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Existence of a positive ground state solution for a
Kirchhoff type problem involving a critical exponent

LAN ZENG and CHUN LEI TANG (Chongqing)

Abstract. We consider the following Kirchhoff type problem involving a critical non-
linearity:

2

{ —[a—i—b(s |Vul|? dm)m]Au = f(z,u) + \u|2*72u in £2,
u=0 on 012,

where 2 ¢ RY (N > 3) is a smooth bounded domain with smooth boundary 82, a > 0,
b>0,and 0 < m < 2/(N —2). Under appropriate assumptions on f, we show the
existence of a positive ground state solution via the variational method.

1. Introduction and main results. The purpose of this article is to
investigate the existence of a ground state solution of the Kirchhoff type
problem

(1.1) { —(a+ bllul*™) Au = f(z,u) + |ul* "2u in 2,

u=0 on 02,

where £2 C RV (N > 3) is a smooth bounded domain with smooth boundary
02 and 0 < m < 2/(N —2). Here 2* = 2N/(N — 2) is the critical Sobolev
exponent for the embedding of H{ (£2) into LP(§2) for every p € [1,2*], where
HE(£2) denotes the usual Sobolev space endowed with the norm |ju|? =
§o|Vul*dz and LP(£2) denotes the usual Lebesgue space with the norm
lulp = ({, [uP dz)/P; and f: 2 x R* — R is a continuous function.

The Kirchhoff equation which included the nonlocal term M (||u||?) was
proposed by Kirchhoff [9] in the following problem:
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st — M(|[ull?) Bu = f(a, ) in 0,

u=0 on 92 x (0,T)

U(J?,O) :’LL(](ZC), ut(x¢0) :ul(x);
the above equation as an extension of the classical d’Alembert wave equa-
tion for free vibrations of elastic strings. Those kinds of problems were also
considered in nonlinear vibration theory [14]15]. In mathematics, the Kirch-
hoff equation has also been extensively discussed, for example, in [2} [ 12}
13, 16, [7,, (10}, (18, 19, [16].

In recent years, the Kirchhoff problem involving critical growth has at-
tracted much attention:
(1.2) { —M([[ul®) Au = Af(z,u) + [u* u in 02,
. u=20 on 042,

where A > 0 is a parameter. Up to now, several existence results have been
successfully obtained via the variational and topological methods. By letting
the parameter A be large enough, Alves et al. [I] have verified the existence
of a positive solution for problem (1.2) with N = 3, and Hamydy et al. [§]
have extended their result to the p-Kirchhoff problem. On the basis of [1],
Figueiredo et al. [6l [7] have obtained some interesting results by using an

appropriate truncation of M.
In the case N = 3 and M(s) = a + bs, (|1.2) has the following form:
{ —(a+bl|ul|®)Au = A\f(z,u) +u® in 2,
u=20 on 0f2.
By using the Brézis-Lieb Lemma [4], Xie et al. [19] have obtained a positive
solution for problem (1.3) with A = 1. D. Naimen has used the Second

Concentration-Compactness Lemma of Lions [II] to obtain the following
result:

THEOREM A (see [12]) Let a > 0 and b > 0. Suppose that f satisfies the
following assumptions:

(f1) f is continuous in 2 x R, f(z,t) >0 fort >0 and f(x,t) =0 for
t <0, for all z € 2.

(f5) limy_,o+ f(2,t)/t = 0 and limy_o f(x,t)/t> = 0, uniformly for
z € .

(f2) There exists a constant 0 > 0 such that 4 < 0 < 6 and f(x,t)t —
OF (z,t) > 0 for all x € £2 and t > 0, where F(x,t) = ng(x,s)s ds.

(fy) There exists a nonempty open set w C (2 such that limy_,oo f(z,t)/t>
= oo uniformly for x € w.

(1.3)

Then problem (1.3) has a positive solution for all X > 0.

In [13], D. Naimen attacks the Brézis—Nirenberg problem for a 4-dimen-
sional Kirchhoff type problem with critical growth.
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Motivated by the work mentioned above, in this paper we verify the
existence of a ground state solution for problem (1.1). On the one hand,
by giving a weaker assumption on f, we extend Theorem A. On the other
hand, we encounter big problems in proving the local (PS). condition and
estimating the mountain pass value, and we use a new calculation method
to overcome these problems.
To state our main results, we make the following assumptions on f.
(f1) f is continuous in 2 x R, f(x,t) > 0 for t > 0 and f(z,t) = 0 for
t <0, for all z € 2.

(fo) limy o+ f(x,t)/t = 0 and limy_,o0 f(x,t)/t* ~1 = 0, uniformly for
T € 0.

(f3) ﬁf{x,t)t — F(z,t) >0 forall z € 2 and t > 0.

(fy) There exists a nonempty open set w C {2 such that lim; . f(x,t)/t3
= oo uniformly for x € w.

(fs) There exist constants 7, > 0 such that f(z,t) > nt for all z € w
and t € [u, 00), where w is some nonempty open subset of (2.

(fs) There exists a constant n > 0 such that f(z,t) > n for all z € w
and t € A, where A C (0,00) is a nonempty open interval and w is
a nonempty open subset of 2.

The main results of this paper are the following theorems.

THEOREM 1.1. Suppose N =3,a>0,b>0and0 < m < 2. If (f1), (f}),
(f3) and (f4) hold, then problem (1.1) has a positive ground state solution.

COROLLARY 1.1. Let a > 0 and b > 0. Assume that assumptions (f1),
(£)), (f1) are satisfied and

(t)) Tf(z, t)t — F(x,t) > 0 for all x € 2 and t > 0.
Then problem (1.3) has a positive ground state solution.

REMARK 1.1. Corollary 1.1 essentialy extends Theorem A. To see this,
it suffices to compare condition (f3) with (f§): obviously, the latter is weaker.

Moreover, there are functions covered by our Corollary 1.1, but not by The-
orem A, for example,
5

_ A43 2
f(z,t) =4 In(1 +¢°) + e
THEOREM 1.2. Suppose N =4,a>0,b>0and0<m < 1. If (f1)-(f3)
and (f5) hold, then problem (1.1) has a positive ground state solution.

THEOREM 1.3. Suppose N >5,a>0,b>0and 0 <m < 2/(N —2).
If (f1)—(f3) and (fg) hold, then problem (1.1) has a positive ground state
solution.

for x € 2 and t > 0.

REMARK 1.2. In this paper, we have to overcome various difficulties.
The lack of compactness of the Sobolev embedding H{(£2) — L?'(£2) is
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the most difficult one. Moreover, we have to estimate the critical value. In
addition, because of the parameter m, we also encounter some calculational
problems which will be solved by a new method.

REMARK 1.3. As far as we know, results similar to Theorems 1.3 and 1.4
for high-dimensional Kirchhoff problems are rare.

2. Proofs of theorems. We make use of the following notation.
e Let S be the best Sobolev constant, that is,
SR v | Vul? dz

m * )
uw€D1:2(RN)\{0} (SRN ks dx)2/2

S =

where DV2(RN) = {u € L* (RY) | Ou/0x; € L2(RY), i =1,...,N}.

o {u,} is called a (PS). sequence for a functional I if I(u,) — ¢ and
I'(uy) — 0in H1(02) as n — oo; and I satisfies the (PS). condition
if any (PS). sequence has a convergent subsequence.

e ( denotes various positive constants.

e B(z,7) C RY denotes an open ball with center at x and radius r.

We know that finding a solution of problem (1.1) is equivalent to finding
a critical point of the C'! functional

_ a2 b 2m+2 1 2%
I(u) = 5”“” +m”uﬂ " —(SQF(%U)dl’—?éw dx,
which implies that

(I'(u),v) = (a+bllul*™) | (Vu, Vo) dz — | f(z,u)vdz — | [u* "tvda
Q2 0 5

for all u,v € H}(2).
The following lemma plays an important role in proving Lemmas 2.2
and 2.4.

LEMMA 2.1. Let h(r) = a + bS™N/2p2m — 22 (r > 0). Then:

(1) the equation h(r) =0 has a unique positive solution ro, which satis-

fies
(2.1) a+ bS™NPrgm = g,
(2) the set of solutions of h(r) <0 is {r|r >ro}.
Proof. (1) Firstly, we show the monotonicity of h(r) on (0, 00). We have
B (r) = 2mbSmN/2p2m—1 _ (2F —2)r% 3,
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The equation h/(r) = 0 has a unique positive solution

2mbSmN/2 a3
ne <2—2> '

We easily see that h(r) is increasing in (0,7;] and decreasing in [r1, 00). For
h(0) = a > 0, one has h(ry) > 0. Since h(r) = —oco as r — 00, we conclude
that h(r) = 0 has a unique solution r¢ in (0, 00).

(2) Follows from (1) and the monotonicity of h(r). =

The infimum in the definition of the Sobolev constant .S is achieved by
the function

C

O T e

and U satisfies
—AU =U*"' iRV,
which implies (see [17])
(2.2) | VU dz = | U do = SN2
RN RN

Next, we consider the problem

m *
—[a—i—b( S |Vu|2da:) }Au:uQ 1 in RY,
(23) RN
u(z) -0 as|z| — oo,
where a,b > 0 and 0 < m < 2/(N —2). Let u = rU, where r € (0,00), and
insert it into (2.3); this yields
m * *
—[a—{—b( S |VU|2dx) 7‘2m}rAU =2 gt
RN
According to (2.2)), we have
(2.4) a + bS/2p2m — 272,
By Lemma 2.1(1), we conclude that roU is a positive solution of (2.3), which
implies

(2.5) aSN/2p2 4 pgmTIN/2 22 _ gN/2,.2"

By taking full advantage of Lemma 2.1, we will verify that

m 1 *
I(u) = *II 1+ 5l = § Flau)de — o §uf* da

2m 42 P p

satisfies the local (PS). condition.
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LEMMA 2.2. Let f satisfy (f2) and (f3). Suppose that ¢ < A, where

b m m 1 *
A = CL/2T'(2)SN/2 + mr% +2SN( +1)/2 - 27*7'(2) SN/2
Then I satisfies the (PS). condition.
Proof. Let {uy} bea (PS). sequence for I. We claim that {u,,} is bounded
in H}(£2). In fact, since I(u,) — c and I'(u,) — 0 in H71(2), by (f3) we
have

1+ c+o(1)||up| > I(uy) —

om + 2 <I/(un), Up)

1 1 ) 1 1 )
=(z- — = d
<2 2m+2>aH“"‘ * <2m+2 2*) }2’“”’ v

+ (S) <2m1+ 2f(:1;,un)un — F(x, un)> dx

1 1 )
> (- aljun .
2 2m+2

Since a > 0, we conclude {u,} is bounded in H{(£2). Hence there exist a
subsequence (still denoted by {u,}) and u € H{(£2) such that

up, = u  weakly in H}($2),
up, — u strongly in LP(2) for all 1 < p < 2%,
Up(x) = u(x) a.e. in 2.

Set wy, = wu, —u. We claim that [|w,| — 0. Otherwise, there exists a
subsequence (still denoted by {w,,}) such that

lim ||wy,| =1,
n—oo

where [ is a positive constant. Then

(2.6) I = 1wl + [[ull® + o(1),

(2.7) a2 = (lwn |* + [[ul*)™ + o(1).
Furthermore, from the Brézis—Lieb Lemma [4],

(2.8) V lunl® do = | Jwn|*" do + | [uf* do + o(1).

Q Q Q
From I'(u,) — 0 in H=1(£2) and (2.7), we get
29)  lim (). ) = alful + 50 + ]2 ul?
- S flz,u)udx — S lu* dz = 0.
Q Q
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From (f3) and (12.9)), we obtain

(2.10) I(U)Z*II I +

2m + 2 2Q

11 , 1 1 )
=(:- - d
(2 2m+2)a”“” * <2m+2 2*)2'“’ v

N ;2 <2m1+ S Fuu— P, u)) da

m 1
—— | = | F(z,u)dz — — | |[u]*" dz
(9}

b 2 2\m 2m 2

G Y 3y T
b 2 2 2 2

— m_ m =:T.
5 (0l = P
On the other hand, since I'(u,,) — 0 in H~1(§2), we get
@11) (T (un), un) = allunll? + bl 22
- S fx,up)uy, dx — S lun|* dz = o(1).
Q Q

By (f2), for any £ > 0, there exist constants C,d(¢) > 0 such that

)t < 55t +d(e).

Let £ =¢/2d(e) > 0, and suppose E C {2 with meas F < £. Then

E E
e *
< {d(e) do + 5 | un|?" d
E E
PR U
_2&? 25—5,

where the last inequality follows from the Sobolev embedding and the bound-
edness of {un} in H}(£2). Therefore, {{,, f(z,un)updz : n € N} is equi-
absolutely continuous. By Vitali’s convergence theorem,

(2.12) S flx,up)uy, doe — S flx,u)udx asn — oo.
2 2

Applying the same method, we can also verify that
(2.13) S F(z,u,)dr — S F(z,u)dz asn — oc.

Combining ([2.11]) with . and - 2.12)) yields
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(214)  allwnl* + allul]* + b([lwn|* + [lu]*)™

= S flz,u)udx + S lw,|? da + S lu*" dz + o(1).
N n n

By (2.9) and (2.14)), we obtain
(2.15)  aflwnl* + b[(lwnl® + ful?)™ = (@ + Jul*)™ |ul|]

= | [wnl*" dz + o(1).
(9}

From and {, [wn|?" dz < ||wy,||> /S?7/2 we get
al? + bI?™+2 < al? + b[(1% + |Ju)®)™1?] < 1%2/5%°/2,
which implies that
o+ bS™N/2 (1§ =N/ < (1 G-N/4y2" =2,

By Lemma 2.1(2), we obtain 1S~N/4 > 74, which implies that

(2.16) 1> 1SN/,
It follows from ([2.6)—(2.8) and (2.13]) that

a a

Iun) = 5 llwal® + llul + 5= (lwall® + Jul)" = § F(z, un) do
02
1 2* 1 2*
~ 5 | Jwnl da — o | [ul* dz + o(1)
2 02
a b
=I(u) + §Hwnll2 tom T 2[(Hwnll2 + [l ) = [ful P

1 2%
+ o S |wp|® dz + o(1).

2
Therefore, by (2.15)),

() = I(un) — 2wl 5

2m + 2
1 «
— = | Jwn|* dz + o(1)
2

[(lwnl® + ul)™ = Jlul "]

1 1 .
= 1) = (5 = g JallonlP = (g ~ g7 )l + Py

m b m
[l 7% = 2 (o ull®)™ [ull® + o(1).

+ 2m + 2
Letting n — oo, by (2.5) and (2.16) we obtain
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_ 1\ 1 1 2 2ym+1
I(u)=c <2 2*>al (2m—|—2 2*>b(l + [|ul|?)

D L sy M M
=c— gr(%SN/Q - 2mb+27'gm+25’N(m+l)/2 + %rg*SN/Q +7T
=c—A+T<T,

which contradicts (2.10). Therefore, u,, — u in H}(§2). =

LEMMA 2.3. Suppose that (f1) and (f2) hold. Then there exists p > 0
such that:

(1) there exists a > 0 such that I(u) > o > 0 whenever ||u|| = p;
(2) there exists eg € HE(£2) such that |leg|| > p and I(eg) < 0.

Proof. (1) By (f2), for every e there exists C(¢) > 0 such that
(2.17) F(z,t) < et? + C(e)t?

for all t > 0 and z € £2.
According to the Sobolev inequality and (2.17)), we have

1 *
_ 2 2m+2 F - 2
) = S+ el | e~ |l de
(9] L9}
* ]_ *
2 2m—+2 2 2 2
2 I+ g g el — COME — 5 o
> 2 b 2m—+2 C 2 CC 2* C 2%
_*|| L = Cellul]” = COE)ul™ — 5 llul” -

Hence there exist « > 0 and p > 0 sufficiently small such that I(u) >« > 0

for all ||u|| = p whenever e small enough.
(2) Fix v € H}(£2) and v # 0. By (f1) and (f3), we have

2 .
I(tv) = thHUHQ + mt2m+2\|vH2m+2 - éF(m,tv) da — - §2 v|? dx
< thHU”2 + t2m+2||7)H2m+2 _ i S ‘U’Z* dr
-2 2m + 2 2 ) '

From the above, we see that I(tv) — —oo as t — oco. Hence, we can choose
to > 0 large enough such that |[tov|| > p and I(tpv) < 0. Setting ey = tov
completes the proof. =
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The Mountain Pass Lemma of [3] yields a sequence {u,} C H}(£2) sat-
isfying
I(up) > c>a>0 and I'(u,)—0,
where

= inf 1
e = Jaf, mgs; (),

I = {y € (C[0,1], Hy(£2)) | 7(0) = 0, %(1) = eq}.
We know that S is also attained by the functions
Ce
C+ )P

Ye(z) =

for all € > 0. Let
Us(z) = ye(z)/Ce.
Without loss of generality, we may assume that 0 € w, where w is some

nonempty open set in £2. Moreover, we choose a cut-off function ¢ € C5°(£2)
such that 0 < ¢ <1 for all x € {2 and

sy [ 1 lal <R
€Tr) =

0, |z]=2R,
where Bog(0) C £2. Set

(2.18) us(z) = ¢(x)Ue (),
ue ()
(2.19) ve(z) = (o da)/2
Then
(2.20) | vel* do =1,
2
(2_21) H,USHZm-i-Q _ Sm+1 + O(EN_2/2),
O(e4(N=2)/4) 1<q<N/(N-2),
(222)  {[oel7dz = { OV -D/ne]), ¢ =N/(N -2),
2 O(2N-aN=2)/4y " N/(N —2) < q < 2*.

LEMMA 2.4. Let f satisfy (f1) and (f2). Assume that there is a function
m(u) such that f(x,u) > m(u) > 0 for a.e. © € w and all u > 0, and the
primitive M(t) = Sg m(s) ds satisfies

—1/2

€ =172\ (N=2)/2
(2.23) lim e S M{<2> ]le ds = 0.
e—0 0 1+ s

Then there exists a constant €9 > 0 such that
max I(tve) < A forall e € (0,e0).
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Proof. We define the functions

a b 2"
9(t) = I(tve) = SENe* + 5= o — o - (S}F(m,tva) dx,
30) = Lo+ e e -
2 2m + 2 2%
Notice that limy o §(t) = —oo, §(0) = 0, and g(¢) > 0 for t > 0 small

enough. Hence there exists t. € (0,00) such that
0= g'(te) = te(allvel|* + blJoc |22 — 1272)
= t.[a(S + O(eW=D/2)) £ p(S™H! 4 O(eN=2/2)2m _ 422
= t.[aS + bS™HLEm — 1272 L O(eW2D/2) (q + bt?™)]
= te[aS + bS™THI™ — 1272 4 O(e WD),
which implies
(2.24) aS 4+ bS™HIEm 2772 L 0(eW=2/2) = .

Therefore,

Nm/2 te 2m te 2 (N—2)/2

According to Lemma 2.1(1),
i = o+ O,

and so
(2.25) te =rgSW=D/2 L O(eWN-2/2),

The function g(t), actually, attains its maximum at ¢, and is increasing
in the interval [0, ¢.].

Since limy_,o g(t) = —00, ¢(0) = 0, and g(t) > 0 as t small enough, it
follows that sup,>( g(t) is attained for some ¢ > 0, and

. 1
0= /(1) =2 (el B P2 = (9 2 5 | f(o v ).
€N
This yields

(226)  alloc|® + blloe PP = (1)* 7 + 5 | flw, t2ve)e da.
02

m%‘ =

By (f2), for all §, there exists C' > 0 such that
|fa, t)t] < 6t + Ct?
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for all t > 0 and z € (2. Therefore,

’ S f(z, t%; ).

10 d‘<6t0)2_2§2v dx—i—C’Sv dx—é(to)z_z—i-CSv?dm

Q Q
for all §. Connecting this with (2.22)), we obtain

S [zt )ve

dm‘—)() as € — 0.

I
Combining ([2.24 with , we get
(2.27) 10 — roSV=2/2,
By (2.21)),
(2.28) g(tg) <g(te) — S F(xatgvs) dx
9]
_ 7t2H H2 b t2m+2” ||2m+2 _ g
N Ve 2m +2 ¢ ve 2%
+ S F(x,t%.) dz
(9}
Qa _ _ 1 _ *
_ §(TOS(N 2)/2)2(S+O(€(N 2)/2)) o ?(TOS(N 2)/2)2
+ ST 2(7“05(N_2)/2)2m+2(5 + O(E(N—Q)/Q))m+1
- S F(x,t%.) dz
(9}
_ Q26N b p2m2 gN ()2 _ L o ony2
= 2T05 2 +2 S 2*TO S
+0(eWN=2/2) - S F(x,t%.) dz
2
= A+ 0(EN"22) - | F(x,t20.) da.
2

According to (2.18)), (2.19)), (2.27) and the assumption on f, we have

SF( o) dr > S M( Ce(N-2)/4 ;
z,t.v:) doe > = 2/4> T
2 e NEF )

for € > 0 small enough.
In the following, we will verify that

1 Cg(NfQ)/4

lz|<R
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In fact,
1 M Ce(N=2)/4 d
(N=2)/2 S (e + [zP)N-2/4 z
R
0

|z|<R
M CelN-21 rN =Ly
(e + r2)(N-2)/4

/2

3 e—1/2 (N-2)/2
=Cce | M|C sV ds.
14 s2
When R <1,

-1/2

€ c—1/2\ (N=2)/2
€ S M[C(l 2> ]sN_l ds < CeM(CeN=2/4)=N/2,
Re—1/2 +s
which is bounded as € — 0. Combining this with (2.23)), we get (2.29).
On the other hand, when R > 1, according to (2.23)), we have ([2.29))

obviously. This implies that max;>o I(tv:) < A for € small enough. u

The following lemma is based on [3], proof of Corollary 2.3].

LEMMA 2.5. Suppose N = 3, and f satisfies (f1) and (f4). Then the
assumption of Lemma 2.4 holds.

Proof. We define m(u) = inf,e,, f(z,u). According to (fy), for all @ > 0,
there exists a constant G > 0 such that M (u) > Qu* for all u > G. It follows
that

e~1/2 5_1/2 1/2 Ce—1/4 e—1
M| —— 2ds > 5% ds.
€ (S) [(1+52> ]s 5> Qe (S) (1+52)28 s

Therefore,
—1/2

€ c—1/2\1/2 ) o0 52

for all () > 0, which completes the proof. =

Proof of Theorem 1.1. Applying Lemma 2.3, we find that I has a moun-
tain pass geometry. Then from the Mountain Pass Lemma, there is a se-
quence {u,} C H}(R2) satisfying I(up,) — ¢ > a > 0 and I'(u,) — 0.
Moreover, ¢ < A by Lemmas 2.4 and 2.5. It follows from Lemma 2.2 that
{u,} has a convergent subsequence (still denoted by {uw,}). Suppose that
un — ug in Hy(£2). By the continuity of I’, ug is a solution of problem (1.1).
Furthermore, ug # 0 for ¢ > 0.
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For the existence of a ground state solution, we define
E={I(u) | I'(u) =0, u # 0}.

Then E # ) since ug # 0 and I'(up) = 0. Now, we claim that E has an
infimum. In fact, for any u € E,

(2.30)  (I'(w),u) = aflul® + bl|ul*™** = | f(z,u)udr — | [u]*" dz=0.
2 2

According to (2.30) and (f3),

a
I(u) = lul® +

5 S lu|?” dx

02
=(z- S d
<2 2m+2>“H“H * <2m+2 2*) ;}‘“' v

+ (SZ <2m1+ 5 (@ uju — F(x,u)) dx

1 1
> (= — aHuH2 > 0.
2 2m + 2

Therefore, we can define
Eo=inf{I(u) | I'(u) = 0, u # 0}.

We get {v,, } such that I(v,) € E and I(v,) — Ey. Since we know I’ (ug) = 0
and I(ug) = ¢, we have Ey < ¢ < A. By Lemma 2.2, {v,} has a strongly
convergent subsequence (still denoted by {v,}). Hence, there exists vy €
H(£2) such that v, — vg in H}(£2). Then I(vy) = Ey and I’ (vo) = 0.

Finally, we prove vy # 0. By (f2), there exists a constant C' > 0 such
that

1
R 2m+2 -

Fa, )t < %A1t2 + ot

forallt > Oandx € 2, where \; = inf, e 1 (2)\ {0 l|ul|?/|u|?. From (I’ (v,), vs)
= 0 and the Sobolev inequality, it follows that

allonl® < allon]|? + blloa |2 = | f(z, vn)vn dz + | vn]* da
2 2
a * a *
< SM a2+ (C 4+ 1) [ onf* dz < S o + Clloa 2"
(9 2
Therefore,
2*

)

a
lenl® < Cllon

which implies 0 < C' < ||vy, || for all n. Hence, vy # 0. Furthermore, (I'(vo), vy )
= 0, where v, = max{—wvp,0}. Hence, vg > 0. According to the strong
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maximum principle, vy is a positive solution of problem (1.1), completing
the proof of Theorem 1.1. =

Proof of Corollary 1.1. Because (f3) is (f§) in the case m = 1, Corollary
1.1 is a special case of Theorem 1.1. =

The following lemma is based on [3], proof of Corollary 2.2].

LEMMA 2.6. Suppose N = 4, and f satisfies (f1) and (f5). Then the
assumption of Lemma 2.4 holds.

Proof. By (f1) and (f5), we obtain
f(ma u) > NUX [,00) (u) = m(u)

for all € w, and v > 0, where X[, ) is the characteristic function of [u, 00).
Thus,

1
M(u) = in(u2 —u?)  for u> p.

Therefore,
e—1/2 _1/2 Ce—1/4 1
€ 3 1 € 3,
g (S] M|:<]_—|—82>:|3 dszinf‘: (S) ms ds—C‘lnE‘.
Hence,
e~1/2 e—1/2 (N-2)/2
lim e S M sV lds=c0. m
e—0 0 1+ s2

Proof of Theorem 1.2. By using Lemmas 2.1-2.4 and 2.6, much as in the
proof of Theorem 1.1, we can easily show that problem (1.1) has a positive
ground state solution. m

The following lemma is based on [5], proof of Corollary 2.1].

LEMMA 2.7. Suppose N > 5, and f satisfies (f1) and (fg). Then the
assumption of Lemma 2.4 holds.

Proof. By (f1) and (fg), we have
fz,u) = nxa(u) = m(u)

for all x € w and u > 0. Since A is nonempty, there exist constants d € A
and & > 0 such that

M(u)>¢>0 foralu>a.

e—1/2

If 1+82

> q2/(N=2) then

=172\ (N=2)/2
MK ) ] > <& ass§05_1/4.

1+ s2
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Therefore,

—1/2 —1/4

€ 172\ (V=2)/2 Ce
€ S M[( ) :|8N_1d8256 S sV lds = el =N/,

14 52

0 0

Since N > 5, we get 1 — N/4 < 0. Hence Ce' ™ N/* - coas € — 0. m

Proof of Theorem 1.3. By using Lemmas 2.1-2.4 and 2.7, and reasoning

as in the proof of Theorem 1.1, we can easily prove that problem (1.1) has
a positive ground state solution. =
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