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A HILBERT-TYPE INTEGRAL INEQUALITY
WITH A HYBRID KERNEL AND ITS APPLICATIONS

BY

QIONG LIU and DAZHAO CHEN (Shao Yang)

Abstract. We prove a multi-parameter Hilbert-type integral inequality with a hybrid
kernel. We describe the best constant in the inequality in terms of hypergeometric func-
tions. Some equivalent forms of the inequalities are also studied. By specifying parameter
values we obtain results proved by other authors as well as many new inequalities.

1. Introduction. Let §(z) (> 0) be a measurable function on (0, 00)
and p > 1. Denote

£2(0.00) = {hi [l i= (§ I o) < o),
0

14(0,00) := { B |1l = (Osoe<x>|h<x>|de)l/ "< oo},
0

If f,g >0, f,g € L*(0,00), || fll2, lgll2 > 0, we have (see [I])
(1.1) S S f(x)g(y)

drd
ety e <7lflalglz,

00
where the constant factor 7 is best possible. Inequality (1.1) is known as the
Hilbert integral inequality. In 1925, Hardy—Riesz gave an extension of (1.1)
by introducing a pair of conjugate indices (p,q) (see [1]). Namely, if p > 1,
1p+1/g=1, f € L7(0,00), g € L4(0,00), [|fllp, lglly > 0, then

T @)y ™
(1.2) § é‘x%_ydxdy-< 551;755HprHgHm

where the constant factor m is optimal. Inequality (1.2) is referred to

as Hardy—Hilbert’s integral inequality, which is important in analysis and
applications (see [2]). Recently, Yang et al. (see [§], [I1], [9], [6]) studied

2010 Mathematics Subject Classification: Primary 26D15.

Key words and phrases: Hilbert-type integral inequality, best constant, hybrid kernel,
hypergeometric function.

Received 16 March 2009; revised 30 June 2015 and 11 November 2015.

Published online 4 January 2016.

DOI: 10.4064/cm6572-1-2016 [193] @© Instytut Matematyczny PAN, 2016



194 Q. LIU AND D. Z. CHEN

. 1 1 1 . A . .
the'lntegral kernels T el Gl ?mln{.x,y}) , by 1'ntrodu01'ng
an independent parameter A; the corresponding Hilbert-type integral in-
equalities are as follows:

1 @)

(1.3) ¢ @t gp = <BO2ND 2o llgllze
00
where A > 0, <p( ) = 2!'7* and B(u,v) is Euler’s beta function;
T
(1.4 S S RO gr 4y < 2B0/2,1 - V]l pllgla

jz =y}
where 0 < A < 1 and ¢(z) = ',

TT f@)gly)
(15) )} et 17

where A > 0 and ¢(z) = 2'7; and

|24

dz dy < *||f||2,ga\|9

o0 00

(1.6) | § (min{z, y})* f(@)g(y) do dy < %”fHZ,sOHQHQ,%
00

where A > 0, ¢(x) = 2!}, All constants in these inequalities are optimal.
At the same time, some Hilbert-type integral inequalities have been ob-
tained by suitably mixing these kernels (see [10], [7]):

OSOOSO f(@)g(y)
| — y|'~(min{z, y})*

where 0 < A < 1/2, and

(1.7)

drdy < B(1/2 =X, A)||fll2llgll2,

s )| g gy g )
. T ay 2119112,
N S ERIR
where A > 0. Again the constants are best possible.
In this paper, by introducing some parameters, and using weight func-

tions and techniques of real analysis, a Hilbert-type integral inequality and
|z—y[*1 (min{x,y})*2
(z+y)*3 (max{z,y})
given. Moreover, we prove that the constant factors linked to the hyperge-
ometric function are optimal. As applications, some interesting results are

obtained by selecting special parameter values.

its equivalent form with a hybrid kernel k(z,y) := are

2. Some lemmas. We need the following special functions (see [3]): the

I'-function
o0

(2.1) I'(z)= S e “utdu (2> 0),
0
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and the g-function: if u,v > 0,
1

© tufl tufl + tvfl
o (L+1) 5 (L+1)

1
=@ -t dt = B(v,u).
0

If Re(y3) > Re(7y2) > 0 and |arg(1l — z)| < m, the following function is
called the hypergeometric function:

I'(v3)
I'(y2) I (v3 — 2

LEMMA 2.1. Forp > 1, A1 > —1, A3, A4 > 0, and Ao + A3+ Ag > Aq,
define the weight function
w(p, A1, A2, Az, Mg, )

o0

- |z — y[M (min{z, y})*> y
— ) (@4 y)s (max{z, y})M ppQstra—Ai-2-2)/2

1
(23)  F(71,72,73:2) = ) et -tz dt.
0

(>\3+)\4—/\1—>\2—2)/2

dy (y>0),
0

where 1/p+1/q = 1. Then
w(p, A1y A2y Az, Aty ) = C(A1, Mg, Ag, Ag)z PRst M= li—re=2)/2-1
where
2 (A2t Py 4 1)
F(>\1+>\242r/\3+>\4 + 1)

M+A3+ A=A A+ A+ A3+ )\
5 , > +1,—1].

(2.4)  C(A, A, A3, \) =

X F<)\3,

Proof. Set y/x =t. Then
w(p, A1, A2, Az, Mg, )

0 (>\3+)\4—/\1—>\2—2)/2

= | |z — y|M (min{z,y )™ y d
B (x + y)*3 (max{x, y})M gpAstra—A1-A2-2)/2¢ Y
i~ M (i A2 2 A3+ g —A1—Aa—
— pPstAa—A—-A2—2)/2—1 S |1 —t 1(m1n{17)\t}) 2p(Aa A4 A 1—A2—2)/2 »
0 (L4 1) (max{L, £}
— pPQstAa—A1—A2—2)/2-1
[ (1= Mt b2/ Tt — 1)MtPs—M—Ae—Aa=2)/2
X |:S 1 )\3 dt + S 1 )\3 dt
0 (1+1) 1 (1+1)
1 —_ —
st Ai A Aa—2yja1 [ (1 = )Mo AsTA )2
= | ) dt
) a+m
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1
— 2x—p()\3+>\4—)\1—>\2—2)/2—1 Sto\2+)\3+)\4_>\1)/2_1
0
x (1— t)(()\1—0—)\2+)\3+)\4)/2+1)—()\2+>\3+)\4—)\1)/2—1(1 + t)—)\g dt

= C()\l, Ao, A3, /\4)g;*p()‘3+>\4*)\17/\272)/271'

LEMMA 2.2. Forp>1,1/p+1/g=1, A1 > =1, A3, A4 >0, Ao+ A3+ )\
> A, 0<e < (A+ A3+ A — A\1)/(2q), and € small enough, define the real
functions as follows:

i =" z€(0.1),
el\l) = $(>\3+>\4—/\1—>\2—2)/2_5/p7 x € [1,00);
o0 ye o1,
ge(y) = yRastrha—d—2o=2)/2-¢/q 4 (1, 00).
Then
00 _ 1/
N e R

0 (A3+Aa—A1—A2—2)/2—1 ~ 1/q
g(A3t+Aa—A1—A2— )/—gg(y)dy} e =1,

<

Sy

0
26) Teime| | L2200 lﬁmm{x I )iy dody

)

o o (@+y)s (max{z, y})M
>C()\1,)\2,)\3,)\4 (1—0( )) (€—>0+).
Proof. We easily obtain

oo - 1/ 1/
H PN =22)/2-1 () dx] P “ Y1 e 5 )dy] ‘“
0 0
r Uppe 1/q
= [ S xE dm} Hy‘l_g dy} e=1.
1 0
_ _ et B2
Since F(t) A== at 2 )2ZE Y/ 4o continuous in (0,1], and

- (1+6)%s
lim;_,o+ F'(t) = 0, there exists M > 0 such F(t) < M. Hence, by Fubini’s

theorem (see [4]),

L TT ey minge gy
Ie-e(S) § (z + ) (max{z, y})Mf( )9(y) dx dy

Aat+Aa—M1=A2=2)/2—¢/p 4. “ |z — y|M (min{z, y})*
) Gy maxte, g}

—c{al
1

% y()\3+>\4—>\1—>\2—2)/2—5/q dy
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i [ 030 1=t (minfl, g} pepQa et dem2/2mels ]
t

=c|o™de (1 + )% (max{1,t})

1 1/

(o0}
€ S x e dx
1

dt

|:§ (1 _ t)/\1t(/\2+/\3+)\47/\172)/275/q

A
5 (1+1t)rs

00 t _ 1 Alt()\g—)\l—)\g—)\4—2)/2—€/q
+ | t-1) - dt}
| (1+1¢)%s
00 1z Ao+ AstAa—A —2)/2—¢/
e (l—t) 1 A2+ A3+ A4 1 q
—ESCE dx S (1+t)>‘3 dt
1 0
| PRI S T() 1)
F()\1+)\2<2F/\3+)\4 + 1— 2)
A A A — A A A A A
><F</\3, 2 + 3-12— 4 1_57 1+ 2-2F 3+ 4+1_57_1>
q q

PR L () 4 1)

_I_
F()\1+>\2—5>\3+)\4 +1+ 3)

XF()\g,)\2+)\3+)\4_)\1 +€7>\1+)\2+>\3+)\4+1+€’_1>
2 q 2 q
00 1/x MOz FAa—A1—2)/2—¢
1 — )M p(Ae+Az+Aa—A1-2)/2-¢/q
—€ S r 18 dx S ( ) X dt
. 5 (1+1t)s
20 (A2AstM=A) D) 4 1)
> F()‘1+/\2;)‘3+)‘4 +1)
o F<)\3, >\2+/\3-;)\4—)\17 /\1+)\2-;)\3+)\4 +1’_1> +or(1)
—1 B E
oo T (1 — )L A2 M) /2 (e+ VE) Jg 41+ E/q
—5895_1[8 ( ) t X t dt]daz
. 5 (L+1t)7s 1—1t
0 zt 1+ ¥e/q
> C (M, A2, A3, M) + 01(1) — Me | x_l[ | Hdt} dz
1oo o] " 1
= O(A1, A2, Az, M) +o1(1) = Me Y | o™ “ t_1+k+%/th} da
k: 01
= C(M1, A2, A3, A - M
(17 2y N3 4)+01 EZ k?'i‘\[/q)

:C()\l,/\g,)\g,)\4)(1—0(1)) (5—)0+).
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3. Main results and applications

THEOREM 3.1. If p>1,1/p+1/g=1, A1 > —1, A3, A4 > 0, Ao+ A3+ g
> A1, o(z) = x—P()\3+>\4—>\1—)\2—2)/2—1; U(y) = y—fI(A3+>\4—>\1—>\2—2)/2—17 and

f € Lg(()? OO); g & qu/,(oa OO); HQHq,w > O, then

T |z —y[* (min{z, y})*
3.1 dxd
B0 o (o, gy () oy
< C(A1; A2, A3, M) | fllpuo 19l .5
where the constant factor C (A1, A2, A3, A1) defined in (2.4) is best possible.

Proof. From Holder’s inequality, Fubini’s theorem, and Lemma 2.1, we
obtain

(3.2)

00 00 |x—y|>‘1(min{:c,y}))‘2
(S) (S) (z 4+ y)*s (max{x, y})* f(x)g(y) dz dy

_OOOO |z — y[M (min{z, y})2 [yPetra—r—-22-2)/(2p)
- §) §) (x_i_y))\J(max{x y})A4 aj(>\3+A4_>\l_>\2_2)/(2q)

2(A3+A—A1—2A2-2)/(29)
<

X

yQstAa—A1—32-2)/(2p) ] f(@)g(y) dz dy

N T —
(x + y)*s(max{z,y})r  PPs+ra—Ai—-22-2)/(29)

1/p
dx dy]

0
OSOOSOIJC— yP(min{e, yhegiy) aPehehez i
0o (@ty)e(max{z, y})M ylaOstr—n—x—2))/p) “

1/p 1/q
{ w(p, A1, A2, A3, Ag, ) fP (@) dw} { Vg, A1, A2, A3, A, 0)g%(w) dy}
0

0
0
(A1s A2, Az, Aa) | llpoll 9l g

Now assume equality holds in (3.2). Then according to [5], there exist two
nonzero constants A and B such that

y()\3+>\4—)\1—)\2—2)/2 . (>\3+)\4 Al —A2— 2)/2
O ey @) =D yq@ﬁm—xl—m—z)/@p)g ‘W)

a.e. in (0,00) x (0,00).
Thus
Al.—P(/\3+>\4—>\1—/\2—2)/2fp(m) _ By—Q(A3+/\4—>\1—)\2—2)/29q(y)
a.e. in (0,00) x (0, 00).
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Assuming that A ## 0, there exists y > 0 such that
B
Ax

a.e. in (0, 00),

g POsFAM= M= Ae=2) /2= gp gy — [y maQat =M= =2)/2 50 ()]

which contradicts the fact that 0 < || f||,, < oco. Thus inequality (3.2) is
strict.

If the constant factor C'(A1, A2, A3, A1) in (3.1) is not optimal, then there
exists a positive K < C(A1, A2, A3, A1) such that (3.1) is still valid if we
replace C'(A1, A2, A3, A1) by K. Hence by (2.5) and (2.6), we have

C()\l, )\2, )\3, )\4)(1 — 0(1)) < K.

Letting e — 07, we get K > C(\1, A2, A3, \4), which contradicts the fact
that K < C(\1, A2, A3, \1). Therefore C(A1, A2, A3, A\4) in (3.1) is the best

constant.
THEOREM 3.2. Under the conditions of Theorem|3.1], we have
) ) .
69 S ] Rt )
< CP(A1, A2, A3, A || f]
where the constant factor CP(A1, A2, A3, \y) is best possible.
Proof. Define

p
p7so’

flx), fz) <n,

n, f(z) > n.

Since 0 < || f||p,e < 00, there exists ng € N such that 0 < S;L/n o(z)[f(x)]h dz
< 00 (n > ng). Setting

aOgtA-A—dp—2)/241 [ 1 |z — y|>‘1 (min{z, y})/\z p/e
= -1 nd
gn(y) =y ; [§ (1 9 (max{z. gy Ol

(I/n <y <mn,n>ng),
when n > ng, by (3.1), we obtain

n

34 0< | vwgl(y)dy
1/n

T gOgtAa A A -2)/241
U

1/n 1/

z — y[M (min{z, y})*? P
(’.%' n ::j)’)‘?rgmax{{x,yy}}))’\él [f(x)}n dx} dy
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_{ (oM minge e .
=) G, gy o) e

n

<cOunr ] | elr@nas}”{ | v i)

1/n 1/n

1/q

Moreover, by (3.4) we have
n o0
35)  0< | v(u)gl(y)dy < CP(A1, A2, A5, M) | (@) 7 () d < o0,
1/n 0
and it follows that 0 < |[fp,, < oo. For n — oo, by (3.1), both (3.4)
and (3.5) still keep the form of strict inequalities. Hence we have inequal-
ity (3.3).
It remains to show that the constant CP(A1, A2, A3, A4) is optimal. As-
sume that (3.3) holds with some K > 0. Then by Holder’s inequality and
Fubini’s theorem, we have

‘J} — y‘Al mln{x y})
§) (S) (@ ) (max{a, g | H9W) dedy

T a —A1=2p-2) — y|M (mi A
T e Tl i) @),
(z + y)*3 (max{z, y} )M
—a(A3+Ag—A1—Ap—2)/2—1
X {y Pla=D g(y)} dy
O0 (34— A—Ag—2)/2+1 Tz —y|M (min{z, y) 2 f (2 » 1/p
i [l e I

(@ + y) (max{z, y})™

0 0

0 0

Now from Theorem it follows that K/? < C (A1, A2, A3, A\g). Therefore
Cp(>\1, A9, A3, )\4) is optimal in (3.3). [

Selecting some special parameter values in (3.1) and (3.3), and using
mathematics software to calculate, the related results of the references are
obtained, and new Hilbert-type inequalities and their equivalent forms are
given.

ExXaAMPLE 3.1. Setting p = ¢ = 2, and respectively letting \; = Ay =
)\4:0,)\3:)\>0;>\1: )\(0<)\<1))\2—)\3—)\4:
M =X =XA3 =0, =XA>0 XA =23 =X =0, )\2—)\>0
by (2.4) we get C'(0,0,X,0) = B(A\/2,)/2); C(—X,0,0,0) =2B(A\/2,1— \);
C(0,0,0,A\) =4/X; C(0,A,0,0) = 4/\. Hence, by Theoremsand we
obtain (1.3)—(1.6) and their equivalent forms.
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EXAMPLE 3.2. Letting A1 =a, Ao =08, A\s=X s =0and a > —1, 3 > q,
by (2.4) we have C(a, 3,0,0) = 2B(a+1, (8 — «)/2). For f € L%(0,00) and

g € LL(0,00) llgllg.» > 0, by Theorems and We have the
following equivalent inequalities:

o0 OO

(36) | ||z —y*(min{z,y})’ f(2)g(y) dz dy

00

B—

< 23<a+ 1, abs

25 Il
T aB-a-2)/q41
Vv

T gy {OSO [ — y|* (min{, y})° f(2) dz "

0 O < (a1 252 I

where @(z) = aP@tBA+2)/2=1 y(y) = ye(@+B+2)/2=1 Moreover, the con-
stants 2B(a+1, (8 — a)/2) and [2B(a+1, (8 — «)/2)]" are optimal in (3.6)
and (3.7), respectively. In particular taking p =g =2, a =X -1, = =),
we get 0 < A < 1/2, C(A —1,-X,0,0) = B(1/2 — \,\), o(z) = 9(y) = L.
By (3.6) and (3.7), we get (1.7) and its equivalent form.

(3.7)

EXAMPLE 3.3. Letting A1 =a, Ao =XA3=0,y, =fFand a > —1, 3 > q,
by (2.3) we have C(, 0,0, 3) = 2B(a+1, (8 — «)/2). For f € L%(0,00) and
g € LE(0,00) llgllg.» > 0, by Theorems and We have the
following equivalent inequalities:

o0 0

(3.8) S S(|x_y|a6f< )g(y )dacdy<2B(a+1 /62 )

0 max{z,y})

[e.9]

39 |y
0

oonions [ o~ yjof(z) o
y[é (tmax{z, y})7

< (a1 252) st

where @(x) = x PB=a=2)/2=1 4 (y) = y~9B=2=2)/2=1 Moreover, the con-
stants 2B(a+1, (8 — )/2) and [2B(a+1, (3 — a)/2)]p are optimal in (3.8)
and (3.9), respectively. In particular takingp =g=2,a=A—1, =X >0,
we get C(A —1,0,0,A) = B(1/2,)), ¢(z) = ¢¥(y) = 1. By (3.8) and (3.9),
we obtain (1.8) and its equivalent form.

EXAMPLE 3.4. Letting \{ =a, Ao =A4 =0, 3=Fanda > -1, 8 > q,
by (2.4) we get

20 (o + 1)1 (232 ) (/3 B-a atpB _1>.

C ,0, ,0 - ’
R 2
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For f € L%(0,00) and g € L{(0,00) with || f|lpes [lgllge > 0, by Theo-
rems [3.1] and [3.2] we obtain the following equivalent inequalities:

[z -yl
(3.10) § §)(x+y)ﬁf( 2)g(y) dz dy < C(e, 0, 3,0)

ap=e—2)/zr) Tle—yl*f) 1P
d LA LA et A |

7w’

(3.11) Sy < CP(a, 0, 8,0)[[ £1I7
0

0
where @(z) = x7PB=2=2/2=1 and ¢ (y) = y~1#=>=2/2-1 Moreover, the
constants C(a ,B,0) and CP(a,0,3,0) are optimal in (3.10) and (3.11),
respectively. In particular taking p = ¢ = 2, « = —1/2, 8 = 1, we get
C(-1/2,0,1,0) =, go(x) = 1/y/z, and obtain the equivalent inequalities

o0 0 )
(3.12) § ety mdwdy<7f\|f\lz,<pl\gllz,w
f(@)

vd { P =

where the constants 7 and 72 are optimal in (3.12) and (3.13), respectively.

EXAMPLE 3.5. Letting A\y = Ay = 0, Ao = a, A3 = f and S > 0,
a+ >0, by (2.4) we get

c.ap0) = (8.5 5 1),

For f € L%(0,00) and g € L{(0,00) with || f|lp.es [lgllg > 0, by Theo-
rems [3.1] and [3:2] we have the following equivalent inequalities:

(3.13)

g
|

2
dw} <2fIB.0

(min{z, y})*f(2)g(y) ,
(3.14) (S)(S) o+ 7P dz dy

4 +5 a+
< (852 1) Ul
T alats-2)/a+1 (min{z,y})*f(z) , ¥
(3.15) y a1 dy[ d:v}
(S) (S) (z+y)”
4 a+p8 a+p P
<[a+,6 <B’ 2 H’_l)]

where go(x) = g P(B=a=2)/2-1 and (y) = y~9B—2=2/2=1 Moreover, the
constants oTrB (ﬁ,w,a#} + 1, —1) and [oHr,B (ﬁ,a—w,w +1 —1)}

are optimal in (3.14) and (3.15), respectively. In particular taking p = ¢ = 2
and o = 3 = 1/2 we get C(0,1/2,1/2,0) = 2In(3+2+/2) and ¢(z) = z, and
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obtain the following equivalent inequalities:

s16) | S\/mffyy} f(@)g(y) dwdy < 21n(3+2v2) | f
00

(3.17) Ogody“ 1/M e )dm]2<4ln2(3+2\/§)|f||§¢,
0 0 Tty 7

where the constants 21n(3 + 2v/2) and 41n%(3 4 2/2) are optimal in (3.16)
and (3.17), respectively.

EXAMPLE 3.6. Letting \y = A3 = 0, Ao = a, Ay = S and 8 > 0,
a+ >0, by (2.4) we get C(0,,0,8) =4/(a+ B). For f € L¥(0,00) and
g € LE(0,00) llgllq,s > 0, by Theorems and we have the
following equivalent inequalities:

TT (min{z, y}) f(2)g(y) 4
(3.18) (S) (S) (max{z,y})’ dx dy < P

® alatB-2)/q+1 T (min{z,y})*f(z)
3.19 -1 d d <
aan) (L of <[] Wt
where @(z) = 2 PB=a=2/2=1 and ¢(y) = y~2#~2=2)/2=1 Moreover, the
constants ﬁ and [aiﬁ}p are optimal in (3.18) and (3.19), respectively.

EXAMPLE 3.7. Letting A\ = Ay = 0, )\4 = a, A3 = B and 8 > 0,
a+ >0, by (2.4) we get C(0,0,8,a) = a+6 F (8, a+6, atb 4 ,—1). For
f € LY(0,00) and g € LL(0,00) lgllge >0, by Theorems
and we have the following equivalent inequalities:

2.0l9l2,05

. f(x)g(y)
(3.20) (S) (S) (max{:c,y})“(fb‘ + y)ﬁ dz dy
4 a+p a+p
<ars’ (6’ C2 +1’_1)
T serimien [T () o
(3.21) (S) Y dy[ § (max{z,y})(z +y)» d ]

4 a+p a+p
< |:O[+ﬁ <ﬁ7 3 2 +17_1>:| ||f||p4p)

where p(z ) = g PatB=2)/2-1 and 4(y) = y~21@+F=2/2=1 Moreover, the
constants m (B,O‘—J“B,O”LB +1,-1) and [aJr,B (ﬁ,#,af;ﬁ + 1,—1)]p
are optimal in (3.20) and (3.21), respectively. Some special inequalities can
be obtained by selecting specific a, §; e.g. letting p = ¢ =2, a = § = 1/2,
we get C(0,0,1/2,1/2) = 2In(3 + 2v/2) and ¢(z) = ¢¥(y) = 1, and obtain
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the equivalent inequalities

S S f(x)g(y)

. dz d In V2 ,
(3.22) V) ey mae) y <2In(3+2v2)[|fll2llgll2

T T f(x) ? 2 2
. d dax In V2 ,
(3.23) (S) y[(&)wﬁy)ma}{{w} <4n*(3+2v2)|| 3

where the constants 21n(3 + 21/2) and 41n%(3 4 2v/2) are optimal in (3.22)
and (3.23), respectively.

EXAMPLE 3.8. Letting \1 = a, Ao =0, A3 = (8, \y = v and a > —1,
g >0,5+~>aby (2.4), we have

F(L“;_O‘)F(a—kl)F 5 B+y—a a+B+7y L1
F(a_i_ﬁ_i_,.y +1) ) 2 ) 2 ) .
2
If f € L5(0,00) and g € LE(0,00) with || fllp, [|9llqp > 0, by Theorems [3.1]

and we have the following equivalent inequalities:

M—y\f)()
(x +y)B(max{x,y})7

C(Oé, 07 /87 7) =

(324) S S dl‘ dy < 0(04707ﬁa7)||f||p,<p||g||q#/)a
00

z +y)P (max{z, y})”
< CP(a, 0, B, £ 5

where p(z) = x PB+1=a=2)/2=1 and o (y) = y~9B+1=2=2)/2=1 Moreover,
the constants C(«, 0, 5,7v) and CP(«, 0, 3, y) are optimal in (3.24) and (3.25),
respectively. Some special inequalities can be obtained by selecting specific
a,f,7; eg lettingp=q=2, a=0=v=1, we get C(1,0,1,1) =27 — 4
and p(z) = ¢(y) = 1, and obtain the equivalent inequalities

q(lﬂ—v o=2)/atl T x—yl“f(x P
(3.25) S Yy dy[ S ( | /() dx
0

Tzl

(3.26) (S) § o) max(e gy (@9W dedy < 2x = )] f ]9l
TolT eyl el < (2m 4

(3.27) (S)dy[é(ﬂy)max{m,y}f()d (2m — 21 113,

where the constants 27 — 4 and (27 — 4)? are optimal in (3.26) and (3.27),
respectively.

EXAMPLE 3.9. Letting Ay = «, Aa = 8, A3 =0, \y = v and a > —1,
v >0,8+v > «a, by (24) we get C(a,3,0,7) = 2B(’B+V L a+1). If
fe Lp £(0,00) and g € LE(0,00) with || fl|p.e, |9/lge > 0, by Theorems.
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and [3.2] we have the following equivalent inequalities:

TT |z = y|*(min{z B
@as) | § IO ) ddy
00 ’ .
<2B( 2537 a4 1) Ul

(3.29)

oo s tr-e=2)/ett T |z = y|*(min{z, y})? z) dx !
Sy dy[S (max{x,y})Y flo)d }

_ p
< (a4 1)] It

where ¢(z) = z7PO0—0=F=2)/2=1 and ¢ (y) = y~1—2=B=2/2=1 Moreover,
the constants ZB(B—WT_O‘, a-+1) and [QB(B—W%, a+1)]” are optimal in (3.28)
and (3.29), respectively.

0

ExaMPLE 3.10. Letting My = o, Ao = 3, A3 =, Ay = 0 and o > —1,
B>0,8+v>a, by (2.4) we get

F(LJFZ_C“)F(a—i—l)F 5 B4+vy—a a+5+’y+1 4
F(a+/23+w+1) ’ 2 ’ 2 ’ '

If f € L%(0,00) and g € LL(0, 00) with || f]|p.¢, lgllgw > 0, by Theorems
and we have the following equivalent inequalities:

C(a, 8,7,0) =

T e — y|*(min{z B

a0 || ) dody
0o < C(, 8,7, 0)[| ool gl g
T aB+y—a=2)/q+1 T |z — y|®(min B P

331) |y dy[x [ y‘(x(ﬂ){f’y}) f(x) da

0 0

< C%(a, 8,7, 0)[f]

where ¢(z) = z7PO0~=BF=2)/2=1 and ¢ (y) = y~20—2=B=2/2=1 Moreover,
the constants C(a, 3,7, 0) and CP(«, 3,7, 0) are optimal in (3.30) and (3.31),
respectively.

p
pﬁp’

ExaMpPLE 3.11. Letting A1 =0, Ao = a, A3 = 5, Ay = v and 5,7 > 0,
a+B+v>0,by (2.4) we get

4 a+B+y a+B+7y
=—F 1.—1]).
0(07a7677) a+/8+7 <ﬁ7 2 ) 2 + b)

If f € L%(0,00) and g € LL(0, 00) with || f|/p.e, |9]lge > 0, by Theorems
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and [3.2] we have the following equivalent inequalities:

mm{x y1)*f(x)g(y)

(2 + )P (max{z, y})7

et pty=)/at1 T (min{z,y})*f(z) N P
d “ (x+y)ﬁ(ma><{$,y})’yd

< Cp(o a, 3, ’Y)Hf”p ®?

where @(z) = xPB+1=a=2)/2=1 and ¢ (y) = y~9B+1=2=2/2=1 Moreover,
the constants C(0, «, 3,7) and CP(0, o, 3,) are optimal in (3.32) and (3.33),
respectively. Some special inequalities can be obtained by selecting specific
a,B,7v; eg lettingp=q¢q=2, a=p=~v=1, we get C(0,1,1,1) =4—7
and p(z) = ¢(y) = 1, and obtain the equivalent inequalities

o0 00

min{z, y} .
(3:34) (S)(S)(x T max(a gy @9 dedy < (4 =m)|allglz,

dx dy < C(0,a, 8,7)|fllpellg

(3.32) S S 0
00

(3.33) S y
0

2

T T min{z, y} ) dx — 2 F112
(3.35) édy[é(ﬁy)maxm}f()d < (-m2If13

where the constants 4 — 7 and (4 — )2 are optimal in (3.34) and (3.35),
respectively.
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