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ON NEAR-PERFECT NUMBERS

BY

MIN TANG, XIAOYAN MA and MIN FENG (Wuhu)

Abstract. For a positive integer n, let o(n) denote the sum of the positive divisors
of n. We call n a near-perfect number if o(n) = 2n + d where d is a proper divisor
of n. We show that the only odd near-perfect number with four distinct prime divisors is
347711719,

1. Introduction. For a positive integer n, let o(n) denote the sum of
the positive divisors of n. In 2012, Pollack and Shevelev [PS] introduced
the concept of near-perfect number. A positive number n is called near-
perfect if it is the sum of all of its proper divisors except one of them. The
missing divisor is called redundant. Near-perfect numbers are special cases of
pseudoperfect numbers (equal to the sum of some subset of proper divisors).
In particular, we call n a quasiperfect number if o(n) = 2n + 1. It is not
known whether there are infinitely many near-perfect numbers. Pollack and
Shevelev presented an upper bound on the count of near-perfect numbers
and constructed three types of near-perfect numbers. In 2013, Ren and Chen
[RC] determined all near-perfect numbers with two distinct prime factors,
and one sees from this classification that all such numbers are even. We
know that any odd near-perfect number is a square. The first author of this
paper, Ren and Li [TRL] proved that there is no odd near-perfect number
with three distinct prime divisors. The only odd near-perfect number up to
1.4 x 10% is 173369889 = 3% . 72 . 112 - 192 (see [Slo, A181595]). For related
problems, see [LL], [APP], [SMC], [TE].

In this paper, we obtain the following result:

THEOREM 1.1. The only odd near-perfect number with four distinct prime
divisors is 173369889 = 3% - 72 . 112 . 192.

Throughout this paper, let m be a positive integer and a be any integer
relatively prime to m. If h is the least positive integer such that " =
(mod m), then h is called the order of a modulo m, denoted by ord,,(a).
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2. Lemmas

LEMMA 2.1. Assume that n = 3%15*219%pi* is an odd near-perfect
number. Then:

) ay > 4;

) if pa > 71, then oy > 6;

) if pg > 59, then ag > 4;

iv) if ps > 47, then (a1, a2) # (4,
) if py > 53, then (a1, s, as) #
) if pa > 67, then (a1, e, a3) #
) if pg >89, then (a1, a9, a3) #

Proof. (i) Since py > 23, we have a; > 4, as otherwise

on) d o(3%) 5 19 23
— 2. — <2,
n n < 32 4 18 22 <

a contradiction. Similarly we deduce (ii)—(vii). m

LEMMA 2.2. There is no odd near-perfect number n of the form n =
31592193 it

Proof. Assume that n = 3*15*219%p{* is an odd near-perfect number
with redundant divisor d = 3%15%2195s pf“. Then

(2.1) o(3%15%219%p 1) = 2. 3*15%219%p* + 3P1552 1953})?4’

where 81+ B2+ B3+ Bs<ar+as+as+ay, B; <a;,i=1,2,3,4, and ay’s
are even. Let

(2.2)  filoq, a2, 03, 04)

1 1 1 1
- (1 N 3a1+1> <1 N 5a2+1> <1 N 19a3+1> (1 N pf‘*“)

25'3'(p4—1)+24'3'(1?4—1)
5-19 - py D ’

(2.3)  g1(ar, g, a3,04) =

where D = 30151 . goe—fatl . jgas—Fstl . pas=Bitl Thug > 5.19. py.
By (2.1)-(2.3)), we have fi(a1, a2, a3,04) = g1(a1, a2, a3,a4) < 1.
If pgy > 97, then

2_0(n)_é<§ 5 19 97
on 2 4 18 96

which is absurd. Thus ps = 23,29, 31,37,41,43,47,53,59,61,67,71,73,79,
83 or 89.
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By Lemma [2.1fi) we have

(2.4)  filar, a2, a3,04)

1 1 1 1
>(1-=)(1-=)(1--—=)(1-=: ) =0

CASE 1: py = 23. By ([2.1) we know that 82 = 0. By (2.3) we have
26.11-3  25.11-3

< +

—5-19-23  53-.19-23

g1(a1, g, a3, ay) =0.98592...,

which contradicts (2.4]).

CASE 2: py = 31. If D > 3-5-19% - 31, then by we deduce that
g1 (a1, a9, as, aq) < 0.9865 - - -, which contradicts . If D<3.5%.19-31,
then by we have ¢1(aq,ag,a3,4) > 1.01... > 1, a contradiction. If
D =5-19%.31, 3%-5-19-31, 5-19-31% or 32-52-19-31, then o(3¥15%2192331%4)
= 13.3uFl5a2gas—131as 1. 303502 1gasg as 7. gat25a21gasglai—l,
7-13-3%1725%2-1192331% respectively. We have 5 | 0(31%4), thus ag+1 =5
(mod 10), hence 17351 | ¢(31%), and the above relations cannot hold. If
D = 53.19-31, then ¢(3%15%2199331%) = 17.3%1 1592721923312 We have
171 0(3%15%219%331%4), a contradiction.

CASE 3: pg € {41,61}. By (2.1) we know that 84 = 0.
If py = 41, then by (2.3) we have

o 23 N 273
—19-41  19-413

g1(a1, ag, a3, ay) =0.98617...,

which contradicts (2.4)).
If ps = 61, then by Lemma [2.1](i), (iii), we have ay, s > 4. Thus

1 1 1 1
fl(a17a27a37a4) > (]- - 35> <1 — 55) (1 — m) <1 — 613>

=0.99541. . .,
2°.3.60 2%*.-3-60

< +

~5-19-61  5-19-613

g1(a1, a2, a3, ay) =0.99409. ..,

which is impossible.

CASE 4: py = 71. By Lemmal[2.1[(ii), (iii), we have ay > 6, ap > 4. Thus

1 1 1 1
fl(Oél,OéQ,Oég,Oé4)2 1*§ 1*575 171793 17% =0.99907....

If D > 3-5-19-712, then by (2.3 we have g1 (a1, as, a3, ay) < 0.99863. ..,
a contradiction.

If D <5%-19-71, then by (2.3) we have g1(a1, a2, a3, a4) > 1, a contra-
diction.
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If D=3%.5-192.71, then ¢(315%219971%) = 73.301-250219s 1710,
Thus 7|o(71%), ag + 1 =7 (mod 14), hence 883 |o(71%4), a contradiction.
If D = 33.52.19-71, then o(3*15%219%371%4) = 27131 —3502~11gas7] 4,
Thus 3|0 (19%%), az + 1 = 3 (mod 6), hence 127 | ¢(19%%), a contradiction.
CASE 5: py € {29,37,43,53,73,89}. By (2.1) we know that 82 = 84 = 0.
If py < 43, then by (2.3) we have
- 25'3'42+ 24342
—5-19-43  53.19.-433

g1(a1, ag, a3, ay) =0.98703. ..,

which contradicts .

If py = 53, then by we have
- 25.3.52 N 24.3.52
—5-19-53  53-19-533
By Lemma 2.1fi), (iv), (v), we have oy > 4, (a1, a0) # (4,2), (o1, a2, a3)
# (6,2,2). Thus oy > 8, 0r ag =4, ag > 4, or a1 = 6, ag > 4, or a3 = 6,
as =2, ag > 4. Then

1 1 1 1
f1(0z1,0z2,0z3,0z4) Z <1— 37> <1— 53> <1— 195> (1 — 533> =0.99153.. .y

which contradicts (2.5]).
If py = 73, then by Lemma [2.1](ii), (iii), we have oy > 6, ap > 4. Thus

fi( )>1i1i1i1i—099907
11,9, 3,04 ) = 37 55 193 733 = U. ey

- 25‘3‘72+ 24.3.72
~5.19-73  53.19.733

=0.99146....

(2.5) g1(a1, az, a3, )

g1, g, a3, ) = 0.99668. . .,

a contradiction.

If py = 89, then by (2.3),

25.3.88 24.3.88
< +
—5.19-89  53.19-893
By Lemma [2.1](ii), (iii), (vii), we have aq > 6, ap > 4 and (a1, a2, a3)
# (6,4,2). Thus ay > 8, 0r g =6, ag > 6, or a3 =6, ag =4, az > 4. Then

1 1 1 1
fl(al,ag,ag,a4) Z <1— 37) <1 — 55) (1— 195> (1 — 893> =0.99922 .. .y

which contradicts (2.6)).

CASE 6: pg € {47,59,67,79,83}. By (2.1) we know that 5y = 0.
If p4 = 47, then by Lemma i), (iv), we have a1 > 4 and (a1, a0) #
(4,2). Thus a1 > 6, or a1 = 4, g > 4. Therefore

1 1 1 1

=0.99917....

(2.6) g1(a1, a2, a3, o)



NEAR-PERFECT NUMBERS 161

If D> 3%2.53.19-47, then by we have g1 (o, ag, s, og) < 0.99122. ..,
a contradiction. If D = 53.19-47, then by we have g1 (a1, ag, ag, aq) > 1,
a contradiction. If D = 3 - 53 .19 .47, then o(3%15%219%347%) = 151 -
301711993479 Thus 3 |0(19°%), a3 + 1 = 3 (mod 6), and so 127 | 0(1993),
a contradiction.

If ps = 59, then by Lemma [2.1](i), (iii), we have a1, as > 4. Thus

> 1 1 1 1 _
fl(alaQQaQSaa4)_ 1_§ 1—5*5 1—1793 1—@ =0.99541...,

95.3.58 2%.3.58
< +
=5.19-59 ' 5 -19.59

g1(a, a2, a3, ay) =0.99419. ..,

a contradiction.

If py = 67, then by Lemma [2.1](i), (iii), (vi), we have a1, s > 4 and
(a1, a0,a3) # (4,4,2). Thus a1 > 6, ag > 4, or ay = ag = 4, ag > 4, or
a1 =4, as > 6. Then

1 1 1 1
fl(O[l,OéQ,Oé3,0é4) 2 (1— 35) <1— 55) (1 — 195> (1— 673> =0.99556.. .y

By and B2 = 0, we have D > 5°.19-67. If D > 3%.5°.19 - 67,
then by we have g1(a1, a9, a3,a4) < 0.99553..., a contradiction. If
D = 5°.19-67 or 3-5°-19-67, then ¢(3*15%2199367%) = 139-341 21967
112 .31 - 321711993679 respectively. We have 19| 0 (5%2), thus ap +1 = 9
(mod 18). Since ords;(5) = 3, we have 31 |0 (5%?), and the above relations
cannot hold.

If ps = 79, then by Lemma [2.1](ii), (iii), we have oy > 6, g > 4. Thus

1 1 1 1
fl(alaa2aa3aa4) > <1_ 37> (1— 55) (1 — 193> <1— 793> =0.99907 .. .

25.3.78 2%.3.78
< +
~5.19-79  55.79-59

g1(a1, g, a3, o) =0.99853...,

a contradiction.
If ps = 83, then by Lemma[2.1](ii), (iii), we have oy > 6, ap > 4. Thus

1 1 1 1
f1(041,042,043,044) Z <1— 37> <1— 55> (1 — 193> (1— 833> =0.99907....

By and B, = 0, we have D > 5°-19-83. If D > 3.5°-19-83, then by
we have g1 (a1, a2, a3, a4) < 0.99861 . .., a contradiction. If D = 5°-19 - 83,
then o(3%1592192383%) = 139 . 3%1+219%383%  We have 3|0 (199), thus
a3 +1 =3 (mod 6), hence 127]¢(19%3), a contradiction.

This completes the proof of Lemma n

LEMMA 2.3. Assume that n = 3*15°217%p3* is an odd near-perfect
number. Then:
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) if pga > 23, then (a1, a9) # (2,2);
(i) iof pg > 29, then aq > 4;
iii) if ps > 89, then ag > 4;
) if pa > 67, then (a1, a2) # (4,2); if pa > 83, then (a1, az2) # (6,2),
(OQ’ Oég) 7& (2’ 2);
) if pg > 127, then ay > 6;
) if pa > 233, then ag > 8, (ag,a3) # (4,2);
(vii) if ps > 239, then ag > 6;
i) if ps > 251, then az > 4;
) Zf D4 Z 2]-]-7 then (a17a27a3) 7£ (6747 2)7
) Zf P4 > 223, then (a17a2) 7é (6,4), (a17a3) 7& (672)7 (041,052,053) 7é
(6,6,2);
(Xl) Zf yZ Z 227; then (062, a3) # (47 2);
(Xll) Zf D4 > 2297 then (alv OQ) 7& (67 6)7 (ala 2, Oég) 7& (8> 47 2)’ (10, 4a 2)7
(xiii) if ps > 241, then (a1, asz) # (8,2).
Proof. (i) If py > 23, then (a1, a9) # (2,2), as otherwise
on) d o(3?5%) 17 23
2= T s T - 5 = 198955, < 2,
a contradiction. Similarly we prove (ii)—(xiii). m

LEMMA 2.4. There is no odd near-perfect number n of the form n =
31592173 i

Proof. Assume that n = 3*15217%p{* is an odd near-perfect number
with redundant divisor d = 3%15%2175 pf‘*. Then
(2.7) (301502179 pdt) = 2. 30152 17%pg1 4 3P5le17hs
where 1+ o+ 3+ s <oar+as+az+ag, fi <oy, i =1,2,3,4, and ;s

are even. Let

(2.8)  faloq, a2, 03, a4)

1 1 1 1
= (g ) () (- ) (1 )

2% (ps—1)  27-(ps—1)
3-5-17 - pa D
where D = 31 =F1tl . 5ae—fatl. as—Fs+l. paa=fitl Thug D > 3.5.17. py.

By "' y We have f2(0¢1,0¢2,0&3,0¢4) = 92(041,042,(%3,044) <L
If py > 257, then

(29) 92(0é1,0é2,0é3,0é4) =

on) d 3 5
97 _ 2 2. 2. .2 9
n n 24716 256 =
which is a contradiction. Thus py = 19, 23,29, 31, 37,41, 43,47,53,59, 61,67,

71,73, 79, 83, 89, 97, 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 157,
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163, 167, 173, 179, 181, 191, 193, 197, 199, 211, 223, 227, 229, 233, 239,
241 or 251.

CASE 1: py = 19. By (2.7) we know that S = 3 = 0. We have

S 1 1 1 1 B
f2(0[1,0¢2,0¢3,0¢4)_ 1_373 1—573 1—ﬁ 1—@ —095492,

- 29.3 N 28.3
—5.17-19  53.173.19

ga(ai, az, a3, ay) =0.95114. ..,

a contradiction.

CASE 2: py € {23,71,131,191,251}. By (2.7) we know that 3, = 83 = 0.
If py = 23, then by Lemma [2.3|i), we know that (a1,a2) # (2,2). Thus
a1 > 4, or o =2, ag > 4. Then

S 1 1 1 1 B
f2(0[1,0€2,0€3,0€4)_ 1_373 1—575 1—ﬁ 1_ﬁ —096238,

o2 N 2811
~—3-5-17-23  33.5-173-23
a contradiction. If py = 71, then by Lemmal[2.3(ii), (iv), we know that a; > 4
and (a1, ag) # (4,2). Thus oy > 6, or oy =4, ag > 4. Then

1 1 1 1
fg(al,OéQ,Oé3,0z4) Z <1— 37> <1— 53> (1 — 173> <1— 713> =0.99134.. oy

- 29.7 N 28.7
—3.17-71  35-173-71
a contradiction. If py, = 131,191, then by Lemma [2.3[(iii), (v), we have

1 1 1 1
f2(0é1,0é2,0é3,0é4) > <1_37> <1—55> <1—173) <1—1313> =0.99901.. .

o219 N 28.19
—3-17-191  37-173-191
a contradiction. If ps = 251, then by Lemma [2.3|(vi)—(viii), we have

> 1 1 1 1 -
f2(0¢1,0&2,0&3,0&4)_ 1_? 1_? 1_ﬁ 1_ﬁ =0.99993...,

29 . 52 28 . 52
<
—3-17'251+39'175-251

ge(a1, a2, a3, ) =0.96045. ..,

ge(a1, 2, a3, ) = 0.98980. . .,

ga(a1, g, a3, ) = 0.99866. . .,

ge(a1, a2, a3, ay) =0.99992...,

a contradiction.

CASE 3: pg € {29,53,89,113,173,197}. By we know that 3; = 0,
1 = 1,2,3,4. If n is near-perfect, then n is quasiperfect. By the result of
Hagis and Cohen (see [HClL Theorem 3|) we know that there is no such
integer n.
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CASE 4: py € {31,151,181,211}. By (2.7) we know that 83 = 0. If
pg = 31, then

1 1 1 1
f2(a17a27a37a4) > (1 - 35> (1— 53> <1— 173> (1— 313) = 0.98768.. .y

29 8
<
—17-31 + 173 - 31
a contradiction. If py = 151, then by Lemma V), (iii),

1 1 1 1
f2(a1,a2,a3,a4) Z <].—37> <].—55) <].—173> (1—1513) = 0.99901 .. .y

- 29.5 N 28.5
—17-151  173-151

a contradiction. If p; = 181, then by Lemma [2.3(v), (iii), we know that
a1 > 6, as > 4. Thus

S 1 1 1 1 _
fa(an, g, a3, a4) > 1—? 1—§ (1_ﬁ 1_ﬁ =0.99901....

By we know that if D > 3%2.5- 173 . 181, then go(a1, s, a3, a4) <
0.99895 . .., a contradiction. If D = 3-5-173-181, then go(aq, ag, a3, ag) > 1,
a contradiction.

If p4 = 211, then by Lemma v), (iii), (ix) we know that a; > 6,
ag > 4 and (aq,a9,a3) # (6,4,2). Thus oy > 8; or a3 = 6, g > 6; or
ay =6, ap =4, ag > 4. Then

folon, o, a3, ) > f2(6,4,4,2)

“(-5)(5) () 0 aie)

=0.99922....

g2(au, az, ag, au) =0.97321...,

g2(1, g, a3, ) =0.99899...,

If D > 32.5%.173.211, then by we have ga (a1, ag, a3, aq) < 0.99918. . .,
a contradiction. If D = 3-5- 173211, then go(a1, a2, a3, a4) > 1, which
is impossible. If D = 32.5.173.211, 3-5%-17%.211, 33.5.17% . 211,
32.52.173.211, 3-53 173 . 211, 3* . 5. 173 . 211 or 33 .52 .17 . 211,
then o(3%1592179211%) = 347 - 3011502+l a4 72 . 59 . 3ar5a2—lg1
112.43. 3017259221124 31—1502-191124.13.23.29, 4817 - 301150272914
15607 - 3217352221194, 19 . 372 . 3172522712119 respectively. We have
3|0(211%4), thus as+1 = 3 (mod 6), hence 31 | ¢(211*), which is impossible.

CASE 5: py € {37,73,97,163,193,233}. By (2.7) we know that 3; = 0,
i=234.
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If ps = 37, then by Lemma[2.3]ii) we know that ay > 4. Thus

1 1 1 1
f2(0{1,0{2,0{3,0{4)2 1*@ 1*573 171773 1*3? :0987697

2103 29.3
< +
~5-17-37  53-173.373
a contradiction. If p4 = 73, then by Lemma (ii), (iv), we know that oy > 4
and (a1, a1) # (4,2). Thus o > 6, or a; = 4,9 > 4. Then

1 1 1 1
f2(0[1,0[2,0[3,0[4) Z (1— 37) (1— 53> (1 — 173> (1— 733) =0.99134.. .y

211 .3 210 .3
<
- 5-17-73+53-173-733
a contradiction. If py = 97, then by Lemma (ii), (iii), we have

1 1 1 1Y\
f2(0€1,0&2,0&3,0&4) Z 1—§ 1—575 1—ﬁ 1_ﬁ —099536,

213 212
<
- 5-17-97—1_’5)5-173-973
a contradiction. If ps = 163,193, then by Lemma [2.3(iii), (v), we have

> 1 1 1 1 _
falon, a2, a3, a4) > 1_? 1—575 1—F 1—@ =0.99901...,

214 213
<
- 5-17'193+55'173'1933
a contradiction. If py = 233, then by Lemma [2.3(iii), (vi), we know that
a; > 8, ag > 4 and (ag,a3) # (4,2). Thus a1 = 8, as > 6; or o = 8§,
ar =4, ag > 4; or oy > 10,0 = 4, ag > 4; or a; > 10, g > 6. Then

1 1 1 1
Ja(on, az, a3, a4) > <1—39> (1—55> <1—175) <1—2333> =0.99962. ..,

< 211. 99 N 210 99
—3.5-17-233  55.173.2333

ga(a1, g, a3, ) =0.97678. ..,

ge(a1, a2, a3, ) =0.99016.. .,

ge(a1, a2, a3, ) =0.99357...,

ga(a1, g, a3, ) =0.99872. ..,

ga(a1, g, a3, ) =0.99961.. .,

a contradiction.

CASE 6: py € {41, 101}. By " we know that 81 = 3 = 84 =0.
If ps = 41, then by Lemma [2.3[(ii), we have a; > 4. Thus

1 1 1 1
f2(0[1,0[2,a3,a4) Z (1— 35> (1— 53> (1 — 173> (1— 413) = 0.98770.. oy

211 210
<
—3-17-41 + 35173413
a contradiction. If py = 101, then by Lemma [2.3((ii), (iii), we have aq, ag > 4.

ge(a1, 2, a3, ) =0.97943 ...,
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Thus
1 1 1 1
f2(a17a27a37a4) <]-_35> <].—55> <].—173> (1—1013) =0.99536.. -
2105 29.5
g2(1, a2, a3, a4) < + =0.99398. ..,

—3-17-101  35-173.1013
a contradiction.

CASE 7. py € {43,67,79,109,127,139,157,199,223,229}. By (_2.7) we
know that 8y = 83 = 0. If ps = 43, then by Lemma [2.3(ii) we have a; > 4.
Thus

1 1 1 1
fQ(Oél,OéQ,Oég,Oé4) (1 — 35> <1 — 53) (1 — 173> (1 — 433> = 0.98770.. .y

galQq, (xg, (X3, Oy + = 0.98064. ..
1’ ’ ’ !S * 1; N 43 !;3 * 1 ; 3 * 43 ’
a COHtI‘adiC‘iOD. If p4 - 6!7 19, then by Lemma (11), (i\/), we kHOW thal

a1 >4 and (a1, a9) # (4,2). Thus ag > 6 or ag =4, ag > 4. Then

1 1 1 1
fg(al,ag,ag,a4) <1 — 37> (1 — 53> <1 — 173> (1 — 673> =0.99134.. .y

29.13 28.13
< =0.99128. ..
g2(a1,a2,a3,a4)_5'17.794—53 7570 =0.99128...,

a contradiction. If py = 109, then

1 1 1 1
f2(0&1,0&2,0&3,0&4) 1—§ 1—5 l_ﬁ 1—W 2099536,

910 . 32 2932
o0, ) < = 0.99471.. .,
galan, a2, a3, 04) S 9200 + 5o 09 !

a contradiction. If py € {127,139,157,199}, then

1 1 1 1
fQ(Oél,OéQ,Oég,Oé4) <1—37> <1—55> <1—173> <1—1273> =0.99901 .. .y

9 8
g2, g, ag, aq) < 52‘ 171.11939 + 552. 17131‘ 1:;9 = (0.99887...,
a contradiction. If py = 223, then by Lemma[2.3(v), (iii), (x), we know that
a1 > 6, ag >4, (a1,a9) # (6,4), (a1,a3) # (6,2). Thus a7 > 8, or a1 = 6,
as > 6, ag > 4. Then

1 1 1 1
fg(al,ag,ag,a4) <1—39> (1—55) <1—173) (1—2233) =0.999425 .. .y

2937 28 .37
< =0.999422. ..
g2(an; az, a3, 04) S =m—on + mr g oon = 0.999 :
a contradiction. If py = 229, then by Lemma [2.3{v), (111), xi), (xii), we

(
know that ap > 6, Qg > 4, (al,ag) 75 (6, 2), (012,013) (4,2 s (al,az) 7&
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(6,4),(6,6), (a1, a2, a3) # (8,4,2). Thus oy =6, g > 8, a3 > 4; or a1 = 8§,
as = 4,a3 > 4; or ap = 8, ag > 6; or 7 > 10, e = 4, a3 > 4; or
a1 Z 10,0&2 Z 6. Then

1 1 1 1
f2(041,042,043,044) <1—37> <1—59> <1—175> <1—2293> =0.999541 .. oy

910 . {9 2919
. < =0.999540.. .,
galans 0z, 03, 04) S om0 + 5T 909 "

a contradiction.

CASE 8: py € {47,59,83,107, 149,167,179, 227}. By (2.7) we know that
Bi=0,i=1,2,3. If py = 47,59, then

1 1 1 1
fg(al,ag,ag,a4) (1 — 35) <1 — 53> (1 — 173> <1 — 473> = 0.98770.. .

( ) < 2.2 2% 0.98690

aq, g, a3, Q =0.

FAAL A2 A5 W) = 55 1759 3559 - 178 - 59 ’

a contradiction. If py = 83, then by Lemma [2.3(ii), (iv), we know that
a1 > 4 and (a1,02) # (4,2),(6,2), (a2, a3) # (2,2). Thus ay > 4, or
a1 > 8, asr =2, ag > 4. Then

2 1) 52, 63, T 39 53 175 833 ’

29 .41 28 .41
< =0.99182...
92(0z170z2,0é370¢4)_3,5‘17,83+35,55.173.83 ’

a contradiction. If py = 107, then

1 1 1 1
f2(041,042,043,044) <1—35> <1—55> <1—173> <1—1073> =0.99536.. oy

29 .53 28.53
a9, g, < =0.99453. ..,
ga(a1, a2, a3, ay) 3,5_17.107""35.55.173.107

a contradiction. If py € {149,167,179}, then

1 1 1 1
falon, a2, a3, ) > <1—37> (1—55> (1 173) (1—1493> =0.999019. ..,

29 89 2889
< =0.99831...
g2 02,05.04) < g g g 5 1 17 ’
a contradiction. If py = 227, then by Lemma [2.3|v), (iii), (ix), (xi), we know
that a; > 6, as > 4, (a1, a2) # (6,4), (a2, a3) # (4 2) and (a1, a3) # (6,2).
Thus a1 =6, as > 6, ag > 4; 0or a1 > 8, as =4, ag > 4; or a1 > 8, g > 6.
Then
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S 1 1 1 1
fa(ar, az, a3, aq) > 1—? 1—§ l_ﬁ 1—% =0.99952..

- 29.113 N 28.113
—3.5-17-227  37.55.173.227

g2(1, a2, a3, ) =0.99949 . ..,

a contradiction.

°

CASE 9: pg € {61,241}. By (2.7) we know that 83 = 84 = 0. If py = 61,

then

1 1 1 1
fa(ar, az, a3, aq) > (1—35> <1—53> <1—173> (1—613> = 0.987712..

210 9

<
- 17~61+173~613

g2(1, g, a3, ) = 0.98746. . .,

°

a contradiction. If py = 241, then by Lemma [2.3|vi), (vii), we know that
a1 > 8, ag > 6 and (aq,a3) # (8,2). Thus a1 = 8, ag > 6, az > 4; or

a1 > 10, ag > 6. Then

1 1 1 1

212 211
<
—17-241 + 173 . 2413

92(041,042,043,044) =0.99975.. .y

a contradiction.

CASE 10: py = 103. By (2.7) we know that 2 = 0. Thus

1 1 1 1
f2(0&1,0¢2,0&3,0&4) Z <1—35> <1—55> <1—173> <1—1033> =0.99536...

29 8
<
_5-103+55-103

go(aa, o, a3, ) =0.99497 ...,

a contradiction.
CASE 11. py = 137. By (2.7) we know that 8; = 2 = B4 = 0. Thus

- 1 1 1 1
fa(ar, az, a3, a4) > 1—? 1—§ 1—ﬁ 1—ﬁ = 0.99901. ..

211 210

<
_3‘5-137+37-55'1373

g2(1, g, a3, ) =0.99659...,

a contradiction.

CASE 12. py = 239. By (2.7) we know that 81 = 2 = 0. Thus

1 1 1 1

29.7 28.7
< +
—3-5-239  39.57.239
a contradiction. This completes the proof of Lemma .

g2(a1, az, asz, ay) =0.99972...,

)
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LEMMA 2.5. There is no odd near-perfect number n of the form n =
39159211 *3pit .

Proof. Assume that n = 3*15*211%pg* is an odd near-perfect number
with redundant divisor d = 3% 5/821163;024. Then

(2.10) o (30152119 pft) = 2. 315921 1%pg4 4 305021180
where B1 + B2+ 83+ Bs < a1 +as+ag+ay, B <oy, i=1,2,3,4, and a;’s

are even. Let

(211) f3(a17a27a37a4)

=1 71 1 71 1 71 1 71
- © 3a1+1 " pas+l T 11as+1 - pgﬁl )
32 24 1
2.12 — (=L ) (1=
( ) 93(051705270537054) <33 + D> ( p4>7

where D = 301 —Aitlgae—faqjas—fs+1,04=51 Then by (2.10)(2.12) we have

g3(a1, e, a3, aq) = f3(ar,az, a3, a4) < 1.
CASE 1: ag = 2. If py > 149, then

on) d o(3?) 5 11 149

n n 32 4 10 148
which is absurd. Thus py = 13,17,19, 23,29, 31, 37,41, 43,47,53,59, 61, 67,
71,73,79,83,89,97,101,103,107,109, 113,127,131, 137 or 139. Note that if
ps > 71 and o = 2, then oo > 4, since otherwise
on) d o(32-5%) 11 71
_ = < _ e — e — < R

n n 32 .52 10 70
a contradiction. Similarly, if py > 67, then (aq, ag, ag) # (2,2,2);if pg > 127,

then (a1, ag, ag) # (2,4,2); if p4 > 131 and oy = 2, then a3 > 4; if py > 139
and a7 = 2, then ap > 6. Thus if 13 < py < 67, then

o sz (1-3)(-3)(- ) ()

= 0.95410....

2=

2 <

If py > 71, then

(2.14)  fs(ar, ag, a3, a4) > (1 - 313) (1 - 515> (1 - 113) <1 - 71:%)

=0.96192....
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If py > 131, then

o s> (1-5)0-3)0- )05

=0.96264. ...

CASE 1.1: py = 13. Then 84 = 1. We obselive that D > 3-11- 13, thus
by 1) we have g3(aq, a2, ag, ay) < (% + 3.121.13) : % =0.92953. .., which
contradicts (2.13)).

CASE 1.2: py = 23,47,59,71,83,101,107 or 131. Then 3; = 0 and we
have D > 33 - 11. If D = 3 - 11, then by (2.12)) we see that

32 N 24
33 33.11
> fa(aq, az, a3, 04),

a contradiction. Thus D > 33-5-11. Similarly, we can show that if py > 59,
then D > 33 .112; if py > 101, then D > 32 .52 . 11.

If py = 23, then g3(aq, @z, a3,a4) < 0.93784..., which contradicts
@.13).

If py = 47, then for D > 33-112, we have g3(a1, ag, as, ay) < 0.95385. . .,
which contradicts ; if D = 33.5-11, then we obtain o (325%2119347%4) =
521198474 . 13 - 7. We have 5|0(119%), thus ag + 1 = 5 (mod 10), hence
3221 | 0(11%3), which is impossible.

If py = 59, then for D > 33.5-112, we have

0.95453. .. = f3(2,2,2,2) < f3(a1, a2, a3, ) = g3(a1, @z, ag, aa)
<0.95344. ..

a contradiction; for D = 33112, we have ¢(325%2112359%4) = 52211~ 1594,
199, which is impossible; for D = 33 - 52 . 11, we have o(325%211%359%) =
527211931599 . 41, If g = 2, then 31| o (32522119359%), which is impos-
sible. If arg > 4, then this is also impossible.

If p4 = 71, then for D > 33-112, we have g3(a1, ag, as, ayq) < 0.96086. . .,
which contradicts .

If p = 83, then for D > 33 .52 .11, we have g3(ai,as,a3,aq) <
0.96014..., contrary to (2.14); if D = 3% . 112, then o (325%211%383%)
= 522119371832 . 199, which is impossible.

If p = 101,107, then ap > 4. For D > 3% .11 - py, we have g3 <
0.96113..., which contradicts ; for D = 33.52.11; 3%-5-112, we have

o(325°211%p ) = 59272113 T p%4 . 41 or 5°211%p$* ! . 1063.

If p4 = 107, then 5|0 (1193), hence 3221 |0(1193), which is impossible. If
pg = 101, then 101 | o(5%2), thus 71| o (5%2), which is also impossible.

22—097906 >1 !
55 = 0-

g3(an, g, g, ) > ( 33
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If py = 131, then an, a3 > 4. If ap = 4, then 3 = 1, thus D > 33 - 114,
We have

0.96264. .. = f3(2, 4, 4, 2) < gg(al, a9, (A3, 044) <0.96233... y
a contradiction; if .y > 6 and D > 33 - 113, then

0.96294... = f3(276>2’2) < f3(0&1,0&2,0&3,0&4) = 93(a17a27a37a4)
<0.96273. ..,

a contradiction; if ap > 6 and D < 3% -5 112, then
93(061,062,063,064) > 0.96326... > 1 — 1/33 > f3(0¢1,0&2,0&3,0&4),

a contradiction.

CASE 1.3: pg = 37,61,67,73,97 or 103. Then B4 = 0. We have D >
3-11-p3.
_ 32 24 60 _
If py = 37,61, then gs(ai, a2, a3, 4) < (33 + 377a72) - o = 0.95392.. .,
which contradicts .
If py = 67, then either a; = a2 =2, ag > 4, or a3 = 2, ag > 4. Thus

(2.16)  fa(o, 00,003, 00) > (1 - 313> (1 - ;3> <1 - 1115> <1 a 6;3>

=0.95525....

If D>5-3-11-672 then g3(aq,as, as,aq) < 0.95524. .., which contra-
dicts (2.16). If D = 32 - 11- 672 or 3 - 11 - 672, then o(325°211°367%) =
3ea—lgaztlias . 5387 or 3*1+15921193 . 41 . 73. We have 5|0(1193), thus
3221 |0 (11%3), which is impossible.

If py = 73,97,103, then g3(a1, e, as,as) < (% + ﬁ) . % =
0.96032. .., which contradicts .

CASE 1.4: py = 17,29,41,53,89,113,137. Then 81 = B4 = 0, thus D >
3311 pl.

If py = 17,29,41,53, then gives g3(a1, a2, a3, aq) < 0.95142.. .,
which contradicts . If py = 89,113, then by (2.12) we see that
g3(a1, g, ag,aq) < 0.96112. .., which contradicts . If py, = 137, then
by we have gs(aq, g, a3, aq) < 0.96262. .., which contradicts .

CASE 1.5: py = 19. If D > 32.5-11, then g3(a1, a9, a3, ) < 0.94928. . .,
which contradicts . If D < 3-5-11, then g3(a1,ag, a3, aq) > 1,
a contradiction. If D = 33 - 11 or 3 - 112, then o(3%1522112319%) = 29 .
3172592119319% or 23 - 3215211311924 but 29 | ¢(3*15%2119319%) or
23t 0(3*15%2119319%4), a contradiction.
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CASE 1.6: pg = 31. If ag = 2, then 4 = 1. Thus g3(ay, ag, as,aq) <
0.95355. .., which contradicts (2.13). If cs > 4, then

(2.17)  fs(a1, g, a3, 04) > <1 - ;3) (1 - 515> (1 B 1113) (1 a 3113>

=0.96189....

If D > 3-52-11, then g3(a1,a2,a3,a4) < 0.95718..., which contradicts
. If D < 3-5-11, then g3(a1,as, a3, aq) > 1, a contradiction. If
D = 3311, 3%5-11 or 3-11%, then o(3215%2119331%4) = 19.3%1725%2112331%
gu—lgez—lyjasgjoatl 93 . gengez1las—I31es regpectively. We have
3| 0(31%4), thus ag + 1 = 3 (mod 6), hence 331|0(31%4), a contradiction.

CASE 1.7: py = 43. 1f 431 0(1193), then 84 = 0, and so g3(a, ag, a3, ay)
< 0.9474 ..., which contradicts (2.13). If 43|c(11%3), then a3 +1 = 7
(mod 14), thus a3 > 6. Noting that

f3(27 27672) S f3(0[1,0[2,0[3,0[4) = g3<a17a27a37a4)
(32, 24\ 42 !
- \33 D/ 43 33’
we obtain 988 < D < 1926. Since D = 3%~ Aitlgae—fa]jas—fstl,aa—b1
we have D = 3 -11-43 or 3% -5 - 11, thus o(3%15%211%343%) = 29 .

gutlgazyjasygaa—l  gar—25ez—lyjasggea—l . 7. 13 respectively. We have
5]0(1198), thus ag +1 =5 (mod 10), hence 3221 | o(1193), a contradiction.

CASE 1.8: p4 = 79. Then g > 4. Noting that
13(2,4,2,2) < f3(ar, a2, a3, a4) = g3(a1, az, a3, 04)
- \33 D/ 79 33’
we obtain 2851 < D < 3504. Since D = 3%~ Aitlgae—fajas—Bstl aa—F1
we have D = 33 . 112, thus o(3%15%2119379%) = 199 - 301725921123 -179%4,

We have 5|c(113), thus a3 + 1 = 5 (mod 10), hence 3221|0(11%3), a
contradiction.

CASE 1.9: py = 109. Then as > 4. Noting that
f3(2,4,2,2) < f3(au, a2, a3, 4) = gs(ai, ag, a3, o)
_ 32+24 8 1
-~ \33 D/ 109 33’
we obtain 7331 < D < 14027. Since D = 321~ Aitlgoe—fajas—fst1,00=01 4 q

a1 = 2,wehave D = 32.53.11, 3-52-112 or 32-113, thus ¢ (3159211231094 ) =
751-3*1 1592781193109 19.29.3%15%2 2112~ 1109% 727.3%1 715021452,
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1094, respectively. We have 3|0 (109%4), so as +1 = 0 (mod 3), thus
571 | 0(109%), which is a contradiction.

CASE 1.10: py = 127. Then ay > 4 and (o, ag, a3) # (2,4,2). If ag =4
then B3 = 1, thus D > 3-11%. We have
0.96264 ... = f3(2,4,4,2) < f3(a, ag, as,aq) = g3, ag, as, ay)
<0.96242. . .,
a contradiction. If ap > 6 and 51 ¢(1193), then £y = 0, thus D > 3-5% .11,
We have
0.96222... = f3(2,6,2,2) < f3(a1, ag, as,aq) = gs(aq, ag, as, ay)
< 0.96209. ..,
a contradiction. If ap > 6 and 5|0 (11%3), then az+1 =5 (mod 10), ag > 4.
As £3(2,6,4,2) < g3(a1, a9, a3, aq) < 1—1/33, we have 17610 < D < 17985.
Since D = 3“1*51“50‘2*52110‘3*53“]9404_54, no such D exists.
CASE 1.11: py = 139. Then as > 6 and a3 > 4. Noting that
f3(2,6,4,2) < f3(a1, a2, a3, au) = g3(a1, a2, ag, ag)

_ (32, 24\ 138 P
~\33 D/ 139 337
we have 65577 < D < 71052. Since D = 31 -A1tlgoe—faqjas—Fstlpaa—bhi o

have D = 32-5-11-139. Thus o(3¥15%21123139%) = 31~ 1502-11]as139x~1.
43 -97, but 97 1 0(3%15*21193139%), a contradiction.

CASE 2: ag > 4. Then by (2.11)) we have

e sinenen(3)(-3)0- )5

=0.98672....
If D>29-3-11, then by (2.12) we have

( ) < 32 N 24
a1, 09, 3, X —_—
g3\, g, a3, (4 33 3399

= 0.98641. ..,

a contradiction.

If D=3%11o0r 52-3-11, then ¢(3*15%211%3pJ*) = 31 —3502F1 1 as+1y,0
or 1731150221193 p% If oy = 2, then o(5?) = 31, we get ps = 31. Since
31 { o(3*111%331%4), thus oy = 1, which is impossible. If ap > 4, then by
and we have

1 1 1 1
fg(al,ag,ag,a4) Z (1— 35) (1— 55) (1 — 113> (1— 133) =0.99436. . .y

32 24
gs(a1, e, a3, 04) < o + =0.98909. ..,

33 25-33

a contradiction.
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It D =ps-3-11, ps = 13,17,19 or 23, then oy = §;, © = 1,2,3,
ay = B4+ 1. By (2.10) we have o(3%15%211%3p*) = 31t3502] 9313041
7. 3cpeztlyjasyyea—l gentlpazyjesjgea—l . 13 o 3ouigez]1esggea—l . 47,
We observe that 5| (11%), thus a3+ 1 =5 (mod 10), hence 3221 | o (113),
a contradiction.

If D=232%.5-11, then by (2.10) we have
(2.19) o(315%211%p) = 31 - 30715 1,
If a3 = 2, then 7|0 (112), which is impossible. Thus a3 > 4. By (?2.11]

and (2.12)) we have

1 1 1 1
- — - = ——)(1-= ) =0.98746...
f3(a1, ag, a3, a4) > (1 35><1 53><1 115)( 133> 0.98746.. ..,

and gs3(a1, a0, as,aq) = f3(ai,a,a3,a4) < 1, hence 71 < py < 493. By
we have 3|o(pg*), thus py = 1 (mod 3) and ay + 1 = 3 (mod 6).
If 5]0(113), then a3 + 1 = 5 (mod 10); we have 3221|0(11%3), thus
pa = 3221, but 3 § 0(3°15°211993221%4), a contradiction. If 5 | o(11%),
then 5|o(py*), pa = 1 (mod 15). Therefore, p, = 151,181,211, 241, 271, 331
or 421. Note that we have 7|0 (151%4),0(331%); 79| 0(181%4); 37| 0(21144);
19441 | 0/(241%4); 24571 | 0(2712); 59221 | o(181%4). Thus cannot hold.
If D=3-11%2, thenaz = B3+ 1, a; = B, i = 1,2,4. By we have

(2.20) 0(30415012 11a3pz4) =923. 30&15042110(3—1;0214‘

If ag = 2, then py = 31. Since 31 { 0(3*1119331%), we get oy = 1, which
is impossible. Thus ag > 4. If a3 = 2, then 7|c(112), which is impossible.

Thus ag > 4. By (2.11]) and (2.12)) we have

1 1 1 1
- = - = ——){1-—)=09951...
f3(a1, ag, a3, 4) > (1 35)<1 55)(1 115)( 133> 0.9951...,

and g3(aq, ag, a3, a4) = f3(ar, a2, a3,a4) < 1, 50 59 < py < 73. By
we have 3| o(pg?), thus py = 1 (mod 3), hence ps = 61, 73. Since ords(p4),
ords(ps) and ordi;(ps) are even, we have py f o(3*15*211%p3*), thus ([2.20)
cannot hold.

If D =3%.11, then
(2.21) 0(30415112 11a3pZé4) =19.3% 5a211a371pg4.

Similarly to the above, we know that cg > 4 and a3z > 4, 37 < ps < 43.
By (2.21) we have 3|o(pg*), thus ps = 1 (mod 3), hence ps = 37, but
374 0(3415%211337%4), thus cannot hold.

If D =5-3-11, then for ps = 13 we have o(3%15%211%313%) =
3eigoz—lijastl 3 Thus 5|0(11%%), ag + 1 = 5 (mod 10), and conse-
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quently 3221 |0 (11%%), a contradiction. For ps > 17, we have

( ) = 52 2 o)y s (32, 2 S
g3\, 02,65, A = \ 33 7 5. 33 ps) ~\33 5-33) 17" 7

a contradiction. If D < 32-11, then g3(a1, g, a3, o) > (% + 322'411) % > 1,
a contradiction. m

3. Propositions

PRrOPOSITION 3.1. There is no odd near-perfect number n of the form
n = 3*15%2pSEpi.

Proof. Assume that n = 3*15*ps®pi* is an odd near-perfect number
with redundant divisor d = 351552 p§3 pf“. Then

(3‘1) 0(3041 5a2p§3p4a4) —9.3n 5a2pg3p4a4 + 3/31 562]??3]954,

where 51 + Pa+ B3+ P4 < a1 +as +as + aq, 5; < a4, 1 = 1,2,3,4. Since
o(n) =1 (mod 2), we see that «;’s are even. Let

(3.2)

1 1 1 1
flar, a2, a5, 01) = <1 N 3al+1> <1 - mm) <1 - a3+1> <1 - a4+1>
Ps Dy

(3.3)
2 (p3 — 1)(pa — 1)
3:5-p3-pa
2% (p3—1)(pa — 1)
301—51+15&2—,82+1p53—53+1p$4—54+1 ’

By (3.1)-(3.3), we have fi(a1, ag, a3, 04) = ga(ou, az, a3, a4) < 1.
If p3 > 31, then

ga(ar, an, 03, 04) =

oln) _d _3 5 31 37 _

n n 2 4 30 36 ’
which is absurd. Thus p3 = 7,11,13,17,19,23 or 29. By Lemmas
m it is sufficient to consider ps € {7,13,23,29}.

CASE 1: p3 = 7. By (3.2) and (3.3) we have

@ o> (1-5) (1= 5) (1~ 5) (- )

= 0.95175...,

32 24 1
3.5 oo anan) = (3222 (1
( ) g4( 1, X2, X3, 4) (35 D1>< p4)7

where D; = 30‘1_5150‘2_52“7"3_53“]92‘47&.

2:



176 M. TANG ET AL.

CASE 1.1: Dy > 13-5-7. Then by (3.5) we have g4(aq, ag, az, ay) <
0.94945 . .., which contradicts (3.4)).

CASE 1.2: Dy =11-5-7. Then o; = f;, 1 = 1,2,3, 84 = a4 — 1 and
ps = 11. By (3.1)) we have
(3.6) o(391592793]19%) = 23 . 327 ]t
Since ord7(3) = ord7(5) = 6, we have 7 t o(3*15%2793), thus 7 |o(11%).
Since ord7(11) = 3, we have ag + 1 = 3 (mod 6); as 19| c(11?), we have
19| (11%4). So (3.6) cannot hold.

CASE 1.3: D1 =32-5-Tor 5-72. By (3.1) we have

o (3M15%2 73 pg1) =19 - 37250278 pt or 3R 78— e,

If ay = 2, then pg = 13. Since 13 o(5*27%313%), we have ay = 1, which is
impossible. Thus a; > 4. By (3.2)) and (3.5) we have

50 piesonened 2 (1) (1) (- 5) (1 53)

=0.98429. ..,

(a1, 0,3, 04) < — + —— = 0.97959
(6% .
94 1, 2, k3, (x4 35 572 9

a contradiction.

CASE 1.4: Dy = 52 7. By (3.1) we have
(3.8) o(3915%279 M) = 11 . 30152 Lyas pta
Since ords(3) = ords(7) = 4, 0rd7(3) = ord7(5) = 6, and o; = 0 (mod 2), i =
1,2,3, we have 571 o(3%15%2793) | thus 527179 | o(p}*). If 3| o(7%3), then
az+1 =3 (mod 6). Since 19| o (7%3), we have py = 19, 5 { o (3*1 52731944
thus 3 1 o(7%). If 11|0o(3*), then by ord;1(3) = 5, we have a; + 1 =
5 (mod 10), 112 |(3%1), hence py = 11. Since 3 { o(3%159211%), we get
3| o(7*3), which is impossible. If 11| (5%2), then as ordy1(5) = 5, we have
az+1 =5 (mod 10), 11-71| o (3*1), hence ps = 71. Since 3 { ¢(3*15¥27144),
we have 3| o (7%%), which is also impossible. By (3.8) we have

o(3%15%2793) = p g(pgt) = 11 - 3*15%27 170,
Then py(o(3%15227%3) — 11 - 3215%271793) = 11 . 32152271793 1 1 thus
141

—11-3%15%279 4 1 < < 777777 11) 8BTSy = — o -85,
which is impossible.

CASE 1.5: Dy = 3-5-7. Then o(3915%7%3pJ4) = 3u-l5027astlyee

By (3.4) and (3.5) we have gi(a1, az,a5,00) = (2 + 557)(1 - 1) < L,
thus ps < 16. For ps = 11, we have 3|o(7*), a3+ 1 = 3 (mod 6). Since
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ordg(7) = 3, we have 19| c(3*15%27*311%4), which is impossible. For py =
13, we have 51 0(3*152272313%), which is also impossible.

CASE 1.6: D; =5-7. Then by we have
32 24 1 48 10
94(041,6‘42,043,044) = <35 + 57) <1 - ]94> > % : ﬁ > 1,
which is impossible.

CASE 2: p3 = 13. By (3.3) we have

64 32 1
: =(=+=)(1-=

where Dy = 30‘1_'815a2_52+113a3—53+1p4a4—ﬁ4.

on) d o(3%) 5 13 47
e R DR T
which is absurd. Thus py € {17,19, 23,29, 31, 37,41, 43}. Note that if py > 37
and a1 = 2, then ao > 4, since otherwise
,_ ol d_ a5 13 57
n n 32.52 12 36 ’
a contradiction. Thus if 17 < py < 31, then

(3.10)  falou, 2,003, 00) > (1 - 313> <1 - 513) (1 - 1;,3> <1 B 1;?))

= 0.95463....

If p4s > 37, then

(3.11)  fa(ai, a9, a3, ) > (1 - 313> <1 - 515> (1 - 1?),3> (1 - 3173>

=0.96219....

CASE 2.1.1: pg € {17,19,23,43}. By we have 8, = 0 and (B3 = 1,
thus Doy > 5% - 132, If py € {17,19, 23}, then by we have
65 53-132) 23
which contradicts . If ps = 43, then from oy > 4 we have Dy > 5°-132.
Thus

ga(a, ag, as, aq) < < =0.94325. ..,

04 52 ) 12 96177,

< (=422 ).Z=
ga(an, g, a3, ) < <65 te) B

which contradicts (3.11]).

CASE 2.1.2: py € {29,37}. By (3.1) we have o = 54 = 0, thus Dy >
5313 - p3.
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If py = 29, then g4(av, ag, as,ayq) < 0.95068. .., contrary to (3.10).
If py = 37, then g4(ai, ag, a3, aq) < 0.95801. .., contrary to (3.11)).

CASE 2.1.3: py = 31. By we have 33 = 1, thus Dy =31 ~F1502-f2+1
13%331%4=F1 > 5.132 If Dy = 5-132, 3-5-132, 52.132, 32.5-132 or 3-52-132, then
o(3%152213%331%4) = 35.592.13.31%, 3.5%2.13.3124.79, 32.5271.13.31%4.131,
50211.13.3124.47, 3-5%271.13.3194.17-23, respectively. We have 5| o(31%4),
thus ay+1 = 5 (mod 10), hence 11| (31%), a contradiction. If Dy > 53132,
then g4(a, ag, as, aq) < 0.95431 ..., which contradicts (3.10)).

CASE 2.1.4: py = 41. By (3.1]) we have 54 = 0 and 83 = 1, thus Dy > 5-
132-412. By (3.9) we have g4(a1, s, a3, ay) < 0.96062. .., which contradicts
B.11).

CASE 2.2: a1 > 4. Then

(3.12)  falar,az,a3,04) > <1 - 315) (1 - 513> (1 B 1133) (1 B 1;3>

=0.98726....

If ag > 4, then

(3.13)  falan, 0,3, ) > (1 - 315) (1 - 515> <1 B 1133> (1 - 1;3)

=0.99491 . ...
If a7 > 6,9 > 4, then

(3.14)  falar, a, a3, 04) > <1 - 317> <1 - 515> (1 - 1133> <1 B 1173>

=0.99856....
CASE 2.2.1: Dy > 5-13-191. Then
64 32

< = 0.98719...
S8 513101 O8I

94(a1a a2, a3, 044)

which contradicts (3.12)).
CASE 2.2.2: Dy = 3t-5-13,2 <t < 4. Then oy = B1 +t, o = fi,
i =2,3,4. By (3.1) we have
o(3°15%213%3p ) = 31715213 p04(2. 31 + 1), t=2,3,4.
If ag = 2, then o(5?) = 31, thus py = 31. Since 31 1 0(3%113%331%), we have
a4 = 1, which is impossible. Thus ag > 4.
If t =4, then g4y, ag, as, aq) < % + 22 =0.99069. .., which contra-

3165
dicts (3.13)).
If t = 3, then

(3.15) o (32157213 pft) = 3™ 7150130t 11,
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By and g4(a1, a9, a3, aq) = fa(ag, a9, a3, aq) < 1, we have 127 < py <
352. Moreover 3 |o(py*) and 5|o(py*), thus ps = 1 (mod 15). Therefore,
ps € {151,181,211,241,271,331}. We have 7| 0(1512), 0(3312); 79| 0(1812);
37| 0(211%); 19441 | 0(2412); 24571 | 0(2712). Thus cannot hold.

If ¢ = 2, then by and gy4(aq, ag, az,aq) = falag, ag, as,a4) < 1,
we have 23.4 < py < 26, which is impossible.

CASE 2.2.3: Dy = 513", t = 2,3. Then a3 = B3+t — 1, a; = i,
i=1,2,4. By (3.1) we have
(3.16) o(3%15*213%p{*) = 352213~y (2. 13071 1 1), ¢ =2,3.

Similarly, we have ag > 4. If t = 3, then g4(a1, a9, a3, 0q) < % + 31%3 =

0.98752..., which contradicts (3.13). If ¢ = 2, then by 1 and

ga(a1, ag, a3, 0q) = fa(an, e, as,aq) < 1, we have 37 < pg < 43..., thus
py = 41,43, We have 3 { o(39159213%34194), 5 § o(301502139343%4), thus
(3.16) cannot hold.

CASE 2.2.4: Dy =3-5"-13,t=2,3. Thena; =31 +1, 0 = o+t —1,
a; = B4, i = 3,4. By (3.1)) we have
(3.17)  o(3%159213%3pG4) = 3~ lpee—trlygos,da(9.3. 5071 1 1) ¢ =2 3.

If t = 3, then similarly to Case 2.2.2, we have ag > 4 and g4(a1, a2, ag, aq) <
%—I— _%,?13 = 0.99117..., which contradicts 1} Ift =2 and ag > 4, then
by (3.13) and g4(a1, 2, a3, a4) = fa(ai, a,as,aq) < 1, we have 47 < py
< 53. Thus py = 47,53. We have 3 { o(3*15213%p3*), thus (3.17) can-
not hold. If ¢ = 2 and as = 2, then we deduce that 37 < ps < 53 and

310 (3915213%p ), thus (3.17) cannot hold.

CASE 2.2.5: Dy =5t - 13, t = 3,4. If t = 3, then

o(3%15213%pgt) = 3MHI52 7213 R . 17,

Similarly to Case 2.2.2, we have ag > 4. By (3.13)) and g4(a1, 2, a3, a4) =
fa(ar, a2, a3,a4) < 1, we have 107 < ps < 233. We see that 5|c(p3?),
thus py = 1 (mod 5). Therefore, py € {131,151,181,211}. We have 17 ¢{
o(3*15*213%p3*), thus the above equality cannot hold.

If t = 4, then ag > 4 and g4(a1, 2, a3,a4) < g—g + 55"213 =0.9885...,
which contradicts (3.13]).

CASE 2.2.6: Dy =52-132%,3%2.5-13%2 or 33-52-13. Then

o(3%15%213% pt) = 3%15°2 7113 IpRe . 131, 3% 252l 3 ple 47,
3 -d5a2-ligaspa . o971,

Similarly to Case 2.2.2, we have as > 4 and g4(a1, ag, a3, ay) < %4— 32—

52.132
0.99218. .., which contradicts (3.13)).
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CASE 2.2.7: D3=3-5-13%. Then o (3*15%213%p}*) =31~ 150213104,
79. Similarly to Case 2.2.2, we have as > 4. If a; = 4, then ps = 11, which is
impossible. Thus a7 > 6 and g4(aq, a9, ag, aq) < % + 3.53%32 =0.99723...,
which contradicts .

CASE 2.2.8: Dy =32-5-13 - py, ps = 17,19. Then
(3.18) o(3*15°213%pgt) = 30‘1*15‘“2130‘3]92‘4_1(2 -3-pa+1).
Since 5 1 0(3%15%213*3p3*), (3.18) cannot hold.

CASE 2.2.9: Dy = 52.13 - py, 17 < py < 37. Then
(319) 0_(3a15a2 130&3pg4) — 30&15042—11304319254—1(2 5. P4 + 1)

If ps = 2,3,4 (mod 5), then 5 1 o(3%15%213*p7*), and (3.19) cannot
hold.

If py = 31, then by (3.19) we have

o (30159213%3314) = goigee—lygasgiaa—l 317

Now, 5|0 (31%*), thus a4 + 1 =5 (mod 10), hence 11| (31%4), a contradic-
tion.

CASE 2.2.10: Dy =3-5-13-pyg, 17 < pg <61. Then
(3.20) o (32159213 p{t) = 3217159213234 71 (2. 3. py 4 1).

If py = 2,3,4 (mod 5), then 5 t o(3%15%213*3p7*), and cannot
hold.

If py € {31, 41}, then by (3.20)) we have o(3%159213%p*) = 301 -1502130
314711117 or 31715921323 F131%4-1.19. But 17 { 0(3%15213%331%) and
3 1 o(3%159213%341%4) | 50 cannot hold. If py = 61, then by (3.20)
we have o(3%159213%61%) = 3217159213931 ~1 . 367, thus 5|0 (61%),
ay +1=5 (mod 10), 131 |0 (61*4), which is impossible.

CASE 2.2.11: Dy =5-13-pyg, 17 < py < 181. Then
(3.21) 0(32159213%p ) = 3°152213% p~1(2p, + 1).

If ps = 2,3,4 (mod 5), then 5 1 o(3*15%213*p7*), and (3.21) cannot
hold.

If py € {101,151, 181}, then 13 { o(5*213%3pg*), thus 13| o(3Y), a1 +1 =
3 (mod 6), hence a; > 8. Therefore

64 32

< — 4+ —F—=0.98948. ..
94(041,612,613,044)_65+5‘13‘101 0.98948. ..,

1 1 1 1
f4(a1,a2,a3,a4) 2 <].— 39> <1— 53> <1— 133> (1 — 173> =0.99129.. .y

a contradiction.




NEAR-PERFECT NUMBERS 181

If py € {31,41,61}, then o(3115%213%p}*) = 3o1t250213as3104=1 . 7,
3159213034141 . 83 3ertliazigasgiai—l. 41, But 74 o(3415%213%331%),
41t o(3915%2139341%4), 41 { 0(3%15*213*361%), a contradiction.

If py = 71, then o(3%15%213%71%4) = 30159213 +171@=1 . 11 and we
have 5|0 (71%), ay + 1 = 5 (mod 10), 211 | o (71%4), a contradiction.

If py = 131, then o(3°159213%3131%) = 3215921321312~ 1. 263, and we
have 5| 0(131*), ay + 1 =5 (mod 10), 61| 0(131%¢), a contradiction.

CASE 2.2.12: Dy < 52.13. Then

64+ 32 16>1
65 52-13) 17 ’

ga(an, ag, a3, 0) > <

a contradiction.

CASE 3: p3 = 23. If py > 53, then

o) d_35 23 53 _
2= <2 ,
n 24 22 52
which is absurd. Thus ps € {29, 31, 37,41,43,47}.

Note that aq > 4, since otherwise

2
,_oln) d_o() 5 23 29

n n 32 4 22 28 <%
a contradiction. Similarly, if p4 > 37, then ay > 4; if py > 43, then a7 > 6.

CASE 3.1: pgy = 29. By (3.1) we know that 8; = f2 = 0. Then

1 1 1 1
f4(0[1, a9, (3, 0[4> (1 — 35) (1 — 53> (1 — 233> (1 — 293) =0.98779... y

: < 27T.7.11 N 26.7.11 0.98535
a a a a = . DY
galan, @2, A3, 04) S o o 00 T 35 53 .93 . 99 ’

a contradiction.

CASE 3.2: py = 31. By (3.2) we have

(3.22)  falon, o0, 003, 4) > (1 - 315> (1 - 51:%) <1 - 2;1),3> (1 a 3113>

=0.98780....

By (3.3),
2611 25.11
3.23
(3.23) gaan, g, a3, 04) = 5331 Dy
where D3 = 30 —-Pigee—f2930s—fs+1310a—Batl If Dy < 23 . 312, then
ga(aq, g, as,aq) > 1.003... > 1, a contradiction.
Now we consider Dg > 32.5-23 - 31.
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CASE 3.2.1: ag > 4. Then by (3.2) we have

(3.24)  falon, o0, a3, 4) > <1 - 315) <1 - 515> (1 B 2:1),3> <1 B 313>

=0.99545. ...

If D3 > 3-232-31, then g4(a1, e, as3,aq) < 0.99453 ..., contrary to
[3.24).

If D3 = 32.5-23-31, then o (3%15%223%31%4) = 3312502~ 193033124.13.7,
Thus 7|0(23%3), az+1 = 3 (mod 6), hence 79 | (233), which is impossible.

CASE 3.2.2: ag = 2. Then 4 = 1. If 5 1 0(31%), then S = 0. Thus
D3 >52.23-312. If D3 > 3-52-23-312, then g4(av1, a2, a3, 04) < 0.9875.. .,
which contradicts . If D3 =52-23-312, then ap = a4 = 2 and oy = f;,
i = 1,3. Thus ¢(3%15223%2312) = 3°17123% . 11 . 31 - 47; but 331|0(31?), a
contradiction.

If 5|0(31%1), then ay + 1 = 5 (mod 10), ay > 4. Thus D3 > 23 - 314,
hence g4(au, g, a3, a4) < 0.9873 ..., which contradicts .

CASE 3.3: pg = 37. By (3.1) we know 2 = 84 = 0. By (3.2)) and (3.3)),
1 1 1 1
f4(0¢1,0¢2,0¢3,0¢4) Z <1— 35) <1 — 55) (1— 233> (1 — 373> =0.99546 . . .y

27.3.11 26.3.11

< =0.99271...
_5-23-37+55-23-373 ’

ga(ai, o, a3, ay)
a contradiction.

CASE 3.4: py = 41. By (3.1) we know 81 = 54 = 0. By (3.2)) and (3.3),

- 1 1 1 1Y
falar, g, a3, 4) > = ) (15 ) (1535 ) | 1~ g3 ) =0-99546..,

- 28.11 N 27 .11
—3.23-41  35.23.413

galar, g, a3, ) =0.99540. . .,

a contradiction.

CASE 3.5: pg = 43. By (3.1) we know that 82 = 0. By (3.2) and (3.3]),

1 1 1 1
f4(0¢1,0¢2,0¢3,0¢4) Z <1— 37) (1— 55) (1— 233> <1 — 433> =0.99912.. .y

26.7.11  2°.7-11
< +
—5.23-43  55.23.43

ga(aa, o, a3, ay) =0.99735. . .,

a contradiction.
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CASE 3.6: py = 47. By (3.1) we know 5 = 52 = 0. By (3.2) and (3.3)),

1 1 1 1
Ja(on, a2, a3,a4) > <1— 37> (1— 55) (1 — 233> <1— 473> =0.99913...,

< 26.11 N 25.11
—3.5.-47  37.55.47

ga(ar, g, a3, ) =0.99858.. .,

a contradiction.

CASE 4: p3 = 29. If py > 37, then

g_olm) d _3 5 29 37
n n 2 4 28 36 ’
which is absurd. Thus py = 31. We have 29 { 0(3*15%229%331%4), thus 3 = 0.
Moreover oy > 6, since otherwise

on) d o(3%) 5 29 31
I 2020 9
n n 31 12837

a contradiction. Then by (3.2) and (3.3]),

1 1 1 1

( )< 24.928.30 N 23.28-30
a1, 09,3, X
galaL, 42,03, A4) = 576799731 T 3.5.203 . 31

=0.99725. ..,

a contradiction.
This completes the proof of Proposition .

PROPOSITION 3.2. If n = 3*17%ps®pi* is an odd near-perfect number,
then n = 3*- 7% - 112 - 192 with redundant divisor d = 3% -7-11% - 192.

Proof. Assume that n = 3*17%p53pi* is an odd near-perfect number
with redundant divisor d = 3% 7ﬁ2p§3 pf“. Then

(3.25) 0(301 7a2p§3p4a4) — 9.3 7a2pg3p4a4 + 3/3’1 '752]9?3]9547
where 81 + B2+ 83+ Bs < a1 +as+ag+ay, B <oy, i=1,2,3,4, and a;’s

are even. Let

(326) f5(a17a27a37a4)

1 1 1 1
=(1-——)(1-— ) (1 — ) (1- ——
(1=5m) (=7 (=) (=)

2% (ps — D)(pa — 1)
7-p3-p4
2% (p3—1)(pa — 1)
3a1—p1 7042*52+1p§43*ﬁ3+1p4a47,84+1 ’

(3.27)  gs(a1, 2,03, a4) =
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By (3.25)-(3.27), we have fs5(ai,as,a3,a4) = gs(a1, o, a3,aq4) < 1. If
p3 > 17, then
o(n) d 17 19

3 7
n <2 6 16 18<

which is contradictory. Thus p3 = 11 or 13.

CASE 1: p3 = 11. If py > 29, then

o(n) d 3 7 11 29
o) _d 2y
n  n 2610 28"

which is absurd. Thus py € {13,17,19,23}. Note that if p; > 17, then
a1 > 4, since otherwise

_o(n) d 0(32) 7 11 17
2= TR T3 610 16

a contradiction. Similarly, we have (aq, g, as, aq) # (2,2,2,2).

CASE 1.1: p4 = 13. If oy = 2, then 83 =0, 84 = 1. Thus

26.5.3 25.5-3
3.28 < =0.95934....

If ag > 4; or cvg = 2, g > 4; or g = g = 2, g > 4, then

1 1 1 1
f5(a1,a2,a3,a4) <1—33> (1—73) <1—113) <1—135> =0.95943 - - - s

which contradicts (3.28)).

If @y > 4, then

(3.29)  fs(a1, 00, a3, 04) > <1 - 315> <1 - 713> (1 B 113) (1 B 1;5”)

=0.99178....

By (3.27)) we have

26.5.3 2°.5.3
(330) g5(a1,062,063,044)

7113 D
where D = 31 —Fiyee=fatlyjas—Bs+l 3ea—Batl Then D > 7-11-13.
If D < 7-11%:13, then g5(a1, as, a3, as) > 1.00263. . ., contrary to (3.29).
If D=7-11-132 then o = f3;,i = 1,2,3, oy = B1+1. By we have
o (391722119313%) = 301 +3792119313% 1 We have 7| 0(1193), thus ag+1 =
3 (mod 6). Since 19 | (11?), we have 19| ¢ (1193), which is impossible.
If D>3-72-11-13, then g5(a, a2, a3, as) < 0.98187. .., which contra-

dicts (3.29).




NEAR-PERFECT NUMBERS 185

CASE 1.2: pgy = 17. By (3.25), we have 54 = 0. Thus

1 1 1 1
f5(041,042,043,044)2 1*@ 17% 17@ 1*@ :099203,

28.5 27.5
< +
—7.11-17  7-11-173

gs(a1, g, a3, ) =0.97953...,

a contradiction.

CASE 1.3: py = 19. Then

o s (-3)(-£)0 )1 5)

=0.99209. ...
By (3.27)) we have
25.32.5 2%¢.32.5

gs(an, a0, a3, 04) = 7'11'194- D

where D = 31—figee—Bztlpjas—fstligaa—fatl Then D > 7-11 - 19.

If D<3%-7-11-19, then gs5(aq, a9, a3, aq) > 1.00251... > 1, a contra-
diction.

If D > 7?2112 .19, then g5(a1,a2,a3,a4) < 0.99067..., contrary to
(13.31)).

If D=73-11-19, then o(3*1792119319%) = 3u+27a2-2]as+lgas Tf
a1 = 4, then ag = 1, which is impossible. If a1 > 6, then f5(a, ag, s, ay) >
0.99573... and gs(a1, a9, a3, aq) = 0.99432. .., a contradiction.

If D =32.72.11-19, then we have the following fact: if (a1, ag, a3, ay) #
(4,2,2,2), then

fslon, az, a3, 04) > [f5(4,2,2,2) = % = gs(au, az, a3, ay),

a contradiction; if (a1, a9, as,aq) = (4,2,2,2), then By = 1,5, = 2 for
i=1,3,4. Thatis, 0(3*-72-112-19%) =2.3%.72.112.192 +32.7- 112 - 19%.

If D=3-7-11-192, then o (31792119319 = 3 ~17a2119319%~1.5.23,
We have 5| 0(1193), hence a3+ 1 =5 (mod 10) and 3221 | o(11%3), which is
impossible.

If D=3-7-112-19, then o(3*17%211%19%) = 3u~l7az1193-1192 . 67,
We get 67 |0(19%). From ordgr;(19) = 33, we have ay + 1 = 33 (mod 66)
and 127 | 0(19%4), which is impossible.

CASE 1.4: py = 23. Note that (o, a2) # (4,2), since otherwise

on) d o(3*7?) 11 23
2=t _— S # <2
n n < 3472 10 22 99837... <2,

a contradiction. As ordasz(7) = ordas(11) = 22, we have 23 { o(7%211%823%4).
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If 231 0(3“1), then B4 = 0. If 1 > 6, or a1 =4, ay > 4, then

S 1 1 1 1 B
f5(0£1,0£2,0£3,0[4)_ 1_§ 1—% 1—F 1—2733 —099499,

25-5+24-5
7.-23  7.233

gs(a1, a2, a3, a4) < =0.99472. ..,

a contradiction.
If 23| 0(3%1), then ay + 1 = 11 (mod 22), thus oy > 10. We have

1 1 1 1
fs(ar, g, a3, aq) > (1—311> (1—73) <1—113) <1—233) =0.99624 . ...

By we also have

2.5 2%.5
7237 D
where D = 3*1-Aiyaz=Fatljjas—Psggaa—Pfatl Qo D > 7.23,

If D> 3%-7-232 then g5(au, o, a3, aq) < 0.99618. .., which is impos-
sible.

If D < 7?2-11-23, then g5(a1,as,a3,a4) > 1.00024--- > 1, which is
impossible.

IfD=23%-7-11-23,3-73.23,3%.72.23,3*.7.23 or 7-11% - 23,
then (3179211932304 = 3127021123134 . 197 3o—lyaa—21jaspzas .
5.59, 301372~ 111a39304 . 379 3u—dyaz]jasgzas. 163 3outdraz]jas—293a4
respectively. We have 3| c(7%2). Thus s + 1 = 3 (mod 6) and 19| o (7%2),
which is impossible.

If D = 72.232, then o(3%1722119323%) = 31702~ 1119393 ~1 . 17. 19;
but 17 1 o(3*17%2114823%), a contradiction.

95((11,@2,043,044) =

CASE 2: p3 = 13. If py > 23, then

n on 26 12 22 7
which is absurd. Thus ps € {17,19}. Note that a; > 4, since otherwise

on) d o(3%) 7 13 17
2:777< C— e — . —
n n 32 6 12 16

<2,
a contradiction.

CASE 2.1: pg = 17. Note that (a1, a9, as) # (4,2,2), since otherwise

on) d  o(3*7%17%) 13
o= I & W20 20 99977... <2
n n < 3472172 12 97T <2,

a contradiction. Similarly, (o, ag, as) # (4,2,2). Thus a; > 6; or a; = 4,
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oy > 4;0r g =4, ag =2, ag > 4, ag > 4. Then

(332)  fs(ou,an,a3,01) > (1 - 315> (1 - 713> <1 - 1135> <1 - 1;5>

=0.99297....

By (3.25)) we find that 8 = 84 = 0. If 13| 0(3*!), then a; = 2 (mod 6), and
so ap > 8. Thus

f5( > (1Y (1= 2 ) (1- L) (1- L) = 0.99637
5la1, 2, 3,04 ) = 39 73 133 3 =V ceey

.23 N 283

- 7-13-17 0 73.13-173

a contradiction. If 131 ¢(3%1), then B3 = 0. We have
273 2%-3

< +

- 7-13-17  73-133-173

which contradicts with (3.32)).

gs(au, a2, as, ay) =0.99292. . .,

gs(a1, g, a3, ) =0.99289...,

CASE 2.2: p4 = 19. Note that a; > 6, since otherwise
on) d o3 7 13 19
=t — L —L - — . — ,
n n 32 6 12 18
a contradiction. Similarly, ay > 4, (a1,a3) # (6,2), (a1,4) # (6,2),

(s, ) # (2,2). Thus g = 6, ag > 4, ag > 4; 0or a1 > 8, ag > 4; or
aq Z 8, as Z 4. Then

o s (1-5)(0-3)(- )

=0.999434 .. ..

By (3.25)) we have g2 = 0. By (3.27)) we get

26.3%  2°.33
.34 =
(33 ) 95(041,042,043,044) 7.13-19 + D )

where D = 31— Ai7eetl gas—Fst+l1gaa—fatl Then D > 75.13-19.

If D>7°-13-19% then g5(ai, a9, a3, aq) < 0.999432. .., which contra-
dicts .

If D = 7°.13-19, 3-7°-13-19, 32.75-13-19 or 7°-132-19, then we have ay = 4
and o(3%17413%319%) = 31+1. 1323 . 199 . 1601, 3%~ . 139 . 1924 . 14407,
321721323192 . 11 - 3929, 317113911994 . 20809, respectively. But o (74) =
2801, a contradiction.

This completes the proof of Proposition .
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4. Proof of Theorem Assume that n = pi"p5?p52py* is an odd
near-perfect number. Then o(n) = 2n + d, where d|n and d < n. If p; > 5,
then

n
which is absurd. Thus p; = 3. If po > 11, then

noom 2 10 12 16 7
a contradiction again. Thus ps € {5, 7}. By Proposition there is no odd
near-perfect number of the form 3%15%p5%pi*. By Proposition there
is only one near-perfect number of the form 3%'7%2pg3py*, namely, n =
3172112192

This completes the proof of Theorem

n 4
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