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Abstract. It is well-known that any weak Hopf algebra gives rise to a Hopf algebroid. Moreover
it is possible to characterize those Hopf algebroids that arise in this way.

Recently, the notion of a weak Hopf algebra has been extended to the case of algebras without
identity. This led to the theory of weak multiplier Hopf algebras. Similarly also the theory of
Hopf algebroids was recently developed for algebras without identity. They are called multiplier
Hopf algebroids. Then it is quite natural to investigate the expected link between weak multiplier
Hopf algebras and multiplier Hopf algebroids. This relation has been considered already in the
original paper on multiplier Hopf algebroids. In this note, we investigate the connection further.

First we show that any regular weak multiplier Hopf algebra gives rise, in a natural way,
to a regular multiplier Hopf algebroid. Secondly we give a characterization, mainly in terms of
the base algebra, for a regular multiplier Hopf algebroid to have an underlying weak multiplier
Hopf algebra. We illustrate this result with some examples. In particular, we give examples of
multiplier Hopf algebroids that do not arise from a weak multiplier Hopf algebra.
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1. Introduction. Let G be a finite groupoid. Consider the algebra K(G) of all complex
functions on G with point-wise operations. It will be denoted by A. Define a coproduct
A:A— AR A by

f(pq) if pq is defined,

0 otherwise

A(f)p,q) = { (1.1)
where f € A and p,q € G. We identify A ® A with the algebra K (G x G) of all complex
functions on the Cartesian product G x G of G with itself. It is not hard to see that A is
a homomorphism. It is also coassociative in the sense that (A ® ¢t)A = (¢t ® A)A where
¢ denotes the identity map. The algebra A clearly has an identity. However, the coproduct
A need not be unital. This will be the case only when the product pq is defined for all
pairs (p,q) € G x G, i.e. when G is a group. The pair (A4, A) is a weak Hopf algebra as
introduced in [B-N-S].

If G is no longer assumed to be finite, we take for A the algebra K(G) of complex
functions with finite support instead of all complex functions. This is now an algebra
without identity. The product is non-degenerate and we can consider the multiplier alge-
bra M(A). It is naturally identified with the algebra C'(G) of all complex functions on G.
We can still define a coproduct A as in the formula above but now A maps A to
M(A® A), the multiplier algebra of A® A. Again A® A is identified with K (G x G), the
algebra of complex functions with finite support in G x G, while M (A ® A) is identified
with C(G x G), the algebra of all complex functions on G x G. In this case, the pair
(A, A) is a weak multiplier Hopf algebra as introduced and studied in [VD-W1J.

Next consider any weak Hopf algebra (A, A). It has a unique antipode S. Denote by
€5 and g; respectively the source and target maps, defined from A to itself by

é‘s(a) = ZS(a(l))a(g) and e’:‘t(a) = Za(l)S(a(g))

for a € A. We use the Sweedler notation ) a1y ® ag) for A(a). The ranges of e, and &;
will be denoted by B and C respectively. Then B and C' are two commuting subalgebras
of A. If we use Sp and S¢ for the restrictions of the antipode S to these subalgebras B
and C respectively, it turns out that Sp is an anti-isomorphism from B to C' and that
Sc is an anti-isomorphism from C' to B. Observe that in general, they are not inverses
of each other.

By assumption, here the algebra A is an algebra with an identity 1. We have that
A(1l) € B® C and that B and C are the smallest subspaces of A with this property. In
other words, B is the left leg of A(1) and C is the right leg of A(1). Recall that A(1) is
not necessarily equal to 1 ® 1. If that is the case, that is when (A, A) is actually a Hopf
algebra, we have that B and C' are just the scalar multiples of the identity and the source
and target maps are essentially the counit of the Hopf algebra (A, A).
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Consider now two balanced tensor products. The first one, denoted as A ® AB is
characterized by the requirement that za ® b = a® Sp(z)b for all a,b € A and x € B. In
the second one, denoted as “A ® Aq, we have a ® by = aSc(y) ® b for all a,b € A and
y € C. Denote by 7 and 7¢ the canonical quotient maps from A ® A to gA ® AP and
from A ® A to “A ® A, respectively. Define

Ap(a) =mp(Aa)) and  Ac(a) =7mc(A(a))
for a € A. The maps
Ap:A— gA® AP and Ag:A—%A® A

are a left and a right coproduct that turn the above data (A, B,C,Sg,S¢) into a Hopf
algebroid.

In the course of the construction, further balanced tensor products will appear. The
notation for such tensor products is explained in Section 3.2.

There is much more to explain about the construction above. We will do this further
in the paper where in fact, we describe the construction in the more general case of a
regular weak multiplier Hopf algebra.

This is the main topic of this work and it takes us to the content of the paper.

Content of the paper. Section 2 is a preliminary section. It mainly contains a review
of the notion of a reqular weak multiplier Hopf algebra, one of the basic ingredients of this
paper and some of its basic properties. Special attention is given to the source and target
maps and the source and target algebras. We do not recall the notion of a multiplier Hopf
algebroid in this preliminary section. As it turns out, it will be easier to do it on the way,
in Section 3, where we pass from a regular weak multiplier Hopf algebra to a multiplier
Hopf algebroid.

Section 3 is devoted to the configuration of the algebras A, B, C' and the anti-isomor-
phisms Sp and S¢ mentioned above, and the relation with separability idempotents as
studied in [VD2]. This is the basic material, commonly needed in both Section 4 and
Section 5. If a Hopf algebroid is coming from a weak Hopf algebra as explained above,
then (A, B,C, Sg, S¢) form a quantum graph with unit, and the separability idempotent
in this case will be nothing else but A(1). In this section we consider the generalizations of
these objects to the framework of weak multiplier Hopf algebras. We will not yet consider
the coproducts. That will only be done in the next two sections.

In Section 4 we show how we can associate a multiplier Hopf algebroid to any regular
weak multiplier Hopf algebra. The procedure is quite standard and there are no surprises.
It is indeed very similar to the same construction in the case of a weak Hopf algebra,
with the typical problems due to the fact that the algebras have no identity and that the
coproducts do not map into the tensor product, but into a bigger space.

During the process, we recall the various notions that we encounter in the definition of
a multiplier Hopf algebroid. We finish the section by looking at the concrete expressions
for the counit, as considered in the theory of multiplier Hopf algebroids, in terms of
the counital maps, considered in the theory of weak multiplier Hopf algebras. We also
illustrate some formulas involving the antipode in the two settings.
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In Section 5 we consider the opposite direction. We start with a regular multiplier
Hopf algebroid and we discuss the necessary and sufficient conditions for it to come from
a weak multiplier Hopf algebra as in the previous section.

The main condition is that the base algebra B is separable Frobenius. This means
that there is a separability idempotent E € M (B ® C) in the sense of [VD2]. However,
this is not sufficient. The anti-isomorphisms Sg : B — C and S¢ : C' — B, that are given
for the multiplier Hopf algebroid have to coincide with the anti-isomorphisms induced
by E. In other words, we have to require that

E@®1)=E1®S5(z)) and (1®y)E=(Sc(y)®1)E

for all z € B and y € C (where Sp and S¢ are the original anti-isomorphisms that come
with the definition of the multiplier Hopf algebroid).

Still, this will not be sufficient. We also need the equality of the counits € and ¢’ on A
defined by

€= (ppoeR and e =pcoec.

Here ¢p and ¢¢ are the unique linear functionals on B and C' respectively characterized
by
(pp@)E =1 and t®@pc)E=1

and ep and ¢ are the counital maps that are obtained within the theory for the original
multiplier Hopf algebroid.

In this section, we further discuss these conditions and compare them with the condi-
tions found for a Hopf algebroid to arise from a weak Hopf algebra as studied in [B]. For
example, we shall see that equality of the counits € and ¢’ implies that the functionals
vp and pc admit modular automorphisms, given by Sglsgl and SpSc, respectively.

In Section 6 we discuss some examples and special cases.

In the last section, Section 7, we draw some conclusions and discuss possible future
research related with the results obtained in this paper.

Conventions and basic references. We only consider algebras over the field of com-
plex numbers (although we believe that most of our results are still valid for more general
fields). We do not require our algebras to have a unit, but we do need that the product is
non-degenerate (as a bilinear form). Our algebras are all idempotent, either by assump-
tion, or by a result. In fact, they even will have local units and this implies that the
product is non-degenerate and that the algebra is idempotent.

For algebras with a non-degenerate product, it is possible to define the multiplier
algebra M(A). It can be characterized as the largest algebra with identity containing A
as an essential two-sided ideal. We use 1 for the unit in the multiplier algebras. Of course
M(A) = A if and only if A already has an identity. If A is non-degenerate, then so is the
tensor product A ® A and we consider also its multiplier algebra M (A ® A). We have
natural imbeddings

A®AC M(A) & M(A) C M(A® A).

In general, for a non-unital algebra, these two inclusions are strict.
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The opposite algebra A°P is the algebra A, but endowed with the opposite product.

We use ¢ for the identity map. We use ¢ to denote the flip map on A ® A and for its
extension to the multiplier algebra M (A® A). A coproduct is a map from A to M(A® A).
The composition of A with ¢ is denoted by A®P.

We will sometimes use the Sweedler notation for coproduct. So we write Z(a) a)®agz)
for A(a) when A is a coproduct on the algebra A and a € A. Some useful information
about the use of the Sweedler notation in the case of non-unital algebras can be found
e.g. in [VDI], [VD2] and [VDA4].

For the theory of weak Hopf algebras we refer to [B-N-S] and for the relation with
Hopf algebroids to [B].

For the theory of weak multiplier Hopf algebras, we refer to [VD-W1] and [VD-W2J.
In particular, we find in [VD-W2] the necessary results about the source and target maps
and source and target algebras that are very important for the described procedure. See
also [VD-W()] for a motivational paper. The theory of multiplier Hopf algebroids has been
developed recently in [T-VD]. An important role is played by separability idempotents.
For these objects, we refer to [VD2]. Whenever in this paper we consider separability
idempotents, it will be in the sense of [VD2], the first version. In the more recent version
these are called regular separability idempotents because there a more general notion
is also studied. So, using the new terminology, we are only considering here regular
separability idempotents.

The conventions used in the original papers on weak multiplier Hopf algebras [VD-W1]
and [VD-W2] are not always the same as in the newer paper on multiplier Hopf algebroids
[T-VD]. We will mention such a difference whenever it occurs.

2. Preliminaries. In this preliminary section, we mainly recall the notion of a regular
weak multiplier Hopf algebra as well as some of the basic properties. We also give the
necessary definitions and results about the source and target maps and the source and
target algebras.

We could have chosen to do the same here for the multiplier Hopf algebroids. However,
it turned out to be more convenient to recall the notions and some of the results during
the process in the next two sections, where we describe the passage from a regular weak
multiplier Hopf algebra to a multiplier Hopf algebroid.

For details about the first objects, we refer to [VD-W1]|, [VD-W2|] and [VD-W0]. The
main reference for multiplier Hopf algebroids is [T-VD]. Further information can be found
in the references given in the introduction.

2.1. Weak multiplier Hopf algebras. The basic ingredient is a non-degenerate and
idempotent algebra A over the field of complex numbers and a reqular and full coproduct
A on A, admitting a counit.

DEFINITION 2.1. A regular coproduct on an algebra A is a homomorphism
A:A—- MA®A)
so that elements of the form

Aa)(1®b) (1®b)A(a) Aa)(b® 1) (b®1)A(a)
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all belong to A ® A for all a,b € A. It is assumed to satisfy coassociativity. This can be
formulated in different ways, e.g. we assume

@212 1)(A)AbG)12d)=eA) ((a@)AD) (11 c)

for all a,b,c € A. In any case, the first requirement is necessary to be able to formulate
coassociativity in any of such forms. A coproduct is called full if the smallest subspaces
V,W of A so that

Aa)(1®b)eV®A  and (1A e AW

for all a,b € A are actually all of A. A counit for the pair (A4, A) is a linear mape : A — C
satisfying

(e®)(A(a)(1®b)) = ab and (t®e)((a®1)A(b)) = ab
for all a, b.

To formulate fullness of the coproduct, it is not needed that it is regular. The same
is true for the characterizing properties of the counit. However we assume regularity of
the coproduct from the very beginning. This is the only case that will be treated in this
paper. For the more general notion, we refer to [VD-WIJ.

If the algebra has an identity, so that A : A — A® A, fullness of the coproduct follows
from the existence of the counit. Also the uniqueness of the counit follows immediately
from the definition in that case. However, as discussed in [VD-W0J, this is not expected
in general. On the other hand, for a full coproduct, it can be shown that the counit is
unique.

Also remark that, because the coproduct is assumed to be regular, the defining prop-
erty of the counit can also be formulated with the factors on the other side. In fact, if A is
replaced by A°P, nothing above changes and A remains a regular and full coproduct and
¢ is still the counit. Similarly if we replace A by AP obtained from A by composing it
with the flip map ¢ on A® A, extended to M (A ® A), nothing changes here.

A regular weak multiplier Hopf algebra is a pair (A, A) of a non-degenerate idempotent
algebra with a regular and full coproduct, such that there is a counit and with some
further assumptions, formulated in the terms of the ranges and the kernels of the canonical
maps T, Ty, T5 and Ty given by

Ti(a®b)=A(a)(1®D) and To(a®b) = (a® 1)A(D)
T5(a®b) = (1®b)A(a) and Ti(a®b)=A(b)(a®1)
when a,b € A. Remark that the maps T3 and T4 are the maps T} and 75 for the opposite

algebra A°P (with the original coproduct).
For the precise conditions we refer to the original papers mentioned before.
We now collect the main properties that we will be using further in this paper.

In any weak multiplier Hopf algebra (regular or not), the following holds.

PROPOSITION 2.2. Let (A, A) be a weak multiplier Hopf algebra. By assumption, there is
a unique idempotent E € M(A ® A) such that

E(A2A) =AA)(A®A) and (A®A)E = (A A)A(A).
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It is the smallest idempotent element in M(A® A) such that A(a) = EA(a) = A(a)E for
all a € A. The coproduct A can be extended uniquely to a homomorphism A : M(A) —
M(A ® A) with the property that still A(m) = EA(m) = A(m)E for all m € M(A).
Similarly we have extensions of the homomorphisms A ® v and t @ A to M(A® A) and
these are unique if we require that

(A®)(m)=(Ee1)(A@)(m)) = (A®)(m))(Ee1)
(t@A)(m) =1 E)((teA)(m) = (e A)(m)(1e E)

for all m € M(A ® A). For these extensions we have A(1) = E and also (A @ \)E =
(t® A)E. Finally also

(A®)E = (E®1)(18 E). (2.1)

We are using the same symbols for the extensions of the homomorphisms involved.
Also remark that the last property is very natural. Indeed, by the construction of
the extensions, we will have that (A ® ¢)E is an idempotent, smaller than F ® 1 and
1® E. So the last property is saying that (A ®¢)E is as big as possible. Property is
sometimes referred to as the weak comultiplicativity of the unit. This makes sense once
we know that A(1) = E for the extension of A. See [K-VD] for the use of this terminology
and [VD-W0] for a motivation of the equation (2.I)).

One of the main results in the theory is the existence of a unique antipode. Recall that
we assume regularity of the weak multiplier Hopf algebra. Then we have the following
properties.

PRrROPOSITION 2.3. There is a bijective linear map S : A — A such that the maps Ry
and Rs, defined on A® A by

Ry (a ® b) = Z a(1) ® S(a(g))b
(a)
Ra(a®b) =Y aS(ba)) @b,
(b)
are well-defined maps from A® A to itself and so that Ry and Ry are generalized inverses
of the canonical maps Th and Ty, respectively.

We are using the Sweedler notation here. The equations can be covered by multiplying
with an element of A from the left in the first factor, for the first equation, and with an
element of A from the right in the second factor, for the second equation. It is not obvious
that the right hand sides are in A ® A but that is actually the case.

That R; is a generalized inverse of 77 means that

TWRiTy =T Ri{T'R; =Ry

and similarly for T5 and Rs.

In general, such generalized inverses are not unique. They are determined by a choice
of the projection on the kernel and on the range of the corresponding maps. Such a
choice is part of the axioms of a weak multiplier Hopf algebra and it depends only on
the canonical multiplier E. It follows that also the map S, as in the above proposition, is
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uniquely determined. It is called the antipode of the weak multiplier Hopf algebra (A, A).
As expected, it is an anti-isomorphism of the algebra A and it also flips the coproduct A.
If we replace A by A°P, the antipode S is replaced by the inverse S~!. Then it is
easy to find formulas for the appropriate generalized inverses Rz and R4 of T3 and Ty
respectively.
From these equations, we can conclude the following result about the antipode.

PROPOSITION 2.4. The antipode satisfies
Z a(l)S(a(g))a(g) =a and Z S(a(l))a(g)S(a(3)) = S(a)
(a) (a)

for all a € A.

If we multiply the left hand side of the first equation with an element of A, left or right,
it turns out that the use of the Sweedler notation is justified. Similarly for the second
equation. So one first has to consider these equations in M (A). As we get elements in A
on the right, we see that actually the equations will hold in A, but that is not trivial. We
get the same formulas with the inverse S—' of the antipode, provided that we either flip
the product or the coproduct.

Because R; is a generalized inverse of 77, it follows that 71 Ry projects onto the range
of Ty. Similarly for T5 Ry and for the two other maps T3 R3 and Ty R4. It then follows from
the choices mentioned earlier that the following holds.

PROPOSITION 2.5. We have
T1Ri(a®b)=FE(a®b) and ToR2(a®b) = (a®D)E
T3R3(a®b) = (a®@b)E and TyRi(a®b) = E(a®Db)
for all a,b € A.

The second set of formulas is obtained from the first one by replacing A by A°P and
taking into account that E remains the same.

These formulas describe the ranges of these four canonical maps. This means that we
have

A(A) (1@ A)=E(A® A) and (AR 1)A(A)=(A® A)E
(1® A)A(A)=(A® A)E and A(A)(A®1)=EAR® A).
In fact, these equations are part of the basic assumptions in the definition of a regular

weak multiplier Hopf algebra.
We have similar formulas for the kernels.

PROPOSITION 2.6. There exists idempotents Fy, Fo, F3 and Fy in M(A ® A°P) given by
FI=01®8)E and F=0w®SYYE
F,=(S®uE and F,=(S"'®.)FE.

They give the kernels of the four canonical maps in the sense that
RiTi(a®b)=(a®1)Fi(1®b) and  RoTa(a®b) = (a®1)F(1®0b)
RsT3(a®b) = (1®b)F3(a®1) and RiTy(a®b)=(1®b)Fy(a®1)

for all a,b in A.
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These results follow from the formulas in the previous proposition, provided we use
that S is an anti-isomorphism of the algebra A. Indeed, we have e.g.

Ri(t®8)=(®8)T; and T(®S)=(t®S5)Rs

and this will give the formula for R;77. Similarly for the other cases.
From these formulas, we also find

Ker(Th) = (A1) (1 - F1)(1® A) and Ker(To) = (A®1)(1 — F)(1® A)
Ker(T3) = (1@ A)(1 — F5)(A®1) and Ker(Ty) = (1@ A)(1 — F4)(A®1).

We refer to [VD-W1] for these results. In that paper, it is also shown that the multipliers
F; are completed determined by FE itself and the antipode is not needed to characterize
them.

2.2. The source and target maps. Having formulated the basic results about regular
weak multiplier Hopf algebras, we now recall the source and target maps, the source and
target algebras and their main properties needed further in this paper.

DEFINITION 2.7. The source and target maps €, and &; from A to M(A) are defined by

= ZS((I(l))a(Q) and 5t(a) = Za(l)S(a(g)).
(a) (a)

Recall that by assumption, £4(a) as defined above, is a left multiplier. It is also a right
multiplier because of the result in Proposition Similarly e;(a) is a right multiplier by
the assumptions on the coproduct and a left multiplier because of Proposition

In what follows, we denote £5(A) by B and £,(A) by C.

For any a € A, x € B and y € C' we have

es(ax) = eg(a)x and es(ay) = S(y)es(a) (2.
e(ya) = yer(a) and et(za) = e4(a)S(x). (2.

2)
3)
PROPOSITION 2.8. The images B and C' of the source and target maps e5(A) and €:(A)
are non-degenerate idempotent algebras. They sit nicely in the multiplier algebra M(A)
in the sense that

BA=AB=A and CA=AC=A

As a consequence, the imbeddings extend to imbeddings of their multiplier algebras M (B)
and M(C) in M(A). These multiplier algebras are denoted by A and Az, respectively.
They are called the source and target algebras and they are characterized in M(A) by

As ={r e M(A)|A(z) = E(1® )}
Ay ={ye M(A)|A(y) = (y® 1)E}.
The formulas in and also hold for z € A; and y € A;.
The ranges of the source and target maps are, in a sense that can be made precise, the
left and the right leg of E respectively. Consequently the algebras A; and A; commute.
This implies that the formulas in the proposition above still hold when the product in A

is reversed.
Finally we have the following important property.



82 T. TIMMERMANN AND A. VAN DAELE

PROPOSITION 2.9. We have E € M(B ® C) and E is a separability idempotent in the
sense of [VD2]. The associated antipodal maps from B to C and from C to B are precisely
the restriction of the antipode (or rather of its extension to the multiplier algebra M(A)).
This means that

E(z®1)=E(1®S(z)) and 1oy)E=(Sy)@)E
forallx € B andy € C.

Remark that F(1®y) € B® C for all y € C and if we use a Sweedler type notation
E; ® Es for E we have Sp(E71)E2y = y when y € C. Similarly, (z ® 1)E € B ® C and
xF1Sc(Es) = x for all x € B. We write these properties as

Sp(Ey)E; =1 and  EiSc(E;) =1.

See Proposition 1.8 in [VD2].

We finish this section with the remark that the algebras B and C have local units (see
Proposition 1.9 in [VD2]). The same is true for the original algebra A (see Proposition
4.9 in [VD-WI]).

3. Quantum graphs and separability idempotents. In this section, we introduce
the notion of a quantum graph with local units and investigate the relation between such
quantum graphs and separability idempotents. These quantum graphs are the basic in-
gredients for a regular multiplier Hopf algebroid whose underlying algebra has local units.
On the other side, separability idempotents, as studied in [VD2], play a basic role in the
theory of weak multiplier Hopf algebras. And since this paper is devoted to the relation
between these two objects, it is quite natural to start with the study of the relation
between these basic ingredients.

Observe that in this section, we do not yet consider the coproducts. This will be done
in the next two sections.

In a first item of this section, we will collect properties about separability idempotents
(as introduced in [VD2]) and the concept of a separable Frobenius algebra.

3.1. Separable Frobenius algebras. We consider an algebra B with local units. In
particular, the product is non-degenerate and B is idempotent.
A linear functional ¢ on B is called faithful if the maps

= o(-x) and x— (x)

from B to the linear dual B’ are both injective. If these maps also have the same range,
there exists a unique automorphism o of B so that p(z122) = ¢(x20(x1)) for all a1, 9
in B. Because B is assumed to be idempotent, this implies also that ¢ is o-invariant.

We call ¢ the modular automorphism of .

Observe that the existence of a faithful linear functional on the algebra B automati-
cally implies that the product is non-degenerate.

If B is a finite-dimensional algebra with identity, the existence of a faithful linear
functional is equivalent with B being Frobenius. Moreover, in this case, a faithful lin-
ear functional will automatically have a modular automorphism. In the literature, the
inverse of ¢ is called the Nakayama automorphism. We refer to [M] for the notion of the
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Nakayama automorphism in the case of (finite-dimensional) Frobenius algebras. How-
ever, in the case of an infinite-dimensional algebra, possibly without identity, this result
is not true. There can be a linear functional that is faithful but without a modular
automorphism. We refer to [VD2] for an example.

We now recall the following concept from [VD2].

DEFINITION 3.1. Let ¢ be a linear functional on the algebra B. Assume that it is faithful
and admits a modular automorphism as above. Let C' be the algebra B°P and use S for
the identity map from B to C. It is an anti-isomorphism by definition. Assume that there
is an idempotent F € M (B ® C) satisfying

(p(-2) ©)E = S(x) 3.1)

for all z. Then we call ¢ a separating functional on B. If the algebra B admits such
a separating functional, we call B separable Frobenius.

We need to give a couple of remarks here.

REMARKS 3.2.

(i) If B is a finite-dimensional algebra with identity and ¢ a faithful linear functional,
there is always an element £ € B ® C' determined by the equality . However, it can
happen that E is not an idempotent. In fact one can easily construct examples where
E? = 0. See [VD2] for an example. Given ¢ the idempotent E is unique if it exists. This
follows from the faithfulness of ¢. This means that we really define a property of the
linear functional ¢ on the algebra B.

(ii) It can be shown that, if a separating functional on the algebra exists, then any
faithful linear functional will have a modular automorphism and it will be separating as
well.

In what follows, we assume that B is separable Frobenius and that ¢ is a given
separating functional on B as in Definition The modular automorphism (that exists
by assumption) will be denoted by op. Finally, the given anti-isomorphism from B to C
will now be denoted by Sp.

Then we have the following result.

PRrOPOSITION 3.3. We have an anti-isomorphism S¢ : C'— B defined by S¢c = anggl.
Define a linear functional pc on C by vc(y) = ¢p(Sg'(y)) when y € C. It is a faith-
ful functional with modular automorphism oc given by oc = SpSc. We not only have
(p(-2) @ )E = Sp(x) for all x € B but now also
(t®ec(y-))E = Scly)
for ally € C. The element E is a separability idempotent in M (B ® C) with associated
anti-isomorphisms Sg and Sc. This means that
E(x®1) = FE(1® Sp(z)) and (1oy)E=(Scly)®1)E

for all x € B and y € C. The linear functionals pp and pc are the distinguished linear

functionals.

The proof is straightforward by using techniques from [VD2].
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So we see that given a separable Frobenius algebra B with a separating linear func-
tional ¢, the unique associated idempotent E is a separability idempotent in M (B ® C)
where C' = B°P. The identity map from B to C is the antipodal map Sp : B — C,
characterized by the equation E(z ® 1) = E(1 ® Sp(x)) for all x € B. Remark that
it is not essential that C' is identified with B°P. Obviously, any algebra C' with a given
anti-isomorphism Sg : B — C' as a starting point will work as well.

In fact, also if we have two faithful functionals ¢ g and ¢'5, related by an automorphism
of B, we will still get essentially the same separability idempotent.

We also have the following converse result.

PROPOSITION 3.4. Suppose that B and C are non-degenerate algebras and that E is a
separability idempotent in M(B ® C). Then B is separable Frobenius. The unique linear
functional ¢ on B satisfying (pp @ L)E =1 in M(C) is a separating functional on B.

In Section 5, where we characterize those multiplier Hopf algebroids that arise from
a weak multiplier Hopf algebra, we will start with a multiplier Hopf algebroid whose
base algebra B is separable Frobenius as defined in Definition [3.1]above. The separability
idempotent E that we find in Proposition [3:3] will eventually be the canonical idempo-
tent of the associated weak multiplier Hopf algebra. In Section 4, we start from a weak
multiplier Hopf algebra and construct a multiplier Hopf algebroid from it. In this case
we have given the canonical idempotent E. It is a separability idempotent.

Let us note that separable Frobenius algebras as defined in Definition [3.1] are closely
related to coseparable coalgebras as defined, for example, in Section 26 of [B-W]. The
precise relation of between these two notions is discussed in the second version of [VD2].

Next we consider the second basic ingredient, used in the theory of multiplier Hopf
algebroids. First we look at it independently from the previous item. Later in this section,
we will relate the two concepts.

3.2. Quantum graphs with local units. The starting point for the definition of a reg-
ular multiplier Hopf algebroid in [T-VD] is an algebra A with commuting subalgebras
B,C C M(A) and anti-isomorphisms between B and C. These algebras are not assumed
to be unital but to satisfy several regularity conditions. These conditions hold automati-
cally if A has local units, and since we will only be interested in this case, the following
terminology will be convenient.

DEFINITION 3.5. A quantum graph with local units consists of

(i) an algebra A that has local units and therefore is non-degenerate and idempotent,
(ii) two commuting subalgebras B and C of M(A) satisfying

BA=AB=A  and CA=AC = A, (3.2)
(iii) two anti-isomorphisms
Sg:B—C and Sc:C — B.

Note that the anti-isomorphisms Sp and S¢ are in general not expected to be each
other’s inverses.
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The following example will be the starting point in the next section where we pass
from a regular weak multiplier Hopf algebra to a regular multiplier Hopf algebroid.

EXAMPLE 3.6. A regular weak multiplier Hopf algebra (A, A) gives rise in a natural way
to a quantum graph with local units, where B and C are the images of the source and
target maps, as sitting in M(A), while Sp and S¢ are the restrictions of the antipode
(after is has been extended to the multiplier algebra). The fact that A has local units is
proven Proposition 4.9 in [VD-W1].

In Section 5, we will start from a quantum graph with local units as above.
Following [T-VD], we shall use the following notation.

NOTATION 3.7. Suppose that (A, B,C, Sg, Sc) is a quantum graph with local units.
We denote elements of B by z,z’,... and elements of C by y,/, ..., and reserve a, b, c
for elements of A.
We regard A as a left or right module over the algebra B with respect to the module
multiplications given by

T-a:=zxa, a-T:=ax, a-x:=Sp(x)a or x-a:=aSg(x),
and denote the corresponding left or right B-module by
BA, Apg, AP and By,

respectively. Similarly, we write A, Ae, A€ or “A when we regard A as a left or right
module over C.

Regarding left or right B-modules as right or left B°P-modules, respectively, we can
form warious balanced tensor products over the algebras B or B°P, for example,

pA®Ap, pA® AP, AP ®BA,

and similarly we can form various balanced tensor products of A with itself over the
algebras C' or C°P.

3.3. Quantum graphs with a separable Frobenius base algebra. Suppose that
(A, B,C,Sp,Sc) is a quantum graph with local units, that is, A is an algebra with local
units, B and C are commuting subalgebras sitting nicely in M (A), and S : B — C and
Sc : C'— B are anti-isomorphisms.

Now we add equivalent additional assumptions which make a link between the material
studied in the first item and the one discussed in the second item of this section.

LEMMA 3.8. The following conditions are equivalent:

(i) B is a separable Frobenius algebra and there exists a separating linear functional
wp whose modular automorphism op coincides with the inverse of the given auto-
morphism ScSp of B.

(ii) C is a separable Frobenius algebra and there exists a separating linear functional
wo whose modular automorphism o coincides with the given automorphism SpSc

of C.
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(i) There exists a (reqular) separability idempotent E € M (B ® C) such that
E(rx®1)=E(1®Sp(z)) and (1®@yE=(Sc(y)®1)E
forallz € B andy e C.

If these conditions hold, then the separating linear functionals ¢p and pc in conditions
(i) and (ii) and the separability idempotent E in condition (iii) satisfy

(pp@UE =1 and (L@ pc)E =1.

Proof. Assume first the existence of a separating linear functional ¢ as in condition (i).
Denote by C’ the opposite algebra of B, by Sz : B — C”’ the canonical anti-isomorphism
and let Sl = 05'S, ' : C' — B. Then there exists a separability idempotent E’ €
M(B®C'") such that E'(z®1) = E'(1® S(x)) and (1®y")E" = (St (y') ® 1)E’ for all
xz € B and ¢y’ € C'. The multiplier

E:=(t®Sp(Sp)~")(E) € M(B® C)

is an idempotent and satisfies F(z ® 1) = E(1 ® Sg(z)) and (1 ® Sp(Sg) " (y)E =
(SL/(y')®@1)E forallz € Bandy' € C”. Since S&, Sy S5' = 05'S5' = Sc by assumption,
the last equation implies (1 ® y)E = (Sc¢(y) ® 1)E for all y € C. Therefore, condition
(iii) holds.

A similar argument shows that condition (ii) implies condition (iii).

Finally, condition (iii) implies (i) and (ii) by Proposition See also Propositions
2.1 and 2.3 in [VD2]. =

In Section 5, we shall introduce another condition (equality of two counits or invari-
ance of the counit under the antipiode) which will imply the conditions on the modular
automorphisms op and o¢ above.

In Section 4 we arrive at the situation considered above when we start from a regular
weak multiplier Hopf algebra. In Section 5, it will be part of the assumptions.

Till the end of this section, we assume that the equivalent conditions (i)—(iil) in Lemma
3.8 hold.

Using the separability idempotent E, we obtain concrete realizations of the balanced
tensor products introduced in Notation [3.7] as subspaces of A @ A. We begin with the
tensor products A ® AP and “A ® A..

PROPOSITION 3.9.

(i) Denote by
g AR A gA® AP

the canonical quotient map. There is a well-defined map
O : pA® AP 5 A® A, a®@b— E(a®Db),

and 7 o O is the identity map on gA @ AP,
(ii) Denote by
Te: AR A— CA® A
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the canonical quotient map. There is a well-defined map
0c: AR A - AR A, a®br (a@b)E,
and ¢ o B¢ is the identity map on CA ® Ac.
Proof. (i) For all elements a,b € A and x € B we have
E(za®b) = E(a® Sp(x)b)
and therefore the map a ® b — FE(a ® b) is a well-defined map 6p from the balanced
tensor product A ® AP to A® A. Furthermore, for all elements a,b € A and y € C, we
have
mp(0p(a® yb)) = mp(F(a ® yb))
=mp(a® Sp(Eq))E@)yb) = mp(a® yb)
where we are using the Sweedler type notation £ = E(;) ® E(3). Remark that
El®C)CBC and Sp(Eqy)Exy =y

when y € C as shown in Proposition 1.8 of [VD2] (see also a remark at the end of the
preliminary section). Finally, because CA = A, we get 75(0p(a®b)) = a®bin gA® AP
for all a,b € A.

(ii) The proof here is completely similar. Now we use that

(1®yE=(Sc(y)® )E

for all y € C and that xE)Sc(E2)) = « for all x € B (again see Proposition 1.8 of
[VD2] and a remark at the end of the preliminary section). m

It follows from this result that the map 0p : pA ® AP — A ® A is injective and its
range is F(A ® A). Similarly the map ¢ : “A ® A, — A ® A is injective with range
(A® A)E.

Now we prove similar results for the balanced tensor products

Ap ® A, Ac ® A, A ® Ap, cA®Ac.
First we need the following analogue of (part of) the result reviewed in Proposition
in the case of a weak multiplier Hopf algebra.
PROPOSITION 3.10. There exist idempotents Fy, Fa, F3 and Fy in M(A ® A°P) given by
Fi=0®Sc)E  and F3=(®Sz")E
F,=(Sp®.)FE and Fy, = (Sal ®)E.
Proof. Recall that E(x ® 1) € B® C for all € B. Then E(za® 1) € A® C and as

BA = A wefind E(A®1) C A® C. It follows that (: ® S¢)E is a well-defined multiplier
Fy in M(A ® A°P). Similarly for the other elements Fy, F5 and Fy. m

Remark that the identity map from A® A to itself is an anti-isomorphism from A® A°P
to A°P ® A that extends to a natural anti-isomorphism from M(A® A°P) to M (AP ® A).
Now we find the following results about the four other balanced tensor products.
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PropPoOSITION 3.11. We can define the four maps
D (1®Db) on Ap® gA
a® 1)F2(1 ® b) on Ao ® A
1® b)F4(a ) on cA® Ag,

a®b— (a
a®b—
a®b—
a®b—

AA,_\/_\

all of them with range in AR A. For each of them, when composed with the corresponding
canonical projection map, we find the identity map on the corresponding balanced tensor
product.

Proof. In the first case, we use e.g. that
z@1)F1=1®S:)(zr®1)F)e B B

and that £E(;)Sc(E)) = x for all z € B. In the second case we use that
FR1ey) =(Ss0)(E1l®y)cC®C

and that Sp(E))E2)y =y for all y € C. For the third case, we need
Breol)=(2S5")(F(z®1) e B®B

and Sgl(E(Q))E(l)x =z for all z € B. Finally in the last case we use
(1oy)F=(S'®)(leyE)eCaC

and yE(Q)Sal(E(l)) =yforallyeC. n

Again, as a consequence these four maps are bijections of these balanced tensor prod-
uct with appropriate subspaces of A ® A.

4. From weak multiplier Hopf algebras to multiplier Hopf algebroids. In this
section we start with a regular weak multiplier Hopf algebra (A4, A). We set

B=c¢4(A) C M(A) and C=¢ci(A) C M(A)

where €, and e; are the source and target maps. We know that B and C are non-
degenerate idempotent algebras, sitting nicely in the multiplier algebra M (A) of A. They
are commuting subalgebras of M (A). The canonical idempotent E of the weak multiplier
Hopf algebra is a separability idempotent in M (B ® C). The associated antipodal maps
Sp:B — C and S¢ : C — B are the corresponding restrictions of the extension of the
antipode S to the multiplier algebra M (A). Because of this, it cannot be confusing if we
sometimes drop the indices here and simply use S for these two associated maps. We
refer to the preliminary section for more details.

We thus obtain in a canonical way a quantum graph with local units (A, B, C, Sg, S¢)
as in Example

The aim of this section is to show that the coproduct A induces a left and a right
coproduct on A making it into a regular multiplier Hopf algebroid as defined in [T-VD].
We will also express the data of the multiplier Hopf algebroid in terms of the various
data of the given weak multiplier Hopf algebra.
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In the next section, we find a necessary and sufficient condition for a multiplier Hopf
algebroid to arise in this way.

4.1. The left and the right coproducts Ap and A¢c. We first consider the balanced
tensor products zA ® AP and “A ® A. as in Notation of the previous section.

The first space 3A® AP is endowed with two actions of A, obtained by multiplication
from the right in the first and in the second factor. Note that this space is non-degenerate
as a right A-module with respect to either of these two actions because A has local units.
We use A ® AP for the extended module. It can be characterized by the property that
for any z € ;A ® AP, we have well-defined elements

z(1®a) and z(a®1)

in ;A® AP for all a € A. Similarly we use “A® A, for the extended module of “A® A
where elements z € “A® A are characterized by the property that

(a®1)z  and (1®a)z

are in “A ® A for all a € A.
For a more detailed treatment of the notion of an extended module, sometimes also
called the completed module, we refer to Section 2 of [VDI].

NoTATION 4.1. We denote by
pAX AP C AT AP
the subspace formed by all elements 2z € zA @ AP satisfying
z2(z®1)=2(1® S(x))
for all x € B. Remark that we extend the module action to the multiplier algebras.
Similarly, we denote by
CAX AL CYA® A
the subspace formed by all elements 2 € “A® A, satisfying
(leyz=(Sk 1)z
for all y € C.

There is a natural embedding of this subspace into End(zA ® AP) by letting an
element z of A X AP act on zA ® AB by

zrp(a®b) :=z(a®Db)

for a,b € A where as before, mp denotes the canonical quotient map from A ® A onto
A ® AP In the right hand side, z(a ® b) is the result of the right action of a ® b on 2.
The action of zA X AB on zA ® AP is well-defined, precisely because of the condition
imposed on elements of zA x AB . Tt is also not hard to see that composition of maps
induces a product on gA x AB | making it into an associative algebra.

Similarly, the space “A X A, embeds naturally into End(“A ® A,) and will be
regarded as an algebra with respect to the reversed composition of maps.
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The spaces gA X AP and ©“A X A are the target spaces for the left and the right
coproducts respectively in what follows. Denote by tp and tc the identity map on B
or C', respectively.

PROPOSITION 4.2. Define Ap: A — gA® AP by
Ap(a)(1®b) =7p(A(a)(1®D)) and Ap(a)(c®1) =7mp(Ala)(c® 1))

fora,b,c € A. Here again wp is the canonical projection of A® A onto the quotient space
pA ® AB. Then Ap has range in gA X AP and (A, B,.p,Sp,AR) is a left multiplier
bialgebroid in the sense of Definition 2.6 of [T-VD].

Similarly, define Ac: A — “A® Ay by

(c@ DAc(a) =me((c®1)A(a)) and (1®b)Ac(a) =7mc((1®b)A(a))

where now we use wo for the canonical projection of A ® A onto the quotient space
YA® Ag. Then Ac has range in “AX Ay and (A, C,ic,Sc, Ac) is a right multiplier
bialgebroid in the sense of Definition 4.1 of [T-VD].

The tuple (A, B,C,Sg,Sc, A, Ac) is a multiplier bialgebroid in the sense of Defi-
nition 5.1 of [T-VD].

Proof. The proof is rather straightforward. The different steps are as follows.

(i) First note that since A has local units and AB = BA = A = CA = AC, conditions
(1), (2) in Definition 2.6 and in Definition 4.1 in [T-VD] hold.

(ii) Next observe that Ap(a) is a well-defined element in the extended module
A ® AP, To show this, first the elements Ag(a)(1 ® b) and Ap(a)(c ® 1), given by
the formulas in the formulation, are considered and then the obvious compatibility rela-
tions are verified. All of this is essentially trivial.

(iif) It has to be shown that Ap(a), defined in this way, really belongs to the subspace
pA X AB. This follows from the fact that

Ala)(z®1) = Aa)(1® S(x))

for alla € A and x € B.

(iv) The map Ap will be a homomorphism from A to the algebra zA X AP because
A is a homomorphism.

(v) The behavior of Ap on B and C is determined by the behavior of A itself on
these subalgebras.

(vi) Finally, coassociativity of Ap will follow from coassociativity of A, written in the
form

A@)(A@1))(c@1®1)=(1®A)(Ala)(c®1))(1®11Db)

for all a, b, c € A. We have to project onto the appropriate balanced subspace of AQ A® A
and use that

A(za) = (1 ®@ z)Ala) and A(ya) = (y®@ 1)A(a)

when a € A, x € Band y € C.
The same arguments are used to show that A¢ is a right coproduct.
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The compatibility of the two coproducts is again obtained from the coassociativity
of A, now formulated as

(010 1)(A®)A)AD) =0 A)c®1)A@)(l®1ob)
1910b)®A)A)(c®1)) = (A2 )((1eb)A@) (col®1)

for all a,b,c € A. Also here, we have to project onto the appropriate quotient space of
ARARA. nu

Next we consider the canonical linear maps associated with these coproducts. Let us
first recall the definitions.

NoOTATION 4.3. For the left coproduct Ap we have the maps Ty and ﬁ going from A® A
to pA ® AP and defined by

Ta(a®b) = Apb)(a®1) To(a®b) = Ap(a)(1®b)
for a,bce A; see Section 2 of [T-VD]. For the right coproduct A¢ we have the maps ;\\f
and ,T, going from A ® A to “A ® A, and defined by

T(a®b) = (a®1)Ac(b) T(a®b) = (12 b)Ac(a)
for a,b,c € A; see Section 4 of [T-VD].

It is useful to compare these four maps with the canonical maps 17, T, T3 and T as
used in [VD-W1]. These are maps from A ® A to itself, given by the formulas

Ti(a®b) = Aa)(1®b) and To(a®b) = (a®1)A(D)
T3(a®b) = (1b)A(a) and Ti(a®b) =A(b)(a®1).
See Section 1 in [VD-WIJ]. We get from one set to the other by applying the appropriate

quotient maps, sometimes combined with the flip.

As a consequence of the results in the previous section on the various balanced tensor
products (Proposition |3.9] and Proposition [3.11]), we find the following.

PROPOSITION 4.4. The maps ﬁ,ﬁ, ANT,;T defined above factorize to bijective maps
Tn: AB@PBA » A AP and  T,: Ap® gA — gA® AP
T :Ac® A=A A and T:A®9A - YA A
Proof. Consider the canonical map 77 : AQ A - A® A, given by
Ti(a®b) =A(a)(1®D).

We know that the range of this map is F(A ® A) and that the kernel is the space
(A® 1)(1 — F1)(1 ® A). On the other hand, from Proposition we know that the
projection map 75 : A ® A — zA ® AP, restricted to E(A ® A) is an isomorphism.
Similarly from Proposition we know that the projection map 7: A® A — Az ® A,
restricted to (A ® 1)(1 — F1)(1 ® A) is also an isomorphism. It follows that we have
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a bijective map T, : A ® pA = gA® AP making the following diagram commute:

AR A AR A

TP
Ap® gA —"= ;A® AP

A similar proof can be given for the other cases, using the appropriate results obtained
in Proposition [3.9] and Proposition [3.11] =

COROLLARY 4.5. Let (A, A) be a reqular weak multiplier Hopf algebra. Then the canon-
ical maps of the multiplier bialgebroid (A, B,C,Sg,Sc, A, Ac) constructed above are
bijective.

To verify that this multiplier bialgebroid is a regular multiplier Hopf algebroid, the
technical condition (1) in Definition 5.2 of [T-VD] has to be checked. For that we will
use the counits of the multiplier bialgebroid in the next subsection.

4.2. The left and the right counit of the associated multiplier algebroid. The
source and the target maps €5 and €; of the original weak multiplier Hopf algebra (A, A)
can be used to construct a left counit € g and a right counit e¢ for the associated multiplier
bialgebroid as follows.

PROPOSITION 4.6. Let (A, A) be a reqular weak multiplier Hopf algebra. Then the as-
sociated left multiplier bialgebroid (A, B,ip,Sp,Ap) has a unique and surjective left
counit eg, which is the map fmm A to B defined by

Za(g)S a(1

(a)
Here we use the Sweedler notation for the original coproduct A and S is the original
antipode of (A, A).

Proof. Define ep as above. We see that eg(a) = S~1(/(a)) and this belongs to S~1(C).
It follows that ep is a map from A to B. By definition of B and C, it is surjective, and

by (2.3), it satisfies

ep(za) = zep(a) and ep(Sp(x)a) =ep(a)x
for all + € B and a € A. In particular, the spaces I’ and I® considered in Lemma
3.8 in [T-VD] are equal to B. Proposition 3.9 in [T-VD] implies that the left multiplier

bialgebroid has a unique left counit. We show that this left counit is the map ep.
We have

(e ®)(Ala)(1®D)) Z a2 S~ (an)) @ ag@yb

in A® A for all a,b € A. Because eg(za) = xaB(a) for x € B and a € A, it is easily seen
that, in the multiplier Hopf algebroid framework, this formula reads as

(eB®¢ Z a(g)S a(l) ® a(3)b (4.1)
(a)
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where T,(a ® b) = Ap(a)(1 ®b) in gA ® AP (cf. Notation above) and where the
expression is considered in the balanced tensor product g B ® AP, defined via the
relations z2’' ® a = 2’ ® Sg(x)a for a € A and z, 2’ € B. This space is naturally identified
with CA C A via the map

r®a— Sp(x)A.
If we apply this identification map to (4.1) above, we end up with

Z a(l)S(a(g))a(3)b = ab.
(a)

This shows that ep satisfies the first equation of (3.2) in Definition 3.1 of [T-VD]. Since
T, is surjective, this equation determines ep. m

We have a similar right-handed result.

PROPOSITION 4.7. Let (A, A) be a reqular weak multiplier Hopf algebra. Then the as-
sociated right multiplier bialgebroid (A, C,ic,Sc, Ac) has a unique and surjective right
counit ec, which is the map from A to C given by

eo(a) =) 5 aw)aw).-
(a)

Remark that we have here

ec(ay) =ec(a)y  and  ec(aSc(y)) = yec(a)
for all y € C' and a € A. Moreover we have
(ec ®1),T(a®b) = (ec ® )((1 ® b)Ac(a))
= ZS_l(a(g))a(l) ® ba(3) (4.2)
(a)
in the balanced tensor product ¢C'® A, defined by the relations yy’' ® a = y' ® ay where
a € Aand y,y’ € C.If this space is identified with A via y ® a — ay, the expression (4.2)
yields
Z ba(S)Sfl(a(g))a(l) = ba.
(a)
This is precisely proving the first equation of (4.8) in Definition 4.3 of [T-VD].
Since the left and the right counit are surjective, the multiplier bialgebroid constructed

above satisfies the technical condition (1) of Definition 5.2 in [T-VD] and is a regular
multiplier Hopf algebroid:

THEOREM 4.8. Let (A, A) be a regular weak multiplier Hopf algebra. Then the associated
multiplier bialgebroid (A, B,C,Sg, Sc, Ap, Ac¢) is a reqular multiplier Hopf algebroid.

4.3. What about the antipode? It should be no surprise that the antipode of the
multiplier Hopf algebroid is the same as the original antipode. And it is instructive to
verify the various diagrams in Section 5 of [T-VD]. Consider e.g. the two diagrams in
Definition 5.4 of [T-VD].
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For the first one, we have

w(S® )T, ZS ))ayb

where S is the antipode of the algebroid and Where we use the Sweedler notation for
Ap(a). We use p for the multiplication. On the other hand we have

ﬂ(ScEC ® L Z SC a(l) b = Z S a(l) )b
(a) (a)
where now S is the original antipode and with the Sweedler notation for the original
coproduct on A. We see that we get the same expressions.
For the second diagram, we have similar formulas. On the one hand, we have

e @ 9N\T(a®b) = Z abyS(bea))
(b)
with the antipode of the algebroid and the Sweedler notation for A¢(b). On the other
hand, we find

/L(L@SBSB)(Q(X)Z)) = ZGSB(b(Q)S b(l) Zab(l)S b(2)
(b) (b)
where now we have the original antipode, as well as the Sweedler notation for the original
coproduct. Again we find the same expressions.

5. Multiplier Hopf algebroids arising from weak multiplier Hopf algebra. In
this section we will give a necessary and sufficient condition for a regular multiplier
Hopf algebroid to come from a regular weak multiplier Hopf algebra via the procedure
described in the previous section.

The starting point in this section is a quantum graph with local units (4, B, C, Sg, Sc)
as considered in the second item of Section 3. So A is an algebra with local units, B and C'
are two commuting subalgebras, sitting nicely in M (A), and

Sg:B—C and Sc:C— B

are anti-isomorphisms which need not be mutually inverse.
The basic extra assumption we will need for the main theorem was formulated already
in Section 3.3:

ASSUMPTION. We require that the quantum graph (A, B,C,Sp,Sc) satisfies the equiva-
lent conditions (i)-(iil) of Lemma[3.8] that is, the following equivalent conditions hold:

e B and C are separable Frobenius algebras with separating linear functionals pp
and oo whose modular automorphism groups op and oc coincide with the given
automorphisms Sngal and SpSc, respectively;

o there exists a (regular) separability idempotent E € M(B ® C) such that the asso-
ciated antipodal maps coincide with Sp and Sc, respectively, that is,

E(xz®1)=FE(1® Sp(z)) and (1®y)E=(Sc(y) ®1)E
forallx € B andy € C.
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Before we continue, we need to add some remarks.

REMARKS 5.1.

(i) It will not be sufficient only to require that B is separable Frobenius. It can occur
that there is a separating linear functional ¢ on B as in Definition [3.I] but that it cannot
be chosen so that its modular automorphism o is the inverse of the given automorphism
ScSp of B. Indeed, any automorphism o of B can occur by making appropriate choices
for C' and Sp, Sc. And if o does not leave the center invariant, it cannot be the modular
automorphism of a faithful functional. See also Example (iii) in the next section.

(ii) The extra assumption only depends on the pair of the algebra B and the given
automorphism ScSp. It does not refer to how B and C' are realized as commuting
subalgebras of M(A).

5.1. The main result. Now we assume that moreover A carries two coproducts Apg
and A¢ so that the tuple
(A,B,C, SBvsC7AB7AC)

is a regular multiplier Hopf algebroid. We will proceed from these assumptions and try
to construct an underlying regular weak multiplier Hopf algebra (A, A).

The first step in the procedure is to associate two coproducts A and A’ on A. The
first one will be induced from Apg while the second one from Ac.

Recall that the left coproduct Ap is a map from A to zA ® AB. So by definition we
have elements

Ap(a)(1®b) and Ap(a)(c®1)

in pA® APB for all a, b, ¢ in A. See e.g. the first item in Section 4.

Now consider also A ® A with the two actions of A, given by right multiplication in
the first and in the second factor. This gives rise to the extended module, denoted by
A ® A, whose elements & are characterized by the fact that

E(1@b) and  &(e®1)
are elements in A® A for all b and ¢ in A. Here we can view A® A as sitting in End(A® A)
in the obvious way. This will clearly make A® A into an algebra. In fact, it is a subalgebra
of the algebra L(A® A) of left multipliers of A® A. The situation is similar as for pA® A,
or rather gA X AP as in Section 4.

In Proposition we have seen that the map 0p from A ® AZ to A® A, given by
0p(a®b) = E(a®b) is well-defined and that 7p o 0 is the identity map on A ® AP
where 7 is the quotient map from A ® A to zA @ AB.

We are now ready to obtain the first coproduct A : A — M(A ® A).

LEMMA 5.2. There is a homomorphism A : A — A® A given by

Aa)(1®b) =0p(Ap(a)(1®D)) and Ala)(c®1) =0p(Ap(a)(c®1)) (5.1)
for a,b,c € A. It satisfies A(a) = EA(a) = A(a)E for all a € A. It is coassociative in
the sense that

A2)(A(a)(1@b)(c@11)=(t®A)(A(a)(c®1)) (11 b) (5.2)
holds for all a,b,c in A.
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Proof. (i) From the definition of the map 6p it is clear that

0p(E(1®0D)) =0p()(1®b)  and  Op(f(c® 1)) =0p(£)(c® 1)

for all ¢ € A ® AP and b,c € A. On the other hand, because Ap(a) € A ® AP, it
follows that

(Ap(a)(1@b))(c@1) = (Ap(a)(c@1)) (b 1)
for all a,b,c € A. If we now apply 05 to this last equation, it will follow that A(a) is
well-defined in A ® A by the formulas in .
(ii) By the definition of A(a) we have A(a)(1®0b) = 0p(Ap(a)(1®D)) for all a,b € A.
Because the range of 6p is precisely E(A® A), it is clear that EA(a)(1®b) = A(a)(1®D).
This holds for all b and so EA(a) = A(a) for all a. On the other hand we have

Ap(a)E(p® q) = Ap(a)(p ® Sp(E())E@2)q) = Ap(a)(p® q)

for all a,p,q € A because Ag(a) € gA ® AB. As before, we are using the Sweedler type
notation for £, the fact that the left leg of £ belongs to B and that Sp(E1))E(2) = 1.
See the remark at the end of the preliminary section. If we now apply 6p to the above
equation, we arrive at

A(a)E(p® q) = Aa)(p ®q)

for all a,p,q and hence A(a)E = A(a) for all a.

(iii) Now we show that A is a homomorphism. We take a, o’ and b in A and start
with the formula

Apg(ad')(1®b) = Ag(a)Ap(a’)(1®b) (5.3)
that holds in zA ® AP. If we apply 65 on the left hand side of this equation, we find
A(aa’)(1 @ b) by the definition of A. We now also want to apply 65 to the right hand
side of (5.3)). We claim that 05(Ap(a)é) = A(a)fp(€) foralla € A and € € A ® AB.
Then we find by applying 65 on (|5.3)

Aad')(1®b) = 05(Ag(a)Ap(a’)(1® D))
= A(a)fp(Ap(a)(1®b)) = A(a)A(a’)(1 ® D)

and we are done.

To prove the claim, observe that

05(Ap(a)(p®q)) = Ala)(p® q) = Ala)E(p ® q) = Aa)fp(p® q)

for all a € A and p,q € A. Remark that in the first and the last expression, we view p® ¢
in ;A ® AP and in the second and the third, we consider it as sitting in 4 ® A.

(iv) Finally we prove coassociativity of A as in . As the first leg of F belongs to
the algebra B, we will have

(Ap®@)(E(peq) = (1@ E)(Ap®t)(p®q)
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for all p,q € A. Now take a,b,c € A. Then

(A®)(Ala)(1®Db))(c®1®1)
= (E®1)(Ap®)(E(Ap(a)(1®b))(c®1®1)
=FE1)(1eE)(Ap®t)(Apla)(1®b))(c®1®1).

Similarly we will find

(@A) (Ala)(cx 1))(1®1®b)
=1 E)(t®Ap)(F(Ap(a)(c®1))(1®1®b)
=1®E)E®1)(t®Ap)(Ap(a)(c®1))(1®1®0).

As (E®1)(1®FE)=(1Q@E)(EF®1)in M(A® A® A), coassociativity of A follows from
coassociativity of Ag. m

The proof of coassociativity in item (iv) above needs more and finer arguments. We
have e.g. made no distinction between F(p® ¢) and 05 (p® ¢q) where in the first place, we
consider p ® q as sitting in A ® A while in the second case it is considered as an element
in 3A ® AB. On the other hand, the result is so obvious and to give a more precise
argument will not really clarify the proof.

In a completely similar fashion, we can associate another coproduct A’ on A. Now
we use A®' A for the extended module of elements 7 satisfying and characterized by the
requirement that

(1®bn  and (c®1)n

belong to A ® A for all b,c € A. Recall that the right coproduct A¢ is a map from A to
“A® Ap. We will now use the map ¢ : “A® A, — A® A given by Oc(a®b) = (a®b)E.

LEMMA 5.3. There is a homomorphism A : A — AR’ A given by
(1®b)A'(a) = 0c((1 ®@b)Ac(a)) and (c®1)A(a) = 0c((c® 1)Ac(a))

for a,b,c € A. We have A'(a) = EA'(a) = A'(a)E for all a. The coproduct A’ is
coassociative in the sense that

(c®121)(A®2)(1eb)A(a) =121 A)(ce1)A (a))
holds for all a,b,c in A.

The proof of Lemma [5.3] is completely similar as the one of Lemma [5.2

We would like that these two coproducts coincide. And because A(a) is a left multiplier
and A’(a) a right multiplier of A ® A, it then will follow that A maps A into M(A® A)
for all @ € A. So we will eventually have that A is a (regular) coproduct on A.

We will of course need the given relation between the left coproduct Apg and the right
coproduct Ag of the multiplier Hopf algebroid. However, before we are able to use this
result to obtain the equality of A and A’ on A, we need the counit for each of these
two coproducts. They are obtained in the Lemma below. We will also need an extra
assumption. This will be discussed later, see Proposition [5.9[and the subsequent remarks
there.
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First recall the counital maps eg : A — B and ¢ : A — C obtained in Theorem 5.6
of [T-VD)] for the given multiplier Hopf algebroid. They satisfy, among other properties,
the following equalities:

ep(za) = zepg(a) and ep(Sp(x)a) =ep(a)x (5.4)
ec(ay) = cc(a)y and  ec(aSc(y)) = yec(a) (5.5)
where @ € A, x € B and y € C. See a remark before Definition 5.2 of [T-VD].
We will need this to obtain the counits in the following lemma.

LEMMA 5.4. Definee: A— Cbye=ppoep ande’ : A— C bye' = pcoec where op
and @c are the linear functionals on B and C respectively characterized by the formulas

(pp@)E =1 and (t®pc)E = 1.
Then € is a counit for A and €' is a counit for A’.

Proof. (i) First consider the characterizing property of the left counit e as in the first
equality in (3.2) of [T-VD]. The map = ® ¢ — Sp(x)q from B ® A to A will map
(eB ®1)T,(a®b) to ab for all a,b € A. Recall that T,(a ® b) = Ap(a)(1 ®b). It follows
that

(e®)(Ala)(1©0)) = (pp @ t)(ep @ )(E(Ap(a)(1 @b)))
= (pp @ 1)(E(ep ®1)(Ap(a)(1®D))).

We have used that the left leg of E belongs to B and that eg(xzp) = zep(p) when x € B
and p € A. If we write (ep ® ¢)(Ap(a)(1®b)) as ), x; ® q;, we see that

E(en ® O)(Ap(a)(1@ b)) = Z E(z; © ;) = Z E(1® Sp(z:)q)

and we know that this is E(1 ® ab). Therefore, if we apply pp ® ¢ we get ab and hence
all together we find

(e®)(Al(a)(1®Db)) = ab

for all a,b in A.

(ii) Next consider the second equality in (3.2) of [T-VD]. Now the map p ® x — xzp
from A® B to A will map (: ® ep)Ta(c®a) to ac for all a,c € A. Recall that T\ (c®a) =
Ap(a)(c®1). It follows that

(t®e)(Ala)(c®1)) = (®¢p)(t®ep)(E(Ap(a)(c®1)))
(t®pc)(t®Spoep)(E(Ag(a)(c®1)))

Now
Se(en(yp)) = Sp(en(p)S5' (v)) = ySe(en(p))

for all y € C' and p € A. Using now that the right leg of E is in C, we find that the above
expression equals

(t®@c)(E(® Spoep)(Ap(a)(c@1))).
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We now write (¢t ® eg)(Ap(a)(c®1)) as Y, p; ® x;. Then we see that

E(t®Spoep)(Ap(a)(c®1)) = ZE(pi ® Sp(z;)) = ZE($zpz ®1)

and this is E(ac® 1). If we apply ¢ ® ¢ we find ac and all together we get
t®e)Ala)(c®1) =ac

for all a,c € A.

We see from (i) and (ii) that € is a counit for the coproduct A on A.

A completely similar argument will give that &', defined as ¢ o ¢, is a counit for
the coproduct A’ on A. Here we will need the module properties of e¢ as recalled before
the formulation of the lemma, as well as equation (4.8) in Definition 4.3 of [T-VD]. =

Again, we should be more precise as we indicated already after the proof of Lemma
Moreover we are not even working with genuine coproducts as we just have that A(a)
is a left multiplier and A’(a) is a right multiplier of A ® A for any a € A. Fortunately,
we have taken care of these restrictions. We also do this for the next statement.

We know that the counits are unique provided the coproducts are full. Fullness of the
coproducts A and A’ will be a consequence of the following result.

LEMMA 5.5. We have
AA) (1@ A)=AA)(AR]1)=E(A® A)
(12 AA(A)= (A 1)A'(A) = (A® A)E.

Proof. Because we are working with a regular multiplier Hopf algebroid, all canonical
maps are bijective by assumption (see Definition 5.2 of [T-VD]). In particular, the ranges
of the maps T, and T are all of zA ® AB. On the other hand, we know that the map
fp is an isomorphism of 34 ® A to the subspace F(A ® A) of A® A. Combining these
two results will give

A(A)(1® A) = E(A® A) and  A(A)(A®1)=E(A® A).

Similarly, using that the maps ,7" and 71" have range all of CA® Aq and that ¢ is an
isomorphism form “A ® A, to (A ® A)E, we find

(1® A)A(A) = (A A)E and  (A®1)A'(A) = (A@ A)E.

This indeed implies fullness of the coproducts. Assume e.g. that V' is a subspace of A
so that A(A)(1® A) CV ® A. Then we have E(A® A) CV ® A. Because the left leg
of E is all of B, it follows that BA C V. But as we know that BA = A, we get V = A.
Similarly for the right leg of A and for the legs of A’. Hence these counits obtained in
Lemma are unique.

This property already takes care of the condition on the ranges of the canonical maps
for a regular weak multiplier Hopf algebra. See Definition 1.14 in [VD-W1]. And observe
that we want to obtain a regular weak multiplier Hopf algebra so that we have to consider
not only the ranges of the canonical maps T and T3, but also of the maps T3 and Tj. Of
course, we still need to argue that A and A’ coincide (see further).
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Next we show that the coproducts have the expected behavior on the legs of E. This
is condition (ii) in Definition 1.14 of [VD-WI].

LEMMA 5.6. We have
LRA)E)=(E1)(1®E)=11E)(E®1)
and similarly for the other coproduct A’.

Recall first that we have not yet obtained the equality of A and A’. This implies not
only that we have to prove these results for the two, but also that we have to be a bit
more careful. At this moment, we only know that A(a) is a left multiplier and that A’(a)
is right multiplier of A ® A. This means that formulas should be given a meaning by
multiplying, left or right, and in the appropriate way, with elements of A.

We know the behavior of A and A¢ on B and on C. See the formulas (5.2) in
Section 5 of [T-VDJ. This will imply the same for the coproducts A and A’. We will e.g.
get that A(y) = E(y® 1) for y € C and as C is the right leg of F, this will imply

L®AE=(1®E)(E®1).
In fact, these two results are the same. All the other cases are obtained in a completely
similar fashion. It is also possible to use that the two legs of ' commute.

Next we look again at the canonical maps Ty, T5, T5 and T, associated with the
coproducts A and A’ on A by the formulas

Ti(a®b) = A(a)(1®Db) and  Ty(a®b) = (a®1)A'(b)
T3(a®b) = (1®b)A(a) and Ti(a®b) =A(b)(a®1)
where a,b € A.
In Lemma [5.5| we have obtained the ranges of these maps. The range of 77 and T} is

E(A® A) whereas the range of Ty and T3 is (A® A)E. In the next lemma, we obtain the
kernels of these maps.

LEMMA 5.7. We have
Ker(T}) = (A1) (1 - F)(1® A) and Ker(To) = (A®@1)(1 - F3)(1® A)
Ker(T3) = (1® A)(1 — F5)(A®1) and Ker(Ty) = (1@ A)(1 - Fy)(A®1)
where Fy, Fy, F3 and Fy are as in Proposition 2.6
Proof. Consider the map 7. It is related with the map T}, in the following commuting
diagram (see the proof of Proposition :

AA—" > A A
‘n'l \LTFB
Ty
Ap® gA —"> gA® AP
Soif £ € A® A and if T1(§) = 0, we have T,(75(£)) = 0 and because T}, is assumed

to be injective, we find that also 7(§) = 0. On the other hand, if 7(§) = 0, we have
m5(T1(£)) = 0 and because 7g is injective on the range of 77 we must have T7(£) = 0.



MULTIPLIER HOPF ALGEBROIDS 101

So we see that the kernel of T7 is the same as the kernel of 7. From Proposition [3.11| we
know that the kernel of 7 is equal to (A®1)(1 — F1)(1® A) where F} = (:® S¢)E. This
proves the first formula of the lemma.

A similar argument works in the three other cases. For T, we need the map T, in
the case of T3 we need ,T" and for Ty, the relevant map is T. See Notation @ and the
subsequent remark. In all cases, we again need the results of Proposition 3.11] m

So far we have not considered any relation between the left and the right structures.
We now proceed and try to show that the two coproducts A and A’ coincide. First we
need the joint coassociativity rules.

LEMMA 5.8. For all a,b,c € A we have
(cx1@1)(A"@)(A(a)(1®b) = (@A) ((c®1)A(a))(1@1®b) (5.6)
(A )(1ebA @) (c1l®l)=10120)(® A" (Ala)(c®1)). (5.7)

Proof. We start from the joint coassociativity for the left and the right coproducts of the
original multiplier Hopf algebroid. The first one says that

(c®11)(Ac®)(Ap(a)(1®b) =1 Ap)((c®1)Ac(a)(1®1®Db) (5.8)
holds in “A ® pAc ® AP for all a,b, c € A; see equations (5.3) in [T-VD]. Here the triple
balanced tensor product “A ® pAc ® AP is defined by the relations

PRTGITr =p®Rq® Sp(x)r
pPRqOr=pScly) ®q&r
where p,q,7 € Aand x € B and y € C.

We now proceed as in the proof of the coassociativity of the coproducts A and A’
on A (item (iv)) in the proof of Lemma For all a,b,c € A we have

(c@1@1)(A"@)(A(a)(1®b)=(c®1®1)(Ac ®@)(EA(a)(1®b))(F®1)
=(c®121)(1®E)(Ac®1)(Ap(a)(1®Db))(E®1)
=1E)(c®1®1)(Ac®t)(Ap(a)(1®b))(E®1)

where we have used that the first leg of E belongs to B. On the other hand we have

(@A) (@A (a)1®1eb) =10 E)(t®Ap)(c®1)Ac(a)E)(1®1®D)
=(1E)(t®@Ap)((c®1)Ac(a))(F®@1)(1®1®Db)
=(1®E)(®Ap)(c®1)Ac(a))1®12b)(E®1)

where now we used that the right leg of E belongs to C. So coassociativity as in (5.6))
follows now from coassociativity as in (5.7).

Similarly coassociativity as in (5.7)) will follow from the other joint coassociativity
rule

(Ap@)(1®b)Ac(a)(c®1®1)=(1®12b)(t®Ac)(Ap(a)(c®1))
in equation (5.3) of [T-VD]. =

The remark made after the proof of Lemma [5.2]is also relevant here.
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Finally we are now able to show equality of A and A’. However we need an extra
condition. We will comment on it after the proof of the next proposition.

PROPOSITION 5.9. Assume that the counits € and €' are equal. Then also the coproducts
A and A’ coincide in the sense that p(A(a)q) = (pA’(a))q for alla € A andp,q € AR A.
In particular, A will map A to M(A® A).

Proof. Consider coassociativity as in :
(cx1@1)(A" @) (Ala)(1®b) = (@A) ((c®1)A(a)(1®1®b).
If we apply €’ on the middle leg of the left hand side of this equality, we find
(c®@1)A(a)(1®0D).

If on the other hand, we apply € on the middle leg of the right hand side of this equality,
we find

(c®1)A'(a)(1®b).
So when ¢ = ¢’ it follows that A = A’. =
Let us look closer at the extra condition on & and ¢’
LEMMA 5.10. The counits €,&' and the antipode S satisfy
coS=¢ and e=¢068.

Thus, the counits € and €' are equal if and only if one of them is invariant under the
antipode.

Proof. We have ec o S = S oep by Corollary 5.12 in [T-VD] and ¢c = ¢p o Sg' by
Proposition [3.3] Therefore,

eoS=pcoecoS=ppoecp ==¢.
Moreover, S¢oec = ep oS by Corollary 5.12 in [T-VD] and
o =pcooc =pcoSpoSc=ppoSc
by Proposition [3.3] again, whence
coS=ppoegoS=pcoec=c".m

Remark that the condition € = ¢’ involves the linear functionals 5 and ¢ on the
base algebras B and C, but not only that. Indeed, the counits ¢ and ¢’ are given by
ppoep and pc oec. So, the condition € = &’ involves also the counital maps e and e¢
of the given multiplier Hopf algebroid. A similar remark can be made when the condition
is formulated as the invariance of € under the antipode S.

It is possible to give an example of a regular multiplier Hopf algebroid with a base
algebra B that is separable Frobenius, such that the faithful linear functional ¢ g has the
right modular automorphism, but where the associated counit ¢ is not invariant under
the given antipode S. In fact, such an example already exists in the framework of Hopf
algebroids. We will give such an example in the next section, see Proposition [6.4] and [6.5}
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We now formulate the main result of this section. For completeness and the conve-
nience of the reader, we include all the details. For the notation and concepts in the
formulation, we refer to the preceding.

THEOREM 5.11. Assume that A is an algebra with local units, that B and C are commut-
ing subalgebras of M(A) satisfying AB = BA= A and AC = CA = A, and that there is
a (regular) separability idempotent E € M (B ® C). Denote by

Sg:B—C and Sc:C— B
the anti-isomorphisms characterized by
E(z®1)=FE(1® S(z)) and (1®y)E=(Scly)®1)E
forx € B andy € C, and by op and pc the unique linear functionals on B and C

satisfying
(pp®)E =1 and (t®@pc)E = 1.

Finally we assume the existence of coproducts
Ap:A— gAX AP and  Ac:A—CAX Aq
that turn the quantum graph with local units
(A,B,C,SgB,Sc)

into a reqular multiplier Hopf algebroid.
Then there exist coproducts A and A’ on A with values in the left and the right
multiplier algebra of A ® A respectively, defined by

A(a)(1®b) = E(Ap(a)(1®0)) and (c@1)A'(a) = ((c®1)Ac(a))E

where a,b,c € A. These two coproducts are full in the sense that the left and right legs of
each of them equal A.

The composition g goep is a counit e on (A, A) and the composition pcoec is a counit
g’ for (A, A). These counits € and €' are the same if and only if one of them is invariant
for the antipode S of the original multiplier Hopf algebroid. In that case, the coproducts
A and A’ coincide and the pair (A, A) is a reqular weak multiplier Hopf algebra. Its
canonical idempotent is E and its antipode is the same as the original antipode S of the
multiplier Hopf algebroid.

Proof. (i) We have seen that (A, B,C,Sp,S¢) is a quantum graph with local units in

Example
(ii) In Proposition [3.9) we have shown that there are well-defined maps

Op: pA@ AP 5 A®A  and Oo:“AR A, - ARA

given by
0p(p®q) =E(p®q) and Oc(p®q) =@pPRqE
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for p,q € A. The map 0p is a bijection from A ® AP to E(A® A) and 6 is bijective
from “A ® A, to (A® A)E. They allow us to define A and A’ on A by

A(a)(1®b) = 0p(Ap(a)(1 D))
(c@1)A'(a) = 0c((c®1)Ac(a))

for a,b,c € A. Remark that A(a) is a left multiplier of A ® A and A’(a) is a right
multiplier of A® A for all a. In Lemma and Lemma we have seen that A and A’
are coproducts. As a consequence of Lemma [6.5] we could show that these coproducts
are full in the sense that their two legs are all of A.

(iii) In Lemma [5.4] we have seen that ¢ and &', defined on A as ppoep and Y o ec,
are counits for A and A’ respectively.

(iv) In Proposition [5.9) we showed that the equality e = ¢’ yields that also A = A’. In
fact, this last equality means that A and A’ satisfy e.g.

(c@1)(A(a)(1®b)) = ((c®1)A(a))(1 @)

for all a,b,c¢ € A. Therefore, A(a) and A’(a) determine the same multiplier of A ® A.
Then A : A — M(A® A) is a regular and full coproduct on A as defined in Definitions
1.1 and 1.4 of [VD-W1J. The functional € is a counit for this coproduct A as defined in
Definition 1.3 of [VD-WI]. It is unique because A is full.

We have seen in Lemma that the condition € = ¢’ is equivalent with the require-
ment that e or €’ is invariant under the antipode S of the multiplier Hopf algebroid.

(v) In Lemma we have seen that the ranges of the canonical maps 77 and Ts are
E(A® A) and (A ® A)E, respectively. This takes care of condition (i) of Definition 1.14
in [VD-W1] (definition of a weak multiplier Hopf algebra). We want to show that (A4, A)
is regular and so we also need condition (i) of Definition 1.14 in [VD-W1] for the pair
(A°P,A). For this we need that also the range of the canonical map T3 is (A ® A)FE and
that of Ty is E(A ® A). This is also part of Lemma

(vi) In Lemma [5.6| we found

RA)E)=(F1)(1®E)=(1E)(E®1).

This is condition (ii) in Definition 1.14 of [VD-W1J.

(vi) Finally, we need to see that the kernels of the four canonical maps T}, Ts, T3 and
Ty all satisfy the requirement as in Definition 1.14 of [VD-W1]. This is essentially shown
in Lemma The result there is given in terms of the idempotents F; in M(A ® A°P)
whereas in Definition 1.14 of [VD-WIJ, the condition is in terms of the idempotent
maps G;. However, e.g. in Proposition 4.5 of [VD-WIJ|, we find the relation between
these two.

So we see that all together, we get a regular weak multiplier Hopf algebra (A, A).

To show that the antipode of the weak multiplier Hopf algebra is the same as the
antipode of the original multiplier Hopf algebroid, one can give various arguments. At
the end of the previous section, we have seen that the antipode of the multiplier Hopf
algebroid associated to a given weak multiplier Hopf algebra is the same as the original
antipode. Then the result follows because the antipode of a multiplier Hopf algebroid
is unique. =
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Of course, to make this last argument complete, one has to argue that the two proce-
dures, the one described in Section 4 (from a weak multiplier Hopf algebra to a multiplier
Hopf algebroid) and the one developed in this section (from a multiplier Hopf algebroid
to a weak multiplier Hopf algebra), are essentially inverses of each other. However, this
should be immediately clear from the two constructions.

There is only one subtle detail to observe. If one starts with a weak multiplier Hopf
algebra, then the left and the right counit of the associated regular multiplier Hopf
algebroid, constructed in Propositions and will automatically be surjective. But
in the definition of a regular multiplier Hopf algebroid, this surjectivity is not required. If
one passes from a regular multiplier Hopf algebroid (A, B, C, Sg, Sc, Ap, Ac) to a weak
multiplier Hopf algebra (A, A) as in Theorem and then to the associated regular
multiplier Hopf algebroid as in Theorem the algebras B and C' will get replaced by
the images of the left and the right counit, respectively. Compare also with Lemma 3.7
in [T-VD].

COROLLARY 5.12. Let (A, B,C,Sp,Sc,Ap,Ac) be a reqular multiplier Hopf algebroid
with antipode S and left and right counits eg and ec. Assume that the following conditions
hold:

(i) the algebra A has local units;
(ii) the algebra B is a separable Frobenius algebra;
(iii) there exists a separating linear functional pp for B such that the composition ¢ :=
wp o ep is invariant under the antipode in the sense that € 0 S = ¢;
(iv) the left counit ep is surjective, that is, eg(A) = B.

Then there exist

(a) a (regular) separability idempotent E € M(B ® C) and unique linear functionals
vp and pc on B and C satisfying

E(z®1)=E(1® Sp(x)), (pp@LE =1,
(1®y)E = (Sc(y) ®1)E, (L®¢o)E =1
(b) a unique coproduct A on A such that
A(a)(1®b) = E(Ap(a)(1 ®b)) and (c®@1)Afa) = ((c®1)Ac(a))E
for all a,b,c € A.

The pair (A, A) is a regular weak multiplier Hopf algebra with separability idempotent E,
counit € = pp oep and antipode S.

Proof. We show that condition (iii) above implies condition (i) in Lemma Then
Lemma [3.8]implies (a) so that we can apply Theorem [5.11]and obtain (b). Let a € A and
x,2" € B. Then the relations ([5.4)) and the assumption € o S = ¢ imply
pp(rep(a)) = e(za) = £(5(a)S(x))
and  ¢p(ep(a)Sy' (S¢' (@) = (S5 (2)a) = £(S(a)z).
But by surjectivity of ep and equation (3.5) in Proposition 3.5 of [T-VDI, ¢(S(a)S(z)) =
e(S(a)x). Thus, the modular automorphism of g is equal to S5'S;'. =
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6. Examples and special cases. In this section we will give examples and discuss
some special cases. The aim is to illustrate various aspects of our results in the previous
sections.

Let H be a group acting from the left on a space X and denote the action as h x & —
h.x for h € H and x € X. The set of triples

G={(y,h,x)|z,y € X,h € H and y = h.x}
is a groupoid when the product of elements (y, h,u) and (v, k, x) is defined for u = v by
(y; hyu)(u, k) = (y, hk, x)

where z,y,u,v € X and h,k € H. This example of a groupoid illustrates very well the
fact that the structure is a combination of two other ones, say that of a space and that
of a group. Similarly, in the case of a weak multiplier Hopf algebra, as well as in that of
a multiplier Hopf algebroid, there a two distinguished aspects. There is the base algebra
on the one hand, corresponding to the ’space’ aspect, and the Hopf-like structure on the
other hand, corresponding to the 'group’ aspect.

It is also clear from what we see in this paper that the relation of a weak multiplier
Hopf algebra and its associated multiplier Hopf algebroid is situated mainly on the level
of the base algebra, i.e. the 'space’ ingredient. For this reason, we start our examples with
weak multiplier Hopf algebras and multiplier Hopf algebroids where the second aspect,
the ’group’ ingredient, is trivial.

6.1. Examples with a trivial Hopf-like structure. Recall first the following example
of a regular weak multiplier Hopf algebra from Section 3 in [VD-W?2].

EXAMPLE 6.1. Let B and C be non-degenerate idempotent algebras and assume that E
is a separability idempotent in M (B ® C). Let A be the algebra C' ® B. We identify B
and C with their natural images in M(A) and hence we write yz for y ® x in A where
(also further) x € B and y € C. We have that the images of B and C in M(A) commute
and so zy = yx. There is a full and regular coproduct A on A defined by

Alyz) = (y @ 1)E(1® )
for x € B and y € C. The pair (A, A) is a regular weak multiplier Hopf algebra. The
source and target maps are given by
es(yz) = Sc(y)x and er(yx) = ySp(x).
The antipode is given by S(yx) = Sp(x)Sc(y). The counit is given by the formulas
e(yz) = po(ySp(x)) and e(yz) = ¢p(Sc(y)z). For details we refer to Proposition 3.3
of [VD-W2].
We now obtain the following result.

PROPOSITION 6.2. Consider the regular weak multiplier Hopf algebra (A, A) from Ex-
ample [6.0] and the associated regular multiplier Hopf algebroid as in Section 4 of this
paper. The spaces gA® AP and “A® Aq are naturally identified with C® A and A® B
respectively via the maps

y'r' @ yr — vy @ Sp(a)yx and y'r' @yx— y'2’'Sc(y) @z
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whenever x,x’ € B and y,y’ € C. The left and right coproducts Ag and Ac then both
take the form
Ap(yr) =y and Ac(yz) =yQu

for x € B and y € C where in the first case y ® x is considered in C @ M(A) and in
the second case in M(A) ® B. The counital maps ep and ¢ of the associated regular
multiplier Hopf algebroid are given by

ep(ry) =aSp'(y)  and  ec(zy) = S5'(x)y
forx e B andy e C.

The proof is straightforward.

We can verify the formulas we get in Proposition [.6] for the relation between the
source and target maps €5 and ¢, as we have in Example and the counital maps ep
and e¢ as found in Proposition [£.6] and [47] in Section 4 of this paper. Indeed we get

ep(zy) = S~ (es(yx)) = S5' (ySp(x)) = 2S5 (y)
ec(ay) = S7 (es(yz)) = S5 (Sc(y)z) = Sg' (x)y
for x € B and y € C and we see that the formulas in Example 6.1 and in Proposition [6.2]

are in accordance with the result of Proposition [4.6] and [£.7]
The above example is considered already in Section 7 of [T-VD].

We now use the above example to consider some examples of multiplier Hopf alge-
broids that do not arise from a weak multiplier Hopf algebra. For this we first remark
that any pair of non-degenerate algebras B and C' with anti-isomorphisms S : B — C
and S¢ : C — B give rise to a regular multiplier Hopf algebroid as in Proposition [6.2}
See Section 7 of [T-VDI.

EXAMPLE 6.3.

(i) Take any non-degenerate idempotent algebra B. Let C' = B°P, take for Sp the
identity map and for S¢ its inverse. This will give a multiplier Hopf algebroid. If B is
not separable Frobenius, it cannot come from a weak multiplier Hopf algebra.

(ii) Again take a non-degenerate and idempotent algebra B and C' = B°P. Take again
for Sp the identity map, but now let S¢ = 0’1,9];1 where o is a given automorphism of B.
Again this will give a regular multiplier Hopf algebroid. If B is not separable Frobenius,
it cannot come from a weak multiplier Hopf algebra.

(iii) Consider the situation as in (ii). If B is separable Frobenius, but if the automor-
phism o does not leave the center of B invariant, the regular multiplier Hopf algebroid
still has no underlying weak multiplier Hopf algebra. Indeed, for any faithful linear func-
tional ¢pp on B with a modular automorphism op, this modular automorphism op will
leave the center of B invariant and so it cannot be the given automorphism o.

(iv) Finally, if B is separable Frobenius, we know that any faithful linear functional
will be a separating linear function. Therefore if in (iii) the automorphism is a modular
automorphism of some faithful linear functional, then the given multiplier Hopf algebroid
has an underlying weak multiplier Hopf algebra as in this paper. Also conversely, for such
a weak multiplier Hopf algebra constructed from a pair of algebras B and C' with anti-
isomorphism Sp and S¢ as in Example [6.1} we know that B is separable Frobenius and
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that there is a separating functional ¢ with a modular automorphism that coincides with
the inverse of the automorphism S¢Sg of B.

It is still not clear if, in the case of a separable Frobenius algebra B, any automor-
phism leaving the center invariant will be the modular automorphism of a separating
linear functional. If this is the case, the situation as in Example would be completely
understood.

6.2. More multiplier Hopf algebroids without an underlying weak multiplier
Hopf algebra. With the next example, we show that there are cases were the base
algebra of a regular multiplier Hopf algebroid satisfies all the required conditions but
where the two coproducts A and A’ do not coincide. Hence also in this case, the multiplier
Hopf algebroid will not result from a weak multiplier Hopf algebra.

We start with any regular weak multiplier Hopf algebra (A, A). We assume that u,v
are invertible elements in the multiplier algebra M (B) of the base algebra B satisfying

E(vu® 1)E = E. (6.1)

This condition is fulfilled if v and v are each others inverses. However, there are other
cases. Indeed, consider v’ = Sp(v) and v’ = S (u) so that

Evue ©)E=Eve ) (ue 1 )E=E(1xJ)(1ou)E=E(1&vu)E.

We see that condition is also fulfilled if v’ and v’ are each others inverses. If Sg and

Sc are each others inverses, this happens only if © and v are inverses of each other, but

otherwise, it can happen that v’ and v’ are inverses of each other while u and v are not.
In [VD3] the following is proven. We use the notation as above.

PROPOSITION 6.4. Define A'(a) = (u ® 1)A(a)(v ® 1) for all a in A. Then (A,A") is
again a regular weak multiplier Hopf algebra. The canonical idempotent E' of (A, A’) is
(u®1)E(v®1). The counit €' for the new pair (A, A’) is given by a — e(u"tav™1) or
equivalently by a — (W'~ 'av’™") where € is the counit for A. The new antipode S' is
given by S'(a) = uS(vav= )u=! where S is the antipode of the original pair (A,A). For
the new source and target maps €', and €}, we have

/
S

/

el (a) = ues(u'a) and  £i(a) = g(a’ v for all a.

Observe that the base algebra B is the same for the two weak multiplier Hopf algebras
(A,A) and (A,A’). The same is true for the base algebra C. However, the associated
anti-isomorphisms S and S;, are not the same as Sp and Sc. Instead they are given by

Sh(x) = Sp(vrv™!) and  SH(y) = uSc(y)u™!
forzx € Band y € C.
In [VD3] it is also shown that we have mized coassociativity. This means that
(A" ®@0)A(a) = (L ® A)A(a) and (A®)A'(a) = (L ® A")A(a)

for all a € A. These two relations make sense in the multiplier algebra M (A ® A ® A),
either by covering with the necessary elements of A of by extending the maps involved.

Then the two coproducts are used to obtain a regular multiplier Hopf algebroid (see
Theorem 2.3 in [VD3]). We use the terminology from [T-VD].
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PROPOSITION 6.5. Consider the quantum graph (A, B,C, Sg, Si). Define a left coproduct
Ap on A as in Pmposition using the coproduct A and define a right coproduct Ay
on A as in Proposition using the new coproduct A'. Then (A, B,C, Sg,Sc, A, A)
is a regular multiplier Hopf algebroid.

The proof is straightforward and details are found in [VD3]. The antipode S, of this
multiplier Hopf algebroid is given by S,.(a) = uS(a)u~! for a € A where S is the original
antipode of (A4, A) (see Proposition 2.5 in [VD3]).

It is also clear that the regular multiplier Hopf algebroid obtained in this way will not
come from a single weak multiplier Hopf algebra, except if the two coproducts A and A’
are the same, that is if the elements u and v are central and each others inverses.

7. Conclusions and further research. In Section 4 of this paper, we have seen how
any regular weak multiplier Hopf algebra gives rise, in a natural way, to a regular multi-
plier Hopf algebroid. On the other hand, in Section 5, we have obtained various criteria
for a regular multiplier Hopf algebroid to arise in this way.

There are several conditions and of a different nature. In the first place, the base
algebra B has to be separable Frobenius. This however is not sufficient. Indeed, the two
anti-isomorphisms Sp and S¢ are given, as well as the automorphism o of B, defined
as the inverse of the composition S¢Sp of the two anti-isomorphisms. If now this auto-
morphism does not leave the center invariant, it cannot be the modular automorphism
of a faithful functional on B. This means that, even if B is separable Frobenius, the
given regular multiplier Hopf algebroid will not have an underlying weak multiplier Hopf
algebra. We have seen in Section 6 that this situation can occur.

Besides of these conditions on the base algebras B and C' and the given anti-isomor-
phisms Sp and S¢, there is still another condition, of a completely different nature. Even
if all the necessary conditions on these objects are fulfilled, the left and right coproducts
Ap and Ac may give rise to different coproducts A and A’ on the algebra A. Also in
this case, there is no underlying weak multiplier Hopf algebra. Again, we have seen in
Section 6 that this can occur.

This takes us to two interesting questions. First, is it possible to formulate a condition
on the given multiplier Hopf algebroid, not related in any way with the conditions on the
base algebra, that guarantees the equality of these coproducts if they exist? The second
question goes in the other direction. Is it possible to develop a more general theory of
weak multiplier Hopf algebras where two different coproducts A and A’ are allowed,
related with each other only by the joint coassociativity rules? Would any such theory
make sense? We see that there are examples.

In other words, one may wonder if either the axioms of a weak multiplier Hopf algebra
are too restrictive or if the axioms of a multiplier Hopf algebroid are too general.

Finally, there are two other aspects that need to be considered. First, there is the
theory of integrals, both in the case of regular weak multiplier Hopf algebras and for
regular multiplier Hopf algebroids. The relation between the two should not give any
surprises. Secondly, there is the non-regular case that has to be examined. Of course,
before this can be done, it would be necessary first to develop the more general theory
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of non-regular multiplier Hopf algebroids. On the other hand, the obvious link between
the non-regular weak multiplier Hopf algebras and the multiplier Hopf algebroids, might
be the source of inspiration to do this.
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