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Abstract. A Fréchet space X with a sequence {|| - ||x} 72, of generating seminorms is
called tame if there exists an increasing function o : N — N such that for every continuous
linear operator T from X" into itself, there exist Ny and C' > 0 such that

IT@)n < Cllzllowm Yz e X, n>No.

This property does not depend upon the choice of the fundamental system of seminorms
for X and is a property of the Fréchet space X. In this paper we investigate tameness in
the Fréchet spaces O(M) of analytic functions on Stein manifolds M equipped with the
compact-open topology. Actually we will look into tameness in the more general class of
nuclear Fréchet spaces with properties DN and € of Vogt and then specialize to analytic
function spaces. We show that for a Stein manifold M, tameness of O(M) is equivalent
to hyperconvexity of M.

1. Introduction. Tameness of Fréchet spaces is an important property
frequently used in functional analysis since it brings a kind of control on the
otherwise chaotic behaviour of continuous linear endomorphisms. This con-
cept was used effectively in the structure theory of nuclear Fréchet spaces,
especially in finding bases in complemented subspaces of certain infinite type
power series spaces [9]. Frequently the Fréchet spaces that arise in practical
applications (e.g. in non-linear analysis) enjoy (versions of) the tameness
property [11, 28]. In fact, an inquiry into the tameness of analytic func-
tion spaces was undertaken, some time ago, in this context by D. Zarnadze
[private communication|. In this paper we answer this question in a kind of
negative way. We show that there are no tame analytic function spaces other
than the natural ones (Theorem [4.5]).
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The organization of the paper is as follows. After establishing the notation
and terminology, in Section 2 we recall the definition of the linear topological
invariants DN and €2 and introduce a technical tool that we will use in the
later sections: local imbeddings of power series spaces of finite type into
Fréchet spaces. After some general results on local imbeddings we establish
a link between the approximate diametral dimension of the space and the
existence of effective local imbeddings from certain finite type power series
spaces (Theorem [2.9)).

Section 3 is devoted to proving Theorem [3.3] which characterizes tame
nuclear Fréchet spaces having a finitely nuclear stable exponent sequence
and enjoying properties DN and 2.

In Subsection [£.1] we show how local imbeddings can be used to construct
Green’s functions on complex manifolds. Subsection is devoted to the
diametral dimension of analytic function spaces and the proof of the main
theorem of this paper, Theorem

Notation and terminology. We will use the terminology of [I5] and
refer the reader to that book for all undefined concepts and the standard
results of functional analysis that we will use. For the notions from complex
potential theory used (especially in Section 3) we refer the reader to [12]. By
a grading on a Fréchet space we mean any fixed sequence of Hilbertian semi-
norms defining the topology of the space. The pair consisting of a Fréchet
space and a fixed grading is called a graded Fréchet space.

Power series sequence spaces play an important role in this paper. Recall
that these are the Fréchet spaces

Are) = {60 116 = (TleaPere) " < oo, ¥ —o0 < r < B}

where R is either 1 or co, and a = (o), is a sequence of real numbers with
supIn(n)/a, < oo, called the exponent sequence of the space. The grading
on these spaces will be the Hilbertian grading {| - |, },<r.

These spaces are referred to as finite type power series spaces if R = 1,
and infinite type power series spaces if R = co. We will write A,[a] for the
Hilbert space {(£,)2% : [(&)lr = (32, [€n|?e?9n)1/2 < o0} with the norm
||, 0 <7 <1

For a pair of Fréchet spaces (X,{|| - ||x}x) and (V,{| - |x}x), the set of
all continuous linear operators will be denoted by L£(X',)). We will use the
symbol

\T|m, = sup |Tz|m, n,meN,

||1’||n§1

for T € £L(X,)). Note that || - ||7?, can take the value oo.
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For a graded Fréchet space (X, {|| - ||x}x), the local Hilbert spaces corre-
sponding to the norm || - ||z will be denoted by X, k =1,2,.... The closed
unit ball in X corresponding to || || will be denoted by Uy, k =1,2,....

Throughout the paper we will reserve the symbol ¢, for the sequence
(0,...,0,1,0,...) where 1 is in the nth place.

2. Local imbeddings of power series spaces of finite type into
Fréchet spaces. In this section we will examine local imbeddings of power
series spaces of finite type into nuclear Fréchet spaces with properties DN
and €.

In Subsection we recall the definition of Vogt’s linear topological in-
variants DN and €2, and list some properties of Fréchet spaces with properties
DN and €2 that will be used in what follows. We emphasize again that all
the Fréchet spaces that we will deal with will be assumed to be nuclear and
satisfy properties DN and 2 unless otherwise specified. In Subsection
we will investigate the existence of local imbeddings. In Subsection we
consider Fréchet spaces whose diametral approximate dimension is equal to
that of a finite type power series space, and show that this property yields
local imbeddings.

DEFINITION 2.1. A continuous linear operator 7' from A;(«) into a
graded Fréchet space (X, {|| - ||»}) is called an (r, k)-local imbedding if

AC>0: |[T(x)|, = Clz|, Vxe Ai(a).

We will say that a Fréchet space X admits an r-local imbedding of Aj(«)
if there exists a continuous linear operator T from A;j(a) to X with the
property that there is a continuous seminorm || -|| on X and C' > 0 such that

|T(x)|| > Clz|, Vxe Ai(a).

2.1. Linear topological invariants DN, () and associated exponent
sequences

DEFINITION 2.2. A nuclear Fréchet space X is said to have properties DN
and Q (211, [24]) if there exists a fundamental system {|| - ||} of Hilbertian
norms generating the topology of X which satisfy

(m): VE < A<1,C>0:
|zllks1 < Cllzll} 2lizs Vo € A
(Q): VEVp3C >0,j€EN:
. 1
Uk+1 CCT]UP—F;U]C Vr > 0.

For more information about these invariants and examples of Fréchet
spaces possessing these properties we refer the reader to [15].
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Let V C U be subsets of a Fréchet space X. We denote
EU,V)=—=Ind,(V,U), n=0,1,...,

where

dn(V.U) = inf inf{A > 0:V C AU + Ly}

(the outer infimum is taken over all n-dimensional subspaces Ly, of X) is the
nth Kolmogorov diameter of V' in U.
In the case of a graded Fréchet space (X, {|| - ||x}), we simplify this no-
tation by setting
gn(pa k) = gn<Up7 Uk)v vp <k.

Let us now fix a nuclear Fréchet space X with properties DN and €2 [15]
p. 367], and choose a strictly increasing grading ({|| - ||}x)x starting with
the “dominating norm” of condition DN and such that the linking maps are
nuclear. By passing to a subsequence of {||||x }x we can choose, by induction,
a new grading that satisfies the requirements of Definition Observe that
the linking maps of this grading are also nuclear. In [5] (cf. [4]) we have
shown that all the sequences {&,(k,k+ 1)},, K =0,1,2,..., are equivalent,
and called this equivalence class the ezponent sequence associated to X. In
this paper, unless otherwise stated, we will use a concrete representation,

En=En(0,1), n=0,1,...,

of the associated exponent sequence of X.
We collect [20] some properties of these sequences that we will use.

PROPOSITION 2.3. Let (X,{| - ||x}) be as above. The Q-type condition
D
0D<A<1,D>0: Uch(HWUij?Uk, vr>C (p<q<k)
implies:
(1) AC > 0: &(q, k)
(2) 3C > 0: &,(p, k)
(3) 3C > 0: &u(q, k) < 25En(p,q) + C, Vn,
The DN-type condition
H0<A<1,D>0: |-, <Dl 1M1 (p<a<k)
implies:
(1) 3C > 0: &Eu(p, k) < 3En(q:k) +C, n=0,1,...,
(2 3C >0:&,(p,q) < (1 —N)&n(p,k)+C,n=0,1,...,
(3" 3C >0:&En(p,q) < ll\)\é’n(q,k) +C,n=0,1,....
In the presence of both Q) and DN conditions we have

<
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(4) 3C>0,0 <A, he < 1: & < gt En(p ) +C, n=0,1,..,
(4) 3C > 0,0 < A\, o < 1:&u(p,q) < %eﬁc, n=0,1,....
Proof. See [20] (cf. [5]). m

2.2. Local imbeddings of power series spaces of finite type into
nuclear Fréchet spaces with properties DN and (). We now turn to
the question of existence of local imbeddings into the graded Fréchet space
(X, {ll-llx}) fixed in Subsection [2.1| above. But we first present some general
considerations concerning local imbeddings.

PROPOSITION 2.4. Let Aj(a) be a nuclear power series space of finite
type. The following assertions are equivalent:

(i) There exists an (r, k)-local imbedding from Ai(«) into X.
(ii) There ezists a sequence {gn}o in X that is orthonormal in X}, and
satisfies
—1
T

n Qi

1—r Vs.

(iii) There exists an isometry from the local Hilbert space Ay[a] into X},
that induces a continuous linear operator from Aj(«) into X.
(iv) There exists a closed, Hilbertian bounded disc B in X which satisfies

3C>0:  dy(B,Uy) > Ce (Imman,
Proof. (i)=-(ii): Fix an (r, k)-local imbedding T" with || T'(x)||x > Ci|x|,
for all x € A;(«). Consider
fn =

and apply the Gram—Schmidt orthogonalization procedure to the linearly
independent sequence {T'(f,)}n in Xj to get a sequence

n
gn£Zc?T(fi), n=12,...,
i=0

€n

eron )

n=01,...,

in X that is orthonormal in Aj. We estimate

n n €; n ) 1/2
L= lgall = ||7 (i) S| = ()
1=0 =0 r =0

From continuity of T', for every s we get r < o(s) < 1 and C > 0 such that

Jonll = | P(X )| < S e
i=0 1=0
< Celo()-maun (zn; Mz)l/ 2 _ glews)—r)an,

>0

o(s)
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Hence

— 1
limwgo(s)—r<l—r.
n oy,

(ii)=-(iii): Choose {gn}n as in (ii) and set

oo oo
T(Z ciei) = Z e cig;.
=0 =0
This operator is plainly a continuous linear operator from A;(«) into X that
extends to an isometry from A,[a] into X.
(iii)=-(iv): Choose an operator T" as in (iii) and set

gn£T< o ) n=0,1,....
e n

o0
B = {ZL‘ €X: Z [z, gn )| 2e2Ion < 1},
n=0

Define

where (, ) is the inner product corresponding to || - ||x.

A direct computation shows that B is the image under T of the compact
set By = {(&) : Y. |&nl?€® < 1} in Ay(a). So B is a compact disc that is
Hilbertian, and hence (see [8, Lemma 6.2.2])

dn(B7 Uk) > dn(B N T(X), Uk: M T(X)) = e(?‘—l)an'

(iv)=(i): Let Hp denote the Hilbert space generated by B in X. Since
the inclusion Hp < X, is a compact operator, we can choose a sequence

{fn}>>y of orthogonal vectors in Hp that are orthonormal in the Hilbert
space X, and have || f,|lz = (d,(B,U))" 1, n=0,1,.... Set

T((n)n) =D &ne™" fn V(&) € Ai(a).
n=0

We fix an s > k and, in view of condition DN, choose 0 < A < 1 and C >0
such that [|z]|s < C||z| |||y for all € Hp.

Choose A" so that 0 < 7 + A(1 —r) < AT < 1. There exist positive
constants Cp, Cy such that

IT(EDls < S 1€ale™ [ fulls < C1 S [nlemen X mnan

L oN1/2
< Co(Y Jal2e™ ) = Cal ()l
n
so T defines a continuous linear operator from A;(«) into X'. Moreover

(D = (3 a2z ) = ()l

Hence T is an (r, k)-local imbedding. =
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REMARK. In contrast to the infinite case [5], the existence of an (r,k)-
local imbedding from a finite type power series space into a graded Fréchet
space need not imply the existence of an (r*, k)-local imbedding for some
rT > r. In fact, it is not difficult to see that for a nuclear finite type power
series space X = Aj(«), there exists an (71, 72)-local imbedding from A;(«)
into X if and only if r; < r9. Indeed, if there is a bounded set B in X such
that d, (B, U,,) > Ce(r =% for some C' > 0, then for any r9 < s < 1, there
exists a Cq > 0 such that B C C1U,, which implies that

dn(B,U,) < Cdyn(Us, U,) = Celr2—s)an

for every n. Hence 11 — 1 < r9 — 1, that is, 1 < ro.
The condition in (iv) of the above proposition can also be expressed by
using the unit balls of the grading:

PROPOSITION 2.5. There exists an (r, p)-local imbedding from A;(«) into
X if and only if

—&n(p k
sup lim M <1-—
k>p Qn
Proof. («<): Let p and r satisfy the stated inequality. For a given k > p,

in view of Proposition [2.3|2) we have
. k S k+1
i (P k) e En(p,k+1)
n n n an
So for each k > p we can find an N (k) € N, strictly increasing with respect
to k, such that

—Ind,(Uy,Up) < (1 = 7)o, for n > N(k).

<p<l: <1l-—r.

Let 61 = %6_(1_T)QN(1’+1). Since Up41 is precompact in &), there exists a
finite set Z; C Up41 such that
dn(Ups1,Up) < dn(Z4,Up) + 61 Vn.
Hence
An(pr1y(Z1,Up) > e”0mnenwiy — g = Lem(maneqn,
For each n with N(p +1) < n < N(p+ 2), we obtain as above a finite set
Z} C Upyy satisfying
dn(Z},Up) > e”man /2,

and define Z1 = UNpt+1)<ne N p+2) Z}

Continuing in this fashion we get finite sets 2%, s = 1,2,..., with Z° C
Upss and d,(Z5,U,) > e~ (17" /2 for N (p+s) < n < N(p+s+1). Note that

Us2, Z° is a bounded set since Z° C Uy, for every k = p+ s and 5§ > s. We
can find a closed Hilbertian disc B in X, containing [ J;~ , Z* (see for example
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[23| Lemma 1.2]). Then for n > N(p+1) (say N(p+s) <n < N(p+s+1))
we have

dn(B,U,) > dn(2°,U,) > e~ (1=an /9,

So in view of Proposition [2.4(iv) there is an (r, p)-local imbedding from A; (c)
into X.

(=): In view of Proposition [2.4(iv) there exists a bounded set B and
C > 0 with d,(B,U,) > Ce~ (1772 for n = 1,2,.... Hence for each k there
are C; >0, 1= 1,2, such that

En(p, k) < —Indy(B,U,) + C1 < (1 — 7)oy, + Co.

So
ﬁwgl—r Vk=p+1,....m
n (7%
REMARK. Although the structural assumption DN on X is put into use
in the proposition above, the implication (=) can be proved without any
structural assumptions on X'. One can use the argument given in [4, Propo-

sition to obtain a proof by just using the definition of local imbeddings.

2.3. Approximate diametral dimension and local imbeddings. In
this subsection we investigate the relationship between approximate diame-
tral dimension of a nuclear Fréchet space X with properties DN and
and the existence of local imbeddings from A;(&,), the finite type power
series space corresponding to the associated exponent sequence of X'. Since
we wish to use the information obtained in the previous subsections, we are
forced to make an additional assumption on {&, },, namely that lim, In(n)/&,
= 0. This guarantees the nuclearity of A;(&,) (see [§]), which is needed in
what follows and also for the validity of the results of previous subsections.

DEFINITION 2.6 ([7]). The approzimate diametral dimension of a Fréchet
space Y is defined as

S(Y) = U U {(tn) : nggl%(g’w:o}

U a zero neighborhood of Y B a bounded subset of Y’
= {(tn)n : 3 a neighbourhood U of zero and a bounded subset B
of ¥ such that lim t, /dn (B, U) = o}.
Approximate diametral dimension also admits a representation solely in
terms of a zero neighbourhood basis {U, },, of the Fréchet space Y
YY) ={(tn) : Is Yk > s : t,/dp(Uk,Us) — 0}

(see [T]).
Now let us fix, for the rest of this subsection, a graded nuclear Fréchet
space (X, {]| - [[x}x) with properties DN and €2, whose associated exponent
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sequence (&,) satisfies In(n)/&, —y 0 and the grading {|| - || }x comes from
Definition . Given p + 1 < ¢, in view of Proposition 1)7 we have
dn(Uq,Up))‘ < Cdy(Uq, Upg1) for some C > 0 and 0 < XA < 1. So if a
sequence (t,), satisfies for some C,
[tn
———— < C Vn,
dn(Ug, Up)

then
|0
dn(qu Up+1)

Hence under our assumptions, we have

6(X) = { (ta)n : 3p ¥ > p sup [t P9 < oo .

— 0.

It is not difficult to show, by direct computation, that ([7])

5(Ar () = {(tn)n :@ln“"’ < o}.

Qp

PROPOSITION 2.7.
5(X) 2 8(Ay(a)) & infsuplim 29 _ g
P og>p ™ (e7%

Proof. (=): For a fixed pair p < q let
B(p,q) = {(ta) s 5up ta]e™ 9 < o0}

This linear space becomes a Banach space under the norm

[(tn)lpg = sup [tn e (PO,

Since B(p,q*) C B(p,q) for p < q < g, the space B(p) = Ng=p B(p:0)
with the fundamental generating norms {|-|,q}4>p becomes a Fréchet space.
Moreover by means of continuous inclusions B(p) — B(p), p < p, we can
endow 0(X) = J,, B(p) with the inductive limit topology and thus view
d(&X) as a locally convex space which is an inductive limit of Fréchet spaces.
Let us fix 0 < r < 1 and define

.= { (e s el = sup 121 < oo

Clearly S, is a Banach space with respect to the norm | - ||, and S, C
§(A1(a)). By our assumption, S, C §(X) and since projections onto coordi-
nates are continuous in the inductive limit topology on §(X), the inclusion
Sy < §(X) is a sequentially closed linear operator. In view of Grothendieck’s
factorization theorem [I3], p. 225], there is a p(r) such that for every ¢ > p(r),

aC > 0: sup|t \eg n(p( )Q)<Csup’n‘

Qn
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for any (t,) € S,. In particular for every ¢ > p(r) there exists a C' > 0 such
that &£,(p(r),q) <InC — oy, Inr, which in turn implies that

En
inf sup lim —~—~2 (p.9)
P g>p T Qi

< —Inr

Since this holds for every 0 < r < 1, we have

€
inf sup lim M
P g>p ™ On
(«<): Fix an r < 1 and choose a (), which satisfies

ltn] < Cr®  for some C' > 0 and all n.

=0.

In view of our assumption, we choose a p so that sup,>,, lim, £.(p, q)/an <
—Inr. It follows that there exists an ng such that for n > ny,

En(pygq

1
e o~ for every q > p.
ron

Hence, for every ¢ > p there exists Cy > 0 such that en(pa) < Cy /7%, which
in turn implies that for every ¢ > p, sup,, |t, ]egn(p’Q) < oco. It follows that

) C U m B(p,q) =6(X). =
P ¢>p
If we focus our attention on the associated exponent sequence (&), we

have:

COROLLARY 2.8.

5(X) = 8(A(€)) < inf supTim 22220

P g>p T n

=0.
Proof. Fix a sequence (t,,) € §(X), and choose a p such that
Vg>p:  suplty|ef®? < .
n

In view of Proposition (4), there exist constants Cy, Cy > 0 such that
&, < Clgn(p,p + 1) +Cy Vn.
It follows that
sup |t,]e/C1 < 0.
n
Hence there is a D > 0 such that

ln|t]—|—g < D,

Ch
SO o .
n|t,
lim <—-——<0.
m s =0 <
Therefore we always have 6(X) C §(A1(E)). Now the corollary follows from

Proposition .



Tameness in Fréchet spaces of analytic functions 253

We conclude this section with a summary theorem:

THEOREM 2.9. Let X be a nuclear Fréchet space with properties DN
and Q. Assume that the associated exponent sequence (Ey )y of X is a nuclear
exponent sequence of finite type (i.e. A1(E) is nuclear). Then the following
assertions are equivalent:

(1) 0(X) = 6(M(E))__
(2) inf1<pcoo SUPys, limy, En (g, p)/En = 0.
(3) For every 0 < r < 1 there exists an r-local imbedding from A1 (E)

into X.

3. Tame spaces X with properties DN, 2 and §(X) = 6(A1(£)). To
every continuous linear operator 7" between two graded F-spaces (X, {||-||x} &)
and (), {|- |k }x) one can associate a sequence of natural numbers, {o7(n)},,
called the characteristic of continuity of T, via

or(n) =inf{s:3C > 0: |T(x)|, < C|z|s, Yz € X'}.

In general the characteristics of continuity of operators between graded
Fréchet spaces could be very disorderly. However, for certain pairs of Fréchet
spaces control over the growth of characteristics of continuity can be ob-
tained. For example, in the space of analytic functions on the unit disc,
O(A), with the grading

| ),
Iy L P SRS P
n=0 :

it is not difficult to see that
VT € L(O(A),0(4)) JaeN: op(n) <an,¥n=1,2,....
Following [22], [9] (cf. [16]) we specify this property as:

DEFINITION 3.1. A pair of Fréchet spaces X and ) will be called a tame
pair (written (X,)) € T) if for any given pair of sequences of generating
seminorms {|| - ||x}x of X and {|-|x}x of )V there exists an increasing function
1 : N — N such that

VI'e L(X,Y)3IN €eN: op(n) <(n), Vn > N.
In case X = )Y we say that the Fréchet space X is tame.

REMARK 3.2. (1) The definition does not depend on the choice of the
seminorms in X and Y.

(2) Plainly the definition is equivalent to the existence, for a given pair
of sequences of generating seminorms {|| - ||z} of X and {| - |g}x of Y, of
a sequence {Sgk} i of increasing functions Sk : N — N such that for every
T € L(X,)), there exists a K with op(n) < Sk (n) for every n=1,2,....
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(3) The space O(A4) is tame. More generally, every power series space
of finite type is tame, as was observed by various authors (see [9, 2.1] for
details). A proof of this appears in [16] 2.1].

(4) If (X,)) € T, then the space of all continuous linear operators from
(X, {]|l - | }&) into (I, {| - |}x) admits a representation of the form

oo (o9}
L) = (T € £(x,Y):3C > 0: |T(@)|ln < Clalsym), Yo € X},
K=1n=1
Using this representation one can endow L£(X,)) with a linear topology
making it an LF-space (i.e. inductive limit of Fréchet spaces) by considering
the seminorms ||T||% = SUPo|g (<1 1T (z)]|n (see |9, 2.1]) on the space

{Te L(X,Y):3C>0:||T(x)|ln < Clz|sym), Vo € X}, K,nelN

This structure allows one to use the results on well studied LF-spaces in
the study of £(X,)) for (X,Y) € T. These ideas are used in the study of
nuclear Fréchet spaces X which form a tame pair with nuclear stable power
series spaces of finite or infinite type in [17] where a complete characterization
of such spaces in terms of Vogt’s linear topological invariants is obtained.

In this section we will once again consider nuclear Fréchet spaces X with
properties DN and 2. We will assume that the associated exponent sequence
E = (&)n, in addition to our usual assumption of being finitely nuclear, is
also stable, i.e. sup,, E2,,/En < 0.

THEOREM 3.3. Let X be a nuclear Fréchet space with stable finitely nu-
clear associated exponent sequence & = (&,) and which has properties DN
and Q. Then X is isomorphic to a power series space of finite type if and

only if X is tame and 6(X) = 0(A1(E)).

Proof. (=): If X is isomorphic to a power series space of finite type then
X must be isomorphic to A;(€) by [5, Proposition 2.3]. So d(X) = 6(A1(€)).
Moreover X, being a finite type power series space, is tame in view of Remark
3.2(4) above.

(«<): Let X be a tame nuclear Fréchet space with stable finitely nuclear
associated exponent sequence & = (&,,), and which has properties DN and .
In view of [22], we can imbed X into A;(€) as a closed subspace. We will
consider the grading on X induced by (A1(€),{] - |»}+). Throughout this
proof, €, = (0,...,0,1,0,...) with 1 in the nth place, n = 1,2,.... In view
of Theorem [2.9|there exists an r-local imbedding from A; (€) into X for every
0 <r < 1. Fix an 9 < 1 and a corresponding (rg, 7, )-local imbedding T,
with rg, <1, from 4;(&) into X' Say [T'z|,, > Colz|r, for all z € A1(E). Let
en = €/€% n = 1,2,..., be the canonical orthonormal basis of A,,[£],
and set g, =T(ey), n=1,2,....
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We note that {g,}52; is a finitely linearly independent sequence since T
is a local imbedding. We choose a sequence {f,} in X C A;(€) satisfying;

(1) fn €span{g,...,gon} forn=1,2,...,

(2) (fnafs)rko:Oforszl,...,n—landn:l,Q,,_,,
(3) (fn,ek>rkO:0fork:1,...,n andn=1,2,...,
(4) <fnafn>7"k0 =lforn=12,....

where (, )y, ~is the inner product in A, [£].

Tk
Such a gequence exists and can be selected by induction since for each
n € N, the space {g1,...,92n} is 2n-dimensional and we impose 2n — 1
conditions on f,.
Hence f,, = 22221 cl'g; for some scalars {c]'};, n=1,2,.... We have

2n 2n 1/2
1= fal, > CoYocfe =ao( 1) n=12....
i=1 i—1

So

2n 1
1 n2 o = )
(3.1) ;M <& Vn €N

Now fix 0 < s < 1 and estimate, for all n € N,

2n 2n
S >l gils < C0Y el lenlogs)
i=1 i=1

2n
=yl
i=1

for some C7; > 0, where op is the characteristic of continuity of T with
respect to the canonical grading of A;(E).

Choose a K (s) with max{or(s),r0} < K(s) < 1, and proceed with the
estimate (3.2):

2n
(32)  1fals=[> e
=1

€;
67'057;

2n
=C Z |C?|e(JT($)_TO)5i
) i=1

or(s

2n
Z ‘C;L‘e(aT(s)—ro)&—ﬁ—K(s)&—K(s)&
i=1

< oK (©=r0)Ean (i ) e (i (o (-K()E:)
- i=1 Z i=1

< CB(K(S)—TO)&n,

1/2

to deduce that for all s < 1 there are C' = C(s,T') and K(s) < 1 such that
(3.3) |fuls < CeBE7r0En oy — 7 9

We choose an increasing sequence {K 1 (s)}s with K(s) < K*(s)<1 for
all s<1.
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On the other hand we also have, for each n € N, a representation

o0
o= Z Bl?ek;
k=n+1
for some sequence {3} };. For —oo < r < ry, we estimate

o 00
(3.4) |fn|g = Z ’/8;z|2€27"83 _ Z ’ﬁ§|262rk065 e2(r="ky)Es
s=n+1 s=n+1

< 62(7‘—7°k0)5n+1 ‘fn’%ko _ 62(7’—7”]@0)877,4,—17 n = 1’ 27 L

In view of stability of {&,,} there exists a Cy > 0 such that CopEap, < Epta
for all n = 1,2,.... Hence proceeding with the estimate (3.4) we have

(3.5) | ful? < €2C00=Tho)E2n Y e N, —00 < 1 < 1.

We now fix an sop with —oo < sg < —2/Cj. In view of (3.5) we have
(3.6) | fulso < ¢(2C0s0—2C0rk,+70)E2n , —T0E2n < e_€2n€_T052n, n=1,2....

We stress that sg depends only on the associated exponent sequence €. Now
for a sequence {\,}>2; and s < 1, (3.3) above gives

EOO 1/2
Al ’fi’SeT0827j < C( E ’Ai|2@2K+(3)52i> /
i=1
for some C' = C(s).

It follows that the assignment that sends €, to fne0fm p =12 ...,
defines a continuous linear operator T' from Ay ((Ezn)) into X that satisfies

o0 o0
T (2)lre, = ’T(Z xiGi) > wifier
=1 =1

i N 1/2
:(Z ]inQeQTO‘g?Z) = |2y Yz € A1((Ean)).
=1

TkO ’ T'ko

Hence T is an (ro, Tk, )-local isomorphism from A;((£2,)) into X.
Moreover T' extends to a continuous operator from Ao ((E2y,)) into Ay, (£).
Indeed, in view of (3.6), for z € Ayg(E) we have

o
|T('r)|80 == ‘T(Z xiﬁi) — ‘Z xifierOgZi
i 0N 50

<3 bl lfilsoe™ < 3 Jaile® < (D7) als.
=1 i=1 i=1

We now vary r < 1 and obtain a family {ﬁ} of (r, 7k, )-local imbeddings
from A; ((Sgn)) into X with the additional property mentioned above.
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Using the elementary inequality

[ < |- [T e e

for any t; < to < ts, which is valid in every power series space, for any
s9 < s < 1 we choose a p(s) < 1 such that

(3.7) VO<r<13C>0: |Tr(2)ls < Claye-

After these preparations we now proceed to show (X, A1((E2,))) € T.

According to our assumption, there exists a sequence {S,}52 ; of increas-
ing functions from N into N such that for every T' € L(X,X) there exists
a € N such that o(T') < S,,.

Let now S be a given continuous linear operator from X into A;((Eay,)).
In view of (3.7) above, the family {ﬁ 0 S}r<1 of continuous linear operators
from & into X satisfies

UIA“TOS S osop.

Hence this family is in FF = {U € L(X,X) : oy < ogop}. On F we

consider the topology coming from the seminorms {|| - [|3°°" (s)}ff:l, and on

LX,X) = Uol Nt {U € L(X,X) - HUH;%(S) < o0}, we consider the
LF-space structure as explained in Remark [3.24) above. Since evaluation at
points of X' is continuous in both F' and £(X, X'), the inclusion F' C L(X, X)
has a sequentially closed graph. It follows that there exists a such that F' C
Neo {U € L(X,X) : HUHSS“(S) < oo} in view of Grothendieck’s factorization
theorem [14, p. 68|. It follows that there exists an a € N such that

0% o5 <SS, Vr<l.

In particular for each r < 1 there exists a C > 0 such that
(3.8) Szl < CIT(S2)lr, < Clals,ry,)-

Now if we set S, (r) = S, (rg,) for r < 1 and « € N, the analysis above shows
that for every S € L(X, A1((E2r))) there is n € N such that og < §a. Hence
(X, Ar((E0))) € T.

Now [I7, Theorem 11| implies that X satisfies Vogt’s strong 2 condi-
tion, Q. This together with our assumption that X has DN allows us to
conclude that X' is isomorphic to a finite type power series space [15, Propo-
sition 2.9.18|. Hence X = A;(€) |5, Proposition 1.1]. m

4. Spaces of analytic functions. In this section we will focus on a
particular class of nuclear Fréchet spaces with properties DN and 2, namely
the spaces of analytic functions on Stein manifolds. Stein manifolds, being
closed connected submanifolds of complex Euclidean spaces CV, possess a
rich supply of analytic functions. These spaces, with the usual topology of
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uniform convergence on compact subsets, form an important subclass of
Fréchet spaces with properties DN and 2. The linear topological properties
of O(M), the Fréchet space of analytic functions on a Stein manifold M,
and the complex analytic properties of M that are reflected by the type of
O(M), have been studied by several authors (see [3], [25] and the references
therein).

In this context, we show in Subsection [4.1| that local imbeddings of finite
type power series spaces into O(M) can be used to construct Green’s func-
tions in M. In Subsection [£.2| we classify Stein manifolds M for which O(M)
is tame. Some results and concepts from pluripotential theory will be used.
For all undefined terminology and background we refer the reader to [12].

4.1. Local imbeddings of finite type power series spaces into
O(M) and Green’s functions. Let M be a complex manifold and fix
20 € M. We will write PSH(M) for the set of all plurisubharmonic functions
on M. Employing norms in a local chart centred at zy we consider

L., ={uePSH(M):u <0 and u(z) —In ||z — 2o|| is bounded near zo}

and set
9(& 20) = sup{u(§) 1 u € Lz}

This assignment, if not = —oo, defines a plurisubharmonic function on M.
We will call g(-,z0) Green’s function of M with pole at zp, and say that
Green’s function with pole at zy exists if (-, zo) is not identically —oo. If M
is parabolic, i.e. has no non-constant bounded plurisubharmonic function,
then of course, no Green’s function exist. In one variable, non-parabolicity
characterizes existence of Green’s functions [19], but in several complex vari-
ables there is no such general result. The difficulty seems to be in constructing
a negative plurisubharmonic function with pole at a given point.

PROPOSITION 4.1. Let M be a Stein manifold of dimension d and let
z0 € M. If there exists a local imbedding from Ay(a) into O(M) for some
finitely nuclear exponent sequence {ou, Yy with lim n'/?/a,, > 0, then Green’s
function with pole at zy exists.

Proof. By [10] there exists a local biholomorphism & : A — M from
the polydisc with centre 0 and radius e of C? onto M such that ¢(0) =
z9. We use @ to imbed O(M) into O(AY) via f + fo®, f € O(M)
(see [6]). We choose a bijection p : N — N such that |p(n)| is strictly
increasing in n and (p(n)) is ordered lexicographically, and use it to de-
fine an isomorphism between A;(n'/?) and O(A?) by the correspondence

6 — 2P0 = zfl(i)...zgd(i), i = 1,2,.... We note that there exist con-
stants 81, B2 > 0 such that B1(p(n)) < n'/? < By(p(n)), n =1,2,... (see
e.g. [18 p. 362|).
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Fix an (rg,ko)-local imbedding T from Aj(ay,) into A;(n'/?), with
T(A1(ay)) € O(M) C Ay (n'/?), which exists in view of our assumptions. Let

. €n
f”:T<eroan>7 n=12,....

The sequence {fy,}, is linearly independent, so we can choose a sequence
{gn}>2, of elements of O(M) with

(1) gn €span{fi,..., fu} forn=1,2,...,

(2) (gn,€i)ky = 0 for i =1,...,n— 1, where (, ), is the inner product
in Ag,[n'/9 forn=1,2,...,

(3) |gnlg, =1forn=1,2,....

Note that if g, = > _;_; ¢ fi then, as in the above arguments,

n n n 2 n 2
ni2 __ Ck 2roo, n_ €k
k" = 3 = Ck Sroar
e2roay e2roag
k=1 k=1 k=1 T0
n € 2
§ : 7 _ 2
S C‘T< k eQToak> B C|gn|k’0 <C
ko

k=1
for some C > 0 and foralln=1,2,....
Hence, for a given r < 1, using the Cauchy—Schwarz inequality we have

n n
dafi|l <Cid e
i1 I i=1

n
= Z |C?’6(CTT(7’)_7'O)0¢1‘ < Cgep(r)"‘”, n=12...,
i=1

(4.1) |gnlr =

€;
ero

or(r)

for some constants C1,Cs > 0 where op(r) —rg < p(r) < 1 is a chosen
number that depends on r (and T').
On the other hand, in view of condition (2) above, each g,, n =1,2,...,

has an expansion as
PR S IR o L

i>n >n
in A;(n'/?) and in O(A9), respectively. By abuse of notation we will think
of g, € O(M) C O(A%), n = 1,2,..., as an analytic function on A? with
Taylor series
(4.2) gn(z) = Z apit zgd.

lt|>5-nt/d

Choose h, € O(M) such that g, = hy, o ®. For a given compact set
K C M choose 7 < 1 so that #(A%.) D K. Then in view of (£.1)),

sup | (2)| < sup [ga(€)] < Clglyr < OOyl on
zeK gend

el
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for some constant C' > 0 and a choice of » < rT < 1. Hence

— —In|h
u(z) = lim limm, z € M,
E—z n [67%
is a plurisubharmonic function on M that is bounded by 1. This function
is not = —oo. Indeed, assume it is. Fix large kg < r < 1 such that |z|, <

C'sup__a |z(2)] for all z € O(A?) and choose a compact set K C M that

contains @(Acelr). Our assumption and the Hartogs theorem [12] p. 70| give,
for each N € N, an ng € N such that

sup |hn(2)] < e Nem p >y,
zeK

This in turn implies that for some C > 0,
1= |gnlg, < Ce™N  for n > ny.

So w is not identically —oo.

Now consider a z € M near zg, say with ||z — zg|| = €" for some very
large negative r. Since @ is a local biholomorphism, there exists a Cy > 0,
independent of r, and & € A? with ||¢]| < Cpe” such that &(¢) = z. Using
(4.2) we estimate, with k; < ko and C; > 0,

ga(&)] < S Japicylerte ko kol

[t|>Cnt/d
c —\,1/d 1/2
< CpeClr—ho)n (Z ‘a?‘262k0|t\)
It

< CleC(“ka)nl/d, n=12,....
Hence our assumption on («,) implies that there are Cy, C3 > 0 such that
— Inlh . 1/d
lim In [n(2)] <limC(r — k‘f)n
n 0 (&%

n an

< Oy 1n||z — 20” + Cg.

n
So u/C5 has a logarithmic singularity at zp, and is a bounded plurisubhar-
monic function. It follows that g, (-, z9) is not identically —co. =

4.2. Diametral dimensions of analytic function spaces. In this
subsection we will investigate the diametral dimension of the spaces of ana-
lytic functions on Stein manifolds. These invariants for Fréchet spaces are in
a sense dual to approximate diametral dimensions, but they have been more
extensively studied.

For a nuclear Fréchet space X' with a neighbourhood basis {Uy}52 of 0
consisting of discs, we define (in the notation of Section 1)

A(X) = {(tn) : Vp 3q : tndn(Uy, Up) — 0}
= {(tp) : Vp 3¢ : tne*‘gn(Pﬂ) — 0}.
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As the notation suggests, it is easy to see that this sequence space does
not depend upon the neighbourhood basis chosen and is an invariant of the
Fréchet space X.

In this subsection we will use a special generating norm system for an-
alytic function spaces, unless stated otherwise. To describe these norms,
suppose a Stein manifold M of dimension d is given. We choose a strictly
plurisubharmonic C*° exhaustion function p of M and consider a sequence
rp T oo such that the sublevel sets D, = {z € M : p(z) <rp},p=1,2,...,
are strictly pseudoconvex. We set K, = D, p=1,2,.... Following [27] (cf.
[25]) we choose for each p a Hilbert space H), that satisfies

A(Kp) — Hp, — AC(K,) — O(D,)

where A(K),) denotes the germs of analytic functions on the compact set K,
with the inductive limit topology, AC(K)) denotes the Banach space that
is the closure of A(K}) in C'(K},), the Banach space of continuous functions
on K, with the sup-norm, and the —’s are imbeddings with dense range,
p = 1,2,.... The norms that we will use to generate the topology O(M)
will be the Hilbertian norms {|| - ||, }, of Hp’s. Their corresponding unit balls
in O(M) will be denoted by U,, p = 1,2,.... The primary reason of our
usage of these seminorms is the beautiful formula of Nivoche, Poletsky, and
Zaharyuta:

L Enlpa)
C(vaDQ)

where C(K,,D,) = sup{SKp(ddcu)” :u € PSH(Dy), -1 < u < 0} |27,
Propositions 4.6, 4.8, 4.12]. We refer the reader to [27] and [25] for a proof
and a discussion of the history of this formula.

An immediate consequence of is the following proposition.

PROPOSITION 4.2. Let M be a Stein manifold of dimension d. Then
AOM)) = {(tn) 2 Vp 3gq : sup [t, e~ /P < oo}
where for p < q, ¢(p,q) = C’(Kp,Dq)l/d, and o, = (2md)Vdnl/d n =
1,2,....
Proof. (C): Choose a (t,)n € A(O(M)). Fix p and choose ¢ such that

sup |tp|e P9 < .
n

Now in view of Proposition [2.3(2’) there exist g™, C > 0 and 0 < A < 1 such
that

Enlp,q) < (1= Nénlp,q") +C.
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For € > 0 such that (1+¢) <1/(1 — ), in view of (4.3) there exists an
N such that

(1-9)

Qn

ay,
__n n > N.
c(p,qt)

<& ) S(te)—s, n2
") = O )
Hence
| < Crefr @) < Coe(1mNEn(p.a™)
< eI NAte)an/cpa™) < gan/clr™) 5 > N,

(2): Choose a sequence (t,) from the right hand side. For a fixed p,
choose a g such that sup,, |t,|e /P9 < co. By Proposition (2’) choose k,
0 <p<1land C >0 such that &,(p,q) < (1 —p)&En(p, k) + C. Let € > 0 be
such that 1 — p < 1 — ¢ and choose an N (from (4.3)) for which

—(1+¢e)ay, (1—2)ay,

e I A

, mn>N.
Hence
|tn| 172 En PO < (|t |e" /P2 < Q < 00
for some @ > 0. Moreover, since —&,(p,q) > —(1 —€)Ex(p, k) — C, we have
sup(|t e~ PRI < Qe 5o sup |ty|dn(Us, Up) < co.

It follows that (t,) € A(O(M)). =

COROLLARY 4.3. Let M be a Stein manifold of dimension d. Then

A(O(M)) = A(A;(nYY) < lgfsgp (p o=
& 5(O(M)) = §(Ai(n"/?)).
)-

Proof. Suppose that A(O(M)) = A(A;(n'/%)). Suppose that there is an
€ > 0 such that inf, sup >, 1/c(p,q) > € > 0. In view of (4.3 ([4.3) this implies

Elp@) o)1/

inf sup lim 1/d

Prgzp ™
Setting s = (d!27)'/4, we find that

1 1/d
VpIg N: ———=>e""  n>N.
dn(Uq, Up)

Hence,
12 e AO(M)) = A (nMh) = {(6) ¥ < 1: Timg ™ = 0},

This contradiction shows that inf), sup,, 1/c(p, q) = 0.
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On the other hand, if inf}, sup,>,, 1/¢(p, q) = 0, and r < 1 is given, choose
a p such that, in the notation of Proposition [£.2]
Qp
sup ———— < —Ilnr Vn.
g>p c(p, q)nt/
In view of Proposition for p there is a ¢ >> p such that sup,, |t, |e~ /@)
< 0o. Hence sup,, |tn\r”1/d < 00. This shows that

(tn) € {(&n) Vr<1: liérn‘gn‘r"l/d — ()} — A(/ll(nl/d)),

So A(O(M)) C A(A;(n/?)).

On the other hand, (n'/9),, being the associated exponent sequence of
O(M), always satisfies A(A;(n'/%)) € A(O(M)) [5, Proposition 1.1]. So
A(Ay(n'/4)) = A(O(M)). Since O(M) is isomorphic to a closed subspace of
Ay (nl/ ) the other equivalence follows directly from Proposition and the
fact that the approximate diametral dimension of a nuclear Fréchet space is
greater than the approximate diametral dimension of its subspaces [7]. m

THEOREM 4.4. Let M be a Stein manifold of dimension d. Then either
A(O(M)) = A(O(AY)) or A(O(M)) = A(O(TY)).

Proof. We will use the grading on O(M) described at the beginning of
this section. Using the notation above, for a given p > 1, we set c¢(p) =
limgsp ¢(p, q) = infysp, ¢(p, ). Since c(+,-) is increasing in the first variable,
the sequence {c(p)} is increasing. We have two cases:

CASE 1: ¢(p) is zero for all p > 1. Choose (t,), € A(O(C%)) =
A(Ag (%), R > 1 and C > 0 so that |t,| < CR™" for all n. For a given
p choose a g such that ¢(p, q) < 1/In(R) for some R with RY/Cra)'" R
Then for a,, = n'/?,

|tn|e—an/c(p,q) < |tn|e—o¢n In R+n'/4In R—n!/¢In R < C.
So (tn)n € A(O(M)) in view of Proposition Hence
Al o0 € A©(Q)).
However, (ay,), = (n'/?),, being the associated exponent sequence of O(M),

the inclusion A(O(M)) C A(As(n'/?)) is always true. It follows that in this
case A(O(M)) = A(O(CY).

CASE 2: ¢(p) increases to a non-zero c¢. We have two possibilities: either
ceRorc=o0.

Suppose that ¢ > 0 is a real number. Fix natural numbers o < v < .
For given natural numbers n and m, plainly

dner(UBa Ua) < dn(U,Ba U’y)dM(U'ya Ua)a
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where Uy’s, 1 <t < oo, are the unit balls corresponding to our grading. In
particular,

(4.4) Enim(0 B) > Ea(1, B) + Em(, ), mym > 1.
Fix an € > 0 and using (4.3)), choose N = N(«,~, ) such that

(1 - 5) Onfm < gn+m(0475) <(1+¢) Onfm

6(2, B) aC(a,ﬁ)’
(1- e)c(%”ﬂ) <&y, 8) < (L+e)- %"ﬁ),
1- adm) < Epnla,y) < (1+ s)c(zi”w, for n,m > N.
Hence
-0y 09 gy = 0

for n,m > N; taking m = n and n > N, we get, after cancellation,
l—c  1-¢ (1+¢)21/d
cla,y)  e(r.B) = ela,B)

which, upon letting first 8 then v and « go to infinity, gives 2 < 2/¢. Hence
for d > 1, ¢ must be co.

For d = 1, we will use the exhaustion given in [I p. 145] and an associated
fundamental Hilbertian norm system as explained at the beginning of this
section. In this context we will use the modulus inequality of [19, p. 14],
which in our notation states that for 1 <p < ¢ < s < 00,

1 1 n 1
c(p;s) ~ clp,q)  clg,s)
First letting s — oo and then ¢ — oo we see that 1/¢(q) — 0. Hence

in this case ¢ = oo as well. So the first possibility does not occur and we
conclude that

(4.5)

1
lim — = inf sup =0
» c(p) P g>p c(p;q)

The theorem now follows from Corollary [£.3] =

Now we turn our to tameness in spaces of analytic functions. Recall that a
Stein manifold M is called hyperconver if it has a bounded plurisubharmonic
exhaustion function. We refer the reader to [12] and the references therein
for an account of hyperconvex manifolds. From a functional analysis point
of view, hyperconvex Stein manifolds M are precisely those Stein manifolds
that satisfy O(M) ~ O(A%), d = dim M |26} 2]. Hence for a hyperconvex
manifold M, O(M) is a tame Fréchet space. Our next and final result tells
us that they are the only ones with this property:
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MAIN THEOREM 4.5. Let M be a Stein manifold. Then O(M) is tame
if and only if M is hyperconvex.

Proof. Let M have dimension d. In view of the remarks preceding the the-
orem, it suffices to show that if O(M) is tame then O(M) ~ O(A?). In view
of Theorem either A(O(M)) = A(O(CY) or A(O(M)) = A(O(AD)).
The first case cannot occur. To see this first observe that the assumption on
the diametral dimension implies that O(M) contains a complemented copy
of O(C?) by [4, Theorem 1.3]. Since plainly tameness passes to complemented
subspaces and O(C%) = A (n'/9) is not tame 9], indeed this case cannot
occur. Now the theorem follows from Corollary [1.3] and Theorem [3-3] =
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