(a)) gives

TuKa(@) > | |Ka(2)PPw(z) du(z)

D(67(a))

Z VI 1Kl w(z) duz)
D(67(a))

_ pDGr(@) __ fisfa)
w(a)r(a)*  wla)7(a)*

Therefore, by Lemma [A] and the estimate of the norm of the reproducing
kernels, we obtain
(3.1) fis(a) S w(a)r(@)*| T Ka(a)| < w(a)*7(a)[|Tu Kol a2
< w(@)' @)\l - |1 Kall az, S 1Tl
Conversely, suppose that holds. Let f,g € A2. By Lemma

and because dv = wdy is a Carleson measure for A2 with ||I,||> < C), :=
sup,ep fs(z) (see Theorem [B)), we have

(Tot,9del < VIF () N9(2)l dv(2) < [ £ll2w) - 190220y S Cull Fllaz - llgllaz -
D

This shows that T}, is bounded on A% with ||T},|| < C,, finishing the proof.

3.2. Compactness. Let k, be the normalized reproducing kernel in
A2 From in the proof of the boundedness part, and the estimate for
| K] 42 , we have

1s(2) S [Tk || az -
From Lemma it is easy to see that k, converges to zero weakly as [z| — 17.
Thus, if T}, is compact, from [I8, Theorem 1.14] we obtain .

Conversely, assume that holds, and let {f,} be a sequence in
A2 converging to zero weakly. To prove compactness, we must show that
| Ty fl 42 — 0. By the proof of the boundedness, we have

1Ty frllaz S 1 fall 2y,
with dv := wdu. By Theorem our assumption implies that the
embedding I, : A2 — L*(D,dv) is compact, which implies that || f, || 2.,
tends to zero. Hence [T}, fy|| 42 — 0, proving that 7}, is compact.

4. Membership in Schatten classes. In this section, we are going to
describe those positive Borel measures ;1 for which the Toeplitz operator T,
belongs to the Schatten ideal S,(A42) for w € W. In order to obtain such a
characterization, we need to introduce some concepts.
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We define the w-Berezin transform B, i of the measure p as
Bup(2) := | k() Pw(€) du(8), 2 €D,
D

where k, is the normalized reproducing kernel in A2. We also consider the
measure )\, given by

dA\-(2) = z € D.

PROPOSITION 4.1. Let 1 <p < oo andw € W. The following conditions
are equivalent:
(a) The function B,p is in LP(D,d\;).
(b) The function fis is in LP(D,d\;) for any ¢ € (0,m;) small enough.
(¢c) The sequence {ji5(zn)} is in P for any (9, 7)-lattice {z,} with § €
(0, m/4) sufficiently small.

Proof. (a)=(b). By Theorem |A] for all § € (0, m,) sufficiently small,
one has

(O] = Kz laz - [[Kcllaz, ¢ € D(07(2)).

Then
Bou(2) = | 1k:(Q)Pw(¢) dp(¢) = HKzH;;gZJ | IK(OPw(Q) du(C)
D D(67(2))
= | IR dul(Q) = Tis(2).
D(07(2))

Since By is in LP(D, dA;), this gives (b).
(b)=(c). Since Jis(zn) S Has(2) for z € D(67(2y)), we have

Sl S35 ey Tl S [ dh(e)
" n D((20)) T

(¢c)=(a). We have

Bun(2) < IK:33 Y- | [Ka(s)Pw(s) du(s).
n D(87(2n))

By Lemma [A]

Ks)Pws) S — | KR w(e) dA).

This gives
| IR dus) s (0§ IKUOPwE) dAE©))fiszn).

D(67(2zn)) D(367(2n))
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If p > 1, by Holder’s inequality,

(X 1 IK()Pwls) duts))

n D(87(zn))
STV (0] IK©)Pw(©) dA©) ) s ()
n D(367(zn))
This gives

| Bup(2)P dAr(2)
D

STl | (SIRIPIRIE Ao o) dace),

D(361(zn)) D

Since || K.[%, = 7(z)2w(z)"!, we have
w

VIKe(2)P 1K 55 dAr(2) < (1 Kel% = 7(6) Pw(©) "
D
Inserting this estimate in the previous inequality, we finally get
} Bup(2)” dAx( <Zu5 @wf, px1l.
D
This finishes the proof. m

REMARK. It should be observed that the equivalence of (b) and (c) in
Proposition continues to hold for 0 < p < 1, as also does the implication
(a)=(b). In order to get equivalence with condition (a) even in the case
0 < p < 1, it seems that one needs LP-integral estimates for reproducing
kernels, not available yet.

The next lemma is the analogue in our setting of a well known result for
standard Bergman spaces.

LEMMA 4.2. Let w € W, and T be a positive operator on A2%. Let T be
the Berezin transform of the operator T, defined by

T(z) = (Tks, ks)e, z€D.
(a) Let 0<p<1.If T € LP(D,d\,) then T is in Sp.
(b) Let p> 1. If T is in Sy then T € LP(D,d\;).

Proof. Let p > 0. The positive operator 1" is in .S}, if and only if 7% is in
the trace class S;. Fix an orthonormal basis {ey} of A2. Since TP is positive,
it belongs to the trace class if and only if ), (TPey, e)., < 00. Let S = VTP.

Then
D (TPer,er)o =Y [1Ser] s -

k k
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Now, by Fubini’s theorem and Parseval’s identity, we have

ST USenly = D [ISer()P =) dA(z) = 3 [ [(Ser, Kool w(z) dA(2)
k

k D k D
§ (3 Hew SKL)ul?) w(2) dA(2) = [ IISK: 52 w(2) dA(2)
k D

TPK., K. )y w(2) dA(2) = \(TPk., k)oK |52 w(2) dA(2)
D

X

D
J

D

S (TPk, k2)y dA(2).
D

Hence, both (a) and (b) are consequences of the inequalities (see [18], Propo-
sition 1.31])

(TPk,, k) < [(Thz, k2)o]P = [T(2)]P, 0<p<1,

and
[f(z)]P = [<Tk27 kz>w]p < <Tpkza kz)wv p>1.

This finishes the proof of the lemma. =

PROPOSITION 4.3. Letw € W. If 0 < p <1 and B,u is in LP(D,d\;),
then T}, belongs to S,(A2). Conversely, if p > 1 and T, is in Sp(A2), then
Bop € LP(D, dA,).

Proof. If B,pisin LP(ID, dA;), then it is easy to see that T}, is bounded on
A2 (just use the discrete version in Proposition to see that the condition
in Theorem holds). Therefore, the result is a consequence of Lemma

since T),(2) = Buop(z). =
Now we are almost ready for the characterization of Schatten class

Toeplitz operators, but we still need some technical lemmas on properties

of lattices. We use the notation

|2 = ¢l

dT(zv C) = . ’

min(7(2), 7(¢))
LEMMA 4.4. LetT € L, and {z;} be a (0, T)-lattice on D. For each ¢ € D,

the set

z,¢ € D.

Dy (¢)={z€D:d.(z() < 2™}

contains at most K points of the lattice, where K depends on the positive
integer m but not on the point C.

Proof. Let K be the number of points of the lattice contained in D,,(().
Due to the Lipschitz condition (B), we have

7(¢) < 7(25) + e2|C — zj| < (14 ¢22™0)7(25) = Cru7(25)-
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Then
0
K-r(Q?<Cp > 7(5)?5Ch- Area( U D<4T(zj)>).
z;€Dm(C) z;€Dm(C)
As before, we also have 7(z;) < C,,7(€) if 2j € Dy, (€). From this we easily
see that

D(}@-)) C D(c2™57(¢))

for some constant c. Since the sets {D(%’(zj))} are pairwise disjoint, we
have

U D(iﬂ@) C D(c2™67(Q)).
2;€Dm(C)
Therefore, we get
K -7(¢)? < CF, - Area(D(c2™07(())) S Cr2*™7(¢)?,
which implies K < C2%™. =

Next, we use the result just proved to decompose any (4, 7)-lattice into
a finite number of “big” separated subsequences.

LEMMA 4.5. Let T € L and 6 € (0,m.). Let m be a positive integer. Any
(0, 7)-lattice {z;} on D can be partitioned into M subsequences such that if a;
and ay, are different points in the same subsequence, then d-(aj,ay) > 2™0.

Proof. Let K be the number given by Lemma From the lattice {z;}
we extract a maximal (2§)-subsequence, that is, we select a point &; in our
lattice, and then we continue selecting points §,, so that d,(§,,&) > 24 for
all previously selected points £. We stop once the subsequence is maximal,
that is, all the remaining points z of the lattice satisfy d.(z,&;) < 2™d
for some &, in the subsequence. From the remaining points of the lattice
we extract another maximal (2"¢)-subsequence, and we repeat the process
until we get M = K + 1 maximal (2™d)-subsequences. If no point of the
lattice is left, we are done. On the other hand, if a point ¢ in the lattice is
left, this means that there are M = K + 1 distinct points ¢ (at least one
for each subsequence) in the lattice with d.(¢,z¢) < 2™4, contrary to the
choice of K from Lemma [£.4] u

Now we are ready for the main result of this section, which characterizes
the membership in the Schatten ideals of a Toeplitz operator acting on A2.

THEOREM 4.6. Let w € W, u be a finite positive Borel measure on D,
and 0 < p < co. The following conditions are equivalent:

(a) The Toeplitz operator T), is in Sp(A2).

(b) The function fis is in LP(D,d\;) for 6 € (0, m;) sufficiently small.
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(c) The sequence {iis(zn)} is in P for any § > 0 small enough.
Moreover, when p > 1, the previous conditions are also equivalent to:
(d) The function Byu is in LP(D, d\;).

Proof. By Proposition and the remark following it, statements (b)
and (c) are equivalent, and when p > 1, they are also equivalent to (d).
Hence, according to Proposition the result is proved for p = 1, and we
have the implication (a)=-(b) for p > 1. Moreover, the implication (c)=-(a)
for 0 < p < 1 is proved in [8] (the conditions on the weights are slightly
different, but the same proof works for our class). Thus, it remains to prove
(b)=(a) for p > 1, and (a)=(c) when 0 < p < 1.

Let 1 < p < 00, and assume that s € LP(D, d)\;) with § € (0, m,) small
enough. It is not difficult to see, using the equivalent discrete condition in (c)
together with Theorem that T}, must be compact. For any orthonormal
set {e,} of A2, we have

(4.1) > Tuensealt = > (Jlen()Pl=) du(2)) "
n D

n

By Lemma[A] and Fubini’s theorem,

flen@Pe dn) S [ (| IenlOPw0)44Q) ) )
D D D(67(2))
<V len(Q)Pw(O)is(¢) dA(Q).
D

Since p > 1 and |ley || 42 = 1, we can apply Holder’s inequality to get
p —~
(§leala)Po(=) du()" S §lealOPw (O €17 dA(C).
D D

Plugging this into (4.1) and taking into account that
1Kl w(C) = 7(0) 2,
we see that

(D lent)P)w(Ois(0)? dAC)
D

S

< VKl w(Q)s(C)P dA(C)
D
S

By [18, Theorem 1.27] this proves that 7, is in S, with || Ty[s, < (|75 2r(,d,)-
Next, let 0 < p < 1, and suppose that T}, € S,(A2). We will prove that
(¢) holds. The method of proof has its roots in previous work of S. Semmes
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[16] and D. Luecking [9]. Let {2} be a (6§, 7)-lattice on D. We want to show
that {fis(z,)} is in ¢P. To this end, we fix a large positive integer m > 2
and apply Lemma to partition the lattice {z,} into M subsequences
such that any two distinct points a; and aj, in the same subsequence satisfy
dr(aj,ar) > 2"0. Let {a,} be such a subsequence and consider the measure

V= [iXn,
n

where x,, denotes the characteristic function of D(d7(ay,)). Since m > 2, the
disks D(d7(an)) are pairwise disjoint. Since T}, is in S, and 0 < v < p, we
have 0 < T, < T}, which implies that 7}, is also in S,. Moreover, [|T}||s, <
|Tylls,- Fix an orthonormal basis {e,} for A2 and define an operator B on

A2 by
B(3 " nen) =D Mnfan

where f,, = F,, n/7(a,) and Fy, y are the functions appearing in Lemma
with N so large that 3Np — 4 > 2p. By [13| Proposition 2|, the operator
B is bounded. Since T, € S), the operator T' = A*T, A is also in S),, with

ITls, < I1BI?- ITo1s,,-
We split T as T = D + E, where D is the diagonal operator on A2 defined
by

o
Df = Z(Ten, en)wlfsen)wen, [ € A2,
n=1
and EF =T — D. By the triangle inequality,
(4.2) 175, > D12, ~ B .
Since D is a positive diagonal operator, we have

HDHp = Z<T€nuen> = Z<T fans fau)ls

n

Zﬂmn 2w(z)dv(2))”
> f Pl au)

D(é7(an))
Hence, by Lemma [C] there is a positive constant C such that

(4.3) 1DI%, > Y fisan)?

On the other hand, since 0 < p < 1, by [I8, Proposition 1.29] and Lemma
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we have
(44 BIE, <Y S Ben el = S (Tofans o)
n k n,k:k#n
< Y (S @l fa O dr(©))

nk:k#n D

=Y (X T M @u©lw© )"

nkik#n  j D(57(aj))

If n # k, then d;(an,a;) > 2™6. Thus, for £ € D(07(a;)), it is not
difficult to see that either

d-(€,a,) >2™725 or d.(€ ay) > 272

Indeed, since n # k, then either d;(an,a;) > 2™0 or d(aj,ar) > 2™4.
Suppose that d;(an,a;) > 2™6. If d. (£, a,) < 2™26, then

\an — CLj‘ < ]an - f‘ + ‘f - aj’ < 2m_25min(7—(an)7’r(§)> + (57’(&]‘)
< 2"y min(r(an), 7(a;)) + 67(aj)-

This directly gives a contradiction if min(7(ay), 7(a;)) = 7(a;). In the case
that min(7(an), 7(a;)) = 7(an), using the Lipschitz condition (B) we get

lan — a;| < 2™ 1o min(r(ay,), 7(aj)) + 07 (an) + cadlan — aj|.
Since 26 < 1/4, and m > 2, we see that this implies

4
dr(an,a;) < g(27”—1 +1)§ < 2™M6.

Thus, without loss of generality, we assume that d, (¢, a,) > 2™ 26. For
any n and k we write

L) =Y | faul©lfar(O)w(€) du(&).

J D(é67(aj))
With this notation and taking into account (4.4)), we have
P P
(4.5) BN, < > Tan(w)"-
n,k: k#n

By Lemma [C] we have

|Fan,N(§)| SJ d‘r(&an)i?’N.

Apply this inequality raised to the power 1/2, together with the fact that
d. (€, a,) > 2726, to get

(4_6) ‘fan(é')‘ — W’Fam]\[(g)‘lﬂ < 2—3Nm/2w

7(an) T(an)'/?
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We also have

1/2
(4.7) | far () < | Far O - I Kell 4 /
Inserting (4.6) and (4.7) into the definition of Ink(,u), and using the norm

estimate
1Kellaz = 7(&) " w(&) V2,

we obtain
2—3Nm/2 1

1, < . 1/2 o 1/2 1/2 4 '
km)NT(an)1/2;T(aj)1/2D(6T§(aj))|f 12 far (12w (@) dpu(©)

By Lemma [A] for £ € D(67(a;)), one has

Lo a2 PPl dA >)l/p
@ an (2)|PPw(z z
D(67(¢))

< 7(ay) 2P S0 (ay)M?

(O 2( €)1 < (

with
Su(@) = | [fa(2)PPw(z)P/* dA(2).
D(367(z))
In the same manner we also have

| Far ()Y 20(E)Y* < 7(ay)"HPSk(ay) P,

Therefore, there is a positive constant Cs such that

il i C7) Y S |
Lk (p) < Oy T(an)mz a7z Sn(@)'” - Si(as) u(D(67(az)))
2—3Nm/2 '
=C2- 7(a;)* 2P 80 (a)) 7 - Si(ay)' P i ay).

1/2
T(an) r

Since 0 < p < 1 and 273V™/2 < 27 we get

—mp

2
Lk (p)f < C3 - 7(an p/g Z 7(a;) 3p/2 * 5, (aj) - Sk(aj) - His(az)”.
Bearing in mind (4.5)), this gives

(4.8)

1Bl5, <G -2 ) r(ap)™™ 'R ”(ng( p/g) (Zsk aj))-

J
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On the other hand, we have

49) Y Sulap) =" | |fa(2)PPw(z)?" dA(2)
K

k  D(307(aj))

= (O Fan )P r(a) w2 dAC2).

D(367(ay))
Now, we claim that

(4.10) Y man) PP Fy n ()PP S ()P Pw(z) P
k

In order to prove this, note first that using the estimate (2.4 in Lemma
the estimate (2.1)) and Lemma [Biv), we deduce that

(4.11) Yo Tla) PP Fy ()PP

{ar€D(807(2))}
Sw)™* YT ()
{ar€D(607(2))}
< 7(2) )

On the other hand, an application of (2.5 gives

Y Tlan) PP E ()P

{axgD(d07(2))}
_ /2 (ar)?
< w(z)P/Ar(2)3NP/2-p/2-2 T
{aww%ﬂz |z_“’“|3Np/2
47 (z)3NP/2-p/2-2

N O |z_ak,3Np/2,

J=0areR;(z)
where

Ry(z) = {C € D: ¥dgr(z) < [¢ — 2| < 2+1507(2)}, 5 =0,1,...

Now observe that, using condition (B) in the definition of the class L, it is
easy to see that, for j =0,1,...,

D(6o7(ay)) C D(560277(2)) if ax € D(27T16o7(2)).

Together with the finite multiplicity of the covering (see Lemma , this
gives

Y 7(an)® Sm(D(B62T(2))) S 2¥97(2)

ar€R;(2)
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Therefore, as 3Np — 4 > 2p,

Yo rla) PP Ey ()PP

{ar gD (07 (2))} -
Sw(z) Pir(e) PRI e N2 S r(ay)?
j=0 ar€R;(2)
< w(z) P Ar(2) P2 Z 9(4=3Np)j/2
j=0

Sw(z)Pir(z) 2,

which together with (4.11)) proves the claim (4.10]).
Inserting (4.10)) into (4.9) gives

> Sklag) S 7(ay)* PR,
k

Similarly,

Z Sn(aj) <7_(aj)27p'

n T(an)p/2 ~
Plugging these estimates into (4.8) we finally get

B, < CY-Cs- 27" Y fis(a)?
i

for some positive constant C's. Combining this with (4.2)), (4.3)) and choosing
m large enough that

Cg C3-27MP < 01/2,

we deduce that
—~ ) Cl P p
S Ay < SHITI, < CallTll,
J
Since this holds for each of the M subsequences of {z,}, we obtain
(4.12) > hs(z)? < CaM|T,|[5
n

for all locally finite positive Borel measures p such that

> dis(zn)? < 00
n

Finally, an easy approximation argument shows that (4.12)) actually holds
for all locally finite positive Borel measures p. =
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