
CONSTRUCTIVE APPROXIMATION OF FUNCTIONS
BANACH CENTER PUBLICATIONS, VOLUME 107

INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES

WARSZAWA 2015

MAXIMALLY CONVERGENT
RATIONAL APPROXIMANTS

OF MEROMORPHIC FUNCTIONS

HANS-PETER BLATT
Mathematisch-Geographische Fakultaet, Katholische Universitaet Eichstaett-Ingolstadt

85071 Eichstaett, Germany
E-mail: hans.blatt@ku.de
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Abstract. Let f be meromorphic on the compact set E ⊂ C with maximal Green domain
of meromorphy Eρ(f), ρ(f) < ∞. We investigate rational approximants rn,mn of f on E with
numerator degree ≤ n and denominator degree ≤ mn. We show that a geometric convergence
rate of order ρ(f)−n on E implies uniform maximal convergence in m1-measure inside Eρ(f) if
mn = o(n/ logn) as n → ∞. If mn = o(n), n → ∞, then maximal convergence in capacity
inside Eρ(f) can be proved at least for a subsequence Λ ⊂ N. Moreover, an analogue of Walsh’s
estimate for the growth of polynomial approximants is proved for rn,mn outside Eρ(f).

1. Introduction. Let K be a compact subset of the complex plane C and let B(K)
denote the collection of all probability measures with support in K. The logarithmic
energy I(µ) of µ ∈ B(K) is defined by

I(µ) :=
∫ ∫

log 1
|z − t|

dµ(z) dµ(t)

and the energy V of K by

V := inf{I(µ) : µ ∈ B(K)}.

V is either finite or +∞. The quantity

capK := e−V

is called the logarithmic capacity or capacity of K. The capacity of any set E ⊂ C is
defined by

capE := sup{capK : K ⊂ E, K compact}.
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In the following, E is a compact subset of C with connected complement Ω = C\E in the
extended complex plane. The domain Ω is called regular if there exists a Green function
G(z) = G(z,∞) on Ω with pole at∞ satisfying G(z)→ 0 as z ∈ Ω tends to the boundary
∂Ω of Ω. Then capE > 0 and

lim
z→∞

(G(z)− log |z|) = − log capE.

For ρ > 1 we define the Green domains Eρ by

Eρ := {z ∈ Ω : G(z) < log ρ} ∪ E

with boundaries Γρ := ∂Eρ.
For B ⊂ C, we denote byM(B) the class of functions that are meromorphic in some

open neighborhood of B. If f ∈ M(E), then there exists a maximal ρ(f) > 1 such that
f ∈ M(Eρ(f)). ρ(f) = ∞ if and only if f is meromorphic on C. We use ‖ · ‖B for the
supremum norm on B ⊂ C.

Given n,m ∈ N0, N0 := N ∪ {0}, let Rn,m be the collection of all rational functions,

Rn,m := {r = p/q : p ∈ Pn, q ∈ Pm, q 6≡ 0}

where Pn (resp. Pm) denotes the class of all algebraic polynomials of degree at most n
(resp. m).

In [2] the starting point was a sequence of rational approximants {rn,mn}n∈N to
f ∈M(E) such that rn,mn ∈ Rn,mn and

lim sup
n→∞

‖f − rn,mn‖
1/n
∂E ≤

1
ρ(f) . (1.1)

Due to Walsh’s theorem (cf. Walsh [11]), such type of approximants can be obtained for
example by choosing rn,mn = r∗n,mn as a best rational approximant of f on E, i.e.,

‖f − r∗n,mn‖E = inf
r∈Rn,mn

‖f − r‖E ,

where limn→∞mn =∞. In [2] the problem of overconvergence of {rn,mn}n∈N outside E
was investigated. It turned out that convergence in m1-measure is an efficient tool: Let
B be a subset of C and define

m1(B) := inf(Σ|Uν |),

where the infimum is taken over all denumerable coverings {Uν} of B by disks Uν and
|Uν | denotes the radius of Uν .

Let D be a domain in C and ϕ a function defined in D with values in C. A sequence
{ϕn}n∈N of meromorphic functions in D is said to converge to ϕ m1-almost uniformly
inside D if for any compact set K ⊂ D and any ε > 0 there exists a set Kε ⊂ K such
that m1(Kε) < ε and {ϕn}n∈N converges uniformly to ϕ on K \Kε (cf. Gončar [3]).

M1-uniform convergence ([2], Theorem 1). Let f ∈ M(E), {rn,mn}n∈N, where
rn,mn ∈ Rn,mn , be a sequence of rational approximants of f with (1.1) and

mn = o(n/ logn) as n→∞, lim
n→∞

mn =∞. (1.2)
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Then there exists an extension f̃ of f to Eρ(f) with the property: For any ε > 0 there
exists a subset Ω(ε) ∈ C with m1(Ω(ε)) < ε such that f̃ is continuous on Eσ \ Ω(ε) and

lim sup
n→∞

‖f̃ − rn,mn‖
1/n
Eσ\Ω(ε)

≤ σ

ρ(f) (1.3)

for any σ with 1 < σ < ρ(f).

Hence, {rn,mn}n∈N converges m1-almost uniformly to f̃ inside Eρ(f). It remained
open whether the continuous function f̃ is always m1-equivalent to f on Eρ(f). In [1] this
problem was investigated by convergence in capacity, instead of using m1-convergence.

Let D be again a domain in C, ϕ a function in D with values in C. A sequence
{ϕn}n∈N of meromorphic functions in D is said to converge in capacity inside D to ϕ if
for any compact set K ⊂ D and any ε > 0

cap
(
{z ∈ K : |(ϕ− ϕn)(z)| ≥ ε}

)
→ 0 as n→∞.

Moreover, {ϕn}n∈N converges uniformly in capacity inside D to ϕ if for any compact set
K ⊂ D and any ε > 0 there exists a set Kε ⊂ K such that capKε < ε and {ϕn}n∈N
converges uniformly to ϕ on K \Kε (cf. Gončar [3]).

Convergence in capacity ([1]). Let E be compact in C with regular connected com-
plement, {mn}n∈N a sequence in N with

mn = o(n) as n→∞, lim
n→∞

mn =∞, (1.4)

and let f ∈ M(E) and {rn,mn}n∈N, rn,mn ∈ Rn,mn , a sequence of rational approxi-
mants of f such that (1.1) holds. Then {rn,mn}n∈N converges in capacity to f inside
Eρ(f). Moreover, there exists a subsequence Λ ⊂ N such that the subsequence {rn,mn}n∈Λ
converges uniformly in capacity to f inside Eρ(f).

Now, the aim of the paper is to show first that in the above theorem on m1-uniform
convergence the function f̃ is m1-equivalent to f (Section 2). Second, we can sharpen the
above result on uniform convergence in capacity to obtain maximal geometric convergence
in capacity, but only for a subsequence Λ ⊂ N. Moreover, we prove upper bounds for the
growth of {rn,mn}n∈N outside Eρ(f) of Walsh’s type (Section 3).

2. Maximal m1-convergence. In the following, we always assume that E is a compact
set in C with regular, connected complement and f is meromorphic on E with finite
maximal parameter ρ(f) of meromorphy. Moreover, we start with a sequence {rn,mn}n∈N
of rational approximants of f with rn,mn ∈ Rn,mn and

lim sup
n→∞

‖f − rn,mn‖
1/n
∂E ≤

1
ρ(f) . (2.1)

First, we want to show that in Theorem 1 of [2], i.e. in (1.3), we can identify f̃ with f . As
a consequence, we can apply the results in [2] for the growth and the zero distribution of
rational approximants, satisfying (2.1) only. Hence, the number of applications—so far
known for real rational approximants of real-valued functions f on an interval, and for
Padé approximants resp. multipoint Padé approximants—is substantially enlarged.
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Theorem 2.1. Under the above conditions let

mn = o(n/ logn) as n→∞, lim
n→∞

mn =∞. (2.2)

Then for any ε > 0 there exists a subset Ω(ε) ⊂ C with m1(Ω(ε)) < ε such that

lim sup
n→∞

‖f − rn,mn‖
1/n
Eσ\Ω(ε)

≤ σ

ρ(f) (2.3)

for any σ, 1 < σ < ρ(f).

The property (2.3) was called in [2] maximal m1-convergence.

3. Maximal convergence in capacity. Concerning convergence in capacity we refer to

Theorem 3.1 ([1], Theorem 2.2). Let E be compact in C with regular, connected com-
plement Ω = C \ E, f ∈M(E) with ρ(f) <∞, {rn,mn}n∈N a sequence with

lim sup
n→∞

‖f − rn,mn‖
1/n
∂E ≤

1
ρ(f) , (3.1)

and let
mn = o(n) as n→∞, lim

n→∞
mn =∞. (3.2)

If 1 < σ < ρ(f), and 1 < θ < ρ(f)/σ, then there exists a number n0 = n0(σ, θ) ∈ N and
compact sets Ωn(σ, θ) ⊂ Eσ such that for all n ≥ n0(σ, θ)

cap Ωn(σ, θ) ≤ d1/2
(

1− θ − 1
1 + 3θ

)n/(2mn)

and
‖f − rn,mn‖Eσ\Ωn(σ,θ) ≤

( θσ

ρ(f)

)n
,

where d is the diameter of Eρ(f).

We remark that in [1] this theorem was stated with an arbitrary parameter d greater
than the diameter of Eρ(f), originated by Nevanlinna’s subadditivity property in [5]
(cf. [6]). But any parameter d ≥ diameter(Eρ(f)) is allowed for this subadditivity property
(cf. Tsuji [8], Ransford [7]). Moreover, the additional condition d > 1 in the formulation
of Theorem 2.2 in [1] was not used in the proof, but only to shorten the proof of the
subsequent theorem on uniform convergence.

Theorem 3.2. Let E, f, {mn}n∈N and {rn,mn}n∈N as in Theorem 3.1. Then there exists
a subsequence Λ ⊂ N with the following property:

For any σ, 1 < σ < ρ(f), and any ε > 0 there exists a denumerable union of closed
sets Ω(σ, ε) ⊂ Eσ (a so-called Fσ-set) with cap Ω(σ, ε) < ε such that

lim sup
n∈Λ,n→∞

‖f − rn,mn‖
1/n
Eσ\Ω(σ,ε)

≤ σ

ρ(f) . (3.3)

In the following, we will use the standard notion of a Fσ-set as the denumerable union
of closed sets; there is no connection with the parameter 1 < σ < ρ(f).

Note, that our construction of Λ in the proof will depend on {mn}n∈N and on the
exceptional sets Ωn(σ, θ) of the function f . In contrast to this, Wallin [9] could prove
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pointwise convergence outside an exceptional set A for general Padé approximants with
capA = 0 for a subsequence Λ constructed a priori depending only on {mn}n∈N.

Analogously to maximal m1-convergence we define the property of Theorem 3.2 as
maximal convergence in capacity.

Definition 3.3. Let f ∈M(E) with ρ(f) <∞, Λ ⊂ N. A sequence {rn}n∈Λ, rn ∈ Rn,n,
is called maximally convergent in capacity to f on Eρ(f) if for any ε > 0 and any σ,
1 < σ < ρ(f), there exists a Fσ-set Ω(σ, ε) ⊂ Eσ with cap Ω(σ, ε) < ε such that

lim sup
n∈Λ,n→∞

‖f − rn‖1/nEσ\Ω(σ,ε)
≤ σ

ρ(f) .

Theorem 3.2 can be generalized slightly by starting directly from a subsequence Λ̃ ⊂ N
instead of the whole natural numbers N.

Corollary 3.4 (Maximal convergence in capacity). Under the conditions for E, f ,
{mn}n∈N and {rn,mn}n∈N as in Theorem 3.1, let Λ̃ ⊂ N be some subsequence of N. Then
there exists a subsequence Λ ⊂ Λ̃ ⊂ N such that {rn,mn}n∈Λ is maximally convergent to f
in capacity on Eρ(f).

Comparing Theorem 2.1 with Theorem 3.2, we have maximal convergence in capacity
only for a subsequence, but maximal m1-convergence for the whole sequence, payed on
the other hand by a stronger condition for the growth of {mn}n∈N. In this context it is
important to note that there exists a constant α > 0 such that m1(B) ≤ α capB for any
Borel set B ⊂ C (Landkof [4], p. 203). Hence,

m1(Ω(σ, ε)) ≤ α cap Ω(σ, ε) < αε,

and Theorem 3.2 implies maximal m1-convergence for the subsequence Λ ⊂ N.
The starting point in this section was the inequality (3.1). So it is quite natural to

ask whether this inequality can be generalized to

lim sup
n→∞

‖f − rn,mn‖
1/n
Γσ ≤

σ

ρ(f)
for any σ, 1 < σ < ρ(f), analogous to polynomial approximation. Apparently, this cannot
be true since the poles of rn,mn can destroy such an inequality on Γσ. Nevertheless, it is
possible to obtain such a result for level lines Γσn with limn→∞ σn = σ.

Theorem 3.5. In addition to the conditions of Theorem 3.1 let E be connected. Then
for any σ, 1 < σ < ρ(f), there exists a sequence

{σn}∞n=1, σn ≤ σ, with lim
n→∞

σn = σ

such that
lim sup
n→∞

‖f − rn,mn‖
1/n
Γσn
≤ σ

ρ(f) . (3.4)

Let us compare this theorem with a result in [2]: By Theorem 2.1 we obtain the
m1-maximal convergence of {rn,mn}n∈N to f on Eρ(f). If E is connected, then by Re-
mark 4 in [2] there exists for any σ, 1 < σ < ρ(f), a sequence {σk}k∈N, 1 < σk < ρ(f),
such that limk→∞ σk = σ and

lim sup
n→∞

‖f − rn,mn‖
1/n
Γσk
≤ σk
ρ(f) ,
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where σk is independent of n. Hence this result is stronger than (3.4), but only under the
condition (2.2) which is stronger than (3.2).

Finally, we can estimate the growth of rn,mn = pn/qmn , resp. pn, by normalizing rn,mn
such that ‖qmn‖E = 1. We use a terminology of Walsh, namely the notion of harmonic
majorant.

Definition 3.6 (cf. Walsh [10]). Let {fn}n∈N be a sequence of subharmonic functions
in C \ Eρ (ρ > 1). Then this sequence has the Green function

Gρ(z) = G(z)− log ρ

as a harmonic majorant in C \ Eρ if for any compact set S ⊂ C \ Eρ
lim sup
n→∞

max
z∈S

(fn(z)−Gρ(z)) ≤ 0.

Theorem 3.7. Under the conditions of Theorem 3.5 the Green function

Gρ(f)(z) = G(z)− log ρ(f) of C \ Eρ(f)

is a harmonic majorant for the sequence{ 1
n

log |pn(z)|
}
n∈N

in C \ Eρ(f),

where rn,mn = pn/qmn is normalized by ‖qmn‖E = 1.

4. Proof of Theorem 2.1. First, let us define for ε, 0 < ε < 1, the exceptional set
Ω(ε): We denote by

η1, η2, . . . , ηs

the finite number of poles of f in E, notified according to their multiplicities. Since f is
meromorphic in Eρ(f), the total number of poles of f in Eρ(f) is denumerable. Hence, we
may arrange the poles ηi of f outside E, i > s, such that

G(ηi) ≤ G(ηi+1) for i ≥ s. (4.1)

If the number of poles of f in Eρ(f) is finite, say s̃, then we set ηs̃+j = η, . . . , j ≥ 1, where
η is a fixed point on Γρ(f). Therefore, in any case we have defined an infinite sequence

{ηi}∞i=1 with lim
i→∞

G(ηi) = ρ(f),

where all poles of f in Eρ(f) are listed and (4.1) is satisfied. Finally, let ξn,i denote the
poles of rn,mn , according to their multiplicities again. For 0 < ε < 1 we define the open
sets

Ωn(ε) :=
⋃
ξn,i

{
z ∈ C : |z − ξn,i| <

ε

2n3

}
∪
{
z ∈ C : |z − ηn| <

ε

2n3

}
and

Ω(ε) :=
∞⋃
n=1

Ωn(ε),

where we may assume, without loss of generality, that mn ≤ n− 1 for all n ∈ N. Then

m1(Ω(ε)) ≤
∞∑
n=1

m1(Ωn(ε)) ≤ ε

2

∞∑
n=1

1
n2 = ε

2
π2

6 < ε.
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Now, let rn,mn = pn/qmn be normalized with respect to Eτ∗ , i.e., we fix a parameter
τ∗ > ρ(f) such that 0 ∈ Eτ∗ and

qmn(z) =
∏

ξn,i∈Eτ∗
(z − ξn,i)

∏
ξn,i /∈Eτ∗

(
1− z

ξn,i

)
. (4.2)

Let us fix 1 < σ < ρ(f), δ > 0 and τ such that
1 < σ < ρ(f)− δ < τ < ρ(f).

We denote by hτ the monic polynomial whose zeros are the poles of f in Eτ , counted
with their multiplicities. Then

(fhτ )(z) = f(z)hτ (z)
is holomorphic in Eτ . Let us denote by pτn ∈ Pn the best uniform polynomial approxi-
mation of fhτ on E. Then there exists n1 = n1(σ, δ) such that for n ≥ n1(σ, δ) we have
degree(hτ ) ≤ mn and

‖fhτ − rn,mnhτ‖∂E ≤
( 1
ρ(f)− δ

)n
, (4.3)

‖fhτ − pτn‖E ≤
( 1
ρ(f)− δ

)n
, (4.4)

‖fhτ − pτn‖Eσ ≤
( σ

ρ(f)− δ

)n
. (4.5)

For (4.3) we have used (3.1); (4.4) and (4.5) follow from the theorem of Bernstein–Walsh
(cf. [11]). Combining (4.3) and (4.4), for n ≥ n1(σ, δ)

‖rn,mnhτ − pτn‖∂E ≤ 2
( 1
ρ(f)− δ

)n
.

Multiplication by qmn(z) implies, together with the normalization of qmn in (4.2), that
there exists a constant c1 > 0 such that

‖pnhτ − pτnqmn‖E ≤ c
mn
1

( 1
ρ(f)− δ

)n
for n ≥ n1(σ, δ).

Next, we apply the Lemma of Bernstein–Walsh [11] to the polynomial
w(z) = pnh

τ − pτnqmn ∈ Pn+mn

and obtain for n ≥ n1(σ, δ)

|w(z)| ≤ (c1σ)mn
( σ

ρ(f)− δ

)n
for z ∈ Eσ

or
|rn,mn(z)hτ (z)− pτn(z)| ≤ (c1σ)mn

( σ

ρ(f)− δ

)n 1
|qmn(z)| (4.6)

for z ∈ Eσ where qmn(z) 6= 0.
Since ε < 1 we can estimate |qmn(z)| from below for z ∈ Eρ(f) \ Ω(ε) by

|qmn(z)| ≥
( ε

2n3

)mn
cmn2 , (4.7)

where
c2 := min

z∈Eρ(f)

min
ξ∈C\Eτ∗

∣∣∣1− z

ξ

∣∣∣ > 0.



70 H.-P. BLATT

Next, we choose n0 = n0(τ) such that

G(ηn) > log τ for all n ≥ n0(τ).

Then grad(hτ ) ≤ n0 and for z ∈ C \ Ω(ε) we obtain

|hτ (z)| ≥
( ε

2n3
0

)n0
. (4.8)

Hence, for z ∈ Eσ \ Ω(ε)

|f(z)− rn,mn(z)| ≤ 1
|hτ (z)| |f(z)hτ (z)− pτn(z)|

+ 1
|hτ (z)qmn(z)| |pn(z)hτ (z)− pτn(z)qmn(z)|

and (4.5)–(4.8) imply for z ∈ Eσ \ Ω(ε) and n ≥ n1(σ, δ)

|f(z)− rn,mn(z)| ≤
(2n3

0
ε

)n0( σ

ρ(f)− δ

)n
+
(2n3

0
ε

)n0(2c1σn3

c2ε

)mn( σ

ρ(f)− δ

)n
.

Hence
lim sup
n→∞

‖f − rn,mn‖
1/n
Eσ\Ω(ε)

≤ σ

ρ(f)− δ .

Since δ > 0 can be chosen arbitrary small, we get (2.3).

5. Proofs of the theorems in Section 3. First, let us mention some estimates of
capacity.

If E ⊂ C is compact and P ⊂ R is the orthogonal projection of E onto the real line
then

capE ≥ capP.

Let T : E → C be a mapping satisfying

|T (z)− T (w)| ≤ A|z − w| for z, w ∈ E

then
capT (E) ≤ A capE (contraction property).

Let E =
⋃∞
k=1Ek be a union of Borel sets in C and if diameter(E) ≤ d, then

1/ log d

capE ≤
∞∑
k=1

1/ log d

capEk

(Nevanlinna [5], cf. Tsuji [8], Ransford [7]).
Let E be compact and connected with connected complement Ω = C \ E and let Φ

denote the conformal mapping of Ω onto ∆ = {z ∈ C : |z| > 1}, normalized by Φ(∞) =∞
and Φ′(∞) > 0.

Lemma 5.1. Let 1 < ρ <∞ be fixed and let B be a compact set in C\Eρ where Eρ is the
Green domain to the parameter ρ. Then there exists a constant c = c(ρ) > 0 such that

cap Φ(B) ≤ c capB.
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Proof. Let z, w ∈ C \ E and define

H(z, w) :=


Φ(z)− Φ(w)

z − w
for z 6= w,

Φ′(w) for z = w.
.

Then for fixed z ∈ C \E the function H(z, w) is holomorphic as a function of w ∈ C \E
since

lim
w→z
w 6=z

H(z, w) = Φ′(z) = H(z, z).

Moreover, the function H(z, w) is also holomorphic at the point w =∞ for fixed z ∈ C\E
and

lim
w→∞

H(z, w) = lim
w→∞

Φ(w)
w − z

= 1
capE .

Hence, we can apply the maximum principle for the function H(z, w) on the domain
C \ Eρ and obtain

max
w′∈C\Eρ

|H(z, w′)| = max
w′∈Γρ

|H(z, w′)|,

i.e., for any z ∈ C \ Eρ there exists a point wz ∈ Γρ such that

|H(z, w)| ≤ |H(z, wz)|.

Therefore for any (z, w) ∈ (C \ Eρ)× (C \ Eρ)

|H(z, w)| ≤ |H(z, wz)| = |H(wz, z)| ≤ |H(wz, wwz )|,

where (wz, wwz ) ∈ Γρ × Γρ.
Now, let us consider the function

H(ξ, η) with (ξ, η) ∈ Γρ × Γρ.

H(ξ, η) is continuous on Γρ×Γρ and attains its maximal modulus on Γρ×Γρ. If we define

c = c(ρ) := max
(ξ,η)∈Γρ×Γρ

|H(ξ, η)|,

then c(ρ) > 0 and we have

|H(z, w)| ≤ c(ρ) for all (z, w) ∈ (C \ Eρ)× (C \ Eρ).

Consequently,
|Φ(z)− Φ(w)| ≤ c(ρ)|z − w|

for any z, w ∈ C \ Eρ. Hence the contraction property of the logarithmic capacity yields

cap Φ(B) ≤ c(ρ) capB

for any compact B ⊂ C \ Eρ.

Proof of Theorem 3.2. Let us denote by

{σk : k = 1, 2, 3, . . . }

the denumerable set of rational numbers of the open interval (1, ρ(f)). Moreover, let {θk}
be a strictly decreasing sequence with limk→∞ θk = 1.
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For 1 < σ < ρ(f) and θ > 1, let us define as in Theorem 3.1 the set Ωn(σ, θ) and the
number n0(σ, θ), i.e., for n ≥ n0(σ, θ)

|f(z)− rn,mn(z)| ≤
( θσ

ρ(f)

)n
for z ∈ Eσ \ Ωn(σ, θ),

where Ωn(σ, θ) ⊂ Eσ is compact and

cap Ωn(σ, θ) ≤ d1/2γn/2mn with γ = 1− θ − 1
1 + 3θ . (5.1)

Replacing (σ, θ) by (σ1, θ1), we can find, because of mn = o(n) as n→∞, a subsequence
Λ1 = {n(1)

j }∞j=1 of N such that n(1)
j ≥ n0(σ1, θ1) for j ≥ 1 and

m
n

(1)
j

n
(1)
j

≤ 1
j2 log 1

γ1
for j = 1, 2, . . . ,

where
γ1 = 1− θ1 − 1

1 + 3θ1
.

Recursively, we can define subsequences Λk = {n(k)
j }∞j=k ⊂ Λk−1 such that n

(k)
j ≥

n0(σk, θk) for j ≥ k and
m
n

(k)
j

n
(k)
j

≤ 1
j2

1
k2 log 1

γk
for j ≥ k, (5.2)

where
γk = 1− θk − 1

1 + 3θk
.

Next, we define
Λ := {n(k)

k }
∞
k=1,

and we want to show that Λ fulfils the assertions of Theorem 3.2.
Let us consider for i ≥ 1 the Fσ-sets

Ω̃i :=
∞∑
k=i

∞∑
j=i

Ω
n

(k)
j

(σk, γk),

then Ω̃1 ⊃ Ω̃2 ⊃ . . .. For abbreviation, let

ak,j := 1/ log d

cap Ω
n

(k)
j

(σk, γk)

and we choose the parameter d ≥ max(1,diameter(Eρ(f))). The subadditivity property
of Nevanlinna yields

1/ log d

cap Ω̃i
≤
∞∑
k=i

∞∑
j=i

ak,j (5.3)

for all i ≥ 1. Moreover, by (5.1)

ak,j ≤
(

log d− 1
2 log d−

n
(k)
j

2m
n

(k)
j

log γk
)−1
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and because of d ≥ 1 and (5.2), for j ≥ k

ak,j ≤
( n

(k)
j

2m
n

(k)
j

log 1
γk

)−1
≤ 2
k2j2 .

Hence, the double series

S1 =
∞∑
k=1

∞∑
j=1

ak,j ≤ 2
( ∞∑
k=1

1
k2

)2
= π4

18

is convergent.
Now, let 0 < ε < d be fixed. Then we can define i(ε) ∈ N such that

∞∑
k=i(ε)

∞∑
j=i(ε)

ak,j <
(

log d
ε

)−1
,

and by (5.3),
cap Ω̃i(ε) < ε. (5.4)

Next, we fix 1 < σ < ρ(f) and 0 < δ < ρ(f)−σ. Then we can choose k(δ) ∈ N such that

k(δ) ≥ i(ε), σ < σk(δ) < σ + δ and 1 < θk(δ) < 1 + δ. (5.5)

Consequently, for n = n
(k(δ))
j ∈ Λk(δ), j ≥ k(δ), and all z ∈ Eσk(δ) \ Ωn(σk(δ), θk(δ))

|f(z)− rn,mn(z)| ≤
(θk(δ)σk(δ)

ρ(f)

)n
≤
( (1 + δ)(σ + δ)

ρ(f)

)n
.

Hence, for all n ∈ Λk(δ)

‖f − rn,mn‖
1/n
Eσk(δ)\Ω̃i(ε)

≤ (1 + δ)(σ + δ)
ρ(f) .

Let
Ω(σ, ε) := Ω̃i(ε) capEσ,

then Ω(σ, ε) is a Fσ-set in Eσ and by (5.4)

cap Ω(σ, ε) ≤ cap Ω̃i(ε) < ε.

Moreover, for n ∈ Λk(δ) we have

‖f − rn,mn‖
1/n
Eσ\Ω(σ,ε)

≤ (1 + δ)(σ + δ)
ρ(f) .

Let {δi}∞i=1 be a strictly decreasing sequence with δ1 < ρ(f) − σ and limi→∞ δi = 0,
then we can choose k(δi) such that k(δi) satisfies (5.5), where δ = δi, and moreover,
k(δi+1) > k(δi). Hence, Λk(δi+1) ⊂ Λk(δi) and

lim sup
n∈Λ,n→∞

‖f − rn,mn‖
1/n
Eσ\Ω(σ,ε)

≤ lim
i→∞

lim sup
n∈Λk(δi),n→∞

‖f − rn,mn‖
1/n
Eσ\Ω(σ,ε)

≤ σ

ρ(f) .

The Corollary is proved along the same lines as in the preceding proof, the only
difference is to choose Λ1 as a subsequence of Λ̃.
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Proof of Theorem 3.5. By Theorem 3.1, for any σ, 1 < σ < ρ(f), and any θ, 1 < θ <

ρ(f)/σ, there exists a number n0(σ, θ) and compact set Ωn(σ, θ) ⊂ Eσ such that for all
n ≥ n0(σ, θ)

cap Ωn(σ, θ) ≤ d1/2
(

1− θ − 1
1 + 3θ

)n/(2mn)

and
‖f − rn,mn‖Eσ\Ωn(σ,θ) ≤

( θσ

ρ(f)

)n
.

Let Φ be the conformal mapping from Ω to the exterior of the unit disk, normalized by
Φ(∞) = ∞ and Φ′(∞) > 0. Let κ := (1 + σ)/2, then, according to the transfer lemma
for the logarithmic capacity, there exists a constant c = c(κ) such that

cap Φ(B) ≤ c capB

for any compact set B ⊂ C \ Eκ.
Now, let us define two strictly decreasing sequences {εk}k∈N, ε1 < (σ − 1)/2, and

{θk}k∈N, 1 < θk < ρ(f)/σ, such that

lim
k→∞

εk = 0 and lim
k→∞

θk = 1.

Then we will define the sequence {σn}n∈N by induction: First, starting with ε1 and θ1
and using Theorem 3.1, we obtain a natural number n0(σ, θ1) and compact sets Ωn(σ, θ1)
in Eσ such that for n ≥ n0(σ, θ1)

cap Ωn(σ, θ1) ≤ d1/2
(

1− θ1 − 1
1 + 3θ1

)n/(2mn)

and
‖f − rn,mn‖Eσ\Ωn(σ,θ1) ≤

( θ1σ

ρ(f)

)n
.

Define
εn,1 := d1/2

(
1− θ1 − 1

1 + 3θ1

)n/(2mn)
,

then we can find n1 = n1(σ, θ1) > n0(σ, θ1) such that with c = c(κ) of the previous
lemma

εn,1 ≤ ε1/(8c) for all n ≥ n1(σ, θ1).

Next, we use polar coordinates in C and we consider the annulus

R1 := {z ∈ C : σ − ε1 ≤ |z| ≤ σ}

and the projection p1 : C → R+, defined by p1(z) := |z|. The contraction principle for
the logarithmic capacity implies

cap p1(R1) = cap([σ − ε1, σ]) = ε1/4. (5.6)

Then we use the compact subsets

Ω̃n(σ, θ1) := Ωn(σ, θ1) cap(C \ Eκ)

in Eσ \ Eκ. The transfer lemma yields

cap Φ(Ω̃n(σ, θ1)) ≤ c cap Ω̃n(σ, θ1).



RATIONAL APPROXIMANTS OF MEROMORPHIC FUNCTIONS 75

Hence, for n ≥ n1(σ, θ1)

cap p1(Φ(Ω̃n(σ, θ1))) ≤ cap Φ(Ω̃n(σ, θ1)) ≤ c cap Ω̃n(σ, θ1)
≤ c cap Ωn(σ, θ1) ≤ c εn,1 ≤ ε1/8. (5.7)

Combining (5.6) and (5.7), we conclude that there exists a parameter σn,1 with

σ − ε1 ≤ σn,1 ≤ σ (5.8)

such that the level line Γσn,1 of Green’s function G(z) satisfies for all n ≥ n1(σ, θ1)

Γσn,1 ⊂ Eσ \ Ωn(σ, θ1)

and therefore,

‖f − rn,mn‖Γσn,1 ≤
( θ1σ

ρ(f)

)n
.

Now, let us assume that we have already defined nk(σ, θk) with

nk(σ, θk) > nk−1(σ, θk−1)

and σn,k for n ≥ nk(σ, θk) with σ − εk ≤ σn,k ≤ σ such that for n ≥ nk(σ, θk)

‖f − rn,mn‖Γσn,k ≤
( θkσ
ρ(f)

)n
.

Then as above, there exists n0(σ, θk+1) > nk(σ, θk) and compact sets Ωn(σ, θk+1) ⊂ Eσ
for n ≥ n0(σ, θk+1) such that

cap Ωn(σ, θk+1) ≤ εn,k+1 := d1/2
(

1− θk+1 − 1
1 + 3θk+1

)n/(2mn)

for all n ≥ n0(σ, θk+1) and

‖f − rn,mn‖Eσ\Ωn(σ,θk+1) ≤
(θk+1σ

ρ(f)

)n
.

Again, we can find nk+1(σ, θk+1) ≥ n0(σ, θk+1) such that

εn,k+1 ≤ εk+1/(8c) for n ≥ nk+1(σ, θk+1),

where c = c(κ). Let
Rk+1 = {z ∈ C : σ − εk+1 ≤ |z| ≤ σ}

then
cap p1(Rk+1) = εk+1

4 . (5.9)

As above, let
Ω̃n(σ, θk+1) = Ωn(σ, θk+1) cap(C \ Eκ),

then for n ≥ n1(σ, θk+1)

cap p1(Φ(Ω̃n(σ, θk+1)) ≤ cap Φ(Ω̃n(σ, θk+1)) ≤ c cap Ω̃n(σ, θk+1)
≤ c cap Ωn(σ, θk+1) ≤ c εn,k+1 ≤ εk+1/8. (5.10)

(5.9) together with (5.10) implies that there exist parameters σn,k+1 with

σ − εk+1 ≤ σn,k+1 ≤ σ
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such that
Γσn,k+1 ⊂ Eσ \ Ωn(σ, θk+1)

and therefore, for n ≥ nk+1(σ, θk+1)

‖f − rn,mn‖Γσn,k+1
≤
(θk+1σ

ρ(f)

)n
.

Finally, we define for all n ≥ n1(σ, θ1) and k ≥ 1

σn := σn,k for nk(σ, θk) ≤ n < nk+1(σ, θk+1)

and obtain
lim sup
n→∞

‖f − rn,mn‖
1/n
Γσn
≤ σ

ρ(f) .

In addition we have

lim
n→∞

σn = σ and σn ≤ σ for all n ≥ n1(σ, θ1).

Proof of Theorem 3.7. Fix σ, 1 < σ < ρ(f). According to Theorem 3.5 there exists a
sequence {σn}n∈N, σn ≤ σ, with limn→∞ σn = σ, and a sequence {θn}n∈N, θn > 1, with
limn→∞ θn = 1 such that

‖f − rn,mn‖Γσn ≤
( θnσ
ρ(f)

)n
for all sufficiently large n ≥ n0 ∈ N. Let us denote by hσ the monic polynomial whose
zeros are the poles of f in Eσ, counted with their multiplicities. Then fhσ is holomorphic
in Eσ. Let m = degree(hσ) then

‖fhσqmn − pnhσ‖Γσn ≤
( θnσ
ρ(f)

)n
‖hσqmn‖Γσ

and
‖pnhσ‖Γσn ≤

( θnσ
ρ(f)

)n
‖hσ‖Γσ‖qmn‖Γσ + ‖fhσ‖Γσ‖qmn‖Γσ .

Since fhσ is holomorphic in Eσ and ‖qmn‖E = 1,

‖pnhσ‖Γσn ≤
( θnσ
ρ(f)

)n
σmn‖hσ‖Γσ + σmn‖fhσ‖Γσ

and we can choose n1 ≥ n0 ∈ N and a constant c1 > 0 such that

‖pnhσ‖Γσn ≤ c1σ
mn for n ≥ n1.

Then the Bernstein–Walsh Lemma yields for z ∈ C \ Eσn
|pn(z)hσ(z)| ≤ c1 σmne(n+m)Gσn (z) (5.11)

for n ≥ n1.
Let S be compact in C \ Eρ(f), then we can choose τ such that

τ > ρ(f) and S ⊂ C \ Eτ
and we get

α := min
z∈Γτ

min
ξ∈Eρ(f)

|z − ξ| > 0
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and
min
z∈Γτ

|hσ(z)| ≥ αm.

Now, (5.11) implies for z ∈ Γτ and n ≥ n1

1
n

log |pn(z)| ≤ 1
n

log c1 + mn

n
log σ + n+m

n
Gσn(z) + m

n
log 1

α

and, together with mn = o(n),

lim sup
n→∞

max
z∈Γτ

( 1
n

log |pn(z)| −Gσn(z)
)
≤ 0.

Since the Green functions Gσn(z) converge uniformly to Gσ(z) on Γτ as n→∞, we have
got finally

lim sup
n→∞

max
z∈Γτ

( 1
n

log |pn(z)| −Gσ(z)
)
≤ 0.

The function
1
n

log |pn(z)| −Gσ(z)

is subharmonic on C \ Eσ. Hence the maximum principle implies

max
z∈S

( 1
n

log |pn(z)| −Gσ(z)
)
≤ max
z∈Γτ

( 1
n

log |pn(z)| −Gσ(z)
)
.

Consequently,
lim sup
n→∞

max
z∈S

( 1
n

log |pn(z)| −Gσ(z)
)
≤ 0.

But this holds for any σ < ρ(f). The uniform convergence of Gσ(z) on S for σ → ρ(f)
leads to

lim sup
n→∞

max
z∈S

( 1
n

log |pn(z)| −Gρ(f)(z)
)
≤ 0.

This inequality holds for any compact S in C \ Eρ(f). Hence, by definition the sequence{ 1
n

log |pn(z)|
}
n∈N

has Gρ(f)(z) as a harmonic majorant.
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functions, Mat. Sb. (N.S.) 98(140) (1975), 564–577; English transl.: Math. USSR Sb. 27
(1975), 503–514.

[4] N. S. Landkof, Foundations of Modern Potential Theory, Grundlehren Math. Wiss. 180,
Springer, Berlin 1972.

[5] R. Nevanlinna, Eindeutige analytische Funktionen, Grundlehren Math. Wiss. 46, Springer,
Berlin 1974.

http://dx.doi.org/10.2298/PIM1410031B
http://dx.doi.org/10.1007/s00365-010-9124-5
http://dx.doi.org/10.1070/SM1975v027n04ABEH002526


78 H.-P. BLATT

[6] C. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, Göttingen 1975.
[7] T. Ransford, Potential Theory in the Complex Plane, London Math. Soc. Stud. Texts 28,

Cambridge Univ. Press, Cambridge 1995.
[8] M. Tsuji, Potential Theory in Modern Function Theory, Maruzen Co., Tokyo 1959.
[9] H. Wallin, Potential theory and approximation of analytic functions by rational interpo-

lation, in: Complex Analysis, Joensuu 1978, Lecture Notes in Math. 747, Springer, Berlin
1979, 434–450.

[10] J. L. Walsh, The analogue for maximally convergent polynomials of Jentzsch’s theorem,
Duke Math. J. 26 (1959), 605–616.

[11] J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex Do-
main, Amer. Math. Soc. Colloq. Publ. 20, Amer. Math. Soc., Providence, RI 1969.

http://dx.doi.org/10.1017/CBO9780511623776
http://dx.doi.org/10.1215/S0012-7094-59-02658-4

	Introduction
	Maximal m1-convergence
	Maximal convergence in capacity
	Proof of Theorem 2.1
	Proofs of the theorems in Section 3

