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The order topology for a von Neumann algebra
by

EMMANUEL CHETCUTI (Msida), JAN HAMHALTER (Praha)
and HANS WEBER (Udine)

Abstract. The order topology 7,(P) (resp. the sequential order topology 7,s(P)) on
a poset P is the topology that has as its closed sets those that contain the order limits
of all their order convergent nets (resp. sequences). For a von Neumann algebra M we
consider the following three posets: the self-adjoint part M,,, the self-adjoint part of the
unit ball M),, and the projection lattice P(M). We study the order topology (and the
corresponding sequential variant) on these posets, compare the order topology to the other
standard locally convex topologies on M, and relate the properties of the order topology
to the underlying operator-algebraic structure of M.

1. Introduction. Order convergence has been studied in the context of
posets and lattices by various authors [6] [7, 17] (see also [15] 20] 19]). The
order topology on a poset is defined to be the finest topology preserving
order convergence.

In [22, @] the order topology for the lattice of projections acting on
a Hilbert space was studied. It is the aim of the present paper to give a
first systematic treatment of various order topologies associated with a von
Neumann algebra. We show that the properties of these topologies are nicely
connected with the inner structure of the underlying algebra and with the
locally convex topologies living on it.

We first consider the self-adjoint part Mg, of a von Neumann algebra
M and study the order topology 7,(Ms,) induced by the standard operator
order. We prove that when M is o-finite, sequential convergence with re-
spect to 7,(Ms,) coincides with sequential convergence with respect to the
o-strong topology. The proof is based on the Noncommutative Egoroff The-
orem. As a consequence, one finds that on bounded parts of My, the order
topology coincides with any of the locally convex topologies on M that is
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compatible with the duality (M, M,) where M, is the unique predual of M.
Our result is sharp in the sense that the o-strong topology coincides with
the order topology 7,(Mj,) if and only if M is finite-dimensional.

The fact that the order topology on ordered vector spaces is in gen-
eral far from being a linear topology makes this coincidence rather surpris-
ing. Another interesting feature of this result is the possibility to recover
(on bounded parts) the locally convex topologies arising from the duality
(M, M,) (a component of the von Neumann structure) only from the order
(a component of the C*-structure). More precisely, we are saying that if
M and N are o-finite von Neumann algebras such that My, and N, are
order-isomorphic (i.e. there exists a bijection preserving the order in both
directions), then the unit balls M! and N'! are homeomorphic with respect
to the o-strong topologies.

We then compare the Mackey topology 7(M, M,) with the order topol-
ogy To,(Ms,) and the sequential variant 7,5(Ms,). The Mackey topology is
coarser than 7,4(Ms,) and we characterize von Neumann algebras for which
T(M, M) = Tos(Msqa). Indeed, we prove that this happens if and only if M
is *-isomorphic to a countable direct sum of finite-dimensional full matrix
algebras. From a topological point of view this happens exactly when any
of the following conditions is satisfied:

(i) M is o-finite and M is compact with respect to the o-strong*
topology,
(ii) the Mackey topology is sequential,
(iii) M is o-finite and 7,(Ms,) is a linear topology.

The proofs of these results rest heavily on the technique of mixed topologies.
That is why we study mixed topologies and develop results that we believe
can be of independent interest. Using [2] we show that the Mackey topology
is equal to the mixed topology of the norm topology and the o-strong*
topology. This is in fact a noncommutative extension of the interesting result
of M. Nowak [21] saying that the Mackey topology on L™ coincides with the
mixed topology of the norm topology and the topology of convergence in
measure. Although not investigated here, we believe that this equality can
contribute to the problem studied by J. F. Aarnes [I] of whether the Mackey
topology of a von Neumann subalgebra coincides with the restriction of the
Mackey topology of the ambient algebra.

In the last section we consider as posets the projection lattice P(M) and
the self-adjoint part of the unit ball M},. Unless the algebra is abelian, the
order topology on neither of these posets coincides with the restriction of
the global order topology 7,(Ms,). In fact, we show that if M is o-finite
then the following conditions are equivalent:
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(i) M is of finite type,
(ii) the order topology on M}, and the o-strong operator topology re-
stricted to ML, have the same null sequences
(iii) the order topology on the projection lattice P(M) and the o-strong
operator topology restricted to P(M ) have the same null sequences.

This gives a new characterization of finite von Neumann algebras.

The paper is organized as follows. Section 2 collects basic facts on the or-
der topology on posets and ordered vector spaces needed later. In Section 3
results on mixed topologies are isolated. Section 4 deals with the relation-
ship between the standard locally convex topologies and the order topology
on Mg,. Section 5 deals with the order topologies of the projection lattice
and the unit ball of a von Neumann algebra.

2. Preliminary results

2.1. The order topology and sequential order topology. Let (P, <)
be a partially ordered set. A net (z-),er is said to order converge to x in
(P, <) (in symbols z., 2 z) if there exist nets (y,)er and (2 )yer in P such
that y, <, <z, forall vy € I', y, T « and 2, | z; i.e. (y,) is increasing,
(2y) is decreasing and |(*)| V. cp 4y = & = N\ e 2y-

It is easy to see that the order limit of an order convergent net is uniquely
determined. A subset X of P is called order closed (resp. sequentially order
closed) if no net (resp. sequence) in X order converges to a point outside
of X. The collection of all order closed sets (resp. sequentially order closed
sets) comprises the closed sets for some topology, the order topology 7,(P)
(resp. the sequential order topology Tos(P)) of P. The order topology of P
is the finest topology on P that preserves order convergence of nets; i.e. if 7
is a topology on P such that z, 2 z in P implies Ty L 2, then 7 C 7,(P).
The sequential order topology of P is the finest topology on P that preserves
order convergence of sequences. Clearly, 7,(P) C 7,5(P) and we recall that
both topologies satisfy 77 but in general are not Hausdorff [12] [13].

Although convergence with respect to 7,(P) does not necessarily imply
order convergence, for a sequence converging with respect to 7,5(P) we have
the following useful observation (well-known in a less general setting).

ProprosITION 2.1 (9, Proposition 2]). Let (P, <) be a partially ordered
set, v € P and (zn)nen a sequence in P. Then (Ty)nen converges to x with

(1) A sequence in a topological vector space is said to be a null sequence if it is
convergent to 0.

(?) For a subset X = {x : v € I'} of P we shall denote by V,erzy and A\ cp 2y
the least upper bound and the greatest lower bound of X, respectively.
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respect to T,s(P) if and only if any subsequence of (xy)nen has a subsequence
order converging to x.

The sequential order topology is in general strictly finer than the order
topology; however, the two topologies coincide when P is monotone order
separable. We call (P, <) monotone order separable if for every increasing (or
decreasing) net (x.)yecr in P that has a supremum (resp. infimum) in P there
exists an increasing sequence (vy,)nen in I" such that \/, .y 2, = \/ﬁ/e Ty

(resp. Npen Tyn = /\’YEF Ty).
PRrROPOSITION 2.2 ([9, Proposition 3]). Let (P, <) be a partially ordered
set. Then To5(P) = 7o(P) if and only if (P, <) is monotone order separable.

Every order convergent sequence is order bounded, and every order con-
vergent net is eventually order bounded. Therefore in the definition of or-
der closed sets it is enough to consider order bounded nets. We recall that
(P, <) is Dedekind complete if every subset having an upper bound (or a
lower bound) has a supremum (resp. an infimum). (P, <) is conditional
monotone complete if every monotone increasing net (or monotone decreas-
ing net) having an upper bound (resp. a lower bound) has a supremum
(resp. an infimum). Dedekind o-completeness (resp. conditional monotone
o-completeness) is defined analogously, requiring the condition to hold for
countable subsets (resp. sequences). It is easily seen that when (P, <) is
Dedekind complete, an order bounded net () er order converges to x
in (P, <) if and only if limsup, z, = liminf, z, = x. When (P, <) is only
assumed to be Dedekind o-complete, a similar assertion holds for sequences.

If Py is a subset of P it can very well happen that 7,(FPp) and 7(P)|FPy
are incomparable. However, we have the following easily seen observations
which we state as a proposition for better reference.

PROPOSITION 2.3. Let (P, <) be a partially ordered set and let Py be a
subset of P.

(i) If (P,<) is conditional monotone complete and Py is 1,(P)-closed
then TO(P)‘PO - TO(PQ).

(ii) If (P, <) is Dedekind complete and Py is a 1,(P)-closed sublattice
of P then 7,(P)|Py = 1o(F).

An analogous proposition holds for the sequential order topology: Propo-
sition [2.3] remains true if one replaces the order topology by the sequen-
tial order topology, conditional monotone completeness by monotone o-
completeness and Dedekind completeness by Dedekind o-completeness.

We shall now consider the case when the underlying poset carries also
a linear structure. Let X be an ordered vector space with positive cone
X+ ={x € X : x> 0}. For basic results and terminology on ordered vector
spaces the reader may wish to consult [4, 18, 24]. It is clear that the order
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topology 7,(X) and the sequential order topology 7,5(X) are translation
invariant and homogeneous, i.e. if A is a subset of X closed with respect to
To(X) (or 755(X)) then A+ and AA are closed with respect to 7,(X) (resp.
Tos(X)) for every x € X and A € R. In general, however, these topologies
fail to be linear topologies, as the following example shows: Let 2 be the
complete Boolean algebra of all regular open subsets of [0, 1], and B(2) be
the closed linear span of the set of characteristic functions y4, A € 2, in
the space (B[0,1],] - |loo) of all bounded real functions on [0, 1] with respect
to the supremum norm || - ||o. Then B(2l) is a monotone order separable,
Dedekind complete Riesz space. Thus 7,5(B(2()) = 7,(B(2l)). Since 7,(B(2))
satisfies T} and 7,(B(2()) is not Hausdorff, it follows that 7,(B(2()) is not a

group topology

PROPOSITION 2.4. Let X be an ordered vector space, let (an)nen and

(bn)nen be sequences in X such that a, ﬂ) a and by, ﬂ b, and let

(An)nen be a sequence in R such that A, — \. Then:

@) an + b =5 0 pp,

(i) If (n"'a)nen order converges to O (in particular if X is an Archi-
Tos(X)

— Aa.

Proof. We will apply Proposition Passing to suitable subsequences
we may assume that (a,)nen and (by,)nen order converge to a and b, respec-
tively, and moreover that |A — A\,| < 1/n and either A, — A > 0 for each
nor A\, — A < 0 for each n. Let (z,,)nen, (Un)nen, (Un)nen and (vy)nen be
sequences in X such that

median Riesz space), then \pay,

Tn < ap <Yp, Up<b,<w, forallneN,

and x, T a, yn 4 a, u, T b and v, | b. Then x, + u, < ap + by < Yy + vy,
ZTn +up T a+band y, + vy, | a+ b; thus (a, + by,) order converges to a + b.

To prove (ii) first suppose that u, := A, — A > 0 for every n. Observing
that

Tn — a < pp(Tn — a) < pinfan — a) < pn(yn —a) < yn — a,
we deduce that (py,(an—a))nen order converges to 0. The additional assump-
tion that (n~la),en order converges to 0 implies that there exist sequences

(Sn)nen and (t,)nen satisfying s, < n~la <t, for every n € N, s, 1 0 and
tn, 1 0. Observing that

Sp —1tp < n/»‘n(sn - tn) < ppa < nﬂn(tn - Sn) <tn — Sn,

we deduce that (pna)nen order converges to 0. Thus \ya, = pn(a, —a) +
Una + Aay, order converges to Aa.

() In [12] it is shown that 7, (%) is not Hausdorff.
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If A, — A < 0 for every n, then the above implies that (—A,ayp)nen order
converges to —Aa and thus (A,a,)nen order converges to Aa. =

Let us recall that a linear functional f on X is said to be positive if x > 0
implies f(z) > 0. If f(x) > 0 for every nonzero positive element = of X then
f is said to be a faithful positive linear functional. A linear functional f is
said to be normal (or order continuous) if f(x,) — f(x) whenever z., >
in X. Clearly, a positive linear functional f on X is normal if and only if
x| 0 implies f(z,) | 0.

In the proof of the following proposition we use the fact that an ordered
vector space X is monotone order separable if and only if for every net
(xy)yer in X satisfying z~ | O there exists an increasing sequence (vp)neN
in I" such that A .y, = 0.

PROPOSITION 2.5. Let X be a conditional monotone o-complete ordered
vector space admitting a faithful normal positive linear functional f. Then
X is monotone order separable and therefore To5(X) = 7o(X).

Proof. Let (xy)yer be a net in X satisfying x~ | 0. The normality of f
implies that f(z,) — 0. Thus we can select an increasing sequence (Vy)neN
in I" such that f(z,,) — 0. Then s := inf ey 2, > 0 and by the normality of
f we deduce that f(s) = lim,, f(x,,) = 0. Faithfulness of f implies s =0. u

For Riesz spaces the mere existence of a faithful positive linear functional
(without assuming normality) is sufficient for the order topology and the
sequential order topology to coincide.

PROPOSITION 2.6. Let X be a Riesz space admitting a faithful posi-

tive linear functional f. Then X is monotone order separable and therefore
Tos(X) = 1o(X).

Proof. Let (x~)yer be anet in X satisfying ., | 0. Set o := inf e f(z4).
Note that for all 7,7’ € I" there is a v € I" with v > v and 7" > 7/, hence
f(xy Nazyr) > f(xyn) > a. Choose an increasing sequence (yy,)nen in I such
that f(z,) — a. We show that 0 = Ay, . To this end let 2 be a lower
bound of {z,, : n € N} and let v € I". Then

0<azVEy—2y < Ty, VIy— Ty =Ty, — Ty, NIy,

n

and therefore

0< flxaVay —xy) < f(2q,) = f(@y, Azy) < f(24,) —a—0
as n — oo, i.e. f(x Va, —x,) = 0. Faithfulness of f implies z, = 2 V z,
and so x < z,. We conclude that z is a lower bound for {z, : v € I'}.
Consequently, z < inf ez, = 0. It follows that A, .y, = 0. This proves

that X is monotone order separable and hence by Proposition 2.2] we deduce
that 7,(X) = 7ps(X). »
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Our main interest in this paper will be the ordered vector space X given
by the self-adjoint part of a von Neumann algebra. In general this is far
from being a Riesz space. However, it is interesting to note that in this case
the assertion of Propositions and holds under the hypothesis that X
admits a faithful positive linear functional. Indeed, if X admits a faithful
positive linear functional then any family of pairwise orthogonal projections
is necessarily countable, i.e. the corresponding von Neumann algebra must
be o-finite. As such it must admit a faithful normal positive linear functional
and therefore Proposition [2.5] applies.

2.2. Preliminaries on von Neumann algebras. We first recall a few
notions and fix the notation. We refer to [8, 16l 23], 26], 27] for more details.
Let us recall that a C*-algebra A is a complex Banach x-algebra satisfying
|z*z| = ||z||* for every x € A. We denote by As, the self-adjoint part of
A, that is, Asq = {x € A : x =a*}. Ay, is a real vector space, and when
endowed with the partial order < induced by the cone A™ := {z*z : x € A},
it gets the structure of an ordered vector space. In general Ay, is far from
being a Riesz space. In [25] it is shown that if A, is a lattice then A is
abelian. Let A' denote the closed unit ball of A and let Al, := Az, N AL
An element p of a C*-algebra is called a projection if p = p* = p?. A C*-al-
gebra may have no nontrivial projections. A linear functional ¢ on A is
positive (resp. faithful) if p|As, is positive (resp. faithful) in the sense of
Subsection 2.1

A von Neumann algebra M is a C*-algebra that is simultaneously a
dual as a Banach space. In this case M is the dual of a unique Banach
space, called the predual of M and denoted by M,. A linear functional
@ on M is normal if p|Ms, is normal in the sense described for ordered
vector spaces @ It is known that we can identify the elements of M, with
the normal linear functionals in the continuous dual M*. The set of normal
positive linear functionals on M is denoted by M. M always has an identity
element 1 and this element is an order-unit for M,. We recall that (Ms,, <)
is conditional monotone order complete. A von Neumann algebra is always
rich in projections. In fact, a von Neumann algebra is the closure of the
span of its projections. The set P(M) of all projections in M is a complete
orthomodular lattice under the partial order < inherited from M,,. M is
called o-finite if every set of nonzero pairwise orthogonal projections in M
is at most countable. M is o-finite if and only if it admits a faithful normal
positive linear functional. For a Hilbert space H we denote by B(H) the
von Neumann algebra of all bounded operators acting on H.

(*) Note that this is equivalent to requiring that ¢(z,) — ¢(z) for every net (z-)
in M, satisfying x4 T x. This follows because every normal linear functional can be
expressed as a linear combination of four normal positive linear functionals.
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For the rest of the paper M is always a von Neumann algebra. We
shall primarily consider the order topology (and the corresponding sequen-
tial variant) on the following three posets: My,, ML, and P(M). We shall
study the properties of the order topology of these posets, compare the
order topology to other standard locally convex topologies on M and relate
the properties of the order topology to the underlying algebraic structure
of M.

We recall that the weak* topology o (M, M,) on M is the coarsest locally
convex topology compatible with the duality (M., M). The finest locally
convex topology on M compatible with this duality is the Mackey topology
7(M, M,). Lying between these topologies we have the o-strong topology
s(M, M,) determined by the family of seminorms {g, : ¢ € M} where
oy(x) = /Y(z*z), and the o-strong® topology s*(M, M,) determined by
the family {ny : ¢ € M} of seminorms where () = /¢ (z*z) + ¢ (zz*).
M can be faithfully represented on a Hilbert space H, i.e. M can be iden-
tified with a subalgebra of B(H) closed with respect to the weak operator
topology, and therefore one can endow M with the strong operator topology
Ts and the weak operator topology 7. These are the topologies of point-
wise convergence with respect to the norm topology or the weak topology
on H, respectively. Note however that 73 and 7, in general depend on the
particular representation. It is well known that

(21) J(Ma M*) g 3(M7 M*) g 8*(Ma M*) g T(Ma M*)7
T’LU g 7—57 T’LU g U<M7 M*); TS g S(M, M*)

By the uniform boundedness principle it follows that if A is a set of
bounded linear operators on a Hilbert space that is bounded with respect
to the weak operator topology then A is uniformly bounded. Hence, in view
of a subset K of M that is bounded with respect to any of the above
locally convex topologies is uniformly bounded. Furthermore, we recall that
if z,y € My, then:

(i) —y <z <y implies |[z[| < yl|;
(i) —llzf|T <= < fl2T;

i.e. if K C My, then K is bounded (with respect to any of the above locally
convex topologies) if and only if it is order bounded.

On bounded parts of M the o-strong topology coincides with the strong
operator topology, and the weak™ topology coincides with the weak operator
topology. Moreover, a deep classical result by C. Akemann [2] says that

(2.2) s* (M, M,)|K = 7(M, M,)|K
for every bounded subset K of M. Since s(M, M,) and s*(M, M,) coincide
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on Mg, it follows that

(2.3) K = s(M, M)|K = (M, M,)|K
for every bounded subset K of Mg,.
Let 7, denote the uniform topology (i.e. || - [[-topology) on M. We show

that 7,|Ms, is finer than the sequential order topology (and hence than the
order topology) of Mg,. Suppose that (z,)nen is a sequence in Mg, such
that ||z,[ — 0. If we set Ay, := supg>,, ||z then

Ml € ||zl < 20 < ||z0]|1 < Al

and A, 1 | 0in My, ie. 2y — 0 in My,.
We shall now compare the order topology 7,(Ms,) with the o-strong
topology s(M, M,). If (z,)yer is a net in M, and 2, = 0 in M, then

Y(xzy) — 0 for every ¢ € M. The Cauchy—Schwarz inequality yields

w(x%) <V @Z)(mv)w(ﬁ;) and therefore one obtains SO, by observ-

ing that the net (z),er is eventually bounded. Now suppose that y. Sy
in Mgq. Let (ay)yer and (by)yer be nets in M, such that a, < y, < b,
ay Ty and by | y. ThenyA,—aW20f0revery'yefandy7—a7i>0. The

above observation implies that y, — a, o(M,M.) 0 and y — ay o(M,M.) 0.
The linearity of s(M, M,) implies y., M y. Thus, we conclude that
(2.4) S(M, M,)|Msq C 7o(Msg)-

In particular 7,(Ms,) is Hausdorff and M}, is 7,(Msq,)-closed. The inclu-
sion in together with the equality of imply that 7(M, M,)|K C
To(Msq)| K for every bounded subset K of M,. Using the fact that an or-
der convergent net of Mg, is eventually bounded, it is easy to see that a
subset X of My, is closed with respect to 7,(Msy,) if and only if X NrMZ,
is closed with respect to 7,(Ms,) for every r > 0. Hence, if X C Mg, is
7(M, M,)-closed then X NrM_, is 7(M, M,)-closed and therefore X NrM2,
is s(M, M.,)-closed, by applying (2.3) to the s(M, M,)-closed set K := rM},.
Then implies that X N rM}, is 7,(Ms,)-closed. This holds for every
r > 0 and therefore

(2.5) T(M, M,)|Msq C 7o(Msq).
We summarize the above observations in (2.6) below. Since M2 and

P(M) are s(M,M,)-closed, (2.7)—(2.9) follow from (2.4) and Proposi-
tion [2.3((1).

PROPOSITION 2.7. The following inclusions hold:
(26) S(M7 M*)|M8a - T(M7 M*)|Msa - 7—o(]\4sa) - Tos(Msa) - Tu|Msaa
(2.7)  7o(Msa) Msla - TO(Msla)a



104 E. Chetcuti et al.

(2.8)  To(Mg,)|P(M) C 75(P(M)),
(2.9) To(Mgo)|P(M) C 1o(P(M)).
LEMMA 2.8. Let 0<x <1 in M.

(i) If p is a projection, then x > p if and only if px = zp = p.
(i) If {pr: A€ A} is a set in P(M) and x € M}, satisfies x > py for
every A € A, then x > p where p = \/ ¢, px in P(M).

Proof. Suppose that M acts on a Hilbert space H.

(i) If x > p then for any unit vector £ in H that lies in the range of the
projection p we have 1 > (x£,£) > (£,£) = 1. So by the Cauchy—Schwarz
inequality we deduce that z§ = £. Consequently, xp = p. Conversely, if
xp = p then p and x commute and therefore (1 —p)z = (1 —p)z(1 —p) > 0.
Hence z =p+ (1 — p)z > p.

(i) If © > py for every A € A, then z¢§ = £ for every £ in the range of p.
Hence zp = p = pz and thus > p by (i). =

PROPOSITION 2.9. The following statements are equivalent:

(i) M s abelian.
(i) 7o(Ma)|P(M) = 7o(M,)| P(M).

(iii) To(Msa)|P(M) = TO(P(M))‘

(iv) To(Misa) | My, = To(My,).

Proof. When M is abelian, (M, <) is a Dedekind complete lattice,
and since ML and P(M) are s(M, M,)-closed sublattices of My,, it fol-
lows by and Proposition [2.3(ii) that 7,(Ms,)| MY, = 7,(ML,) and
7o (M) | POM) = 7 (M2,)|P(M) = 7, (P(M)).

When M is not abelian, it contains a von Neumann subalgebra N (not
necessarily unital) that is x-isomorphic to B(H3) where Hj is a two-dimen-
sional Hilbert space. We will identify N with B(H2). We show that
To(ML)|P(N) is discrete. To this end we suppose that (p,),er is a net
of projections in N that order converges in (M}, , <), say to p. (Note that p
is also a projection in N because P(N) is s(M, M,)-closed and order con-
vergence in M), implies convergence with respect to s(M, M,).) Suppose,
for contradiction, that (py)er is not eventually constant. The inclusions

To(Msa)’Nsa 2 S(M, M*)’Nsa = Tu‘Nsa

and 1’ imply that p, — p and therefore p ¢ {0, 1}. We can thus assume
that the range of p, is one-dimensional for every v € I'. Lemma implies
that if z € M, satisfies x > p., for every v > 4/ then z > V.sy Py = In.
This implies that p = 1y, a contradiction. Thus, every subset of P(NV) is
To(M},)-closed, i.e. 7,(ML,)|P(N) is discrete. On the other hand, observe
that 7,(Msa)|P(N) C 7u|P(N), i.e. 7,(Msq)|P(N) is not discrete. Thus, we
have proved that if (ii) is true then M is abelian.
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If (iii) is true, then we combine (2.7]) and (2.8) to obtain
To(P(M)) = To(Msa)|P(M) C 7o(My,)|[P(M) C 7o(P(M)),

i.e. (iii) implies (ii). The implication (iv)=-(ii) is trivial. =

Proposition implies that the inclusions in (2.7 and (2.9) are proper
for nonabelian von Neumann algebras. In contrast, in the proof of Proposi-
tion it is shown that when M = B(Hz2) then the inclusion in (2.8)) is an
equality. The question of when we get an equality in (2.8) will be dealt with
in Section [5} in fact, we shall prove that for o-finite von Neumann algebras
this characterizes finiteness.

REMARK 2.10. When M has an infinite linear dimension, it contains a
sequence of pairwise orthogonal projections (p,)nen and then:

(i) Using the fact that every order convergent net is eventually bounded it
is easy to see that the set {/npy, : n € N} is closed with respect to 7,(Msq)-
On the other hand, 0 lies in the s(M, M,)-closure of {y/np, : n € N}. So
s(M, M,)|Msq C To(Msq).

(ii) The sequence (pn)nen satisfies limsup,, p, = liminf,p, = 0, ie.
it order converges to 0 in (P(M),<). Thus, implies that (kpp)nen
converges to 0 with respect to 7,(Ms,) for every k € N. For every 7,(Msq)-
neighbourhood U of 0 there exists n(k,U) € N such that kp, € U for every
n > n(k,U). Define

N ={(k,U) : k € N, U is a 7,(Msq)-neighbourhood of 0}
and equip it with the partial order defined by (k1,U;) < (k2,Uz) if and
only if k&1 < ko and Us C Uy. Then 4 is an upward directed set. We can
define a net (z(1,17)) (k, 1) Dy setting z(, ) := kpp,v)- It is clear that this
net is not eventually bounded despite being convergent to 0 with respect to
To(Msq). Observe further that no subnet of this net is eventually bounded
and therefore no subnet is order convergent in My,.

In contrast to the example exhibited in (ii) of the previous remark let
us observe that any sequence converging in the order topology is bounded.
Item (ii) of the previous remark suggests (in particular in view of Proposition
that a favoured case occurs when the sequential order topology coin-
cides with the order topology because in this case—at least for sequences—
convergence with respect to the order topology can be described by order
convergent subsequences. The following proposition says that this occurs
precisely when M is o-finite.

PRroOPOSITION 2.11. The following three statements are equivalent:
(i) M is o-finite.

(i) Tos(Msq) = To(Msqa).
(iif) TOS(Msla) = TO(Msla)-
(iv) Tos(P(M)) = 7o(P(M)).
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Proof. We recall that bounded monotone nets in Mg, converge with
respect to s(M, M,) to their supremum/infimum. Since M}, and P(M) are
s(M, M,)-closed, it follows that if Mg, is monotone order separable then
M, is monotone order separable; and if M}, is monotone order separable
then P(M) is monotone order separable. If M is o-finite then it admits a
faithful normal positive linear functional and so, by Proposition 2.5 we have
(i)=(ii)=-(iii)=-(iv). When M is not o-finite, P(M) contains an uncountable
family of nonzero orthogonal projections and thus it is not monotone order
separable, i.e. (iv)=-(i). =

3. Vector spaces with mixed topology. Now we consider the mixed
topology on a vector space introduced and studied in detail in [28]. We first
list some of its basic known properties and then we add some new facts
needed in what follows.

In this section let X be a real vector space endowed with two linear Haus-
dorff topologies 7 and 7'. For each sequence (U),)nen of 0-neighbourhoods
in (X,7') and for each 0-neighbourhood U in (X, 7) define

n
V(U ner, U) = | J (U niU).
neN i=1
Then the family of these sets is a basis of 0-neighbourhoods for some linear
Hausdorff topology ~[r, 7] called the mized topology determined by 7 and 7'.
It is clear that if X is a complex vector space and the Hausdorff topologies
7 and 7/ are linear over C then ~[r, 7'] is also linear over C.

ProrosITION 3.1 (28] 2.1.1]).
(i) 7" CHlr, 7.
(i) If 7' C 1 then v[r,7'] C 7.
(iii) If 7 and 7" are locally convex, then [, 7’| is locally convex.
ProprosITION 3.2 ([28] 2.2.1, 2.2.2]).
(i) y[r, 7| Z = 7| Z for every T-bounded subset Z of X.
(ii) If (X, 7) is locally bounded, then ~[r,T'] is the finest of all linear
topologies agreeing with ™ on every T-bounded subset of X.
Proposition [3.2(ii) implies that [r, 71] = ~[r, 7] when (X, ) is locally
bounded and 71 and 79 are Hausdorff linear topologies on X such that 7|72 =
T9|Z for every T-bounded subset Z; in particular

7 =~ [1, A4l )
ProprosITION 3.3 ([28, 2.4.1]). If || - || is @ norm on X inducing T and

the unit ball of (X, || -||) is 7’'-closed then a set A C X is [, 7'|-bounded if
and only if it is simultaneously || - ||-bounded and 7'-bounded.
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The following two theorems will be of great use in Section [4]
THEOREM 3.4. Assume that

(i) 7 is induced by a norm || - || on X,
(ii) the unit ball X' of (X,||-||) is 7'-closed, but not 7'-compact, and
(iii) 7/| X" s metrizable and strictly coarser than 7|X!.

Then (X,~[r,7']) is not a sequential space.

Proof. By (ii) and (iii) it follows that X' contains a sequence (a,)nen
without a 7/-cluster point. By (iii) there is an integer mo > 1 and a sequence
(by)nen in X! converging to 0 with respect to 7/ such that ||b,| > 1/my for
n € N.

We will show that

1
F .= {an—l—mbn:n,mGN,mZmo}
m

is sequentially closed, but not closed in (X,~[r,7']).

We have 0 ¢ F since ||m~ta,|| <1 < ||mb,|| for n,m € N with m > mo.
We show that on the other hand 0 is a [r,7]-limit point of F. Let
W := v((U})ken,U) be a 0O-neighbourhood in ~v[r,7'] where U} and U
are O-neighbourhoods in 7" and 7, respectively. By (i) and (iii) it follows
that 7/ C 7. Since B := [J,en{an,bn} € X', we have m™'B C U] N U for
some m > mg. Then m~ta, € U] NU for every n € N. Now, let [ € N be
such that (m/l)B C U. Then mb,, € (U for every n € N. Since (mby,)nen
converges to 0 with respect to 7/, there exists ng € N such that mb,, € UJ.
Then m™ay,, + mby, € UyNU+ U/ NIU C W.

We now show that F is sequentially closed with respect to [, 7']. Let
(gj)jen be a sequence in F' converging to g with respect to v[r,7']. We
can write g; = mj_lanj + mjb,,; where mj,n; € N and m; > mg. The
set {g; : 7 € N} is 7[r,7]-bounded and therefore 7-bounded in virtue of
Proposition Hence {mjb,, : j € N} is 7-bounded. But since |[b,|| >
1/mg for all n € N, this can only happen if {m; : j € N} is finite. Thus,
passing to a subsequence, we may assume that m; is constant (= m), i.e.
Gn; = m_lanj + mby,. Suppose that {n; : j € N} is not finite. Passing to
a subsequence we may assume that the sequence n; is strictly increasing.

Since by, T 0 and 7' C 7|7, 7] we deduce that

!
T .
An; = MGn; — m2bnj —mg as j — 00,

in contradiction to the fact that (a,)nen has no 7/-cluster point. Therefore
{n; : j € N} is finite. But this implies that g belongs to F. u
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THEOREM 3.5. Let 7 be induced by a pointwise bounded family {py :
X € A} of seminorms on X and let T be the topology induced by the norm

o] = sup pa ().
xeA

Assume further that the unit ball X' of (X,|| - ||) is 7'-compact. Then a
subset C' of X is y[r,7']-closed if and only if C N rX?' is v[r,7']-closed for
every v > 0.

Proof. Let C be v[r,7']-closed and r > 0. Since rX! is 7/-compact, it
is 7/-closed, hence v[r, 7/]-closed since 7/ C v[r,7]. Therefore C NrX* is
~[r, 7']-closed.

The proof of the reverse implication is based on the following two lem-
mas. We use therein the notation

B(f)={x e X :px(x) < f(A) forall A\ e A} if f: A — (0,00].

Moreover, since the seminorms py are not assumed to be different, we may
assume that A is infinite.

LEMMA 3.6. Let f : A — (0,00) and supycq f(A) < s < oo. Assume
that A C X is such that ANB(f) =0 and ANsX' is 7'-closed. Then there
exists a finite subset F of A such that AN B(g) = 0 where g(A\) = f(\) for
A€ F and g(\) =s for A€ A\ F.

Proof. Otherwise for any finite subset F' of A there exists zp € A with
pxa(zp) < f(\) for A € F, and py(zr) < s for all A € A. Since AN sX!is
7'-compact, (TrF)pca,|F|<co Nas a subnet 7'-converging to an element x in
ANsX!. For every fixed A € A we have py(xr) < f()\) eventually. Therefore
px(z) < f(A) for all A € A. Tt follows z € AN B(f), a contradiction. =

LEMMA 3.7. Let A C X\ {0} be such that ANrX?! is 7'-closed for every
r > 0. Then there is a sequence (An)nen in A and a real sequence (ap)neN
with 0 < a,, T 0o such that AN B(g) = 0 where g(\,) = ay, for n € N and
g(A\) = 0o otherwise.

Proof. By assumption ANX" is 7/-closed, therefore 7-closed since 7/ C 7.
Hence there is an € > 0 such that ANeX! = 0.

Let Fy := ). We define inductively a strictly increasing sequence (F},)nen
of finite subsets of A such that AN B(g,) = (0 where g, is defined by

() = i€ if e\ Fipand 1 <i<n,
IV =V tm+1)e if e\ F,.

By the choice of e, AN B(g,) = 0 is satisfied for n = 0 defining go(\) = ¢

for all A € A.

For the inductive step [n — 1 — n] we apply Lemma with [ := gn_1
and s := (n+ 1)e. Choose F according to Lemma and let F;, be a finite
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subset of A with FFU F,,_; C F,, and F,,_; # F,. If we set g,(\) = gn—1(\)
for A € F,, and g,(\) = (n+ 1)e for A € A\ F,, then AN B(gy,) = 0.

Let g := sup,en gn- Then g(A) = ne whenever there exists n € N such
that A € F,, \ F—1. Otherwise g(A) = oo. Since the sequence (g,) is in-
creasing and {py : A € A} is pointwise bounded, B(g) = U, B(gn) and
therefore AN B(g) = 0.

To complete the proof let k,, := |F,|, choose a sequence (A,)nen in A
with F,, = {\; 14 < k,} and set a; := g(\;). m

To conclude the proof of Theorem [3.5first we recall that the sets {z € X :
px, () < ay for alln € N} where A\, € A and 0 < a, T oo form a 0-
neighbourhood base of (X,~[r,7’]) (see [28, Theorem 3.1.1]). Suppose that
C C X and C NrX'is [, 7']-closed for every r > 0. Since 7|, 7'] and 7/
induce on X' the same topology (see Proposition (1)) and since r X! is
7/-closed, it follows that CNrX! is also 7/-closed. Let ¢ C and A := C' — .
Then 0 ¢ A. It follows from Lemma that 0 does not belong to the
y[r, 7']-closure A of A, ie.xz ¢ C. m

COROLLARY 3.8. Under the assumptions of Theorem[3.5], if 7" is a (not
necessarily linear) topology on X such that 7"|r X' = 7'|r X1 for everyr > 0
then " C ~[1,7'].

Proof. Let C be a 7"-closed subset of X. By 7”|rX! = 7/|r X" it follows
that C NrX! is 7/|r X !-closed. This implies that C NrX?! is 7/-closed, since
rX!is 7'-closed. Thus, C NrX?! is y[r, 7']-closed, since 7/ C ~[r,7']. The
assertion now follows by Theorem .

COROLLARY 3.9. Under the assumptions of Theorem[3.5], if A is count-
able then (X,~[r,7']) is a sequential space.

Proof. Let C be a sequentially closed subset of (X, ~[r,7']) and let r>0.
Then since rX?! is 7/-closed (and therefore v[r,7/]-closed), C N rX! is se-
quentially closed with respect to ¥[7, 7']. But on the 7/-closed subset r X! the
topology 7' agrees with ¥[7, 7']. Therefore CNr X! is sequentially closed with
respect to 7/. By our assumption on A we see that C N rX" is closed with
respect to 7/ and therefore CNr X! is |7, 7']-closed. Hence C is y[r, 7/]-closed

by Theorem .

We now give a first application of Theorem and Corollary Let
(X, X, u) be a o-finite measure space, 7o, the topology of the Banach
space (L™, ||||ss) and 7, the topology of convergence in measure (on sets
of finite measure), i.e. the Hausdorff linear topology induced by the fam-
ily of F-seminorms pr : L™ > [f] = (. min(|f],xr)dp (F € X with
pu(F) < 00). (See [14, Proposition 245A, p. 172].) If p is not purely atomic,
then Theorem implies that (L, [T, 7)) is not a sequential space. If
u is purely atomic, then L* can be identified with the sequence space £*°,
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and 7, with the topology of pointwise convergence on £°°, which is generated
by the seminorms p,, : £ > (z;) — z, (n € N). It follows therefore from
Corollary [3.9]that (L, [7e0, Tu)) is a sequential space. Combining these two
results with Nowak’s result [21I, Theorem 5], saying that the mixed topology
Y700, 7] coincides with the Mackey topology 7(L>, L') on L* induced by
the dual pairing (L>°, L'), we obtain:

THEOREM 3.10. Let (X, X, u) be a o-finite measure space. Then the
space (L™=, 7(L>, L)) is sequential if and only if u is purely atomic.

This theorem will be generalized in Theorem for von Neumann al-
gebras.

4. The order topology and the sequential order topology on M,.
On M we consider the mixed topology [y, s*(M, M,)] determined by 7,
and s*(M, M.,,).

THEOREM 4.1. The Mackey topology T(M, M) coincides with the mized
topology Y[, s*(M, M.)].

Proof. Proposition [3.2[(ii) with 7 := 7, and 7/ := s*(M, M,) and Ake-
mann’s Theorem already imply 7(M, M,) C |1y, s*(M, M,)]. For the
converse observe that if ¢ is a linear functional on M continuous with re-
spect to [y, s*(M, M,)] then [23, Corollary 1.8.10, p. 21] implies that ¢
is o(M, M,)-continuous. Hence the inclusion v[r,, s*(M, M,)] C 7(M, M,)
follows because 7(M, M,) is the finest locally convex topology on M com-
patible with the duality (M, M,). =

REMARK 4.2. Theorem is a generalization of [2I, Theorem 5]. Let
(X, X, u) be a localisable measure space. Then L™ is an abelian von Neu-
mann algebra (see [14, Theorem 243G, p. 154]). It is easy to verify that
on bounded parts of L the topology 7, of convergence in measure agrees
with s*(L>, L) (= s(L>, L')) and therefore 7(L>°, L') = ~[r,, 7,] by The-
orem In [21, Theorem 5] it is shown that when (X, X, 1) is o-finite then
T(Loov Ll) = ’Y[Tu? Tu]‘

THEOREM 4.3. Let (zn)nen be a sequence in Mg, and let x € Ms,.

T(MvM*) S(MvM*) To(Msa)

(i) ¢ ——> 2 & o, ——> 1 < o, —>
M, M, (M.
(i) If M is o-finite then xy, SALM), s Ty Tos(Msa),
T(M,M*) S(M,M*)

Proof. (i) First we show that z, —— = < =z, ——> x. One
M, M,
direction follows from 1' For the other direction note that if =, (M)
(M, My . .
x then (x,)nen is bounded. Hence x, g r in view of 1} The
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o Msa M M*
implication z, M r = u x follows from the fact that

To(Msq) is the finest topology that preserves order convergence.

(ii) In virtue of Propositions and it suffices to prove that for ev-
ery sequence (&, )nen converging to x with respect to s(M, M,) it is possible
to extract a subsequence that order converges to z in (Ms,, <). By the trans-
lation invariance of 7,(Ms,) we can suppose that x = 0, and since (zp)neN
is necessarily bounded we can further suppose that (z,)nen is a sequence
in ML,. The proof is based on a recursive application of the Noncommuta-
tive Egoroff Theorem [26, Theorem 4.13, p. 85]: Let (ay)nen be a sequence
in a von Neumann algebra M converging to 0 with respect to s(M, M,).
Then, for every projection e in M, and all ¢ € M and € > 0, there exists
a projection ep < e and a subsequence (an, )gen such that p(e —ep) < € and
lan,eoll < 2751

First we suppose that the sequence (x,,)nen is positive. Since M is o-finite,
it admits a faithful normal state 1. Applying Egoroff’s Theorem with (e ):: 1,

1

@ =1 and € = 27!, we obtain a projection e; and a subsequence (2}, ken

of (xn)nen such that \|x,(€1)61|| < 27k=1 for each k € N and 9(1 —ey) < 271
The sequence (ac,(:))keN converges to 0 with respect to s(M, M,), and so we
can apply Egoroff’s Theorem again for this sequence with e :== 1—e1, p :=
and € = 272 to obtain a projection es < 1 — e, and a subsequence (a:,(f))keN
of (a:,(gl))keN such that Hx,(f)egH <272 and (1 — €1 — e2) < 272

An inductive application of Egoroff’s Theorem yields a sequence of or-
thogonal projections (e, )nen satisfying (1 —>"7" ; e;) < 27™; and a nested

sequence of subsequences (9:,(C ))keN of (zp)nen wWhere (:c,(g 1 )) keN 1s a subse-

quence of (x (]))keN such that ka ejl| <27k,

Let p, := lel e;. Then (1 — py)nen is a decreasing sequence of projec-
tions and ¥ (A(1 — p,)) = 0 and thus, since 1) is faithful, 1 — p, | 0.

From the way the nested array (z Y ))keN is constructed, one can check

7)

that if 5 > ¢ then a:( Q- xl(;) for some p > j. Thus Hm eill = Ha;g)eiH <
9—p—i <2 J—i

The sequence (ar;.]))jeN is a subsequence of (z,)nen. We claim that
(xg.] )) jen order converges to 0. To this end we observe that

x§])—w(])pg +pyal) (1= py) + (1= py)z (1 = py)
< ¥, +pj 2P (1 —p)IL+ 1 —p; < (142 p )1 —p;
<1 +2Z Jeeil )1 = p; < (1427771 — p;.
=1

Since (1427711 — p; 1 0, it follows that (ébg-j))jeN order converges to 0.
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To complete the proof we consider the case when (z,,),en is not assumed
M, M, M, M,
to bein M,. If ), SOEMD 6 then |25 QLM (where |z,| = y/22) and

therefore (|x,|)nen converges to 0 with respect to 7,5(Msq) by the above.
Thus (|zp|)nen has a subsequence (|xy, |)ren that order converges to 0, i.e.
one can find a sequence (yx)gen in M4 such that 0 < |z, | < yi and yi | 0.
The result then follows from —y;, < —|z,, | < @, < |2n, | <Yk =

COROLLARY 4.4. Assume that M is o-finite and K is a bounded subset
of Ms,. Then the s(M, M,)-closure of K coincides with the T,s(Msq)-closure
of K.

Proof. Let 7 > 0 be such that K C rM'. When M is o-finite, the
topology s(M, M,)|rM* is metrisable. Since rM?! is s(M, M,)-closed, the
assertion follows by Theorem n

COROLLARY 4.5. Assume that M is o-finite. Then
Ts| K = s(M, M)|K = 7(M, M)|K = 75(Mso)| K = Tos(Msa)| K
for every bounded subset K of Ms,.

Note that s(M, M,)|Ms, and 7,(Ms,) are different unless M is finite-
dimensional (see Remark [2.10(i)). The aim of the rest of this section is to
study when the order topology 7,(Ms,) coincides with 7(M, M, )|Ms,.

LEMMA 4.6. ~[ry|Msq, s(M, M,)|Msa] = v[Tu, s* (M, My)]| Msq.

Proof. To simplify the notation let v := v[1,|Msq, s(M, M,)|Ms,]. Since
s(M, M)|K = 7|1y, s*(M, M,)]| K for every bounded subset K of M, we
get Y[1y, s* (M, M.)]|Msa C ~ by Proposition [3.2(ii). For the reverse inclu-
sion we consider M := My, x My, as a real vector space. The mapping
M 3> (z,y) = x + iy € M is an isomorphism of M onto M (as real vector
spaces). (M,~ x 7) is a Hausdorff topological vector space over R. Denote
by 7 the Hausdorff real-linear topology induced on M by 7 x . Then 7| K =
s*(M, M, )| K for every bounded subset K of M. Hence 7 C ~[r,, s*(M, M,)]
by Proposition [3.2[(ii) and therefore 7|My, C (7, s*(M, M,)]| M. Finally,
observe that 7|Ms, = 7, and hence the required inclusion holds. =

Let p be a nonzero projection in M. We recall that p is said to be a min-
imal projection if whenever e is a nonzero projection such that 0 # e < p
then e = p. Equivalently, p is minimal if pMp = Cp. If pMp is abelian then
p is said to be an abelian projection. Every minimal projection is obviously
abelian. M is said to be of type I if every nonzero central projection of
M majorizes a nonzero abelian projection. We recall that every type I fac-
tor is *-isomorphic to a B(H) for some Hilbert space H. A von Neumann
algebra M is said to be atomic if every nonzero projection majorizes a min-
imal projection. Obviously if M is atomic then M is of type I. Moreover,
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we say that M is purely atomic if every von Neumann subalgebra of M is
atomic. (When talking about subalgebras we do not require that a subalge-
bra contains the unit of its superalgebra.) Observe that M can be atomic
without being purely atomic. For example, when H is infinite-dimensional
and separable, B(H) is atomic but not purely atomic because L>°[0, 1] can
be identified with a von Neumann subalgebra of B(H).

THEOREM 4.7. The following statements are equivalent:

(i) The unit ball M' is s*(M, M,)-compact (and therefore on bounded
parts of M the o-strong* topology coincides with the weak™ topology).
(ii) M is purely atomic.
(ili) M s x-isomorphic to a direct sum of finite-dimensional matriz
algebras.

Proof. (i)=-(ii). Suppose that M is not purely atomic and let N be a von
Neumann subalgebra of M that is not atomic. Without any loss of generality
we can assume that N has no minimal projections and that it is o-finite.
Let ¢ be a faithful normal state on N. Using the noncommutative version
of the Lyapunov Theorem [3] (or [I1],[5]) it is possible to define projections
like the Rademacher functions: {p,; : n € N, ¢ = 1,...,2"} such that
In =pig +pi2 and pp—1i = Pn2i—1 + Pn,2i; and moreover ¢(py ;) = 27".
Set e, = Zizil(—l)"pm-. Then (ey)nen is a sequence of self-adjoint elements
in the unit ball of N and 7, (e, —€,,) = 2 for every n # m. This implies that
the unit ball of N is not s*(N, N,)-compact and thus the result follows.

(ii)=(iii). Let Z(M) denote the centre of M. If z is a minimal projection
of Z (M) then zM is a type I factor and therefore zM is *-isomorphic to
B(H) for some Hilbert space H. Note that H cannot be infinite-dimensional
because M is purely atomic. The result then follows by taking a family of
pairwise orthogonal minimal projections in Z (M), say {z) : A € A}, such
that Z)\EA N = 1.

(iii)=(i). Let M = ) ., ®B(H,,) where A is an indexing set and
ny € N for every A € N. Denote by || - |[x the norm on B(H,,) and by By
its unit ball. Then (B,| - ||A) is compact for every A € A and therefore
the product space [],c (B, || - |[x) is compact by the Tychonoff Theorem.
Observe that (M?, s*(M, M,)|M") is homeomorphic to [T c4(Bx, ||-[[») and
therefore the result follows. m

THEOREM 4.8. The following statements are equivalent:

() (M M, )|Msa = Tos(Msa)

(i) 7(M, M,)|Msq is sequential.

(iii) ( M,) is sequential.

(iv) M is o-finite and 7,(Msq) is a linear topology.
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(v) M 1is o-finite and satisfies one (and therefore all) of the equivalent
conditions of Theorem [4.7]

Proof. (1)=(ii). If 755(Mss) = 7(M, M,)|Msq then 7(M, M, )| Ms, is se-
quential since 7,5(Ms,) is obviously sequential.

(ii)=(v). Suppose that 7(M, M.)|Ms, is sequential. Observe that M
must be o-finite because otherwise it contains an uncountable family {p- :
v € I'} of nonzero orthogonal projections, and then the set

N = {xeMsa:EIFOQF, Dol <R, 0<z< \/ py}
v€ly

is sequentially 7(M, M,)-closed but not 7(M, M,)-closed. We recall that
s(M, M,)|M}, is metrisable when M is o-finite. Let us show that M! is
s*(M, M,)-compact. Since M C ML +iM}, is s*(M, M,)-closed, it suffices
to show that M}, is s(M, M,)-compact. If M} is not s(M, M,)-compact
then we can apply Theorem with X := My,, 7" := s(M, M,)|Ms, and
T := Ty|Ms, to deduce that the mixed topology ’Y[Tu|Msa, s(M, M,)|Msg] is
not sequential and therefore (v) follows by Lemma [4.6{and Theorem (4.1

(v)=(iii). Assume that M is o-finite and *-isomorphic to a direct sum
of finite-dimensional matrix algebras, say M = )", ., ®B(H,,) where A is
countable. We can apply Corollary 3.9 with X := M and (px)rea defined by
pa(z) :=||zx||x where z = (z))rea and || - |[x denotes the norm on B(H,, )
to deduce that y[r, 7] is sequential. Obviously 7 coincides with 7, and it is
easily seen that on bounded parts of M the topology 7" (= product topology)
coincides with s*(M, M,). Hence (see the comment following Proposition
v[7, 7] = v[7u, s*(M, M,)]. Thus (iii) follows by Theorem

(iii)=(1). If 7(M, M,) is sequential then 7(M, M,)|Ms, is sequential and
therefore M is o-finite. Therefore we get 7(M, M,.)|Msq = Tos(Msq) in virtue
of Theorem (4.3

()< (iv). The implication (i)=-(iv) is trivial. In virtue of Lemmal4.6|and
Theorem A.] we have

T(M, My)[Mgq = 7[Tu, 8" (M, My)]|Msq = Y[Tu| Msa, (M, My )| Msq],

ie. 7(M,M,)| My, is the finest linear topology on My, that agrees with
s(M, M,)|Ms, on bounded subsets of Ms,. Thus in view of Corollary we
get Tos(Msq) C 7(M, M,)|Ms, when 7,(Ms,) is linear. m

5. The order topology and the sequential order topology on
M} and P(M). The order topology on the projection lattice of a Hilbert
space was studied in [22] and [9]. Let £ denote the lattice of projections
on a separable Hilbert space H. Using and we immediately get
75| L C 7,(Z). [22, Example 2.4] shows that if dim H > 2 then 7,(.%) ¢
Tu|-Z and therefore 7. # 7,(.£). (This is in contrast with Corollary [4.5])
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In this connection we mention that in [9, Theorem 20] the authors show that
when B is a maximal Boolean sublattice of .Z then 7,(.Z)|B = 75| B. Let us
point out that in fact this follows from Proposition and Corollary
Indeed, if B is a maximal Boolean sublattice of . then B is the projection
lattice of a maximal abelian *-subalgebra M of B(H) and therefore

TS‘B = 3(M7 M*)‘B = TO(MSQ)|B = TO(B)'

When dim H < oo the order topology on .Z coincides with the discrete
topology and therefore it is finer than the restriction of the uniform topology,
but [22, Example 2.3] shows that if dim H = oo then 7,|.Z € 7,(¢). In [22]
V. Palko conjectured that 75| = 7,(%) N 7,]-Z. This is obviously true
when dim H < oo, and in full agreement with the conjecture he proved that
a sequence of atoms in .Z converges to 0 with respect to 7 if and only if it
converges to 0 with respect to 7,|-ZN7,(¢). [0, Example 16] however shows
that 75|.2 = 7,(Z) N 7,|-Z only when dim H < oc.

In this section we study the order topology and the sequential order
topology on M}, and P(M). Proposition already implies 7,(Mg, )| M},
C 1o(ML) and 75(Mg,)|P(M) C 7,(P(M)). (Similar inclusions hold for the
sequential order topology in view of the comment following Proposition )

We shall now exhibit an example that will be used later. It is in fact a
construction given in [9, Example 26].

EXAMPLE 5.1. Let (&,,)nen be an orthonormal basis of a separable Hilbert
space H. For each n let p, denote the projection of H onto span{n & +
&ny&nt1s&ntra, -} Let M = B(H). Then:

(i) (pn)nen converges to 0 with respect to 7s,

(ii) (pn)nen converges to 0 with respect to Tos(Msq),
(iii) (pn)nen does not converge to 0 with respect to 7,s(ML),
(iv) (pn)nen does not converge to 0 with respect to 7o5(P(M)).

Proof. (i) and (iv) were proved in [9, Example 26]. (ii) follows from
Theorem and (2.3). To prove (iii) suppose that (an, )ken is a decreasing
sequence in M}, such that p,, < a,, for every k € N. Then Lemma (ii)
yields ay, > ;1 Pn;, > p for every k € N where p denotes the projection of
H onto the one-dimensional subspace spanned by &;. m

We recall that two projections e and f in M are said to be equivalent
(in symbols e ~ f) if there exists u € M such that vu* = e and v*u = f. A
projection e is said to be finite if whenever f is a projection such that e ~ f
and f < e then e = f. If e is not finite then it is infinite. Moreover, e is
said to be properly infinite if ze is infinite or 0 for every z € Z(M). M is
said to be finite, infinite or properly infinite according to the property of
the identity projection 1. Moreover, there are two orthogonal projections z¢
and z; in 2 (M) such that zy is finite, z; is properly infinite and 2z 4+ z; = 1.
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We further recall that if M is properly infinite then there is a sequence
(en)nen of mutually equivalent and pairwise orthogonal projections such
that \/,cyen = 1. These projections, together with the partial isometries
implementing their equivalence, generate a type I subfactor (i.e. a unital von
Neumann subalgebra that is a factor) N of M that is *-isomorphic to B(H)
for some separable infinite-dimensional Hilbert space H. Observing that
To(P(M))|P(N) = 75(P(N)) = 7os(P(N)), it follows by Example [5.1] that a
properly infinite von Neumann algebra M contains a sequence of projections
which is o-strongly null but not 7,(P(M))-null. This observation is in part
a motivation for Theorem [5.3| in which we give a new characterization of
finite von Neumann algebras.

We further recall that in the proof of Proposition we have seen that
when N = B(Hj) then 7,(NL)|P(N) = 7,(P(N)), i.e. unlike and
, in we can have an equality without the algebra being abelian.

LEMMA 5.2. Let (p;) be a decreasing sequence of projections in M. Then
the sequence (27'(1 — p;) + p;i) is decreasing.

Proof. Indeed,
27 (1 = pi1) +pirr =271 @7 = i) +ps — (1= 2771 (ps — piga)
<271 —p;) +pi- =
Let us recall that if p and ¢ are projections in M then pvVqg—p ~ g—pAq

[26, p. 292, Proposition V.1.6]. Hence, if a state ¢ on M is tracial (i.e.
Y(z*z) = (xa*) for all x € M), then its restriction to P(M) is a valuation,
iLe. ¥(pVq) +(pAq) =Y(p)+ (g for any p,q € P(M). Consequently,
Y is subadditive, i.e. Y(pV q) < (p)+1(q) for any p,q € P(M); if moreover
1) is normal, then it is even o-subadditive, i.e. @ZJ(\/n pn) < >, ¥(pn) for
every sequence (pp)nen in P(M). (In [10] it is shown that, conversely, every
subadditive probability measure on P(M) arises in this way.)

THEOREM 5.3. Let M be a o-finite von Neumann algebra. Then the
following statements are equivalent:
(i) M is finite.
(ii) Every sequence (zn)nen in ML, converging o-strongly to 0 converges
to 0 with respect to Tos(ML,).
(i) If (pn)nen is a sequence in P(M) converging o-strongly to 0, then
there exists a subsequence (pp,) such that

lim sup pp; = 0.
(iv) 7o(Mgq)| P(M) = 7o(P(M)).

Proof. (i)=(ii). Let (z,)nen be a sequence in M}, converging o-strongly
to 0. We shall first suppose that x,, > 0 for each n. We need to exhibit a
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subsequence (zp,)ien of (Tn)nen that order converges to 0. Since M is finite
and o-finite, M admits a faithful, normal, tracial state . Since ¥ (z2) =
py(zn)? — 0, we can extract a subsequence (%, )ien of (Zn)nen such that

Y(an,) < Vp(a2) < 47 For each i € N and A € R, let ¢'(X) be the
projection in M corresponding to the characteristic function associated with

sp(wn,) N (—o0, A, i.e. {e!(\)}aer is the spectral resolution of x,,. Then
0 <z, <27%H(279) 4 (1 — ef(277))

=2 (A @)+ - A + (1 -e2)

<27 /\_61(24) +el(27) - /\_ej(Tf) +1-e(27)
o \ )+ (1 )

Let
yi =27 N2+ \/(1 - (277)).
Jj=i Jj=i
Then 0 < z,, <y; < 1and by Lemmathe sequence (y;);en is decreasing.
Thus, A\;cy yi exists in My, and A,y > 0. The normality of ¢ entails that
w(/\iEN yi) = lim; 00 ¥(y;). Since 277(1 — €/(2779)) < Ty, it follows that
(1 — e1(279)) < 201p(a,) < 279,
Since v is o-subadditive we can estimate

Yly) <27+ p(l—e(279)) <27+ ) 277 =327,
Jj=i Jji
Thus, ¥(A;en%i) = 0 and therefore, since ¢ is faithful, it follows that
Nien ¥i = 0, i.e. (Zy,)ien is order convergent to 0.

If not every element z, is positive, then we can consider the sequence
(|zn|)nen which is again o-strongly convergent to 0. Then (|z,|)nen has a
subsequence (|xy,|)ien that order converges to 0, i.e. there is a sequence
(yi)ien in M} such that 0 < |z,,,| < y; and y; | 0. The result then follows
from

1<~y < —|n,| < ap, <|op,| <ys <1 (for all i € N).

(i1)=-(iii). If (pn )nen is a sequence of projections that converges o-strongly

Tos(Msla) .. ..
to 0 then p, ——*5 0 by (ii). Therefore, by Proposition 2.1, (pp)nen

has a subsequence (py,)ien order converging to 0 in (M2, <). Thus there
is a sequence (y;)ieN in Msla such that 0 < p,, < y; and y; | 0. From
Lemma we deduce that \/jzl-.pn]. .S y; for every ¢ € N and therefore
0< /\iEN jZi Dn; < /\ieN yi = 0, i.e. limsup; pp, = 0.

(iii)=(i). This follows from Example[5.1Jand the discussion that follows it.
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(iv)=(i). If N is a W*-subalgebra of M then N} and P(N) are s(M, M,)-
closed. The hypothesis together with Propositions and implies that
To(Ngg)|P(N) 2 7o(Myq )| P(N) = 75(P(M))|P(N)
= 7o(P(N)) 2 7o(Ngo)|[P(N).
Hence, in view of the discussion in the paragraph before Lemma [5.2] it is
enough to show that 7,(ML)|P(M) # 7,(P(M)) when M = B(H) for a
separable infinite-dimensional Hilbert space H.

Let (0,)nen be a sequence in (w/4,7/2) such that 6, T 7/2, and let
on = sinf, and ~, := cosf,. Fix an orthonormal basis (£,),en of H and
define 0, := 0,&1 + Ym&n. Denote by e, the projection of H onto span{&,},
gn the projection of H onto span{n,}, and f, the projection of H onto
Spm{fmﬁﬂ—i—la s }

We show that aﬁel — e, < gy for every n € N. It is enough to consider
vectors in the two-dimensional subspace spanned by &; and &,. Thus we can
express €1, €y, ¢, in matrix form (relative to the vectors & and §,,). Writing
Qn — afLel + e, in matrix form:

UT2L - U?L nOn | 71%0-7% nOn
TnOn '7721 +1 TnOn '77% +1
one sees that Jﬁel —epn < qp. Thus

Tn = Ufbel - fn <qn+ fn+1 <e + fn =Yn,
the sequences (2, )nen and (yn)nen are in ML x, 1 e; and y, | e;. Hence
Pn = qn + funr1 — e1 with respect to 7,(ML,). On the other hand, observe
that if (pn,)ien is a subsequence of (p,)nen and p € P(M) satisfies p < pp,
for every ¢ € N, then p = 0. In view of Proposition this shows that
pn - €1 with respect to Tos(P(M)) (= 7o(P(M)) by Proposition [2.11]).

(i)=(iv). Asobserved before, M admits a faithful, normal, tracial state 1.
Then ¢|(P(M) is a valuation. Thus d(p, q) := ¥ (pV q) —1¢(p/q) defines by [T,
p. 230, Theorem X.1.1] a metric on P(M). We first prove the following esti-
mate: If x,y € My, and p,q € P(M) withz <p <y <landz < ¢ <y,then

d(p, q) < 2¢(y — ).
In fact,

d(p,q) = (Y(pV q) —¥(p)) + (W(p) —¥(pAq))
= (Y(pVaq) =) + W(pVa) —¥(9)
<2(¢(y) — () = 2¢(y — z).

In the last inequality we have used the fact that p V ¢ <y by Lemma [2.§
In view of (2.8)) and Propositions and for the proof of (iv) it

suffices to show that any sequence (pp)nen in P(M) order converging in
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(ML,<) top € P(M) has a subsequence order converging in (P(M), <).
Let now p,,p € P(M) and w,,y, € M}, be such that =, T p, y, | p and
Ty < pn < Yp. Then y, — 2, L 0 and d(pp,p) < 2¢(y, — x,) — 0. Therefore
(Pn)nen converges to p in the metric lattice (P(M),d). It follows from the
proof of [7, p. 246, Theorem X.10.16] that (p,)nen has a subsequence order
converging to p in (P(M),<). m

We remark that Theorem does not imply that for finite, o-finite
algebras the restriction of s(M, M,) to M, (resp. P(M)) coincides with the
order topology 7,(ML,) (resp. 7,(P(M)))—see Proposition We also note
that in the proof of the implications (ii)=-(iii), (iii)=-(i) and (iv)=(i) the
assumption that M is o-finite is not used.
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