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Unitary closure and Fourier algebra of a topological group
by

ANTHONY TO-MING LAU (Edmonton) and JEAN LubwiG (Metz)

Abstract. This is a sequel to our recent work (2012) on the Fourier—Stieltjes algebra
B(G) of a topological group G. We introduce the unitary closure G of G' and use it to
study the Fourier algebra A(G) of G. We also study operator amenability and fixed point
property as well as other related geometric properties for A(G).

1. Introduction. Let G be a topological group, i.e. a group with a
Hausdorff topology such that the mappings = — z~! from G to G and
(z,y) — zy from G x G to G are continuous. Let P(G) denote the collection
of all continuous positive definite functions on G, i.e. continuous complex-

valued functions ¢ on G such that for any complex numbers A1, ..., A, and
any ai,...,a, in G, we have
n n
Z Z )\i)\jgp(ai_laj) 2 0.
i=1 j=1

Let B(G) denote the linear span of P(G). As shown in [Lal], B(G) can
be identified with the predual of a von Neumann algebra W*(G) C B(H.),
where w is a *-homomorphism of G into the group of unitary operators
in B(H,), the space of bounded linear operators from a Hilbert space H,,
into H,,. Furthermore, B(G), with the predual norm of W*(G), is a com-
mutative Banach algebra called the Fourier—Stieltjes algebra of G.

In a recent paper [La-Lu|, we study B(G) when G has a host algebra
or a group C*-algebra, the analogue of the group C*-algebra of a locally
compact group G. Our main challenge is that a topological group cannot
have a positive regular Borel measure which is left translation invariant
unless G is locally compact.
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In Section [3} we introduce the unitary cover and the unitary closure of
a topological group and establish their universal properties (Theorems
and . The unitary closure is then used in Section {4 to define the
Fourier algebra A(G). When G is locally compact, A(G) was introduced
by P. Eymard in his classical paper [Ey]. We study operator amenability of
B(G) and A(G) and the weak fixed point property of A(G) for non-expansive
mappings.

In Section |5, we study the universal C*-algebra Cf,(G) generated by the
continuous representations of G and we derive some of its properties.

In Section [6 we study functions in B(G) arising from the set of left
invariant means on an amenable topological group and its extreme points.
Some open problems are posed in Section [7]

2. Preliminaries and notation. Let A be a subset of a linear space F.
Then (A) will denote the linear span of A. If E is also normed, then the
closure of A and the closed linear span of A will be denoted by A and (A)
respectively if the closure is taken with respect to the norm topology, or by
A" and @T if the closure is taken with respect to some other topology 7
on FE.

The continuous dual of a normed space E will be denoted by E*. If x €
and ¢ € E*, then the value of ¢ on z will be denoted by ¢(x) or (¢, x).
Also if F C E*, then o(FE, F) will denote the locally convex topology on E
determined by the seminorms {p,; ¢ € F}, where p,(x) := |p(z)| for all
x € E.If F = E*, then o(F, E*) is called the weak topology of E. The weak*
topology on E* is the locally convex topology determined by the seminorms
(@) = [{p,z)| for ¢ € E* and x € E.

If M is a W*-algebra (i.e. a C*-algebra with a predual), then M, will
denote the (unique) predual of M. For each ¢ € M,, write ¢* for the func-
tional in M, defined by ¢*(y) := @(y*) for y € M. Also the ultra-weak
topology on M (i.e. the o(M, M,) topology) will often be referred to as the
o-topology.

Let G be a topological group and let CB(G) be the Banach algebra of
bounded continuous complex-valued functions on G. For each a € G, define
the left and right translation operators l,,7, on CB(G) by

laf(9) = flag),  raf(9):= f(ga),
for g € G, and for f in CB(G) define the supremum norm by

[flloo == sup{|f(z)]; = € G}.

DEFINITION 2.1. Let G be a topological group. Define the space WAP(G)
of weakly almost periodic functions to be the set of all f € CB(G) such that
LO(f) :=={lof; a € G} is relatively compact in the weak topology of CB(G).
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It is well known that WAP(G) is a closed and translation invariant x-
subalgebra of CB(G). Furthermore, f € WAP(G) if and only if RO(f) :=
{rof; a € G} is relatively compact in the weak topology of CB(G) (see
[B-J-M]).

DEFINITION 2.2. Let LUC(G) be the space of bounded left uniformly
continuous functions on G, i.e. all f € CB(G) such that the map a — [, f
from G to (CB(QG), || ||eo) is continuous.

REMARK 2.3. Let G be a topological group. Then WAP(G) C LUC(G)
(see [M-P-U] for a proof).

The collection P(G) of continuous positive definite functions is a cone
in CB(G), closed under conjugation, involution and product.

We denote

P(G)1:={p € P(G); p(e) = 1}.
It is clear that P(G); is a convex subset and a subsemigroup of P(G) with
pointwise multiplication. When G is a locally compact group, P(G) corre-
sponds to the set of positive linear functionals on C*(G), the group C*-
algebra of G.

By a representation or unitary representation (mw,Hr) of a topological
group we shall mean a continuous homomorphism of G into the group of
unitary operators in B(#H,), when B(#.) has the weak operator topol-
ogy. If (m,H,) is a continuous unitary representation of G and M, :=
(m(a): a€ @) is the W*-algebra determined by 7, then 7 : G — M,
is a o-continuous homomorphism of G into the group of unitary elements of
M, where o denotes the ultra-weak topology on B(H).

A subspace F of the representation space H, is called G-invariant if
m(g)§ € F forall g € G and £ € F.

The representation (m,H,) is called irreducible if the only closed G-
invariant subspaces of H, are the two trivial ones.

A unitary representation (m, H) is called cyclic with cyclic vector £ € H,
if the subspace spanned by {7(a){; a € G} is dense in H. If 7 is irreducible,
then every non-zero vector in H, is cyclic.

A coefficient of the representation (m, H,) is by definition the continuous
function

cgnlg) = (m(9)ém), g€G,

where £, are two elements in H,. If £ =7, we also write cg instead of ¢} e
We say that a continuous positive definite function ¢ is pure if the cor-
responding representation (m,,H,) is irreducible.
The following proposition follows easily from [Li-Ma, Theorem 3.2]:
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PROPOSITION 2.4. Let G be a topological group. Then ¢ € P(G)1 if and
only if there exists a cyclic unitary representation (w,, H,) with cyclic vector
£ € H, of length 1 such that ¢ = czw.

A function ¢ € P(G)1 is pure if and only ¢ is an extremal point in
P(G)y. If G is abelian, then every irreducible unitary representation ™ of G
s one-dimensional, i.e. m: G — T is a character of G.

Let G be a topological group. Let
B(G) := (P(G)).
Then it follows readily from Proposition that ¢ € B(G) if and only if
there exists a continuous unitary representation (m,H,) of G and vectors

&,n € Hy such that p(a) = (7(a)€,n) for all a € G. Furthermore, B(G) C
WAP(G) Cc LUC(G) by Remark

DEFINITION 2.5. Let G be a topological group. The group G acts on
the Banach space A := LUC(G) of left uniformly continuous functions on
G by left translation. This action is strongly continuous. Hence G also acts
on the dual space LUC(G)* and this action is jointly continuous for the
weak™* topology on bounded subsets of LUC(G)*. We say that a bounded
linear functional n of LUC(G) is a mean if n is positive and (n,1) = 1.
The mean n is called left invariant if (n,lyf) = (n, f) for all ¢ € G and
f € LUC(G). We say that G is amenable if there exists a left invariant mean
on LUC(G). This is equivalent to the existence, for each f € LUC(G)), of
a mean n such that (n,l;f) = (n, f) for all g € G (see [Mi2], |Gre] and
[Ladl).

We denote by LIM (G) the set of left invariant means on LUC(G) (which
is convex and weak*-closed).

A topological group G is called extremely amenable if for every jointly
continuous action of G on a compact Hausdorff set X, there exists a fixed
point in X for this action. If G is extremely amenable, then there exists
an element in LIM (G) which is multiplicative on LUC(G), since the set of
characters X = o(LUC(Q)) is compact in the weak® topology and G acts
jointly continuously on this compact Hausdorff space. Hence it has a fixed
point §. This character 0 is then a left invariant mean on LUC(G). The
converse is also true (see [Mi3] and [La3]).

Of course extremely amenable groups are amenable. It has been shown
in [Gra-La] that the only extremely amenable locally compact group is the
trivial one.

By a o-continuous representation of G in a W*-algebra M we shall mean
a pair (w, M) such that w is a homomorphism of G into M, := {z € M,
x*x = za* = 1}, the group of unitaries in M, where 1 is the identity of M,
and w is continuous when M has the o-topology.
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Following [Lall, we define £2(G) to be the collection of all o-continuous
representations a = (w, M) of G such that (w(G))° = M. Then B(G)
is precisely the collection of all complex-valued functions ¢ on G such
that ¢ = f(a) for some f € M, and some o = (w, M) = (wa, My) in
2(G), where f(a)(a) = (w(a), f) for all a € G. For each ¢ in B(G), de-
fine

el = llell s
= mf{|F()]]; £ € M., ¢ = f(a) and a = (w, M) € 2(G)}.
Also let Mg = > &M, , the direct sum of the W*-algebras M, := M,
for a € £2(G) (see [Sal, p. 2]). Define a o-continuous homomorphism of G
into M by wg(a)(a) := wqa(a) for each a = (wq, My) in 2(G). Write

(2

WHG) == (wa(G)) .
Then
[#]| = sup{[[zall; @ € £2(G)}

for each
T = zz: Niwa(a;) = (:Ua = ZZ: )\iwa(ai))aeﬂ((}) € (wg(Q)).

We call wg the universal representation of G.
The following theorem follows from [Lall, Theorems 3.2 and 4.1].
THEOREM 2.6.

(a) B(G) is a subalgebra of WAP(G) containing the constant functions.
Furthermore || || is a norm on B(G) and (B(G),|| ||) is a commu-
tative Banach algebra isomorphic to the predual W*(G). of W*(G).
More specifically, the map p : W*(G). — B(G) defined by p(f) =
f, f e WHQ),, is a linear isometry from W*(G), onto B(G). Fur-
thermore, p(f) is positive definite if and only if f is positive.

(b) If a = (w, M) is any o-continuous representation of G, then there is
a w*-homomorphism h,, from W*(G) into M such that the diagram

G S WHG)
N, A

is commutative. Also if f € M,, then f(a)(a) = (ho(wg(a)), f) for
all a € G.
(c¢) If ¢ € B(G) and a € G, then the functions lup, rap, ©*, @ are all

in B(G) and |[lagll = [, [raell = llell, lle*ll = llell, @l = llell-
The following theorem has been proved in [La-Lul, Theorem 4.2].
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THEOREM 2.7. Let G be a topological group.

(i) The spectrum o(B(G)) of the algebra B(G) consists of all the non-
zero elements T € W*(G) such that

TR p(T) =n(T) ® p(T) for all unitary representations w, p of G.

(ii) The spectrum o(B(G)) is a compact semitopological semigroup con-
tained in W*(G) with the weak™ topology. Moreover if T € o(B(QG)),
then T* € o(B(Q)).

ExaMPLE 2.8. Examples of amenable topological groups which are not
locally compact include:

(1) The group Aut(Q, <) of all order preserving self-bijections of the set
Q of rational numbers with the usual order, equipped with the Polish
topology of simple convergence on the set Q viewed as discrete. This
group is extremely amenable (see [Pe]).

(2) Let A be a C*-algebra with unit and U(A) be its unitary group with
the relative weak topology. Then U(A) is amenable if and only if A
is nuclear. This is equivalent to the existence of a left invariant mean
on the space of right uniformly continuous bounded complex-valued
functions on U(A) (see [Pe] and [Pa]).

(3) In [He-ChL] a topological group which is abelian, metrizable and
admits no non-trivial strongly continuous representations is con-
structed. This group is also extremely amenable.

(4) It is known that if a von Neumann algebra M has property (P) (for
example VN(G) of an amenable [IN] group G, see [La-Pal), then
the topological group (M,,sot) is the direct product of a compact
group and an extremely amenable topological group (see |Gi-Pe]),
where sot denotes the strong operator topology on B(L?(G)) and
VN (G) is the von Neumann algebra in B(L?(G)) generated by left
translations (see [Ey]).

(5) (B(H)u,sot) (H separable) is extremely amenable (see [Gro-Mil) .

REMARK 2.9. Let G be a topological group. Let p € P(G); and let
N, = {g € G; p(g) = 1}. Choose a unitary representation of G with a
cyclic vector & of length 1 such that p = cg- Then

Gp ={g € G; m(9)¢ = &}
is a closed subgroup of G. Let now
Ne= ()] Gp
pEP(G)l
= {g € G; 7(g) = Iy for any unitary representation (m,H) of G}.
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Hence
B(G) = B(G/Ng)

and B(G/N¢) separates the points of G/Ng.

3. The unitary closure group

DEFINITION 3.1. Let G be a topological group. Let
G = o(B(Q)NW Ry G =@ NWHQ).

Here W*(G),, denotes the unitary group of the von Neumann algebra W*(G)
of G. We call G the unitary cover of G, and G the unitary closure of G.

PROPOSITION 3.2. The subset G equipped with the weak* topology is
a topological group contained in a compact semitopological semigroup. The
canonical mapping wg of G into G is continuous. Furthermore G is a closed
subgroup of G.

Proof. It is clear that G is a subgroup in the algebra W*(G) since
o(B(G)) is a semigroup and the inverse of every unitary element in o(B(G))
is also contained in o(B(G)) by [Lall Proposition 5.4]. Since the weak™* topol-
ogy and the strong operator topology coincide on the unitary elements of
W*(G), multiplication in G is weak*-continuous and the same is true for

taking the inverse. The representations of G being strongly continuous, it
w*

follows that the mapping we of G into G is continuous. Since we(G)
is also contained in o(B(G)), it follows that G = wg(G) NW*(G), C

o(B(G) NW*(G)y = G.

THEOREM 3.3. The Banach algebras B(G) and B(G) are isomorphic.
In particular G is isomorphic to G.

Proof. Every unitary representation (m,H,) of G extends to a weak*-
continuous representation of the von Neumann algebra W*(G) and hence to
a representation 7 of the group G C W*(G),. If on the other hand (7, Hx)
is a continuous representation of G, then we obtain a unitary representation
T := Towg of G which is continuous and thus 7 defines a weak*-continuous
representation 7' of W*(G). The representation 7’ coincides with 7 since
w(G) is weak*-dense in G. This shows that Rep(G) and Rep(G) are in bi-
jection and so the mapping 0 : B(G) — B(G), ¢ — ¢ o wg, is an isometric
Banach algebra isomorphism.

To see that G ~ G, consider the image G¥ := wg(G) of G in W*(G)
under the universal representation wg. Every unitary representation 7 of G¥
extends to a unitary representation 7 of G, and every unitary representation
7 of G is the extension of the restriction T|qw- In particular the universal
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representation wg is unitarily equivalent to the extension wgw of the univer-

sal representation wgw, and this equivalence identifies W*(G*) with W*(G).

In this way the group G is the intersection of the weak*-closure of G, ie. of
w (@), with W*(GQ),, which means that G = G. =

DEFINITION 3.4. Let B.(G) be the space of the coefficients of unitary
representations of G which are restrictions of weak*-continuous representa-
tions of W*(G).

PROPOSITION 3.5. B.(G) is isometrically isomorphic to B(G).

Since B.(G) is left and right G-invariant, we have a central projection

zp(q) € W*(G) such that
Be(G) = zp()B(G).

THEOREM 3.6. Let G1,Ga be topological groups such that the Banach
algebras B(G1) and B(G2) are isometrically isomorphic. Then Gy is iso-
morphic or anti-isomorphic to Gs.

Proof. Tt follows from the proof of [La-Lul Lemma 5.3] that if G; and
Go are topological groups such that B(Gp) and B(G2) are isometrically
isomorphic, then the von Neumann algebras W*(G;) and W*(G2) are either
isomorphic or anti-isomorphic. Furthermore the groups G1 and Gs are then
isomorphic or anti-isomorphic, since the elements in G, i = 1,2, are the
characters of the Fourier—Stieltjes algebras contained in the unitary groups
of the corresponding W *-algebras. =

THEOREM 3.7. Let G be a topological group.

(1) The group G has the following property (x): For any continuous umni-
tary representation (7w, H) of G there is a unique continuous unitary

representation (7, H) of G such that m = Towg and 7(G) C 7(G) "
(2) If G’ is another topological group and ¢ : G — G’ is a continuous
homomorphism satisfying condition (x) (for 1), then there is a con-
tinuous homomorphism wy : G' — G such that for every unitary
representation (w,Hr) of G there exists a unique unitary represen-

tation (7', ") of G' such that the following diagram commutes:

el “ a
A
B(H)

Proof. (1) is clear by Theorem To prove (2), by condition (x), we
know that there exists a unique unitary representation (wg, He,) of G’

such that wg = wj 0 ¢ and Wi (G') C W*(G)y Nwa(G) "= G. For every
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continuous unitary representation (m, H,) of G, we then have by (*) a unique
representation (7', H) of G’ such that m = 7’ 0 ¢) and therefore
o =r=Towg = (Towy)o1.

*

The fact that 7(G) C 7(G)" and the uniqueness of 7’ tell us then that
T =Towg,. m

REMARK 3.8. If G is locally compact, then G = G = G (see [Wal] and
[Wa2l).

4. The Fourier algebra A(G) and its basic properties. In this
section, we shall define the Fourier algebra of a topological group.

4.1. The Fourier algebra of a topological group. Let G be a topo-
logical group.

DEFINITION 4.1. We define the ideal A(G) inside B(G) as

A(G) = N ker d.
seo(B(Q)),6¢G
An F-algebra is a Banach algebra A such that A* is a W*-algebra and
the identity in A* is multiplicative on A. In this case the set of positive
elements in A* with norm 1 is a semigroup (see [La2]).

THEOREM 4.2. Let G be a topological group. Then A(G) is a closed
translation invariant ideal in B(G). Furthermore, A(G)* = zaW*(G) for
a central projection za in W*(G). In particular A(G) is an F-algebra. If
A(G) # {0}, then there is a net (pq) in P1(G) N A(G) with ||pwa — || — 0
for all p € Pi(G).

Proof. 1t is easy to see that A(G) is translation invariant. Indeed, for
s,t € G, p € B(G), and § € 0(B(G)), we have

(0,lsm10) = (9500¢, ).

Since G is a group inside o(B(Q)), it follows that if § & G, then §566; is not
in G either. Hence (3, l,r¢¢) = 0 for all § ¢ G and s,t € G, ¢ € A(G). This
means that [sr:¢ € A(G) whenever ¢ € A(G). By [Tall, p. 123, Theorem 2.7],
we now have a central projection z4 € W*(G) such that A(G) = 24 B(G).
Consequently, A(G)* = zaW*(G), which is a W*-algebra with identity z4,
which is multiplicative on A(G). In particular A(G) is an F-algebra. The
last statement follows from [La2, Theorem 4.6]. =

We are now ready to prove one of our main results:

THEOREM 4.3. The ideal A(G) of B(G) is different from {0} if and
only if there exists a continuous homomorphism i : G — H into a locally
compact group H such that the canonical homomorphism i, : B(H) — B(G),
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ix(Y) =: % o, is an isometric isomorphism. In this case, G = G, Gisa

locally compact group and A(G) is isometrically isomorphic to A(G).

Proof. Suppose that A(G) # {0}. Take ¢ € A(G) such that ¢(e) = 1.
Let 1/4 > ¢ > 0 and consider the closed neighborhood

U=U;:= {5 € U(B(G))7 |<57 90> - <56790>’ < E}
={0€a(B(G)); [{6,0) —1| < ¢}

of 6. in o(B(G)). Since every § € o(B(G)) \ G vanishes on A(G), we see
that U C G. This shows that G contains the compact neighborhood U of
be € 0(B(@)) and therefore G is open in o(B(G)) and is a locally compact
group. Hence also the closure G of G* = we(G) in G is locally compact and
the canonical mapping i := wg of G into G is continuous. Every ¢ € B(G)
has a continuous extension p to G defined by B(d) := (J,¢) for § € G, i.e.
if p = cg > then for § = lim; oy, € G,

?(0) = (9, ) = (n(9)&, m) = lim {m(g)&, 7).

Every element ¥ € B(G) restricts to a continuous function ¢ on G:

©(g) =p(0y) =Poilg), gedq.

Hence the mapping © : B(G) — B(G), ¢ — i«(¢) = ¢ o1, is an isometric
isomorphism of Banach algebras.

Furthermore, every continuous representation (7, H) of G is determined
by its restriction to G. The representation m = wo+¢ of G is continuous, since
the mapping i : G — G, g + §,, is continuous, and for G > § = lim; g,

7(0) = im7(dy,) = lim7(g;)  weakly.
J j

Conversely, if 7 is a continuous representation of G, then for § = lim; d;
€q,
((0)8,n) =lim (m(g;)¢,m), &1 € Mo,

defines a continuous unitary representation of G such that ™ = Fowg. There-
fore the W*-algebras W*(G) and W*(G) also coincide and © is isometric.
Hence

G =a(B(G)NW*(G)y = o(B(@) NW*(G)y =G

using [Wall, Theorem 1]. Let H = G.

Conversely, suppose that there exists a continuous homomorphism ¢ :
G — H of G into a locally compact group H such that the canonical map-
ping i, : B(H) — B(Q), i«(@) := ¢ o1, is an isometric isomorphism. Let
K be the closure of i(G) in H. Let R : B(H) — B(K) be the restriction
map and denote by j the mapping j : G — K, j(g9) := i(g), g € G. Then
ix = jx o R. Hence j, : B(K) — B(G) is bijective and is thus an isometric
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algebra isomorphism. Since H is locally compact, we have B(K) = C*(K)*
and therefore by [La-Lul Lemma 5.5], there exists an isometric linear map-
ping ¥ : W*(G) — W*(K), which is either an isomorphism or an anti-
isomorphism, such that ¥, : B(K) — B(G) is an isometric isomorphism.
Hence ¥(W*(G),) = W*(K), and also
U(G) =¥(a(B(G)) NW*(G)u) = ¥(o(B(G))) N ¥ (W (G)u)
=o(B(K)NW*K), =K

(by [Wall Theorem 1]) since K is locally compact. This shows that G' and
K are isomorphic or anti-isomorphic as topological groups. In particular
we(G) is dense in G and therefore G = G. Furthermore

UL (AG)) = v (B(G) N ke 5)
sea(B(G)\G
=BE)N (]  kerd=A(K).
s€o(B(K)\K
This shows that A(G) # {0}. =

COROLLARY 4.4. For every dense subgroup H of a locally compact group
equipped with the relative topology, the algebra A(H) is different from {0}.

Proof. This follows from Theorem |4.3| and [La-Lu, Proposition 3.5]). =
THEOREM 4.5. Let G be a topological group.
(1) For every x € G'\ G, the annihilator of the subset
dgx = {0sz; s € G}
in B(G) is reduced to {0}.
(2) The central element z4 is contained in o(A(G)).

(3) The algebra A(G) has bounded approximate units if and only if its
ideal In(G) = {¢ € A(G); ¢(e) = 0} has bounded approzimate units.

Proof. (1) Let z € G\ G and take ¢ € B(G) such that (6,0, ) = 0 for
every s € G. We can describe ¢ as a coeflicient of the cyclic representation
(m,H) with cyclic vector 1, i.e. p(g) = (7(9)&,n), g € G, for some £ € H.

Then
0= (dsz, ) = (m(s)m(2)&,m), s €G.

This implies that 7(z)¢é = 0 and so & = 0, since mw(x) is invertible. Hence
p =0.

(2) For ¢,9 € A(G), we have ¢ = zap, ¥ = 241, b = 24(p1)), and so

(24,9)(za,9) = p(e)P(e) = ph(e) = (za, pY).

(3) Since A(G) = A(G), where G is a locally compact group, if A(G)
# {0} we can assume that G is locally compact. But then assertion (3) is
well known (see [La2, Theorem 4.10]. m
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We now proceed to give an example of a topological group such that

A(G) = {0}

LEMMA 4.6. Let G be a topological group containing a closed mormal
subgroup N such that in o(B(N)) there exists an element w which is not
invertible in W*(N) and such that B(N) = B(G)|n. Then A(G) N B(G/N)
= {0}.

Proof. We can consider w to be an element w € o(B(G)), since the
restriction mapping B(G) — B(N), 1 = 1y, is a surjective continuous
homomorphism and so

(@,9) == (w,¥n), ¢ € B(G).
Since w is not invertible in W*(NV), its counterpart w is not invertible in
W*(G) either and so (w, A(G)) = {0}, by the definition of A(G). Let now
¢ € P(G/N)N A(G) with ¢(e) = 1. Then ¢y = 1y and so
1= (w,1y) = (w0, ) =0.
This contradiction tells us that P(G/N)NA(G) = {0}. Since every element of

B(G/N)NA(G) is a finite linear combination of elements of P(G/N)NA(G),
it follows that B(G/N)N A(G) = {0}. =

LEMMA 4.7. Let G be a locally compact group which is not compact.
Then o(B(Q)) contains elements which are not invertible in W*(G).

Proof. The algebra B(G) contains a unit element, hence its spectrum
0(B(G)) is a compact space. We know from [Wal] that G ~ o(B(G)) N
W*(G),, where W*(QG), denotes the invertible elements in W*(G). Hence
o(B(G)) N W*(G), is not compact and so different from o(B(G)). =

THEOREM 4.8. Let (Gu)aca be an infinite family of locally compact,
non-compact groups. Then the direct product G = [[,c 4 Ga is a topological
group such that A(G) = {0}.

Proof. 1t is clear that G is a topological group containing the locally
compact groups Gp = [[,epGa (F a finite non-empty subset of A) as
closed subgroups such that B(Gr) = B(G)|q,.- Let also G := [ogr Ga-
The groups G and G/ G¥ are isomorphic and the Gx’s are locally compact
but not compact. Hence we know from Lemmas and that A(G) N
B(G/Gr) = {0}. Let ¢ = ¢f € A(G). Since ¢ is continuous, the subset
Us :={g € G; ||m(9)¢ — &|| < e}, e >0, is an open neighborhood of e. Hence
there exists a finite subset F’ C A such that G¥ C U.. Then by [La-Lu,
Lemma 6.3], there exists a § € H, which is G -invariant and ||0 — || < e.
Since p € A(G), we have z4p = ¢, and since z4 is a central projection, we
can assume that also m(z4)d = §. Hence ¢ € A(G). Furthermore, for any
finite non-empty subset F C A with F N F’ = () we have Gp € G’ and so
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¥ is Gp-invariant. Hence ¢ € B(G/Gr) N A(G)={0}. Therefore § = 0 and
finally we see that £ = 0 and so ¢ = 0. This shows that A(G) = {0}. =

4.2. The enveloping von Neumann algebra W*(G) and operator
amenability

DEFINITION 4.9. A Banach algebra which is also an operator space is
completely contractive if the multiplication map A x A — A, (a,b) — ab, is
completely contractive.

Given two von Neumann algebras M and N acting on Hilbert spaces H
and K, we have the von Neumann algebra tensor product M @ N generated
by the algebraic tensor product M ® A. The von Neumann algebras M, N’
and M ®N have unique predual spaces M, N, and (M®N ), respectively.
Since von Neumann algebras have a (concrete) operator space structure, so
do their duals and their preduals. Hence we may form the operator space
tensor product M,RN,. Furthermore M, &N, and (M®N), are completely
isometric (see [Ru2).

A Hopf-von Neumann algebra is a pair (M, I"*), where M is a von
Neumann algebra and I'* is a co-multiplication, i.e. a unital, injective weak*-
weak*-continuous *-homomorphism M — M ® M which is co-associative,
i.e. the diagram

M . MaM
F*l J{F®HM
MBM 2T g MaM

is commutative (see [Ta2]). Let (M, I™*) be a Hopf-von Neumann algebra.
Since I'™* : M — M ® M is weak*-continuous, it must be the adjoint of an
operator I : M, ® M, — M.,. Since I'* as *-homomorphism is a complete
contraction, so is I" (see [Ru2)).

Consequently, I : M,@M, — M, induces a completely contractive, bi-
linear map. The commutativity of the diagram above ensures that this bilin-
ear map is an associative multiplication on M,. In particular, M, equipped
with this product is a completely contractive Banach algebra.

For a topological group G, let W*(G) = (wg(G))’ = B(G)* as in Theo-
rem where wg denotes the universal representation of G.

Consider the o-continuous representation of G — W*(G) @ W*(G) de-
fined by z — wg(r) ® wg(z) for © € G. By Theorem there exists a
w*-homomorphism

r:w*G) - wW"GQ) @ W*(G)
such that the diagram
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G i W*(G)

%/

W*(G) @ W*(G)
commutes. Clearly, if ¢,19 € B(G), then for x € G,

(I @9),wa(x) = (¢ @Y, M (wa(x))) = (¢ © ¥, wa(z) @ wa(x))
= p(a)y(x) = (p)(2).

Consequently, the bilinear I' : B(G) x B(G) — B(G) agrees with (p,1))
— ¢ - 1. Hence B(G) is a completely contractive Banach algebra.

THEOREM 4.10. For any topological group G, B(G) with the operator
space structure as the (unique) predual of W*(QG) is a completely contractive
Banach algebra.

REMARK 4.11. Let G be a topological group such that A(G) # {0}.
Then by Theorem and its proof, there is a locally compact group G
such that there is an isometric isomorphism from B(G) onto B(G) and the
von Neumann algebras of G and of G coincide. Consequently, the operator
structures of B(G) and of B(G) coincide too.

Let A(G) be equipped with the operator space structure from B(G).
Then A(G) is also a completely contractive Banach algebra completely iso-

metric to A(G).

DEFINITION 4.12. A bimodule X over a completely contractive Banach
algebra A is called an operator Banach A-module if X is also an operator
space and the module action A x X — X, (a,z) — a -z, is completely
bounded.

A completely contractive Banach algebra is called operator amenable if
for each operator Banach A-module X, each completely bounded derivation
D : A — X* is inner; and A is called operator weakly amenable if every
completely bounded derivation D : A — A* is inner when A is regarded as
an operator Banach A-module by left and right multiplication.

REMARK 4.13. Let G be a topological group and let H be a dense sub-
group of G. The algebras LUC(G) and LUC(H ) are isometrically isomorphic
as Banach algebras. Indeed, the restriction map R : LUC(G) — LUC(H),
R(p) :== ¢, ¢ € LUC(G), is an isometric homomorphism. Since every
¥ € LUC(H) extends to a unique element ¢ € LUC(G), we see that the
mapping R is also surjective.

DEFINITION 4.14. Let G be a topological group and let 7 be the weakest
topology on G such that all the functions in B(G) are continuous for this
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topology. Then 7 turns the group G into a topological group G, and B(G)
= B(G,).

LEMMA 4.15. Let H be a dense subgroup of the topological group G.
Then G is amenable if and only if H is so.

Proof. If H is amenable, take an H-left invariant mean m on LUC(H).
Then the mean m defined on LUC(G) by m(y) := m(R(p)) for ¢ €
LUC(G), where R denotes the restriction map LUC(G) — LUC(H), is H-
left invariant and so by left uniform continuity also G-left invariant. Hence
G is amenable.

Conversely, if G is amenable, then every G-left invariant mean on LUC(G)
defines an H-left invariant mean on LUC(H), since every ¢ € LUC(H)
extends in a unique way to an element in LUC(G). Hence H is amenable
too. m

THEOREM 4.16. Let G be a topological group such that B(G) separates
the elements of G and A(G) # {0}. Then G, is amenable if and only if
A(G) is operator amenable.

Proof. If A(G) is operator amenable, then A(G) is operator amenable
by Theorem and Remark Hence the locally compact group G is
amenable by a result of Ruan [Rul]. Therefore G, which is homeomorphic
to wg(G) C G, is also amenable by Lemma

Conversely, if G is amenable, then G is amenable too by Lemma
since G, and wg(G) are homeomorphic. Again by the result of Ruan, A(G)
is operator amenable. Therefore, since by Theorem A(G) ~ A(G), we

see that A(G) is operator amenable. m

THEOREM 4.17. For every topological group G, the algebra A(G) is
weakly operator amenable.

Proof. If A(G) = {0}, then A(G) is trivially weakly operator amenable.
Now if A(G) # {0}, then A(G) ~ A(G), where G is a locally compact
group. Hence A(G) is weakly operator amenable by [Sp]. So A(G) is weakly
operator amenable. =

An F algebra A is called left (resp. right) amenable if for each two-sided
Banach A-module X such that ¢ -z = ¢(1)z (resp. x - ¢ = p(1)x) for all
¢ € A and z € X, every bounded derivation from A into X* is inner (see
[La2l p. 167]). It was shown in [La2, Theorem 4.1 and Corollary 4.3] that a
locally compact group is amenable if and only if the measure algebra M (G)
(or the group algebra L!(G)) is left amenable. The following is a consequence
of [La2, Example (i), p. 168]:

THEOREM 4.18. For any topological group G, both F-algebras B(G) and
A(G) are left (and right) amenable.
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4.3. Fixed point property for the Fourier algebra. Let E be a
Banach space and K a non-empty bounded closed convex subset of £. We
say that K has the fized point property (or simply fpp) if every non-expansive
mapping T : K — K (ie. [Tz — Ty|| < ||z — y|| for all  and y in E) has
a fixed point. We say that E has the (resp. weak) fixed point property if
every bounded closed (resp. weakly compact) convex subset K C E has the
fixed point property.

It is well known that [ has the weak fixed point property (see for instance
[Go-Ki] and [Li]), but not the fixed point property. A well known result of
Browder (see [Go-Ki]) asserts that if F is uniformly convex, then E has
the weak fpp. As shown by Alspach [All, the Banach space L'([0,1]) does
not have the weak fpp (hence not the fpp). In fact, he exhibited a weakly
compact convex subset K of L([0,1]) and an isometry 7 : K — K (i.e.
Tz — Ty|| = ||z — y|| for all z,y € K) without a fixed point. In particular,
the Fourier algebra A(Z) ~ L'(IT) does not have the weak fpp. Here IT =
{X € C; |A| = 1} is the circle group with multiplication and Z is the additive
group of the integers. On the other hand, A(IT) ~ ['(Z) has the weak fpp
but not the fpp.

We say that a topological group G is a [SIN]-group if the left and right
uniformities agree. In the case of a locally compact group this is equivalent
to the existence of a basis of the identity e consisting of compact sets V' such
that xVaz~! =V for all z € G (see [Mil]).

THEOREM 4.19. Let G be a [SIN]-group. Then A(G) has the weak fized
point property if and only if either A(G) = {0}, or there exists a continuous
embedding i : G/Ng — H into a compact group such that i, : A(H) —
A(G/Ng), ix(¢) := 1 o4, is an isometric isomorphism.

Proof. We can assume for the proof that Ng = {e}. Suppose that A(G)
has the weak fixed point property and A(G) # {e}. Then there exists a
continuous embedding 7 : G — H into a locally compact group such that
i(G@) is dense in H and i, : C*(H)* = B(H) — B(G) is an isometric
isomorphism. Hence by [La-Lu, Lemma 5.3|, there exists a linear isomet-
ric mapping ¢ : W*(G) — W*(H) which is either an isomorphism or an
anti-isomorphism such that ¢, (A(G)) = A(H). In particular A(H) has the
weak fixed point property. Now by [La-Lul, Remark 3.4], the restriction map
R : LUC(H) — LUC(G),R(p) = ¢, is a surjective isometric isomor-
phism. Since G is a [SIN]-group, we have LUC(G) = RUC(QG) and therefore
LUC(H)= RUC(H). Hence by [Mil], H is also a [SIN]-group. But then by
[La-Lel Corollary 4.2], H must be a compact group.

Conversely, if A(G) = {0}, then clearly A(G) has the weak fpp.
Otherwise there is a continuous embedding ¢ : G — H into a compact
group such that i, : A(H) — A(G), i«(¢) = ¢ o4, is an isometric isomor-
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phism. By [La-Le|, A(H) has the weak fpp. Hence A(G) has the weak fpp
as well. m

REMARK 4.20. If there exists a continuous embedding ¢ : G/Ng — H
into a compact group such that i, : A(H) — A(G) is an isometric isomor-
phism, then A(H) = C*(H)* and A(G) have the weak™ fpp also (i.e. every
weak*-compact convex subset of A(H) has a fixed point for non-expansive
self-maps, by using again [La-Mal Theorem 5]). In particular A(H) regarded
as the dual of C*(H) also has the weak* fpp.

Using [La-Le, Theorem 5.7], we can also prove by an argument similar
to that for Theorem .19t

THEOREM 4.21. Let G be a topological group. Then A(G) has the fized
point property if and only if G/Ng is finite.

DEFINITION 4.22. A Banach space E is said to have UKK (uniform
Kadec—Klee property) if for any € > 0 there is a § > 0 such that whenever
(zn)n is a sequence in the unit ball of F converging weakly to z and satisfying
inf ||z, — x| > € then ||z|| < § (see [Hul). As is known [Du-Si|, if E has
UKK, then F has weak fpp.

DEFINITION 4.23. A Banach space F is said to have the Radon—Nikodym
property (or RNP) if each closed convex subset D of F is dentable, i.e. for
any € > 0, there exists an x € D such that ¢ co(D \ Be(x)), where
B.(z) ={y € E; || — y|| < €} and ¢o(K) is the closed convex hull of a set
K in E. It was shown in [[-M-U] that for a von Neumann algebra M, if its
predual M, has the RNP then M, has the fpp.

DEFINITION 4.24. A Banach space F is said to have the Krein—Milman
property (or KMP) if every closed bounded convex subset of F is the closed
convex hull of its set of extreme points.

Using [La-Le, Corollary 4.2] (see also [La-Ma] and [L-M-UJ) and the
arguments of Theorem we have

THEOREM 4.25. Let G be a [SIN]-group. Then A(G) has RNP (resp.
KMP, UKK) if and only if either A(G) = {0}, or there exists a continuous
embedding i : G/Ng — H into a compact group such that i, : A(H) — A(Q)
s an isometric isomorphism.

5. The universal C*-algebra generated by the continuous rep-
resentations

DEFINITION 5.1. Let G be a topological group.

1) Let (w,Hy) be a unitary representation of G. Define Cf (G) :=
o,w
(w(G)), i.e. the C*-algebra generated by the group w(G) in B(H,).
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(2) Denote by (wq, Hq) the universal representation of the group Gjy.
(3) Let C5(G) be the completion of the algebra I'(G4) with respect to
the norm
lallvc:= sup |lw(a)]lop, a € l'(Ga),
m€Rep(G)
where ||7(a)|lop denotes the operator norm of m(a). Then of course
C5(G) is isomorphic to Cf,, (G), an isomorphism being given by
the universal representation wg.

DEFINITION 5.2. For every continuous unitary representation (m,H;)
of G, we obtain a unitary representation (n/, H) of C5(G) defined by

ud (Z cg5g) = chﬂ(g), f= chég c 1M(Gy).
9 9 g

On the other hand, every unitary representation (7', H) of Cf,(G) restricts
to a unitary representation (7/,H,/) of the group Gy, i.e. the group G
equipped with the discrete topology, since G can be considered as being
a subgroup of the unitary group of the unital C*-algebra Cf,(G). This gives
us two injective mappings:

ts : Rep(G) — Rep(CH(Q)), (m, Hx) = (7', Hy),

U5 Rep(CH(G)) = Rep(Ga), (n', Har) = (7, HY).
Denote, for a unitary representation (7, H,) of Gy, its canonical extension
to W*(Gq) by (7, Hr), i.e. m(g) = T(wq(g)) for g € G.

Let Pp(G) € B(Gy) be the set of positive linear functionals defined on
C%H(G) and let Pg1(G) be the elements in Pp(G) of length 1.

PROPOSITION 5.3. The subset Py 1(G) of B(Gq) is the weak®-closure of
the convex subset Pi(G) in B(Gy).

Proof. By definition of Cf(G), the ideal Igepq) = ﬂWeRep(
Ct(G) is {0}. But then every representation p’ of Cf,(G) is weakly contained
in the set {n’; 7 € Rep(G)}, and therefore by [Di, Theorem 3.4.4], every
p' € P51(G) is a weak™-limit of a net contained in P;(G). w

) ker 7’ in

PROPOSITION 5.4. The C*-algebra CH(G) is a B(G)-module.

Proof. Let a =} c4d4 be a finite sum in CF(G), let u = ¢, € B(G)
and let

wai= Y ulg)eqd,

g

which is also in Cf(G). For any continuous unitary representation (w,H.,)
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of G and x,y € H,, it follows that

(w(u-a)z,y) = ZU(Q)CQ ch (w(9)z,y)
<chw®7r x®§)y®n>

= ((w®7r) (a)(z® &),y @m).
This shows that [|w(u-a)lop < |lullp@)llal|«ec. Consequently, the multipli-
cation B(G) x CH(G) — CH(G), (u,a) — u - a, is well defined and the
multiplication in B(G) induces a B(G)-module structure on C})(G). »

DEFINITION 5.5. Let G be a topological group.
(1) For a unitary representation (mw, H,) of Gy let
H = {& € Hy; the map G — Hy, g — 7(g)§, is continuous}.

Then the subspace H. of H, is closed and Gg-invariant. We call an
element of H® a continuous vector.

(2) In particular, the restriction 7€ of 7 to the invariant subspace HS is
continuous and all the associated coefficients u = ey &1 € Hy, are
continuous functions on G, i.e. u 6 B(G).

The orthogonal complement H% "t contains only elements & # 0 for
which the mapping g — 7(g)¢§ is not continuous. We say that HW
is the totally discontinuous part of w.

REMARK 5.6. (1) Let G be a topological group and let (m,H,) be an
irreducible unitary representation of the group G4. Then = is either contin-
uous or totally discontinuous.

(2) For the universal representation (w4, Ha) = (we,, Hug,) of Ga, we
obtain the orthogonal decomposition

Hy=HGOHT.
Then Hj is an orthogonal sum Hj = Z;?eC’H for a certain subset C' of

P(G)1. On the other hand, the subspace Y%
This means that

. . e
pep(c), Hp is contained in Hg.

Z Hp - Hda

peP(G

i.e. the restriction of wy to H is our umversal representation wq. Let z¢ be
the orthogonal projection of Hg4 onto H. Then 2¢ is central in W*(Gy).
(3) Note that B(G) is a closed translation invariant subspace of B(Gy).
By [Tall Theorem 2.7(i), p. 127], B(G) is invariant in B(G) as a predual of
W*(Gy), i.e. for all a € W*(Gy) and ¢ € B(G), we have a- ¢, p-a € B(G),
where (a-,b) = (p,ba) and (¢ -a,b) = (p,ab) for all b € W*(G). So, by
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[Tall Theorem 2.7(iii), p. 127], there is a central projection z € W*(Gy)
such that
2B(G4) = B(G).
Hence the polar of 2B(Gy),
(2B(Gq))° = {a € W*(Gy); (a,p) = 0 for all p € B(G)}

is the ideal (1 — z)W*(G) of W*(Gy) and zW*(Gy) ~ W*(G). We write
z = ZB(G’)‘

PROPOSITION 5.7. Let (m,Hyr) be a wunitary representation of the

group Gg4. Then W(ZB(G)) is the orthogonal projection onto the subspace HS.
In particular

2= wd(ZB(G))'
Proof. Take £, € H7. Then the function u = ¢, of Gq is in B(G).
Hence zp(g)u = u and so for every g € G,

(m(9)€,m) = (w(g)m(z2p(c))E M)
Thus 7(zp@))§ = €.

If now £ € ST, then for any n€ M, and u = cg , we have zpgyu € B(G),
hence zp(g)yu is a continuous function on G. Therefore the function G4 — C,
g = (m(g)m(2B(@))(€);m), is continuous for every n € H,. Hence the vector
m(2p(@))(§) is weakly continuous and so also continuous. This shows that
m(zp@)(§) € He N Hot = {0}. Hence W(ZB(G))(H?L) = {0} and 7(zp(q))
is the orthogonal projection onto HE.

In particular, for the universal representation wg,, we get

wa,(2B(@)) = orthogonal projection onto Hg = 2°. =
DEFINITION 5.8. We denote
Rep(CH(G))* »= {(', Hrr) € Rep(CH(G)); 7' (2p(c)) = Int,, }-
THEOREM 5.9. The mapping
Rep(G) — Rep(CH(Q))¢,  (m, Hx) = (7', Hr),

is a bijection between the space Rep(G) of continuous unitary representa-
tions of the topological group G and the subspace Rep(Cf(G))¢ of the space
Rep(CH(G)) of unitary representations of C5(G).

Proof. Let (m,Hr) € Rep(G). Then 7 defines a representation 7’ of
CH(G), and also a representation (7,Hr) of the von Neumann algebra
W*(Gq). But then 7(2p(q)) = Iy, since Hr = H; by Proposition

If on the other hand (7/, H,) is a cyclic unitary representation of C7,(G)
such that 7(zp()) = Iy, then Hp = HS, by Proposition and 7 :=
T|g is a continuous representation of G. Therefore 7’ is the extension of 7
to CH(G). m
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DEFINITION 5.10 (see [La-Lu]). Let G be a topological group. We say
that G has a group C*-algebra if there exists a C*-algebra A and a linear
isometric isomorphism @ : A* — B(G) such that multiplication in B(G)
induces a B(G)-module structure on A. This means the following: for every
a € A and ¢ € B(G), we have an element ¢ - a € A™ defined by

(p-a,8) = (D Hpd(0)),a), &€ A

We demand now that ¢-a € A for every a € A and ¢ € B(G). In particular
then

e - all < llall Il

PROPOSITION 5.11. Let G be a topological group. Then C%H(G) is a group
C*-algebra of G if and only if Bn(G) = B(G).

Proof. We already know that Cf,(G) is a B(G)-module by Proposi-
tion and that B(G) C B;(G). Hence Cf,(G) is a group C*-algebra of
G if and only if the canonical injection B(G) — Bgn(G) is a bijection. =

REMARK 5.12. Let G be a topological group. Suppose G admits a group
C*-algebra A. Let @ : A* — B(G) be a linear isometric isomorphism. Then,
according to [La-Lul Lemma 5.2], the adjoint map &' is an isomorphism or
an anti-isomorphism of W*(G) onto the von Neumann algebra A of A and
@ maps positive linear functionals on A to continuous positive definite func-
tions on G. In particular the irreducible representations of A correspond to
irreducible continuous representations of G. This shows that the topological
group mentioned in [GI], i.e. the group L°(X, u; IT) of all measurable maps
from a standard Lebesgue measure space X into the circle rotation group
with pointwise multiplication and the L!'(x)-norm, which admits a faithful
unitary representation by multiplication operators, yet no non-trivial uni-
tary irreducible representations, cannot have a group C*-algebra.

6. Functions in B(G) arising from invariant means. In this section
we study functions in B(G) arising from the set of left invariant means on
an amenable topological group and its extreme points.

The following lemma has been proved in [Hu]. We present another proof
for completeness.

LEMMA 6.1. Let G be a topological group. Suppose that G contains an
increasing net (G;)ier of closed amenable locally compact subgroups such
that Go = U,y Gi is dense in G. Then G is amenable.

Proof. Choose for every ¢ € I a left invariant mean m; on the space
CB(G;). It defines a mean n; on LUC(G) by

ni(p) == mi(pig,), € LUC(G).
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The mean n; is left Gj-invariant. Let n be a cluster point in (LUC(G))* of
the net (n;);. Then n is a LIM on LUC(G). Indeed, there exists a subnet
(n} :=ny;); of (n;) such that n = lim; n}. Let x; € Gy, i € I. There exists an
index j such that i; > i and therefore z; € G, for every k > j. Hence the
means nj, k > j, are z;-invariant. Consequently, n is Go-invariant. Since G

acts strongly on LUC(G), n must be in LIM(G), since Gy is dense in G. =

DEFINITION 6.2. Let G be an amenable topological group and let n €
LIM (G). We define an inner product (, ), on LUC(G) by letting

(0, 0)n = n(e), @9 € LUC(G).

Let I, := {¢ € LUC(G); n(|¢|?) = 0}. Then the quotient space LUC(G)/I,
is a pre-Hilbert space with ([¢], [¢]), := n(p1), where [¢] denotes the equiv-
alence class of ¢ in LUC(G)/I,, C Hn, with H,, denoting the completion of
LUC(G)/ L.

For ¢ € LUC(G), we can define a bounded operator m,(¢) on H,, by

(@)W = py], e LUC(G).

Then of course [ (0)[W]1* = n(lev?) < llelZn(¥l?) = llellal]*
Hence |75, (¢) [lop < [|¢]]0o-

We can extend the mean n to a bounded linear functional n on H,. It
suffices to remark that n(¢) = ([¢], [1]). Hence if we take n(§) := (£, [1])n,
we have such an extension, which has the property that |2(€)| < [|£]], by
Cauchy’s inequality.

We can also define a unitary representation m, of the group G on the
Hilbert space H,, by setting

(9] = [l-¢], g€ G, ¢ e LUC(G).

Since n is a left invariant mean, the action of g € G on H,, is isometric, and
because G acts strongly continuously on LUC(G), the representation m,, of
G is strongly continuous.

Since B(G) is contained in LUC(G), we have:

LEMMA 6.3. The function G > g = n(l,—1¢9) =: h(g) (¢,v € LUC(G))
is in LUC(G).

THEOREM 6.4. Let G be an amenable topological group and letn€ LIM (G).
Let m:= m,. The following conditions are equivalent:

(1) The mean n is an extreme point in LIM(QG).
(2) For eachm € LIM(G) and all §,n€Hx, we have m(cf ) =n({)n(n).

(3) For each & € Hy, 1(€)[1] € @l l{n(z)¢; z € G}.
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(4) For each ¢ € LUC(G), there exists a sequence

(g )\i,m(l‘i,k))k

of convex combinations of operators ww(x), x € G, such that
ng 2
|3 dasreine] = o).
n
i=1

Proof. (1)=(2). Let 0 < ¢ < 1,4 € LUC(G) and m € LIM(G). For
¢ € LUC(QG), define ¢" € LUC(G) by
" (2) = n((lap)®) = (r(27lel, W) = (n(@)W), [¢]), = €G.
Then for z,y € G we have
(Lyp)™(2) = n((L(lyp))¥)

=n((lyz)¥) = ¢"(yx) = ly(¢")(2),
ie. (Iyp)" =1ly(¢"). Let

0(p) == m(¢") = n(p)n(y).

Since m and n are left invariant, 6(l,p) = 0(p) for every y € G. Also n + 6
and n — @ are in LIM (G), since both are G-invariant and for ¢ > 0 we have

(n+0)(¢) = n(p) + m(") — n(e)n(+)
=n(p)(1 —n(¥)) +m(e") >0,

(n —0)(p) = nl(p) —m(") + n(e)n(s)
> n(p)n(y) > 0.

Furthermore

(n+6)(1) = n(1) + m(n(1y)1) — n(L)n(y) = n(1) =1,

(n—0)(1) =n(1) = m(n(1y)1) + n()n(y) = n(1) = 1.
But n is extreme. It follows that 6§ = 0, i.e. (2) holds for all 0 < ¢ < 1.
Consequently, (2) must hold for all £, € H.

(2)=(3). Let (ny = ngl Ai,adz; . )a be a net of convex combinations
of point evaluations such that (nq,p) — (n, ) for all ¢ € LUC(G). So for
£,m € Hx, the function G 3 y — (7(y)&,n)n =: cey(y) being a coefficient of
a unitary representation of GG, we have

ko
<Z Ai,w(xi,a){,n>n = (na, ) = nlce ) = n(&)n(n) = (R[], m)
=1

by (2). Hence the vector n(§)[1] is in the weak closed convex hull of {m(z)¢;
x € G}, hence also in the norm closed convex hull of this set.
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(3)=(4). If (3) holds, then for ¢ € LUC(G), we can find a sequence
(>omk Nk (i k)i of convex linear combinations such that

Hf} N (i) ) — )]

— 0.

n

Since

2

n

|3 Mim(ainle] - bl
=1

- Hfj Mgl - 2Re(n<so><n2k Nar(i)lel: [1]) ) +In(e)
i=1 1=1

2
= 2Re(n(p)n(p)) + n(e)[,

~ |55 (o)l
i=1

we see that [|31% A g (zi k) [@]l17 — [n(e)]? — 0.

(4)=-(1). Suppose that n is not extreme. Then there exist two means
ni,ny in LIM(G) such that n # ny and n = §(n1 + ng). Let ¢ € LUC(G).
There exists a sequence of convex linear combinations > % \; pm(z; ) such
that for ¢ = > 1% i xm(zik)e, we have ||pg|| — |n(p)|. But then

(@) = s (32 dr(ande) | = ol
=1

< m(Dna(lel?) < 2n(lexl?) = 2In(o) .

Thus n(¢) = 0 implies n1(p) = 0. Therefore ny = cn for some complex
number ¢. But since nq(1) = 1 = n(1), necessarily n = ny, a contradiction. =

COROLLARY 6.5. Suppose that the topological group G is extremely

amenable. Then there exists a net (xq)a in G such that for every extreme
point n € LIM(G),

n((lzo)¥) = n(e)n(¥), ¢, ¢ € LUC(G).

Proof. Since G is extremely amenable, there exists a net (x4)q in G such
that the point evaluations 51,;1 converge pointwise to a multiplicative LIM
m on LUC(G).

Hence for every ¢, v € LUC(G), we have
(6]‘) ”((lxa@)w) = CE:ME] (xc_vl) = <5$517CE;]7[E}>

— (m, ¢ —) = n(e)n(y)

(], [¥]
by condition (2) in Theorem .

REMARK 6.6. Condition (3) of the preceding theorem is an analogue
of the following result (due to |[C-N-P| for discrete semigroups). Let S be
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a semitopological semigroup. Then LUC(S) has a LIM if and only if for
any f € LUC(S), the pointwise closure coP{rsf; s € S} of the convex
hull of the right orbit of f contains a constant function Al. Furthermore,
if \1 € coP{rsf; s € S}, then there exists a LIM on LUC(G) such that
m(f) = A (see [Mil] and [Lad]).
In order to combine these two actions, we form the cross-product
Cn(G) =G x LUC(G) C B(Hn),

which is the uniform closure of the set of operators of the form _, m,(g;) o

mn(pj), and we obtain a bounded representation o,, of the algebra C,(G)
on Hy.

PROPOSITION 6.7. Let G be an amenable topological group. Let n be an
extremal point in LIM (G). Then the representation m, of the algebra C,(Q)
is irreducible.

Proof. Let & € Hy, \ {0}. We must show that £ is cyclic. Let V' be the
Cp(G)-invariant subspace generated by £ and suppose that V' # H,,. Choose
a vector n in H,, orthogonal to V. Then

(mn (@)1, 7 (¢) 70 (D)E)n =0,  a,be LUC(G), g € G.

Let c" (b)¢,mn(a)y € the coefficient of m, associated to the vectors Tn(b)E,

n(a)n. By Theorem [6.4]

A (AR @I) = 1 1 ayr) = 10) = 0.
Hence n(m,(b))n(mn(a)n) = 0 for all a,b € LUC(G). Since £ # 0, we
have n(m,(a)n) = 0 for every a and so n = 0. Hence m, is an irreducible
representation of the algebra C,,(G). m

7. Remarks and open problems. (1) For G locally compact, let p
be the left regular representation of G' and let C§ (G) = (p(G)) C W (G).
Then we have a canonical surjection

Cs,(G) = C5(Ga),
and by [B-K-L-S] the following relations hold:
(a) C5,.(G) = C}(Gy) < G contains an open subgroup which is amen-
able as discrete ([B-K-L-S, Theorem 1]).
(b) C5(G) ~C5 . (G) & G is amenable.

S,wa

From the above, for G amenable as discrete, we have
B(Ga) = C5,(G)" = C5,,,(G)"

So
B(G) = C5,,.(G)" < G is discrete

in this case.
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(2) If G is a compact group such that C;(G) C C5(G), where C§(G)
denotes the C*-algebra generated by {p(g); g € G} in B(L*(G)) (see [C-L-R]
for examples), then

C5(G) = G54 (G)
since G is amenable (see [B-K-L-5]). But in general C5(G) is only a homo-
morphic image of Cj ,(G).

(3) Let Bs o, (G) == Csu,(G)*. Then B, (G) is always a commutative
Banach algebra, since w ® w ~ w [La-Lu, Theorem 3.3].

(4) When is B(G) = G5, .(G), i.e., when is C5(G) a group C*-algebra
of G?

(5) Let © : C*(Gq) — Cj,,,(G) be the canonical projection (G locally
compact). How big is ker ©7 For which groups is © injective?

(6) Can we characterize extremely amenable groups in terms of B(G)?
Note that for G locally compact: G extremely amenable < B(G) = C. Also:
G extremely amenable = G has no non-trivial finite-dimensional represen-
tations (see [Gra-Lal).

(7) (see [C-L=R]) If C;(G) N C5 ,(G) # {0} (G locally compact) then
C;(G) C G5 ,(G). What can be said in the topological group case?

(8) (see |C-L-R]) If a nondiscrete locally compact group G contains a
dense subgroup with property (7") (as a discrete group), does it follow that
C3(G) N C},(G) # {0)? ~

(9) Let G be a topological group. We know that G C M,,, M = W*(G).
If G is locally compact, we have G = G. How big is G in the topological
group case?
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