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Abstract. We discuss problems on Hankel determinants and the classical moment problem
related to and inspired by certain Vandermonde determinants for polynomial interpolation on
(quadratic) algebraic curves in C?.

1. Introduction. Suppose that K C C?is compact and that P,,(K) is the space of alge-
braic polynomials of degree at most n restricted to K. For a basis B,, := {Py,..., Py} C
P, (K) with N := dim(P,(K)), and N points X, := {z1,...,2n} C K, we may form the
so-called Vandermonde determinant
vdm(By; Xy) = det([Pi(z))i<ij<n)-
Write
V(Bp; K) = max{|vdm(B,, X,)| : X,, € K};

a set of points X, at which the maximum is attained is called a set of Fekete points, and

lim V(B,; K)Y/

n—oo

(if it exists) is called the transfinite diameter of K. The exponent ¢, is the degree of
homogeneity of the determinant, whose exact value is not yet important.
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Fekete points and transfinite diameter (capacity) are topics of classical complex anal-
ysis. Of particular importance are the recent papers of Berman and Boucksom (e.g. [1},2])
where they give a very general treatment. Their theory does apply when the underlying
space is an algebraic complex variety but their formulas require the normalization by
the known value of the transfinite diameter of an example set. Recently, the problem of
transfinite diameter on algebraic varieties has been studied from the algebraic point of
view in [4].

This current work began with the attempt to compute some explicit examples of
transfinite diameter on algebraic varieties. Surprisingly, already the case of the simplest
such variety, i.e., a quadratic curve, leads directly and intimately into some classical
problems of the asymptotics of Hankel determinants and the Moment Problem, and here
we report on some of these investigations.

For a non-degenerate quadratic curve in C2
V:={(z,y) € C*: A2® + Bay + Cy* + Dz + Ey + F = 0}
we may assume without loss of generality that C' # 0. In this case it is easy to verify that
B, = {L:E,mz7 sz PU y{l,x,x2, e 3:"_1},

of dimension 2n + 1, is a basis for P,(V), and ¢, = n(n + 1). It is known that
lim,, oo V (B, K)Y/% exists, where K C V is a compact set (see [4, Theorem 6.7]).

For an explicit example, it is reasonable to consider the case of a set in a variety that
is the graph above the unit circle, i.e., a set K of the form K = {(z,y) € C?: |z| = 1,
y = A(x)}. We first give a formula for the associated Vandermonde determinant evaluated
at points over the roots of unity.

PROPOSITION 1.1. Suppose that A(z) = Z;‘io a;jz’ has radius of convergence strictly
greater than 1. Consider the basis of bivariate polynomials

B, = {l,z,2% ..., 2"} Uy{l, 2z, 2% ... 2" '} = {bj(x,y) : 0 < j < 2n} (say)
and the 2n 4+ 1 points
X o= {(W" AWr) : 0 <k <2n} = {(2i,5) : 0 <i <2n}  (say)

where w := exp(2mi/(2n + 1)) is the (2n + 1)-th principal root of unity. Further, let

2n
Q) = Y a2t
k=0

be the univariate polynomial of degree at most 2n that interpolates A(z) at the points
of Xy. Consider the associated (bivariate) Vandermonde determinant

vdm(B,,; Xy) = det[b; (x4, yi)]o<i,j<2n-
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Then

vdm(B,; X,,) = tvdm({1,z,..., 2" }; {l,w,...,w?*"})

q2 q3 S ¢ [ | 1

q3 q4 o (ny2

% det q4 qs " (ny3
L qn+1 dn+2 : : : qon |

Proof. First note that since Q2,(2) is the interpolant of A(z) at {1,w,w?,...,w?"},
X, = {(w*, AW*) : 0 < k <20} = {(W*, Qon(wWF)) : 0 < k < 2n} = X,,, say.
Hence
vdm(B,; X,,) = vdm(By; Xp,).

Further, note that at the points of X, the values of the basis functions are those of the
functions

B, = {1,2,...2"} U Qan(z){1,2,...,2" 1}
Hence
vdm(B,,; X,,) = vdm(B,,; X,,).

Now consider an element of E of the form

2n
2" Qon(x) =2 quz :quz’”r, 0<r<n-1.
k=0

Hence, at one of the roots of umty, w?, we have

k‘+
x QZn m ws g Qk "

Then extending the definition of the coefﬁaents qr cyclically, i.e., setting ¢,, = g for
m = kmod (2n + 1), and using the fact that w® is a (2n + 1)-th root of unity, we obtain

x QZn x wS qu 7‘

In other words, " Q2, (x) agrees with

(7) 27(7) k

k=0

where ¢ : (Gry--+y92n,90s---,qr—1) is the vector (qo,q1,-..,q2n) of coefficients of
Q2n(x) permuted cyclically r times to the right.
It follows that
vdm(B,,; X,,) = vdm(B); X},)
where

B, ={l,z,2% ... 2" (0)(33), gln)(x), (n_l)}

)W 2n Tt X 2n
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and
X! = {1l,w,w? ... W)
Now, the transition matrix, in block form, from {1, z,z?%,...,22"} (the standard basis of
P2, (C)) to the basis B, is
o 0 :
dn+1  4n+2 - -- q2n
dn  Gn+1 .- ({2n-—1
— (2n+1)x(2n+1)
Tn T * dn—1 dn R q2n—2 €R
L q2 q3 < Gn4a

where I, € RHDX (41 ig the identity matrix. We easily see that

gn+1 dn4+2 .- Q2n
qn dn+1 .-+ Q2n—1
det(T,) = det(l, 1) x det | dn—-1  dn .-+ q2n—2
q2 g3 coe Qntd

(the Toeplitz form). Inverting the rows we get

q2 g3 coo Qn4a1
q3 g4 coo Qdn42

det(T,,) = +det | 94 5 oo nt3 |
gn+1 dn4+2 .- q2n

the Hankel form.
Note further that

Vdm({l,gc7 s w, ,w2"})

is the classical Vandermonde determinant at the roots of unity. In this particular case,
the Vandermonde matrix is just [w(iil)(jil)]lgi7jgzn+l, i.e., the classical Fourier matrix
Fons1- Since, as is well known, F3,, Font1 = (2n 4 1)I2n41,

|det(Fong1)| = (2n + 1)(2n+1)/2

and we may actually conclude that

q2 qs |
q3 g4 coo Qny2

vdm(B,; X,,)| = 2n+ 1)@ +D/2 |det | @@ &5 - Gn+3 ||, m
dn+1 dn+2 - -- q2n

The following explicit formula for an interpolating polynomial of an analytic function
at the roots of unity will be of use to us.
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LEMMA 1.2. Suppose that A(z) = Z;io a;jz’ has radius of convergence strictly greater
than 1. Then the polynomial p,,(z) of degree at most m — 1 that interpolates A(z) at the

m-th roots of unity, w”, r =0,1,...,(m — 1), w := exp(2mwi/m), is given by
m—1 s}
= Z qkzk, where qi = Za’“mj'
k=0 =0

Proof. We calculate, for 0 <r <m —1,

[eS)
_ § :aiwm
=0

Now, writing it = mj + k for j > 0 and 0 < k <m — 1, we obtain

A(W") = i[g{amﬂkw“mﬁm}} -y [ml{amﬁk(wm)”(wr)k}}
j=0 k=0 Jj=0 k=0
) — m—1_oo
- Z[ {amHk x1x (W } = [Z amﬁk}
7=0 k=0 k=0 7=0
= ) = ),
k=0

i.e., pm(2) and A(z) have the same values at the roots of unity. m

DEFINITION 1.3. A formal power series F(z) = > o apz¥ is said to be the generating
function of the Hankel matrices

H, = [ai+j,1]1§i7j§n € (Cn><n7 n=12,....

ExXAMPLE 1. Comsider F(z) = Y ;o 2"/k = —log(l — z), |2| < 1. Then H, =
1+ — € is the classical Hilbert matrix. It is known that
1/i+5—-1 Rmxm he cl 1 Hilb Itis k h
n—1 .\4
det(H,) = M
I, !
Jj=1
from which one may easily conclude that
1
lim (det(H,))"/"" = = .

n—oo

One might notice that the limit 1/4 is the transfinite diameter (also the logarithmic
capacity) of the interval [0, 1]. This is not by coincidence. Indeed, for the Hilbert matrix,

(Hp)ij = H—];—l = /01 'l da
so that H,, = G,,({1,z,2%,..., 2" 1};dx), the Gram matrix of the basis
{1,z,2%,..., 2"}
with respect to Lebesgue measure on [0, 1]. Recall that for a basis {e1,...,e,} of P,—1(C)
and finite Borel measure p on C, G,, = G,({e1,...,en}, 1) is the n X n matrix whose

(4,7)-th entry is [ e;e; dp.
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It is a basic fact that, for a measure p with support S(u) = K C C sufficiently regular,
lim det(Gn)l/"2 = cap(K).
n—oo

Indeed, this is the topic of the recent paper by Bloom [3]. We give a summary of the
important facts.

First, let po,p1,... be the monic orthogonal polynomials (with deg(p,) = n) with
respect to the measure p. Stahl and Totik [I0] say that the measure is regular (class Reg)
if

. 1/
Tim ([pllz20) """ = cap(K).
Bloom then proves (his Theorem 1.2) that u is regular in this sense if and only if
lim det((}’n)l/"2 = cap(K).
n—oo

For the example of Lebesgue measure on [0, 1] the orthogonal polynomials are p,(x) =
Cpn P, (22 — 1) where P,(x) are the classical Legendre polynomials and C,, is the appro-

2
priate normalization constant. Indeed, it is easy to check that C,, = g;’g)! so that

Ipollioan = 5 o0
PuliL2(ds) = 5,7 (2n)!
from which it easily follows that

. 1/
dim ([pallzzgn) ™ = 1/4 = cap((0,1])

and we have Stahl-Totik regularity. From Bloom’s theorem we then have

lim det(Hn)l/"2 = lim det(Gn)l/”2 = cap([0, 1])

n—oo n—oo - Z ’
as we saw by direct calculation.
It is worth noting that Stahl and Totik [I0, Theorem 3.2.3] show that, when K is
regular for the exterior Dirichlet problem, p is of class Reg iff the uniform norm of a
polynomial on K is subexponentially equivalent to its L?(u) norm. Specifically, iff

P 1/n
lim ( sup w) =1. (1)
n=00 \qeg(P)<n, P20 || Pllz2(n)

Sometimes this latter condition is referred to as the Bernstein—-Markov property.

Stahl and Totik [I0, Theorem 4.1.1] give the following sufficient condition for a mea-
sure to be in Reg, generalizing that given by Erdés and Turén for the interval [—1, 1].

PRrROPOSITION 1.4. Suppose that K C C is compact and regular for the exterior Dirichlet
problem. If dp is a measure such that
du(z) = w(z)dpk(z)  with w(x) >0 a.e. dug,

where dpy is the equilibrium measure for K, then du € Reg.

2. The Goluzin—Pélya and Heine integral formulas. Goluzin [7, p. 307] (cf. Edrei
[6, (2,29)]) gives a remarkable integral formula for Hankel determinants. Specifically,
suppose that £ C C is compact and that B denotes the component of the complement
of E that contains co. Suppose further that f(z) is regular in B and has the expansion
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f(z) = Y02, arzF, convergent in a neighbourhood of co. Then for H, € C™*" the
Hankel matrix generated by F(z) := f(1/2),

n!det(H, @i / / / Fz)f(z2) - f(za)vdm?®(z1, ..., 20) d21 ... dzn.  (2)

Here vdm(z1,...,2n) = [[1<;<j<,(2j — 2i) denotes the classical univariate Vandermonde
determinant and v C B is a closed Jordan curve that encloses FE.
As a consequence of this formula we have the following, first proved by Pélya in 1928.

THEOREM 2.1 (Pélya [9] but see also [7, Theorem 3]). Under the above assumptions on
E and f(2),
2
lim sup |det(H,)|"/™ < cap(E).

n—oo
We are interested in when the limit exists (and is equal to cap(E)). Suppose then that
F(z) is the (shifted) generating function of the moments of a measure p supported on a

real interval FE = [a,b], i.e.,
1= ([
=1

so that
F<z>=g( / bx“duu))z’“: / bz(}i(m) ) duto)
- [ e = [ e Q
and ' ' .
1) =P/ = [ —— du(w) (4)

a
which, by analytic continuation, are valid for z € B. In other words, f(z) is the Cauchy
transform of the measure p. Inserting this formula for f(z) in the Goluzin—Pélya for-

mula , we obtain
n b
1
d
H/a Po—— u(xk)}

nl det(H,) = ﬁ LL ' "L{k_l

X Vdmz(zl7 vy 2Zp)dzy - dzy,

x vdm?(z1, ..., 2p)dz; - - dzn] dp(xy) - dp(xy,)

_ /ab.../abvde(gcl,...,xn)du(m)"'du(xn)-

This latter formula for a Gram determinant is given in Szegé [11], p. 27] where he attributes
it to Heine.
It follows from the results of Bloom [3], mentioned above, that in this case, we have



86 L. BOS AND S. MA’'U

PROPOSITION 2.2. Suppose that E = [a,b] and that f(z) (or F(2)) is the moment gen-
erating function of a measure p supported on E. Then

lim |det(Hn)|1/"2 = cap(FE)
n—oo
if and only if p is in the Stahl-Totik class Reg.

The problem of telling whether or not a generating function is indeed the moment
generating function of a measure is known as the Classical Hausdorff Moment problem
and has been much studied.

DEFINITION 2.3. Let ¢ = (¢;j)j>0 be a real sequence. Then c is said to be a moment
sequence of a measure dyu on the interval [a, b] if

b
¢; :/ o7 du(x).

Of special interest to us is the following:

THEOREM 2.4 (Liu and Pego [8, Corollary 1]). ¢ is the moment sequence of a measure
dp on [0,b] if and only if the (shifted) generating function F(z) := > p | cx_12" is a Pick
function, analytic on (—oco0,1/b).

DEFINITION 2.5. A function f(z) is said to be a Pick function, analytic on the open
interval (a,b), if

1. f(z) is analytic in the open upper half-plane, Im(z) > 0, and leaves it invariant,
ie.,, Im(f(2)) > 0 for all Im(z) > 0.

2. f(z) takes real values on (a,b) and admits an analytic continuation by reflection
from the upper half-plane across (a, b).

For more on Pick functions see the monograph by Donoghue [5].

EXAMPLE 1 CONTINUED. As noted, here F(z) = —log(1l — z). It is elementary to check
that F(z) is indeed a Pick function, analytic on (—oo, 1), confirming the fact that its
coefficient sequence (1,1/2,1/3,...) is the moment sequence for a (probability) measure
supported on [0,1]. Which precise measure p is given by the following recipe (cf. [8]
equation (9)]). For an interval (o, 8) C [0,1] (in this case),

B
(o B) = lim — - / Im(f (z + iy)) do. (5)

y—=0
For this example
. 2 2 .
T —y 'ty —x+y

Hence )

f =12 = o () = ().
Since z € (o, 8) C [0,1], (x — 1)/ < 0
lim —Im(f(z)) =7

y—0

and we see that p(a, 8) = f — « and so du is just Lebesgue measure on [0, 1].
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ExAMPLE 2. Consider the generating function F(z) = e* — 1 = 32| & 2" and the
corresponding Hankel matrices H,, € R"*" with entries

(Hy)ij = 1/(i+7—1)L
Then f(z) = F(1/z) = e'/* — 1 is regular outside the (polar) set E = {0}, with
2
cap(E) = 0. Hence, by the Pélya Theorem lim sup,, _, |det(Hn)|1/" < 0 and thus
lim |det(H,,)|""" = 0.
n—oo
It is interesting to note that there is also a simple closed formula for the determinant.
LEMMA 2.6. For the above Hankel matriz,
n—1 .
I, gt
Proof. Let pj(z) :=az(x —1)---(z — (n—1—7)), 1 <j <n, with p;(z) := 1. Note that
deg(pj) =n —j. Then

det(H,) =+

_ 1 _ 1 (n+1i—1)!
o = (i+j—1)! (n—1+) (G+i—1)
_m(n+i_1)((n+i_1)_1)"'((n+i_1)_(n—1—j))
1 .
Hence

n

det(H,) = (H (1‘> det([p;(n +1—1]i<ij<n)

S (n—1+19)
2n—1 1

= (H ﬂ)vdm({pl,pg,...7pn};(n,n+17...,2n—1))
j=n 7

the Vandermonde determinant with basis {p1, p2,...,pn} and points (n,n+1,...,2n—1),
in this precise order. Since the polynomials p; are monic, we may replace the basis
{p1,p2, - o} by {21,272 ... 1} to obtain

det(H,) = i(]_I i) <1<I[<n((”+j 1= (+i-1))
- iCiil ;) <1<E<n(j - i)) = iCﬁj ]1,) <ﬁ9')

In fact, the sign can easily determined to be (—1)"/2). u

From this formula it can be directly verified that indeed lim,, |det(Hn)|1/ " _ .
But one may also calculate that

lim |det(H,)|"/ ™ 108) = ¢-1,
n—oo
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Of relevance is the following theorem of Wilson in 1935, [12].

THEOREM 2.7. If f(2) has only poles and a single essential singularity of order p, then
lim sup |det(Hn)|1/(”2 log(n)) < o—1/p
n—oo
EXAMPLE 3. A simple way of generating examples is to choose a priori a measure p and
then calculate the generating function F(z) from . For example, consider
2

1—2

dy == dx

™ €T

supported on [0,1]. This measure is a special case of a Jacobi measure and hence is
(easily) verified to be in the Stahl-Totik class Reg.
By elementary means we may calculate

F(z):/ol z du(x):2/01 z 1;%1::2(1—\/@)

1—2az s 1—xz
where the branch of the square root is chosen to be positive on the positive real axis.

As it must be, F(z) is a Pick function, analytic on (—o0, 1), and since the measure is
in the class Reg, by Proposition

. 1/n?
lim |det(H,)| = cap([0,1]) = 1/4.
n—oo
Interestingly, also in this case one can give an explicit simple formula for det(H,,).

LEMMA 2.8. For

F(z)=21-vV1-2)=2) %17 g (2:>zk
k=1

we have
det(H,) = 4=,

Proof. First note that if we set D € R™*™ to be the diagonal matrix with D;; := 471,
1 < i < n, it suffices to show that A,, := DH, D has determinant

det(An) — 4n(n71)/247n(n71)4n(n71)/2 - 1.
We note that

‘ j i j 1 L 21 i—1
(An)ij = 47’_1(Hn)ij4]_1 —ox4iti—2 - y-(ti-D (‘@ +? )
2i+j-1) -1 i+j—1

1 1 20i4j — 1)
_22(i+j)—3< i+j—1 )

Now consider the lower triangular matriz L € R™*™ given by

it i+ —2)! .
L;; = _11+].(2.—.7 1§]§Z§n-
1= T e -
Note that the diagonal elements of L are
(20— 2)!
D" @~ b =

and hence det(L) = 1.
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We claim that LA, = U where U € R™*" is an upper triangular matrix with diagonal
Uii =1,1 < i <n. From this it follows immediately that det(A,,) = 1. To show this we
must prove that

(a) (LAp)i; =0 for j < i, and
(b) (LAn)ii=1,1<i<mn.

To see (a) we calculate, for 1 < j < i < n,

)”:iLik(A )k
B )i (i+k-2)! 1 1 2(k+7—1)
Z +k —k)(2k—-2)!' 2 2(k+j) — 3( k:+j—1)

_ ili  (i+k-2) 1 2k +j— 1)
=D iz(_Dk (i — k)!(2k — 2)! 2(k+j)3< k+j—1 )

k=1
ey Ly gy (K =) 1 2(k' + j)
= (_1) + 5;(_1)" (z 1 _ k’)!(Qk’/)! Q(k’ +]) -1 ( k! +j )
(having set k' =k — 1)
= (—q)y+l N ( > Kl 4k — D)2k + 5))!
- 2 ( @k)12(k +5) — D((k + ))?

Now observe that
Kli 4k — D2k + 5))!

(2R)!(2(k + ) = D((k +5)!)?
is a polynomial of degree at most i — 2 in k. Indeed,
2(k + 7)! 2k +25)(2k+25 —1)(2k + 25 —2)--- (2k + 1)
(2k)!(2(k+4)—1) 2(k+j)—1
=(2k+25)(2k+25 —2)(2k+ 25— 3)--- (2k+ 1),

=: pij(k)

W:(k+z'—1)(k+i—2)"'(k+j+1) (since j <7 =1)
and
K 1
ki) G+ )k+i—1)(k+1)
Hence,

pij(k?) = (k+l—1)(]€+l—2)(k‘+]+1)
(2k+25)(2k+25 —2)(2k+ 25 —3)--- (2k+ 1)
(k+i)k+j—1)-(k+1)
But the denominator divides the numerator as for each factor of the denominator, twice
that factor is present in the numerator. It follows that p;;(k) is indeed a polynomial in k
with degree

deg(pij) =[(i—1) - (G+1)-1+[2 -1 —jl=>G-1-4)+(G-1)=i-2
as claimed.
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With this notation, we have, for 1 < j <i <mn,

i—1 .
et 1 1 —1
n)ij = (=1 = E —1)* i (k
= (—1)i+11 ! (i — D! (=1)"1p;;]0,1,2,..., (i — 1)]
2 (i — 1) I 55
where p;;[0,1,2,...,(i — 1)] denotes the divided difference of order i — 1 of p;; at the
nodes 0,1,..., (i — 1). This is zero as deg(p;;) < ¢ — 1 and we have shown (a).

For the diagonal case (b), as before, we may write

1 i—1

(i—1)! (-1)* (Z B 1>pi(k)

k=0

(LAn)ii = (_1)i+1

DN | =

with
El(i+k—1)(2(k+19))!
2k (2(k+1) — D((k+)H)? "

pi(k) =

However, p;(k) is no longer a polynomial in k. In fact, in this case,

(i+k—-1! 1
(E+i)! k+i’
2(k+4)!  (2k+20)(2k + 20 — 1)(2k +2i — 2) -+ (2k + 1)
(2k) (2(k +4) — 1) 2k+2i—1
= (2k + 20)(2k + 2i — 2)(2k + 2i — 3) - - (2k + 1),
and
ko 1
(k+4)!  (k+i)(k+i—1)---(k+1)’
so that

pi(k)

1 {(2k+2i)(2k¢+2i—1)(2k:+2z'—2)-~-(2k+1)}
k-t (k+i)(k+i—1)---(k+1) '

Again, for the expression in parentheses, the denominator divides the numerator so that
pi(k) is a rational function of the form

where p;(k) is a polynomial of degree i — 1 in k.

Dividing, we get, as k = —i is the root of the denominator,

o pi(—i)
pi(k) = qi(k) + T

with g;(k) a polynomial of degree i — 2 in k (identically zero for ¢ = 1).
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Hence, we have

(L = (0 g s S ()

k=0
=0T % (i _1 1)! k_o(_l)k (l ; 1) {qZ(k) * i(ji)}
= (0 5 o - 0 e+ B - )
S B (01,2, = 1)

as deg(q;) <i— 2.
We may calculate

pi(—i) = 2'(=3)(=5) -+ (=(2i - 1))
= (=112 x 3 x5 xTx - x (2 —1).

It remains to evaluate the divided difference
1 .
m[o, 1,2, ey (Z — 1)]
To do this, note that this divided difference is the leading coefficient of the polynomial (of
degree i — 1) that interpolates the function 1/(x +14) at the nodes x =0,1,2,...,(i —1).

Let P;_1(z) denote this polynomial. We must have

1 o il .
x—l—iipi_l(x)ia:—&—ig(xi])

for some constant C'. Multiplying by x + 7 we obtain

i—1
1= (z+i)P () =C[](=- ).
§=0

Evaluating at © = —i we get
1 p 1
=— =V
Hj:o(_Z —7) Hj:()(] + 1)
But, the leading coefficient of P;_1(z) is —C and hence
1 ) 1
—[0,1,2,...,(i-1)]=(-1)""'—g——.
kot Hj:o(] + 1)

Consequently,

1

(LA = 5 (<12 @E) -+ 2= (1)

IT;=o0i +7)
271.3.5.7-.-(2i - 1)
=60 +1)
271.3.5.7-.(2i—1) (i—1)!  (2i—1)!
(28 —1)(20 —2)---i (i—1)! (2i—1)

1. m
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3. Some simple transformation rules. Recall that for a generating function F(z) =
> re, arz® we associate f(z) := F(1/z) =Y p-, axz~". We will use the notation H, (f)
to denote the n x n Hankel matrix generated by f (or F),

(Hn(f))u = Gigi—1-

For r € Z4 we may consider the shifted series

oo

k

z) = g Aar?
k=1

and associated shifted Hankel matrix H,(f,) € C"*" with entries
(Hn(fr))ij = Qitjyr—1-
Edrei [6], p. 31] gives the following (among others) basic transformation rules.

ProrosiTioON 3.1. We have

1. For € C, det(H,(f(z+ 5))) = giet(Hn(f(z)))
2. For € C, det(Ho(f(12)) = v~ det(Ho(f()).
3. For BeCletg(z)=1/(z—B— f(2)) =X ey brz™*. Then

f(z
det(Hn11(9(2))) = det(Hn(f(2))), n=1.
0 if n % 0modm

4. For m € Zy, det(H,(f(z™))) = {i(det(Hn/m(f(z))))m if n=0modm.

2
In particular, item 4. shows that, in general, lim,,_, |det(Hp( f))|1/ " need not exist.

ExXAMPLE 4. In Example 3 we considered F(z) = 2(1 — /1 — z). For v > 0, let
2
G(z) == F(z/7) =21 = V1 -z/7) = Vi VY =Vr—2)

By item 2. above, we have

lim |det(H(G)]Y™ = 7~ Tim |det(Hp(F)|Y/™ =71 /4 = — .
n—o0 " n—o0 " 4y
There is another simple transformation rule that will be of some use to us.

LEMMA 3.2. Let g(2) = 2f(22). Then

det(Hy(f)) det(Hy(f1)) n =2k
det(Hy(f))det(Hx—1(f1)) n=2k—1.

Here f1(z) denotes the shifted generating function defined above.

det(Hn(g(2))) = {

Proof. Now

_ 2y _ —@k-1y_ @ 0 a0 ag
9(2) = 2f() =Y _arz™ )——+—+Z—3+Z—+—+....
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Hence H,(g) is a “checkerboard” matrix with alternating entries 0. For n = 2k, it has

the form ~ -
a1 0 a9 0 . Qar 0
0 a9 0 as . 0 Ak+1
a9 0 as 0 . Ak+1 0
H”(g) = 0 as 0 aq R 0 Aj4-2
L 0 Ak+1 0 ag+2 ... 0 Ak ]

By interchanging rows and columns it may be put in the form

ay as - ag 0 - e 0
as as A+1 0 0
ar  Gk+1  --- G2k—1 0 0
0 0 e 0 as as ce Ak+1
0 0 RN 0 as Q4 vee Af+42
L 0 0 PN 0 Ap+1  Ak42 .. agk |

from which the result follows immediately. The computation for n = 2k—1, odd, is similar
and so we do not include it. =

In this context the shifted Hankel matrices H(f,) arise naturally. Edrei has shown

PROPOSITION 3.3 (Edrei [6, Theorem I)). For each r € Z,
lim sup [det (Ho (£,))]"/™" = Tim sup [det(H ()"
n— oo n—r00

i.e., the limsups are the same for allr € Z .

Note that it is necessary to use a limsup as the limit, as noted above, may not
exist. However, in the case when F'(z) is the generating function for a measure u € Reg
supported on an interval, we may prove the same result for limits.

The proof is a straightforward application of Bloom’s result, Proposition 2.2} First,
note that if

then

f1(z)=zf(z)—a1=/olzxdu(m)—al:/01(1+Zmz)du(3;)_a1
—/Oldu(x)+/01Zix:vdu(:r)—al—a1+/012ixxdy(:c)—a1
Z/Olzixxdu(a:).

In other words, fi(z) is the moment generating function of the measure zdu(z) and,
more generally, f,.(z) is the moment generating function of the measure " du(x).
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LEMMA 3.4. Suppose that the measure du(x) € Reg with support [0,1]. Then forr € Z,.,
the measure x"du(x) is also in Reg.

Proof. Clearly it suffices to prove this for » = 1. To this end, let

P P
A, = sup Pl and B, = sup Pl _
deg(P)<n, PZ0 ||P||L2(zu) deg(P)<n, P#£0 ||P||L2(/,L)

We will verify the Bernstein-Markov condition for the measure xdu(x), i.e., that
lim,, o A,l/ " =1, using the hypothesis that lim,,_; B,l/ T =1.

Note first that ||PH%2(W) = fol xP?(x) du < ||P||%p(K) so that A, > /u(K).

For an upper bound, let
1Pl x

C, = _—
deg(P)<n, P20 || PllL2(22d2)

Since (by the Erdés—Turén condition) the measure 2 dz is in Reg,

lim C}/m=1.
n—oo
Now, for deg(P) < n,
1Pl IPlx 1Pl
1Pz = 1Pz [ [ (2P(2))2 dp]
1Pl 2P (z)| k 1P|l x
= X < X Bpy1,
leP(@)|x = zP@)llr2q ~ llaP@)x = "
as deg(zP(z)) <n+1.
But,
1 5o 1/2
1P|l < Coll Pll2(s2az) = Cn [/ 2*P*(2) da
0
< 212
< [ax (eP(@))?]""* = CulleP(@)]c
Hence,
1P| x
—— < Cn X Bn+1
HPHLZ(mu)
and, taking suprema, A,, < Cp,By+1. In summary, we have shown that
\% ,LL(K) < An < Can—i-l
from which it follows easily that lim,,_ AV =1, u

Hence by Proposition we have

PROPOSITION 3.5. Suppose that p € Reg, with support E = [0,1], and that f(2) is the
moment generating function of . Then, forr e Z,,

Tim_|det(H(f))|"" = cap(E) = 1/4,
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Combined with Lemma [3.2] we immediately conclude that

PROPOSITION 3.6. Suppose that p € Reg, with support E = [0,1], and that f(z) =
F(1/z) is the moment generating function of . Let g(z) := zf(2%). The

2 2 2
i |det(H,(9))[*" = tim_[det(Hy (/)Y ) - lim |det(Hk(f1))|1/ e
= (cap(E))"*(cap(E))"/* = W V1/4=1/2.

EXAMPLE 5. As in Example 3, let F(2) = 2(1 — /1 —2) and f(z) = F(1/z). We have
shown that F(z) is the generating function of a measure in the Stahl-Totik class Reg,
supported on [0, 1] and hence that

lim |det(H,,(F))|"/™ =1/4.

n— oo

Further, let g(z) = zf(2?) and
G(:) = g(1/2) = = (1 = /T = 22)

The function /1 — 22 has an expansion (about 0) of the form

V1—22=1+40z+az®+asz>+...

with odd coefficients as;—1 =0, j = 1,2,.... Hence
2
G(z) = — (agz? +azz® + ) = —2(agz +azz® +as2® +...).

It follows from Proposition [3.6] that

1/n?
a2 as PN Ap+1
as Q4 N Ap+2
lim |det | @4 as ... Gn43
n—00 .
p41  Apny2 .- a2n,

o —1/n : 1/n* _
= lim 2 x lim |det(H,(G))| =1/2.
n—oo

n—oo

We may also use the second Edrei transformation rule and consider, for R > 0,

G(z/R) = 2§ (1-1-22/R?) = 2% _2 VR? - 22,

z

If we then expand
VR2—22=R+0z+byz? +b32>+ ...

with bg;_1 =0, 5 =1,2,..., we obtain

G(2/R) = —2(baz + b3z + bg2® +...).
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It follows that

1/n?
b by .o bpar 117
b3 by coe bpgo
lim |[det | b+ b5 ... bags
bn+1 bn+2 .. an
T —1/n . 1/n? _ i
= T 2717 T |det(Hy (G(s/R))|Y = S5

We note that the determinants of this example have the same form as in Proposition 1.1

4. Asymptotics of Vandermonde determinants for points on a quadratic curve.
Consider a general non-degenerate quadratic curve in C2. After a rotation of coordinates
(if necessary), its defining equation may be put in the form

Az + By? + Cx + Dy + E = 0.
After a further complex rescaling and translation it may be reduced to one of two forms:

1.y’ +z=R
2. y? + 2% = R%

We first consider Case 1: y?> + z = R where we take R > 1 and let K = {(z,y) € C? :
|z| =1, y = VR — z}, where the branch of the square root is taken to be the one positive
on the positive real half-line. K is just the compact set on the “upper” sheet of the curve
lying above the unit circle.

Setting A(2) := VR —z =) o, az", asin Proposition let Q2 (2) = Z?:Lo Q2"
be the polynomial of degree 2n which interpolates A(z) at the (2n + 1)-th roots of unity.

Recall that in Proposition (with the same notation) we established that for the
Vandermonde determinant with bivariate basis B,, at the 2n + 1 points X,

q2 q3 s Gnl
as Qs ... Qni2
vdm(B,; X,)| = (2n + 1)+ /2 \det | @4 @5 - dns3
gn+1 4n+2 - -- q2n
Hence,

1/n?
q2 q3 s Gn41
q3 44 s Gn42

lim \vdm(Bn;Xn)\l/”2 = lim |det | % 4 .-+ Gn+3
n—r oo n—oo . . .
dn+1 4n+2 .-  (2n

(provided the limits exist). But we claim
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PROPOSITION 4.1. Suppose that A(z) = VR —2z = > 7o, axz" with R > 1, and that
Q2 (2) = Ziio qr2" is the polynomial of degree 2n that interpolates A(z) at the
(2n + 1)-th roots of unity. Then

l/n2
q2 q3 |
q3 qa coe Q4n42
lim |det q4 as ce- Qn43
n— o0 . . .
gn+1 dny+2 .- q2n
1/n?
a2 as Ap+1
as Q4 Ap+2 1
= lim |det a4 as cee An43 = —.
n—oo . . . 4R
an+1  Qp42 ...  d2p

Proof. First recall, from Example 3, that
2(1 — 1 —2) Z m;z

where

1
mj = / 277 dp(x)
0
are the moments of the measure

2 /1-
dp(x) == ;\/ xxdweReg.

By Proposition [3.5] we know that

1/n>
mo ms N Mp+1
ms My cee Mpg2
lim [det | "4 ms .. Mnts = cap([0,1]) = =
n—o0 . .
Mpy1 Mpy2 ... man
Now,
1 = my,
k=1
and so
a9 as ‘e Ap+1
as a4 e Ap+2
det Q4 as ‘e An+3

ap41  Ap4y2 ... a2n
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ma/ R ms/R3 ceo Mpyp /R
\/R N md/R?’ m4/R4 e mn+2/R"+2
— (_7) det m4/R4 m5/R5 ce mn+3/R"+3
2 : : .
mn+1/R”+1 mn+2/R"+2 . mgn/Rzn
mo ms . Mp+1
ms ma . My+2
Mp+1 Mp4y2 .. Man
It follows that
1/n?
as as e Ap+1
as aq e Ap+2 1 1
lim |det aq as co. Gp43 —R 1y =_"
r—+00 _ _ _ 4 4R
Op+1 An42 .- a2n

Now consider the analogous determinants with the aj substituted by the g;. By Lemma

12 with m =2n+1,

qr = Z Ukt (2nt1)7 = ~ 75 ZR_(H(%H)])WH(%HM
. iz
R & oot ,
_ _g ZRf(k%»(ZnJrl)])/ PEHEnEDI=T g0
7=0 0
R [* > ,
= —% R (Zu/m@"*”]) dp(x)
0 =0
VR '
_ _ Y d _ _ Y- —k k—1 d "
Vi - /_WRW o) =5 B [ (o)
where
1
dpn () = 1= (/)21 dp(x).
In other words,
VR
gr = =5~ R7"Mj,
where M}, is the moment with respect to the measure dy, ().

Note that
R2n+1

R
du(x) < dpp () < R ] du(z) < o1 dp(z)

so that the L?(u) and L?(u,) norms are comparable up to a constant independent of n.
Consequently the Bernstein-Markov constants for du and du,, are similarly comparable
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and we also have

2
My My ... Mny 117"
My My, ... My.» 1
lim |det | Ma Ms ... Myys = cap([0,1]) = - .
n—o0o . . . 4
Mn+1 Mn+2 LR M2n

Then, by the same calculations as we did for the ay,

q2 q3 |
qs g4 ceo Gn42
det g4 g5 ce- Gn43
qn+1 4n+2 - -- q2n
Mo Ms3 s Mn+1
M My ceo Mo
VBN b ) M M, M,
= (—7) R T det 4 5 cen n+3
2 . . .
Mn+1 MTL-"-Q ... MQTL
and the result follows. =m
An immediate corollary is
COROLLARY 4.2. With the above notation
1
I dm(By; X))V = —.

Note that by definition, this gives a lower bound for the transfinite diameter of K on
the curve.

For Case 2, 2?+y* = R?, R > 1, weset A(z) = VR? — 22 = > 2, arz" and, as before,
let K = {(z,y) € C*: |z| =1, y = A(2)} and Qa2n(2) = >, _, qx2" the polynomial of
degree 2n that interpolates A(z) at the (2n + 1)-th roots of unity. We conjecture that
also in this case

1/n?

q2 q3 s Gnl

q3 44 s Gn42

lim |ndet 44 45 -+ dn+3

n—00 .
dn+1 4n+2 - -- q2n 1/n?
as as . Ap41
as a4 . Ap+2
= lim |det aq as ... On43
n—oo .

Un+1  Gp4+2 .- a2p

(= 1/(2R)), and expect to provide a proof in a forthcoming paper.
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