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LEIBNIZ’S RULE ON TWO-STEP NILPOTENT LIE GROUPS

BY

KRYSTIAN BEKALA (Wroctaw)

Abstract. Let g be a nilpotent Lie algebra which is also regarded as a homogeneous
Lie group with the Campbell-Hausdorff multiplication. This allows us to define a gener-
alized multiplication f # g = (fY * g)" of two functions in the Schwartz class S(g*),
where ¥ and " are the Abelian Fourier transforms on the Lie algebra g and on the dual g*
and # is the convolution on the group g.

In the operator analysis on nilpotent Lie groups an important notion is the one of
symbolic calculus which can be viewed as a higher order generalization of the Weyl calculus
for pseudodifferential operators of Héormander. The idea of such a calculus consists in
describing the product f # g for some classes of symbols.

We find a formula for D*(f # g) for Schwartz functions f, g in the case of two-step
nilpotent Lie groups, which includes the Heisenberg group. We extend this formula to the
class of functions f, g such that f¥,g" are certain distributions acting by convolution on
the Lie group, which includes the usual classes of symbols. In the case of the Abelian
group R? we have f # g = fg, so D*(f # g) is given by the Leibniz rule.

1. Statement of the result. Let g be a nilpotent Lie algebra of dimen-
sion d which is endowed with a family (&)~ of dilations. We also regard
the vector space g as a Lie group with the multiplication law given by the
Campbell-Hausdorff formula (see Corwin—Greenleef [2])

roy=x+y+r(z,y)),

where r(z,y) is the (finite) sum of the commutator terms of order at least 2
in the Campbell-Hausdorff series for g.

This allows us to define a generalized multiplication f # g = (f¥ x g¥)"
of two functions in the Schwartz class S(g*), where ¥ and " are the Abelian
Fourier transforms on the Lie algebra g and on the dual g*. In the case of
the Abelian group R, one gets f # g = fg.

In the operator analysis on nilpotent Lie groups an important notion is
the one of symbolic calculus which can be viewed as a higher order generaliza-
tion of the Weyl calculus for pseudodifferential operators of Hérmander [7].
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The calculus was created by Melin [10] and developed by Manchon [9] and
Glowacki [3], [6], [4]. The idea of the calculus consists in describing the prod-
uct f # g for some classes of symbols. One of the obstacles in extending the
Weyl calculus to general nilpotent Lie groups is the lack of a formula allowing
one to calculate the derivatives of f # g.

In the Abelian case, we have the multidimensional Leibniz rule

(1.1) D(fg) = B; (g) DPfDg, aeN
Y=«

Let b, = R?"*! be the Heisenberg Lie algebra with the commutator

[$7y] = (0,...,0,{1’,:[/}), :L”ye hn7
where {z,y} = > " | (®iYn+i — Tnti¥i)), and the Heisenberg group with the
Campbell-Hausdorff multiplication. In that case there is a simpler form of
f # g (cf. Glowacki [3, Example 3.3]),

(1.2)  f#g(w,A)

= cn“f(w + A2u, N g(w + A0, Vel dudv,  we R, A > 0.
By the chain rule and integration by parts one gets
(1.3) Don1(f # 9) = Dons1f # g+ [ # Dant19

n
43 S (Dif # Duvig — Dusi # Dig).
i=1
A general formula for D*(f # g), a € N*"T1 seems to be more complicated.
The purpose of this note is to find such a “Leibniz formula” in the case
of two-step nilpotent Lie groups, which includes the Heisenberg group. By
the Fourier transform this is equivalent to finding a formula for T(f x g),
where T f(x) = 2 f(x) and * is the convolution on the group g.
In the Abelian case, there is a formula for the convolution product cor-

responding to ,
o
(1.4) T(fx09) = Y, (B)Tﬁf x0 19,

Btr=a
where ¢ is the standard convolution on RZ.
In the general case of nilpotent Lie groups Glowacki [5] showed that

(15)  T(fxg)=Tfxg+ [T+ >, s, T°f=Tg

(B)+H(7)=l()
0<i(B)<l()

for o # 0 and for any Schwartz functions f, g on g. Here, cg, are real
constants and [(«) is the homogeneous length of the multiindex « (see Sec-
tion . Notice that this formula does not give exact values of cg,, and the
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condition (/) + I(y) = l(«) does not characterize precisely the pairs (3,7)
which appear in (1.5) with a nonzero constant coefficient cg .

In order to formulate the main result we introduce some notation. Let
Xi,...,Xq be a base of the vector space g. Suppose that A = (a; ;)i jk is
the matrix of the structure constants of g which are given by

[X;, X Zazjkxk, 1<i,j<d.

Let D = {(i,4,k) : ai jx # 0} and o € NP. We denote by a0], O[1]5 02 € N¢
the multiindices

a0,k = Z O(igk)s  Ol]i = Z O(i,gk)» 92l = Z O(i,5,k)-

2% J:k i,k
For a, 3 € N4, o € NP and B+ojg < a we define the generalized multinomial
coefficient

Q al
(1.6) (6) = Blolla— B —og)!

Note that for an Abelian group we have o(g) = o;) = o[g) = 0 and (g) = ( /3).

g

Our main result is the following.

THEOREM 1.1. Suppose that g is a two-step nilpotent Lie group with the
Campbell-Hausdorff multiplication. For any Schwartz functions f, g on g
and every multiindex oo € N%,

(1,7) To‘(f * g) = Z <a> CGTB+U[1]f * T7+f’[2]g,

B+y+op = p
where the (nonzero) constants c, are given by

Co = 27 2isgik O k) H azg.';’,z“, oeNP.
i,k

An analogous formula for more than two functions is given in Proposi-
tion [3.4 below. Moreover, in Corollary [3.10] we show that the above formula is
still valid for tempered distributions whose convolution with Schwartz class
functions is in the Schwartz class.

Applying the Fourier transform to we get an equivalent formula
for D(f # g) for Schwartz functions f,g on g*. We extend this formula to
a certain class of functions that includes the classes of symbols S™(g*, g)
which are admissible in Glowacki’s calculus [6] (see Subsection [3.4)).

In Subsection we illustrate our results in the case of the Heisenberg
group.
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2. Two-step nilpotent Lie groups. Let g be a Lie algebra of dimension
d endowed with a one-parameter family (d¢)¢~o of group automorphisms,
called dilations. Let p; = 1 and py = 2 be the exponents of homogeneity of
the dilations. Let

g1 ={xeg:d(x)=t"z}, go={xecg:(zr)=1trz}

Then g = g1 @ go and g is a two-step nilpotent Lie algebra. Let d; = dim g;.
The vector space g is also regarded as a Lie group with the multiplication

zoy=x+y+i[z,y

The exponential map is then the identity map. From antisymmetry and the
Jacobi identity,

aivj»k + a]7l7k - 07 Z(alvjvkakzlvm + a/jvlvkal7i7m + alzlvkak7]7m) = 0'
k
Moreover, the homogeneous structure of g gives a;;r = 0 if any of the
conditions i = j, max(i,j) > k, max(i,j) > di, k < d; is satisfied. For every
k > di we have (z oy)r = zx + yx + ri(z,y), where

1 d d
(@, y) =5 YD aijpiy;e
i=1 j=1
Let Tjf(x) = z; f(z), D; f(z) = i0; f(x) and
T f(x) =2yt -2y f(z), Df(x) =D Dyt f(x).

Let |a| = Zle a; be the length of a € N, Denote by I() the homogeneous
length of a, i.e.

la) =pi(oa + -+ aq) + pa(d 41 + -+ + aq).
The Schwartz space is denoted by S(g). Let Lebesgue measures dz, d€ on

g and g* be normalized so that the relationship between a function f € S(g)
and its Abelian Fourier transform f € S(g*) is given by

F& =\e ™ f(x)de, flx)= e F(&)de.
g g*
The Fourier transform extends by duality to the space of tempered distribu-
tions.
The normalized Lebesgue measure on the vector space g is a Haar mea-
sure on the group g. The convolution * on g is given by

(2.1) frgla)=\fzoy gy dy.
g
Recall some notation that we have already introduced in Section [T}
For the group g and ¢ € NP we defined the d-dimensional multiindices
ol0]: O] O] € N?. We also defined the generalized multinomial coefficient
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(g) for o, 3 € N? and o € NP. Let us also denote by ¢, the constants which

appeared in (1.7)), i.e.
(2.2) e =27 ZZJ’Q[’(”’“)H ;Z,ik, oeNP.
gk

3. Leibniz’s rule

3.1. Multinomial theorem. The following proposition is a generaliza-
tion of the multinomial theorem on R%. This will be crucial in the proof of
Theorem

PROPOSITION 3.1. For any x,y € g and every multiinder o € N¢,
a
(3.1) (woy)*= ( 5) corl Ty,
B+y+ojg = 7
where the (nonzero) constants ¢, are given by (2.2)).

Proof. Let a € N%. Then

d dq d
(32) (zoy)”= H(fE oy)pt = H(fvz + ) H (25 + yp + (2, y))
k=1 =1 k=dy+1
dy d .
=1 B1+v=oq 6l k=d1+1 Br+yp+Tr=0y Bk’Yk:Tk

SRR o | ()0 P

-
Bit+vi=aq B+ +Te=0y I=1 k=d1+1 BT
1<i<d; d1+1<k<d

d

d1 d di d
[T TI =2 101w I1 w2 I rateo)™

=1 k=di+1 =1 k=di+1 k=d;+1
Let Dy, = {(4,7) : (4,4,k) € D}. Clearly, (,j) € Dy, if a; j 1 # 0. Thus,

33 o = (5 X aann)

( ’])eDk

_ T .
=2 > ( .y ) II (aijuwiy)m

. Tk,z,] [N o
2 (i,5) €Dy Thiini =Tk (4,3)€Dy,

_ Tk Th i Te i Th i oa
—_ 9Tk ki, H Tkyi,g ) Thyi,d
2 > < > 11 @i gk T Y

'-Tk’,i,"-- o e
2 (i,j)e Dy, Thaind =Tk J (4,9) €D, (4,3)€EDy,
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Here, ( r,:k- _ ) denotes the multinomial coeflicient
TR

( Th ) B 75!
.. ~Tk,i,j e H(i,j)EDk Tk,i,j!
By using (3.3)), the expression (3.2) is equal to

(3.4) > > >

Birtni=aq Be+vetTe=0k > Thyi,j =Tk
1<i<d:  dyti<k<d —BDEPE TELI

dq d
o Qg Tk —Ty Tk,i,j
l]‘]l: (@) H <<5k’7k7k> ( “Thyij )2 . H @ik >

k=d1+1 (1,5)€Dy
dq d di d
B Bk Th,ij 20 Tk i)
<[Ta? T1 (= T1 o) TDw T1 (i T1 w)-
=1 k=di+1 (i.5)€Dy I=1  k=di+1 (i.5)€ D

If we denote o(; jx) = Tk, 5, then o € NP . Moreover,

dy d
o7/ o Ok o _ ([«
11;[1 </6l> H </8k’)/k0'k) < O0@G5k) > N ,8"}/'0" (ﬁ)al

k=di+1
The conditions B; +v = g, I = 1,...,d1, and E (i.J)Dg Thiisj = Thy Br +
Yo+ T =ap, k=di+1,...,d, can be simply written as 4+ v + opg) = .
Recall that the numbers ¢, are given by (2.2 . Thus, (3.4) is equal to

5 CQ;%fI@? )T T )

B+y+o=a k=1 (4,9)€Dy, k=1 (i,)€Dg
d d

. « 5i+2j,k:(i,j)eDk O(i,5,k) +Zz k:(4,5)€Dy, 9 (4,4,k)
- X (9) el its

Bt+y+opg=c 7 =l 7=l

(6%

= X (§) e

Bty+o=c 7

3.2. Convolution rule

Proof of Theorem , By we have
(3.5) TO(f * g)(x) = 2°(f * g)(x) = \a®f(x 0y ")g(y) dy.

g

Applying (3.1) we get
(36) %= ((zoy oy = Z <§> oz oy~ HYPFonyton,
g

B+v+o [0]—a
The conclusion follows from combining (3.6]) and .
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As a consequence, we get a relationship between the exponents 3 + o
and «y + oy on the right hand side in (1.7 in terms of homogeneous length,

as in (|[1.5]).
COROLLARY 3.2. Formula (1.5)) holds.

Proof. Let B+ v+ oy = a, where o, 8,7 € N? and ¢ € NP. By a direct
calculation,

U(B+ opy) + 1y + o) Z(ﬂerZUz]k)Jr? Z Br

k=di+1

+Z(VJ+ZU Jk)+2 Z 'Yk—zak+2 Z ar =1l(a). =

k=di+1 i=d1+1

If we compare the coefficients on both sides of T '+a? (f xg) =
T (T2(f * g)), obtained from Theorem we get the following identity.

COROLLARY 3.3. For any o', a?, 3 € N and o € NP,

a1+ ao ol o?
D ("5 2 () ()
7 b(oa,a2,8,0) 7 g

where b(aq, oz, B,0) is the set
{(8",8%0"0%) : B +8° =B, 0" +0° = 5, B + oy < o', B2+ 0fy <’}

Notice that this is the analogue of the combinatorial identity

ny + no - ni n2
()= 2, G e
k1+ko=k

k1<ni,ka<ng

As in Theorem we can find a convolution rule for more than two
functions. First, we extend our notation a little. For n € N let

‘D(n) = {(i7j7k7r78) : ai)j)k # 07 1 S r < § S n}

Notice that if n = 2, then D®) is essentially the same as D. For 7 € Np™
we consider the following multiindices in N%:

T[U],k = E T(i,j,k,r,s)7 k= 17 ey d7
Z"jir’s

Tlm)l = E T(1,j,k,m,s) T E Tlilkrm), M=1...,nl=1...,d
j7k7s 7:7k771

For o, BY,...,8" e N 1 ¢ NP™ and S B+ Tjo] = o we also denote

| o
1 1 7
I3 pr). B grlr!

Z’]?k77’7s



144 K. BEKALA

ProPOSITION 3.4. Let fi1,..., fn be Schwartz functions on g. For every
a e N

(3.8)  T(fi*-% fn)
=X () E e

Bt 4B+ =
Proof. As in the proof of Proposition we find a formula for (y'o---o
y™)%, where y!,... 4" € g. We get
d

1 o
(3.9) (ylo---oy”)“zﬂ(yi+---+y£+2 > ai,j,kzyfyjf)

k=1 ai’j’k;ﬁo r<s

8] - 1 n
= X (,6’1 » ,Bn> Er(y")? T (),
Bl+‘,,+5n+7[0]:a T
If we apply (3.9) to y! = zto (2®)7,... ;" =2 Lo (27!, y" = 2™,
where 2!, ..., 2" are integral variables in the convolution, we get the conclu-
sion. m

3.3. S-convolvers. Let A be a tempered distribution on g, i.e. a con-
tinuous linear functional on S(g). The convolution of a Schwartz function f
on g on the right with a tempered distribution A is defined by

f*Alz) = (4, fa),
where j;(y) = f(zy™!). Let A denote the distribution given by <g, f) =
(A, f). We say that a distribution A € S’'(g) is a right S-convolver on a
nilpotent Lie group g if f * A € S(g) whenever f € S(g). We define left
S-convolvers in a similar way. A is called an S-convolver if it is both a
left and right S-convolver. By Proposition 2.5 in Corwin [I], the space of
S-convolvers is closed under convolution and multiplication by polynomials.
We have
f*(AxB)=(fxA)«xB, (AxB,f)= (B,g*f>

Formula ([1.7)) is also valid for S-convolvers in place of Schwartz functions

on a two-step nilpotent Lie group.

COROLLARY 3.5. If A, B are S-convolvers on g, then

(3.10) T*(AxB)= Y <O‘> ceTPHom A 5« TR B.
Bty+o=a 7
Proof. We prove (3.10) by induction on the length of . Let T = Ty,
k=1,...,dy. Suppose first that A is a Schwartz function. Then

(Ti(Ax B), f) = (A BTy f) = (B, A x Ti.f).
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By , this is equal to
(B, Tp(Ax f) = TiAx f) = (TyB, A x f) — (B, TyA x f).

As T A = —TiA, the base step is done when A is a Schwartz function. If
A is an S-convolver, then we can repeat the same reasoning using the just
proven formula

instead of the case o = ey in (1.7)).
Now, let T¢ =Ty, k =d; +1,...,d. If A is a Schwartz function, then

(Ti(Ax B), f) = (A B, Tif) = (B, A Ty f)

~ ~ 1 ~
= (B, Ti(Ax f) —TpAx f — B Z aij ki A*T;f)
(izj)EDk
- 1
= (TuB, A f) + (TeAx B) + 5 > aijx(TiA* B, Tif).
(.)€ Dx

We get Z(ij)EDk a; jx1;T;A = 0 from the antisymmetry of the structure
constants on g, and so

1
(3.11) Trw(A % B) :TkA*B+A*TkB+§ > ai kT A*T;B
(i.)€Dy,

whenever A is a Schwartz function. Similarly to the case of T for k =
1,...,d;, we find that (3.11)) also holds when A is an S-convolver.

Now, assume that (3.10) holds for a multiindex «. The inductive step
follows from (3.7)). =

3.4. Leibniz’s rule for f # g. Applying the Fourier transform to (1.7])
we get an equivalent formula for the derivatives of f # g.

COROLLARY 3.6. If a € N and f,g € S(g*), then

(3.12) D*(f#g) = > (g) co DPTON £ 4 DYoL g

B+y+oj=a
where the constants ¢, are given by (2.2)).

The above formula is valid under some weaker smoothness conditions
for functions, which is essential for applying these results and for a better
understanding of symbolic calculus on two-step nilpotent Lie groups.

Let m;, my be g-weights on g* (for more details see Glowacki [6]) and

S™(g%,g) = {a € C*(g") : |Da(x)| < m(z)p(z)""@},
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where p(z) = 14 ||z, || - | being the homogeneous norm on g*. A typical
example of weight is m(z) = p(x)", N € R. Notice that if a distribution A
satisfies 4 € S™(g*, g) for some weight m, then one can write A as a sum
of a tempered distribution with compact support and a Schwartz function.
Thus A is an S-convolver on g. If a € S™(g*, g) and b € S™2(g*, g), then,
by the calculus of Glowacki [6], we have a # b € S™™2(g* g) and a certain
continuity of the product #, which is sufficient to deduce from Corollary [3.5]
the following.

COROLLARY 3.7. Formula (3.12)) holds for functions a and b such that

av and bY are S-convolvers on g. In particular, if a € S™(g*,g) and

b € S™M2(g* g), then D%(a # b) is given by (3.12)), which can also be un-

derstood pointwise.

3.5. Heisenberg group. The Heisenberg group/algebra b, was intro-
duced in Section [1} Let us recall that multiplication on b, is given by

(3.13) zoy= (214 Y1, Ton + Yon, Tant1 + Yont1 + {2, y}).

There is a remarkable relationship between the convolution structure of
the Heisenberg group and the Weyl calculus for pseudodifferential operators,
which was explained e.g. in Howe [§]. For A = 1 in one obtains the Weyl
formula for the symbol of the composition of two pseudodifferential operators
(cf. Glowacki [3, Example 3.3])

a #w b(&) = “a(& + u)b(€ + v)e ™ dudo.

It is easy to see that D*(a #w b) is given by the (noncommutative) Leibniz
rule

(3.14) DY a#wb)= Y. (O‘> D®a 4y Db
B4v= B
Y=«
Let f,g € S(bhy). It is directly checked that for i =1,...,2n,
Ti(fxg) =Tif g+ f = Tig.
If « € N>**1 and aw,41 = 0, then
!
T(f*g) = ()T“f*TVQ,
0= % (5
Y=«
which corresponds to (3.14). On the other hand, by the relation

- BN - -
Tont1 = (T oy ony1 + Y2ns1 + B Z ((zoy iynri — (€ oy ntivi)
i=1
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we also get (cf. (1.3])
1 n
Toni1(f*9) = Tont1f * g+ [+ Tony19 + 3 Z(Tif ¥ Tnyig — Tt f * Tig).
i=1

Higher order formulas are more complicated, for instance
T22n+1(f *g) = T22n+1f * g+ f* T22n+19 + 2T5n 1 f * Tont1yg

n
+ > (TonaTif * Tuyig + Tif * Tons1Torig
i=1

= Ton1Tnyif * Tig — T f * Ton1Tig)
1 n
+ Z Z (T]Tzf * Tn+an+ig - TnJroif * TanJrig

—TiTntif * TongjTig + Ty jToti f * T;T59).

We find a general formula for T%, 1(f*xg), B € N, as a corollary of
Theorem Let us first illustrate the notation by using it in the case of the
Heisenberg group. The matrix A is given by

intigntl = 1, Qpiiiony1 = —1, i=1,...,n,
and a; jr = 0 otherwise. We have
D ={(1,n+1,2n+1),...,(n,2n,2n+1), (n+1,1,2n+1),...,(2n,n,2n+1)}.

Let o € NP, Then o[1]s OJ2); O] are given by

o) = (U(l,n+1,2n+1)7 cee 70(2n,n,2n+1)70)7

021 = (U(n+1,1,2n+1); e >G(n,2n,2n+1)?0)a
n

ol = (0, -0, Z(U(i,n+i,2n+1) + J(n+i,i,2n+1)))'
i=1

If o = ojg] 2n+1, then T2kn+1(f xg), k € N, is given by

k! n
k _ N —0Oc¢ i=1 9 (n+1i,i,2n
Ton i1 (fxg) = Z Tmlol2 (—1)2i=1 Ttz
{l,meN,ceNP:
l+m+oc.=k}
O(1,n+1,2n+1) O (2n,n,2n+1) Al O (n+1,1,2n+1) O (n,2n,2n+1) m
’ Tl e T2n T2n+1f * Tl e T2n T2n+1g’

As in the procedure described in Subsection [3.4] one gets an extension
of the rule for S-convolvers on b, and a formula for the derivatives of the
product a # b.
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