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Searching for Diophantine quintuples
by

MinaA1 Cipu (Bucuresti) and Tim TRUDGIAN (Canberra)

1. Introduction. Define a Diophantine m-tuple as a set of m positive
integers {a1,...,am} with a1 < --- < @y, such that a;a; + 1 is a perfect
square for all 1 < i < j < m. Throughout the rest of this article we fre-
quently refer to them just as m-tuples.

It is conjectured that there are no quintuples—see [2} [15]. Successive au-
thors (see, e.g., [I8, Table 1]) have reduced the bound on the possible number
of quintuples. The best such published bound is 2.3 - 102 by Trudgian [I8].
The purpose of this paper is to improve on this in the following theorem.

THEOREM 1. There are at most 5.441 - 1025 Diophantine quintuples.

In §2 we collect some ancillary results that aid the computational search
for quintuples. In §3| we obtain bounds on the relative sizes of elements in
a quintuple. We use this in §4] with results on linear forms in logarithms to
obtain upper bounds on the second-largest element in a quintuple. In §5| we
examine some number-theoretic sums, which enable us to bound the total
number of quintuples. We present two new arguments in §6| that enable us
to make a further saving, and ultimately to prove Theorem

2. Discards. It is known that every triple {a, b, c} can be extended to
a quadruple of a certain form. This is dubbed the ‘regular’ quadruple and
is denoted as {a,b,c,dy}. If a double or a triple cannot be extended to a
non-regular quadruple, then it cannot be extended to a quintuple. We call
such doubles or triples discards. The doubles {k, k+ 2} [13] (see also [4]) are
discards for k > 1. For an extensive list of discards, one may see [I8] §2.1].
The following result allows us to recognise many discards.
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LEMMA 2.1. Let {a,b,c,d} be a Diophantine quadruple with a < b < ¢ <
dy <d.

o If b < 2a then b > 21000.
o If 2a < b < 12a then b > 130000.
o If b> 12a then b > 4001.

Proof. The only difference between this lemma and [6, Lemma 3.4] is
the exclusion of the value b = 4001 in the last case. Indeed, a pair {a, 4001}
with 12a < 4001 cannot be extended because the equation 4001a + 1 = 72
has a unique integer solution r < 4001, namely r = 4000, which entails
a=3999. m

LEMMA 2.2 ([T, Theorems 1.1, 1.2] and [6, Theorem 1.1}). Let {a, b, c,d, e}
be a quintuple with a < b < c < d < e, and set g = gcd(a,b). Then b > 3ag.
If moreover ¢ > a + b+ 2v/ab + 1 then b > max{24ag, 2a*/%¢g?}.

LEMMA 2.3 ([0, Theorem 1.3]). Let {a,b,c,d,e} be a quintuple with
a<b<c<d<eandc=a+b+2yab+ 1. Thenb < a® and ged(b,c) = 1.
In particular, at least one of a, b is odd.

Examination of the relative size of entries in a quintuple has the following
outcome.

LEMMA 2.4. Any quintuple {a,b,c,d,e} with a < b < c < d < e must be
of one of the types listed below:

(A) da < b and dab+b+a < c < b2,
(B) da<bandc=a+b+2Vab+1,
(C) 4a < b and ¢ > b3/2,

(D) b<4a andc=a+b+2vab+ 1.

Proof. According to [12, Lemma 4.2] or [5, Lemma 2.1], a Diophantine
quintuple which is not of the kind described in the present lemma satisfies
either d > b° or ¢ = 4r(r —a)(b—17) < b3, where 7 = v/ab + 1. The existence
of quintuples of the former type is prohibited by [5, Theorem 1.1], while the
latter type is excluded in [I8, Subsection 2.2] with the help of Lemma
above. m

3. Exploiting the connection with Pellian equations. The entries
in a quadruple are severely restricted in that they appear as coefficients
of three generalized Pell equations that must have at least one common
solution in positive integers. Each component of such a solution is obtained
as a common term of two second-order linearly recurrent sequences, giving
rise to relations of the type z = v,, = w, for some positive integers m and n.
A key ingredient in the study of Diophantine sets is a relationship between
the parameters m, n, and the values in the set in question.
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Our next result is of this kind. It improves on several versions already
in the literature—see, e.g., [5l, 18] 20].

PRrROPOSITION 3.1. Let {A, B,C, D} be a quadruple with A< B<C <D
for which vo,, = woy, has a solution with 2n > m >n > 2, m > 3. Suppose
vg = wy = €, v1 = C+Svy and wg = C+Twy, wheree = +£1, S = VAC + 1
and T =/ BC + 1. Assume further that A > Ay, B > By, C > Cy, B > pA
for some positive integers Ag, Bg, Co, and a real number p > 1. Then

m > anl/QCl/Q,
where « is any real number satisfying both inequalities
(1) o’ + (1+ 1By Cy ) a < 4,
(2) 30% + (4Bo(A+ p~/%) +2(A + p'/*)Cy Ve < 4By,
with A = (Ag + 1)1/2(pAg + 1)71/2.
Moreover, if C™ > BB for some positive real numbers 5 and T then
m > aﬁl/Qc(l—T)/Q.

Proof. We assume that m < oB~1/2C%2 and aim at establishing a
contradiction if « is too small. We use a method involving congruences,
which was introduced in [II]. We start from the congruence (see, e.g., [9,
Lemma 4])

(3) eAm? + Sm = eBn? + Tn (mod 4C).
Since
|Am? — Bn?| < max{Am?, Bn*} < Bm? < o*C
and
|Sm — Tn| < max{Sm,Tn} <Tm < aBY2cY2\/BC 1
—1/21/2(R1/21/2 | 1 p—1/2,/—1/2
<aB7V20V2(BY20Y? 4 LpT120m 1)
<a(l+3By'CG)C,
if a satisfies then becomes the equality Am? — Bn? = &(Tn — Sm).
Multiplication by Tn+.Sm followed by rearrangements results in the equality
(4) (Bn? — Am?)(C + e(Tn + Sm)) = m?* — n®.

Note that Bn? = Am? entails m? = n?, so that A = B, a contradiction.
Hence, for m = n one necessarily has C' = Tn + Sm, while for m > n
one finds that Bn? — Am? divides the positive integer m? — n?, so that

m? —n? > |Am? — Bn?|. This gives the inequality

2
m7>B—|—1‘
n? — A+1
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Having in view the lower bounds for A and B, we obtain
m?  pA+1 _ pAg+1 1
W AT S A+l N
From , m < 2n, and the definitions of S and T', we conclude that
C<Tn+Sm+m?>—-n?< )\m\/m+m\/m+%m2
< %aQB_lC +aB 1201/2 ()\\/m ++Vp tBC + 1)
302B7IC+aC(N1+ 1B Y + p 2 (1 + LpBICTY))
302BytC + aC(N1+ 1Byteg ) + p 2 (1 + 1pBy ey ).

IN A

The last expression is at most C' if « satisfies , whence the first inequality
in the conclusion of our proposition. The second one is readily obtained from
what we have just proved and the hypothesis C” > 5B. u

LemMA 3.1. If {a,b,c,d,e} is a quintuple with a < b < ¢ < d < e then
the following bounds for m hold:

(A) m > 3.3022d"/4,  (B) m > 1.5002d%/7,
(C) m > 2.0604d%™, (D) m > 1.0080d"/3.

Proof. This is an application of the result just proved for (A4, B,C) =
(a,b,d) in cases (A)—(C), and for (A, B,C) = (a,c,d) in the remaining
case. We use Proposition with carefully chosen values for parameters in
ranges suggested by Lemmas [2.1H2.3] To do so we first require the existence
of a solution vg,, = way, subject to hypotheses of Proposition [3.I}—this was
shown in [I4]. It is also known that d > 4abc + a + b + ¢ (see, for instance,
[10}, proof of Lemma 6]).

In case (A) Lemma hints at considering separately values of a less
than 144, since then B = b > max{24a, 2a%/?} = 24a = 24A. We conduct a
short computer search to find potential triples. For example, after exploring
the domain 1 < a < 143, 4002 < b < 21000 we know that there can be no
triple with a < 143, b < 4094, and 4ab < ¢ < b'5, but since 4095 + 1 = 642,
139128 + 1 = 3732, 4095 - 139128 + 1 = 238692, and 4 - 4095 + 4095 + 1
< 139128 < 4095 we conclude that By = 4095. Similarly, we find that
b/a > 4095/8 > 511 in the same domain. For the unexplored region where
b > 21001, the minimum value of the fraction b/a is obviously at least
21001/143 > 146, so that we can safely consider p = 146. Clearly we must
set Ag = 1. From

C =d>4abc+a+b+c> (4ab+ 1)(4ab+ a +b) > (16a® + 4a)b?

it follows that 7 = 1/2, § = (1642 4+ 440)'/?, Cy > 3.35 - 10° are admissible
choices. Both inequalities and are satisfied by a = 1.56155.
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Still in case (A), when a > 144 one takes Ay = 144, By = 4002 (by
Lemma [2.1)), p = 24 (see Lemma , T = 1/2, B = (16A% + 4A4¢)"/?,
whence Cp > 5.32 - 10" and o = 1.56155.

Having in view Lemma in case (B) we first examine the subcase
4a < b < 12a. Then By = 130001, which implies Ay = 10834 and p = 4.
From

c>b(1+12714+2.127Y2) = (14127Y%2B and o’ > b,
it follows that
C=d> (4ab+1)(a+b+2r) > 4(1 +127Y2)2ap% > 4(1 + 12722 B7/3,

so that 7 = 3/7, 8 = (2+ 37/2)5/7 and Cy = 5.68 - 10'2. For these choices
it is readily obtained that o = 0.9999 is permissible.

The other possibility in case (B) is to have b > 12a. Convenient values of
parameters are p = 12, Ag = 16 (from a® > b > 4000), By = 4002, 7 = 3/7,
B =25/ and Cy = 1.01 - 10%, for which the same value o = 0.9999 works.

Case (C) is similar to case (A). Now, for a < 143 we see that we can
take Ag =1, By = 4004 and p = 28. As

C > 4dabe > 4ab®? > 4.05 - 10° =: O,

we further get 7 = 2/5 and § = 4%/°, whence again a = 1.56155. In the
complementary subcase a > 144, admissible values are Ay = 144, By =
4002, p = 24, 7 = 2/5, B = 576%*° and Cy = 5.83 - 10'!. Plugging these
specializations into Proposition [3.1], we obtain the same value for a.
Finally, in case (D) we have A=a <b/3, B=c=a+b+2Vab+1 >
(1+3Y2)24, B<a+b+2y/3710(b—1)+1< (1+372)2p, and

C =d > 4abe > b?c > (1+37Y/2)71B3,

Therefore, p = (1+3Y2)2, 7 =1/3 and 8 = (1+3~'/2)=4/3. From 130001 <
b < 4a, we have Ag = 32501, whence By > 292504 and Cy > 4.04 - 1015,
From and we obtain a = 1.3660. =

For future reference, the values used in the previous proof are given in
Table [l

The values of «, and hence the bounds on m in Lemma [3.1] rely on
the computational bounds in Lemma While it is tempting to extend
these computations, such an extension would have almost no effect on the
values of a. Consider, for example, case (A): sending By, Cy to infinity in
gives a? + a < 4. Therefore the optimal value of o is 1.5615528.. .,
whereas we have o = 1.56155. Likewise, in case (D) the optimal value is
2(1++/3) = 1.366025. .., whereas we have 1.3660. It seems that a new idea
is needed to improve substantially on the lower bounds on m.
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Table 1. Parameter values for various types of Diophantine quintuples

Type Ao Bo Co P B T

(AI) 1 4095  3.35-10% 146 20172 1/2
(AIT) 144 4002  5.32-10'2 24 2457742 1/2
(BI) 10834 130001 5.68-10'2 4 (2437VHYT 37
(BII) 16 4002  1.01-10° 12 26/7 3/7
(CI) 1 4004  4.05-10° 28 425 2/5
(CII) 144 4002 5.83- 10" 24 57625 2/5
(D) 32501 292504 4.04-10 (143Y%)% (1437Y%H=Y3 1/3

4. Employing linear forms in the logarithm. The lower bounds for
the index m given in the previous section can be complemented by inequal-
ities derived from upper bounds for linear forms in logarithms of algebraic
numbers. To this end, we apply a result from [I] that turns out to be the
most convenient in the present context.

THEOREM 4.1 (Aleksentsev). Let A be a linear form in logarithms of n
multiplicatively independent totally real algebraic numbers aq,. .., ay, with
rational coefficients by,...,b,. Let h(a;) denote the absolute logarithmic
height of aj for 1 < j < n. Let d be the degree of the number field K =
Q(a,...,an), and let Aj = max(dh(a;), [log o, 1). Finally, let

_ il [bs]
(5) E-max(lg?%(n{/lj—l—Ai 3.
Then
log[A] >

530" 2(n + 1) (n + 8)2(n + 5)(31.44)"d? (log E) A; - - - A, log(3nd).

We have used [Il, p. 2, first displayed equation| to define E in : this
makes our application easier. We apply Theorem for d =4,n =3 and

A = jlogay; — klog as + log as,
with

VB(VC £ VA)

o S+\/E, as =T+ VBC, a3 \/Z(\/éj:\/g)’
where the signs coincide. More precisely, we take (A, B,C) = (a,b,d) in
cases (A)—(C), and (A, B,C) = (a,c,d) in case (D). Consequently, by [14]
one has 4 < k =2n < j =2m and j < 2k. Moreover, we shall assume that

j > 1000.

For our purposes we do not need the exact values of A; and E as defined
in Theorem (.1} decent estimates will suffice. To find these estimates we
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proceed as follows, keeping the notation and hypotheses of Proposition
and supposing additionally that C' < C for a certain integer C'.
We begin by noting that
2loga < log(4AC +4) < log(4p™ (B — 1)C +4) < log(4p™ ' BO)
< log(4p—15—1cl+~r)
provided that pA < B — 1. This clearly follows from pA < B when p is an
integer, as in cases (A)—(C). In case (D) we have b > 3a + 1, so that (cf. the
proof of Lemma (3.1])
B=c=a+b+2Vab+1>1+(143Y%2%a =1+ pA.
In each of cases (A)—(D) we have Sp > 4, whence
Al < gl(ﬁ: P T, Cl) lOg C
with
log 4 —log(8p)
log Cy '
We readily obtain the following lower bound on Aj;:

A1 > log(4AC) > gQ(Ao, Cl) logC

gl(/va7T7CI) = 1+T+

with

log 4 + log Ag
A, C1) =14+ ————=—.
g2(Ao, C1) + log C)

Similar relations hold for Ay, namely
2log ay < log(4BC +4) < log(487 10T + 4),
which implies the upper bound
A < g3(B,1,e)log C,

where

log4 +log(B~t + e 177)
loge

and e = Cj in cases (B), (CI) and (D) (when g < 4), and e = C} in the

remaining cases (A) and (CII). An easily-derived lower bound for A, is

A2 > g4(B0, Cl) log C,

g3(B,me) i =1+T7+

)

with

log 4 + log By
By, C) =14+ —>———>—.
94(Bo, C1) + log Cy

The inequalities

VB VC+VA VB VC+vA . VB JVCO-

VA VO-VB VA VC+vB VA V&

>1

SIS
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are obvious. The modulus of the fourth algebraic conjugate of ag is also
greater than 1 precisely when \/a(\/E — \/Z) > 2V AB. This inequality
holds whenever

(6) pBy T (p!? = 1)7 > 277

It is easy to check that () is satisfied in each of cases (A)~(D). One now
obtains

B2 —A 2
A3 = 4h(0¢3) = 10g<(C’)>,
9
where g is the content of the polynomial A?(C — B)2X*+4A%2B(C —B)X3+
2AB(3AB — AC — BC — C?)X? + 4AB*(C — A)X + B?(C — A)?. Since g
is at most the smallest of the coefficients, which is 442B(C — B), one has
B(C — A)? 2 2
— | < < — .
10g<4A2(C—B)> < Az <log(B*(C — A)?)
Note that B(C' — A) < B~1C'*7 readily implies

Az < g5(B,7, f)logC
with

21
95(B, 7, f) =2+ 27 — ]OC;ng

and f=C1if > 1and f =y if § < 1. A lower bound for Aj is obtained
with the help of the inequalities

B(C — A)? ) <ﬂp2C’1_T(1 — AOC;1)2>
) B\ a0 ac )

Az > log<

which entail
A3 > 96(65 P, T, A07 Cl) IOg Ca
where
96(/85 Py T, A07 Cl)
log(iﬁpg) + 2log(1 — AgCyY) —log(1 — 4C )
=1—-7+4 .
log C
On noting that for all relevant values of parameters one has g2(Ag, C1) <
g4(Bo, C1) and using the inequality go > g (which follows, for C; > 10'2,
from 16C27(1 — B~1) > Bp? if B > 1, and from 16(1 + 3-Y/2)8/3¢%/3(1 —
pAoCTY) > p? in case (D)) as well as the above mentioned relation j >
max{k, 1000}, we find that we may take

2j
E < .
= 96(B, p, T, Ao, C1) log Cy

Note that the right side of this inequality is greater than 3, otherwise from




Diophantine quintuples 373

this and Cp < 107 (consequence of [I8, Theorem 3]) it would follow that
2§ < 3g6(8, p, T, Ag, C1) log Cy < 61log Cy < 61log 107 < 995.
Hence, Theorem [4.1] yields the following corollary.
COROLLARY 4.2.

9
—log A < 1.5013 - 10 g3g5(21og a;)(log? C) log<‘7).
g6 log Co

Corollary [£.2] bounds A from below; we can bound A from above using
[14, Eq. (4.1)], which states that

0< A< 8ACa; ™.
Comparison with Corollary gives the main result of this section.
ProproSITION 4.3.

o
j < 1.50131 - 10M g3g5(log? C) log<‘]>.
ge log Co

Set j = 2m in Proposition [4.3] and use Lemma [3.1] with the values given
in Table [1] and C; = 1072188 in all cases, as per [0, Theorem 1.2]. We thus
get a new upper bound on d that we take as C7 in a new iteration of this
procedure. Slightly better bounds result by taking much higher Cjy (just
below the value for C considered in the same iteration). This game makes
sense as long as it decreases the exponent of 10 in the upper bound for d by
at least one thousandth.

For example, in case (D) we start with (Cp, C;) = (4.04 - 1015, 107%-188)
which shows that d < 10°!5', Taking this as our new value for Cy, we find
that d < 1051514 —that is, there is no noticeable change.

We now increase Cy to 10°1414: thus we are assuming that d > 10°1-414
(if not, then we shall settle with d < 1051-414). This shows that d < 10°1416.
Finally, though we may take this number as our new C} and iterate once
more, we find no noticeable improvement. We therefore conclude that d <
1051416 < 2.603-10°!. We continue in this way, and record our computations
in the following theorem.

THEOREM 2. If {a,b,c,d,e} is a quintuple with a < b < ¢ < d < e then
the following bounds for d hold:

(A) d < 105789 < 7.228.10%7, (B) d < 1050-957 < 1.141 - 109,
(C) d < 10%5928 < 3.373-10%, (D) d < 10°1416 < 2,603 - 105!,

We close this section with a remark concerning the size of the smallest
entry in a quintuple arising in case (A). Although it has no immediate
bearing on the next section, further improvements on d should enable future
researchers to enumerate all possible triples. Recording the maximal size of
a should aid this goal.
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PROPOSITION 4.4. The only quintuples that could arise from case (A)
are those in which a < 7.4-107.

Proof. The triples in case (A) must satisfy b%2 > ¢ > 4ab + b + a,
so that in particular a < b'/2 /4. Some quick computations show that for
Ag = 7.4-107 one obtains d < 6.1-10°°. From d > 4abc > 16a%b? > (16a?)3
it then follows that a < 7.29 - 107, a contradiction. m

5. Bounding the total number of quintuples. In this section we
combine the methods of [5] and [I§] in bounding certain arithmetical sums.
We require the following lemma.

LeMMA 5.1 ([18, Lemma 13]). For all x > 1,

2w(n)
> < 37 2log?x + 1.3948 log = + 0.4107 + 3.253z /3,
n<x
> 24 < 6r 2z logw + 0.787x + 8.142°/% — 0.3762.
n<x

One can show, using Perron’s formula and calculating residues, that

22 ) ﬁazlogaz + ﬁ(WZ(QV — 1) —12¢'(2))x,

n<x
2« 3 12, ,
,; —~ pxlogm + ﬁ(ﬂ' v —6¢(2))z,
where
6
g(ﬂ'2(2’y —1) —12¢(2)) = 0.78687 ...,

%(H(m —1) —12¢'(2)) = 1.39479......

This shows that up to three decimal places, the bounds in Lemma [5.1| agree
with the asymptotic expansions to the first two terms.

We also require bounds on d(n), the number of divisors of n, and the re-
lated dgr(n), which counts the number of divisors of n that do not exceed H.
The function dy(n? — 1) arises naturally when considering the number of
doubles {a, b} satisfying certain restrictions.

Very recently, Dudek [8] considered partial sums of d(n? — 1) and proved

6
(7) > d(n®*—1)~ 5 Nlog’ N.
2<n<N g

This improves, asymptotically, on the bound with leading term 972N log? N
as given in [5]. We make Dudek’s result explicit in the following lemma.
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LEMMA 5.2. Let di(n) denote the number of positive integers e such
that e|n and e < H. Then, for any N > 2 and H > 1,

N
D dp(n®—1) < N<62 log? H + 2.3691og H 4 6.175 + 12.071H—1/3> .
T

n=2

Let g(d) denote the number of solutions to 22 = 1 (mod d) where 0 <
x < d — 1. Furthermore, let Q(z,d) denote the number of positive n < x
such that n? = 1 (mod d). It follows that Q(d, d) = g(d) and that Q(z,d) <
g(d)(z/d + 1). We therefore have

®) D dagP-1=2> > 1=2) (QN,d) -Qd,d))

2<n<N d<H d<n<N d<H
n?=1 (mod d)
9(d)
< 2N —.
<N )5
d<H

To proceed, we need two lemmas. Lemma [5.3 was proved by Berkane,
Bordelles and Ramaré [3]; Lemmal[5.4) was proved by Ramaré [I7]. We quote
the versions in [I8] which correct two small misprints. In what follows we

use the notation f(z) = J(g(x)) to mean |f(z)| < g(x) for all x under
consideration.

LeEMMA 5.3 ([18, Lemma 13]). For allt > 0,

d 1
> E:L) =5 log?t + 2ylogt +~% — 271 4+ 9(1.16t~1/3),

n<t

where v is Euler’s constant and 1 is the second Stieltjes constant, which
satisfies —0.07282 < v < —0.07281.

LEMMA 5.4 ([18, Lemma 14]). Let {gn}nzl, {hn}nZI and {kn}nZI be
three sequences of complexr numbers satisfying g = h * k; that is, g is the
Dirichlet convolution of h and k. Let H(s) = >~ hon™° and H*(s) =

Y sy |hn|n™%, where H*(s) converges for R(s) > —1/3. If there are four
constants A, B, C and D satisfying

> kn=Alog’t+ Blogt+ C +9(Dt™ /%) (t >0),

n<t
then

> gn =ulog’t +vlogt +w + 9(Dt /2 H*(~1/3)),

n<t

> ngn =Utlogt+ Vt+ W + 0(2.5Dt> P H* (~1/3)),

n<t
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where
u=AH(0), v=2AH'(0)+ BH(0), w= AH"(0)+ BH'(0)+ CH(0),
U=2AH(0), V =-2AH(0)+2AH’'(0)+ BH(0),

W = A(H"(0) — 2H'(0) + 2H(0)) + B(H'(0) — H(0)) + CH(0).

Let
Z g(d)/d
d=1 ds
(9) ( + + 4 ) 1—2—(s+1)
H(S) 23+1 4s+1 83+1 4s+1 14+2— (s+1)
C(2(s+1))
Dudek shows, half-way down page 4 in [8], that
(10) F(s) = (s + 1) H(s).

Since >°°°, d(n)n~° = (?(s), this suggests that we apply Lemma with
gn = g(n )/n kn, = d(n)/n and with h(n) the coefficients of the Dirichlet
series H(s) in @[) Since g(d) is multiplicative we can determine its values
at prime powers by [8, Lemma 2.1]. This shows that

(11) g(2) =1, g(4) =g(@") =2, g(2%)=4 (podd, e1>1, e >3).
By we may compare Euler products and use to show that
h(1) =1, h(p) =0, h(p*)==1, h(p*)=0 (podd, e >3),
h(2)=-1, h(4)=h(8) =1, h(16)=-2, h(2®)=0 (ex>5).
This shows that
H(s)=]] (1 - p2(sl+1)> <1 - 251+1 - 22(:+1) T 23(51+1) - 24(32+1))’

p>2
1 \l+gst+tpstostimn
I;I pt? L+ 5
Since [[,(1 +p~4/3) = ((4/3)/¢(8/3) we conclude that
H*(~1/3) < 5.203.
We may therefore apply Lemmas [5.3] and [5.4] We find that

6
(12) H(0)=—;, 0.4822 < H'(0) <0.4823, 4.4784 < H"(0) < 4.4785.
e

Indeed, we have complicated but exact expressions for H'(0) and H”(0)—we
have merely given the decimal approximation in . This shows that

(13) > QSZ) < 32 log? N + 1.18421log N + 3.0871 + 6.0355N /3.
T

Inserting into completes the proof of Lemma
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We now proceed to examine the number of quintuples that could arise
from each of the triples (A)—(D).

5.1. Case (A). This is the most damaging case in our considerations.
We have r < (d/16)'/*, whence by Theorem [2{we have r < 4.611-10'6 = R4.
Using Lemma [5.2] we find that the number of doubles is at most
Ra
D dr,(r* —1) < 2.288-10".
r=3
Since b < (d/20)Y/? < 1.9011 - 103 we find that b could have as many as 23
distinct prime factors. As explained in [5, p. 216], this information allows
one to conclude that there are at most 3 - 4 - 224 possibilities to extend
a Diophantine double {a,b} with b > 4a to a Diophantine quintuple. We
therefore find that the number of quintuples is bounded by

(14) 3-4-2%.2288-10" < 4.605-10%".

Since the number of possible quintuples originating from case (A) is by
far the largest, we devote §6| to reducing this number slightly.

1
2

5.2. Case (B). Since b > 4a we have b > 2r, whence ¢ > 4r + a. Since
d > 4abe this shows that d > 4(r? — 1)(4r + 2) > 16r3. From Theorem [2| we
therefore have r < 4.147 - 10" = Rp. By Lemma the number of doubles
{a, b} is at most
Rp

1
3 > dr,(r? —1) < 2.807 - 107,
r=3
Since there are at most four ways of extending a quadruple to a quintuple,
we find that the total number of quintuples is bounded above by
(15) 1.123 - 10%.

5.3. Case (C). We proceed as in case 2(iii) in [I8]. We consider the
cases a > 1 and a < 7 and optimise over 7). In the former case, we have d >
4abe > 4nb°/? so that b < (d/(4n))*® := N3,. Hence, by [12, Lemma 3.3],
the number of quintuples is at most
NSa

6
When a < 7, we have b < (d/(4a))?/® so that %> = ab+1 < a(d/(4a))?/° +1.

Thus
372\ 1/5
n°d
1 —_— = Ngp.
r < +<16> 3b

We apply Lemma with H = n and N = Ns;. Since b < (d/4)*° <
2.35- 10?2 we have w(b) < 17. Following the proof in [I2] we deduce that the

(16) (log N3q +2)* -8 -5 - 4.
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number of quintuples is at most
6

(17)  4-2'T.5.4- Ng, (2 log?n + 2.369logn + 6.175 + 12.07177—1/3).
T

We find that we can minimise the maximum of and at n =151
10'. Hence the number of quintuples is at most

(18) 3.214 - 10

5.4. Case (D). We have b < (4d/9)'/3 so that, by Theorem [2, b <
1.05 - 1017 = Rp. The number of doubles {a,b} is therefore bounded by
2 ZRD 2¢() We use this and Lemma to prove that the number of quin-
tuples is at most

(19) 2.07-10%.

6. Improvements to case (A). Here we investigate two methods. The
first, in reduces the bound on w(b) from 23 to 22, thereby saving a factor
of 2 in the estimate recorded in . The second, in splits up the sum
over b with w(b) held constant. This saves a factor of about 4.23.

6.1. Removing one prime factor from b. Let (p,)nen denote the
sequence of prime numbers, and consider those b satisfying

23
(20) bo := [ [ pi ~ 2.67-10% <b < 1.9011-10%,  w(b) = 23.

i=1
We aim at enumerating all such b in . We shall show that none of these
values of b can appear as the second-smallest element of a quintuple. This
then shows that w(b) < 22, and leads immediately to a saving of a factor of
2 in ((14)).

Suppose {a,b,c,d,e} is a quintuple. In case (A), Theorem [2| gives the
bound d < UD := 10%7-%59, When b is restricted as in we find that 2
divides b, since, if not, the smallest b can be is H?il Pi/2 - pas > 1.18 - 1034
Continuing in this way we find that 2,3,5,7,11 must all divide b.

From 4a(4a + 1)b*> < UD it then follows that a < 7. Moreover, as the
corresponding r is odd, ab is a multiple of 8, whence b = 0 (mod 8) for
odd a, and b = 0 (mod 4) for a = 2 (mod 4). Hence, each such b is obtained
from by = bi(a) by replacing v of its factors pg,...,p2s by other v primes
Dkys - - - > Dk, Where 24 < Kk < .-+ < ky, and then multiplying by some
positive integer ¢ such that the result is at most

UB = UB(a,UD) := UD'?(16a? + 4a)~'/2,
Here b1 (a) = 4bp if a is odd, b1 (a) = 2bg if a = 2,6, and b1 (a) = by otherwise.
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We now present a detailed exposition of the idea sketched above. All
computations have been performed with GP scripts [16]. Clearly, the maxi-
mal v is determined from the condition

P21p25 *Pasio _ UB _

D23P22 " ** P2a—v by
A short computer search gives v =3 fora=2or4;v=2fora=1;v=0
for the other values a < 7.

Next for each u = 1,...,v we look for the largest index K = K(u)

satisfying
P2ap2s - pasiuPk _ UB
D23P22 " P2a—u by’
and the smallest J with
P2ap2s - Pa3iu  _ UB
p23p22 - P2s—uls b1
After that we determined all integers 24 < k1 < -+ < k, < K and 23 >
J1 >+ > jy > J such that
Phy*Phy _ @
Djy - Pju b
Each such tuple (k1,...,ky,j1,--.,Ju) gives rise to
{UBpjl " 'pjuJ
b1k, = Pk,
candidates for the largest entry in a Diophantine couple {a, b}.
Since the bound UD = 105785 found in case (A) entails UB(a,UD) <
1033:9295(16a2 + 4&)_1/2, for 1 < a < 7 one has
UB(a,UD) < UB(4,UD)
bi(a) = bi(4)
Therefore, the multiplier ¢ mentioned above must be equal to 1.

For each value of b identified using the above method, we are able to show
easily that there is no corresponding quadruple. This shows that w(b) < 22.
In theory there is nothing stopping us from playing this trick again. However,
when we search for w(b) = 22 we find that we could have over four thousand

primes dividing b. This appears to be orders of magnitude harder than the
w(b) = 23 case.

< 2.

6.2. Bounding b in different ranges. We have ab+1 = 2. Note first
that d(r? — 1) is even (it is odd if and only if r? — 1 = s2, which implies that
(r + s)(r — s) = 1-—a contradiction). Since d(r? — 1) counts the number of
divisors of 2 — 1, it follows that %d(rz — 1) counts the number of pairs of
divisors {a, b} with a < b. Now each a corresponds to exactly one b (and
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hence one pair corresponds to exactly one value of a): therefore 1d(r? — 1)
is actually counting the divisors a. Furthermore, note that

(21) r?2 —1=ab> d®

Therefore 3d(r?—1) is actually counting all those a with a < v/r2 — 1. Hence
for a fixed r we wish to count

1
idmO"Q — 1)
If » < R then summing over r shows that the number of pairs {a,b} is at
most

1 R

1

(22) §de(r2—1) §Zd r2—1) ZdRr —1).
r=3 r=3

Now, we can make a slight improvement on ([22). Since for case (A)

quadruples we have b > 4a, we can improve on (21)) to show that r? — 1 =

ab > 4a®. Therefore, we amend (22)) to show that the total number of pairs

is at most
1 R
§Zd3/2(r2 —-1).
r=3

One can go further than this. Let N(«, ) be the number of quintuples
with aa < b < Ba, for some 8 > a > 4. It then follows that for integers
m; satisfying 4 = mg < m1 < --- < my the total number of quintuples is
bounded above by

N(4,m1) + N(mi,mz2) + -+ + N(my—1,mg) + N(my, 00),

where N(my, 00) counts all those pairs {a, b} such that b > mia. With the
exception of N(my,00), each number is of the form N(m;,mji1).

Take mja < b < mjiia. Since d > 4ab(4ab + a + b) > 16a%b* >
16b*/(m;+1)?, we have

(23) b < dY*(mj1)Y?)2.
We also have
(24) r? —1=ab>mja® = a< R/ /m;.

By taking m; large we ensure that the bound on a in is small. We now
look at w(b) for b satisfying . We want to choose m; 1 to be as large as
possible such that we do not increase w(b). For example, when j = 0 we are
considering 4a < b < mya. We find, using d < 7.228 x 10%7, that w(b) < 14
provided that mq < 177. Also, for my we find that we can take mo < 499686
and still ensure that w(b) < 15. We continue in this way, contenting ourselves
with estimates on m; that are accurate to one decimal place. We find, using
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Mathematica [19], that we may take

(m3, mg, ms, mg, mz, ms)
= (1.7-10°,6.4-10',2.9- 1016, 1.4 - 10%, 7.8 - 10%*,4.8 - 10*").

We know, from that there are at most 22 distinct prime factors of b.
Therefore the number of quintuples is at most

R R
3- 2(215ZdR/2(T2 — 1) + 2162(11%/@(1"2 — 1)
r=3 r=3

R
o+ 223y g - 1)).
r=3

We find that the above is no more than

(25) 5.4075 - 10%.
Using , , and we complete the proof of Theorem
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