COLLOQUIUM MATHEMATICUM

VOL. 145 2016 NO. 2

SOLYANIK ESTIMATES IN ERGODIC THEORY

BY

PAUL HAGELSTEIN (Waco, TX) and IOANNIS PARISSIS (Bilbao)

Abstract. Let Ui,...,U, be a collection of commuting measure preserving trans-
formations on a probability space (§2, X, u). Associated with these transformations is the
ergodic strong maximal operator Mg given by

1 . .
Msf(w) = sup —————0 > |fUT - Ut w)l,
n #(RNZ™
oercrn #( ) iy
where the supremum is taken over all open rectangles in R™ containing the origin whose
sides are parallel to the coordinate axes. For 0 < a < 1 we define the sharp Tauberian
constant of Mg with respect to « by
* 1 *
Cilo) = sup —n({w € 2: Mixe(w) > a})

Bco p(E)
n(E)>0

Motivated by previous work of A. A. Solyanik and the authors regarding Solyanik esti-
mates for the geometric strong maximal operator in harmonic analysis, we show that the
Solyanik estimate

lim C5(a) =1

a—1

holds, and that in particular
Cs(@) =1 Su (1/a=1)Y"

provided that « is sufficiently close to 1. Solyanik estimates for centered and uncentered
ergodic Hardy-Littlewood maximal operators associated with Ui, ..., U, are shown to
hold as well. Further directions for research in the field of ergodic Solyanik estimates are
also discussed.

1. Introduction. This paper is intended to be an introduction of the
topic of Solyanik estimates to the field of ergodic theory. Solyanik estimates
first emerged in the field of harmonic analysis in the mid-1990’s with the
work of A. A. Solyanik [I1] regarding fine properties of the restricted weak
type distribution functions of the Hardy-Littlewood and strong maximal
functions. Recall that the uncentered Hardy—Littlewood mazximal operator
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My is defined on functions f € Li (R") by

loc
1
Mucf(2) == sup — | [f],
zeBcRr |Bl 5

where the supremum is taken over the set of all balls B in R” containing .
The closely related centered Hardy-Littlewood mazimal operator Myp ¢ is

defined by

1
MuyL f(x) :=sup ——— dy,
HL, f( ) 7'>18 ‘B(.ﬁlf,?")| B(§:T)|f(y)| Yy

where the supremum is taken over the set of all balls B(z,r) in R™ that
are centered at x and f is a locally integrable function on R". The strong
mazimal operator Mg is defined on locally integrable functions on R™ by

1
Msf(z) = sup — |If],
vercrr |B]
where the supremum is taken over the set of rectangles in R™ containing x
whose sides are parallel to the coordinate axes.
The Hardy—Littlewood maximal operator is relatively easily seen to sat-
isfy the weak type estimate

n

3
Hz € R: MyLf(z) > a}| < E”f”Ll(Rn)Q

the sharp weak type estimate for Mpy_ acting on functions on R may be
improved, as is shown by Grafakos and Montgomery-Smith [3]. From this
the restricted weak type estimate

n

3
H{z € R: MyLxe(z) > a}| < E’E‘

immediately follows. The centered Hardy-Littlewood maximal operator
ML ¢ satisfies a similar restricted weak type estimate. Now, these estimates
hold for My and My for all 0 < a < 1, but it is reasonable to expect
that the quantity 3"/a may be replaced by a value arbitrarily close to 1
provided that we only consider values of « sufficiently near 1. This expecta-
tion is validated by results collectively due to the authors and Solyanik. In
order to state these results in a precise manner we introduce the following
definitions.

DEFINITION 1.1. The sharp Tauberian constant of the centered Hardy—
Littlewood maximal operator My with respect to o € (0,1) is defined

as
1
Chic(a) == sup — |z € R: MyLcxp(x) > all.
EcR |E|
0<|E|<o0
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Similarly, the sharp Tauberian constant of the uncentered Hardy—Littlewood
maximal operator My with respect to a € (0,1) is

1
ChL(a) := sup —H{zeR:Muyxe(r) > all.
EcR |E]
0<|E|<0

Finally, the sharp Tauberian constant of the geometric strong maximal op-
erator Mg with respect to « is defined as

1
Cs(a) = Es;gn E’{x cR": Mst(x) > Oz}‘
0<|E|<o0

The following theorem provides asymptotic estimates as o« — 1~ for
the sharp Tauberian constants of the geometric maximal operators defined
above.

THEOREM 1.2 (Hagelstein and Parissis [4], Solyanik [I1]). We have the
following Solyanik estimates for the centered and uncentered sharp Taube-
rian constants:

(i) limy_y1- CHL (o) = 1. In particular,
CHL,c(a) —1 Sn 1/(1 -1

for a sufficiently close to 1.
(i) lim,_1- Cy(e) = 1. In particular,

Chila) — 1 Sy (1o — 1)H/ 0D
for a sufficiently close to 1.
An analogous result exists for the strong maximal operator:

THEOREM 1.3 (Hagelstein and Parissis [4], Solyanik [11]). lim,_,;- Cs(«)
= 1. In particular,
Cs(a) =15, (1/a—1)Ym
for a sufficiently close to 1.

Now, as is well-known, a close relationship exists between the distribu-
tion functions of geometric maximal functions commonly arising in harmonic
analysis and their counterparts in ergodic theory. Papers describing this cor-
respondence range from the pioneering work of Calderén [2] on transference
principles to the more recent works of Hagelstein and Stokolos [6, [7]. Hence
it is quite natural to inquire as to whether the above Solyanik estimates have
analogues in the ergodic-theoretic context. The purpose of this paper is to
show that desirable Solyanik estimates do indeed exist for ergodic analogues
of the centered and uncentered Hardy—Littlewood maximal operators as well
as of the strong maximal operator. Our techniques will be rather classical,
relying on the above estimates for the geometric strong maximal operator as
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well as the ideas behind the general transference principles of Calderén. We
will also indicate intriguing directions for future work regarding Solyanik
estimates in ergodic theory.

It is interesting to observe that, although the Solyanik estimate for the
Hardy-Littlewood maximal operator was first observed and proven only
about twenty years ago, the corresponding Solyanik estimate for one-para-
meter ergodic maximal operators has been known since the infancy of er-
godic theory. In particular, let T' be a measure preserving transformation on
a probability space (§2, X, 11). We may associate to T' the maximal operator
T* defined by

N—
T f(w) := su f(T9w)
() = sm z;
Then 1
pl{w € 2:T"f(0) > a}) < = [ |f]d
2

This result goes back to Wiener [12] and Yosida and Kakutani [13]. One
may consult Petersen [I0] for a more recent presentation of a proof of this
result. This directly implies that

. 1
p{w € 2:T"xp(w) > a}) < —u(E),
and hence
lim sup —pu({we N:T* w) > al) =1.
Jim - sup M(E)u({ xE(w) > a})
n(E)>0

However, this estimate may not be iterated to directly achieve Solyanik
estimates for multiparameter ergodic maximal operators, in particular for
ergodic maximal operators associated to multiple measure preserving trans-
formations. Using additional ideas we will show that Solyanik estimates
for multiparameter ergodic maximal operators do indeed hold. For speci-
ficity, we will now explicitly define analogues of the centered and uncentered
Hardy-Littlewood maximal operators in the ergodic setting, and state three
associated theorems regarding the Solyanik estimates; the proofs constitute
the following four sections of this paper.

We first introduce appropriate collections of sets in R™ which we will
use in order to define our ergodic maximal operators. These collections will
be liberally called bases, and will be used throughout the paper. Being very
specific, in this paper a basis in R™ will be a collection of bounded open
subsets of R™ containing the origin. We will be giving close consideration to
three particular bases and accordingly give them special notation.

DEFINITION 1.4. We denote by Bg the collection of all open rectangles in
™ which contain the origin and have sides parallel to the coordinate axes,
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by Buyp the collection of all open Euclidean balls in R™ which contain the
origin, and by Bhi  the collection of all open Euclidean balls in R"™ which
are centered at the origin.

Let now B be a basis in R™. We will consider three types of maximal
operators associated with B together with their associated Tauberian con-
stants.

DEFINITION 1.5. Let B be a basis in R".
(i) The geometric mazimal operator Mp associated with B is defined
on f € Ll (R") as

Mss () = sup Slf(w+y)|dy, z € R™

5Bl 5

(ii) The discrete geometric mazimal operator Mg associated with B is
defined on f € L (Z") as

- 1
Mg f SUP — fm+g)l, meZ"
(m) = reB #(RNZ") j:(jh,,.,jZH:)GRﬂZ" ’ !

(iii) Let Uy, ..., U, be a collection of measure preserving transformations
on a probability space (2, X, 1). The ergodic maximal operator My
associated with B is the maximal operator defined on f € L(§2) as

. . .
Mg f(w) = sup ————— fUf - Urw)l, we 2.
Bfw ReB #(RRN Zn)j:(jl ,,,%;)ERHZ’” 1

For these geometric, discrete, and ergodic maximal operators there is a
natural definition of the corresponding sharp Tauberian constants. We make
this precise below.

DEFINITION 1.6. Let B be a collection of bounded open subsets of R™
containing the origin and let 0 < o < 1. The Tauberian constants associated
to the maximal operators Mg, Mg, and My are defined respectively by

Cg(a) = sup {z € R" : Mpxg(z) > o},
ECR™ |E’
0<|E|<o0
Cgla) = su
() e #E
O<#E<oo

—#{meZ": MBXE( ) > al,

1

Ci(a) = sup we 2 : Mixpw) > al).

o) = sup ] Bxe() > o))
w(E)>0

REMARK 1.7. As noted before, in this paper we will be primarily inter-

ested in the bases Bs, BHL, and Bu ¢, corresponding to the strong maximal



198 P. HAGELSTEIN AND I. PARISSIS

operator, the uncentered Hardy—Littlewood maximal operator, and the cen-
tered Hardy-Littlewood maximal operator, respectively. As a convenient
shorthand notation, we will denote the ergodic maximal operators Es’
By » and M Lo respectively by Mg, M;:L, and l\/lHL We will also denote
the discrete maximal operators MBS, MBHL, and l\/IBHL respectively by I\/IS,
M, and My c.
The same notational conventions will be consistently applied for the
Tauberian constants corresponding to the bases Bs, By, and By ¢ in both
the ergodic and discrete contexts. Thus we will have

Cs(a) :=Cp(a) = sup ——=#{xecZ": Ms(z) > a},

ECZ™ #E

O0<#E<oo

Chi(a) := Cpy (a) = sup #IE#{:U €Z" : My, (z) > o},

0<#E <0

CHL’C(Q) = CBHL,c(a) = sup —H#{zxeZ": I\/IHLC( ) > at,

ECZ™ #E

O<#E<oo

1
Ci(a) :=Ch(a)= sup —u({w € 2: Mixp(w) > a}),
s(a) = Cpy(a) sup M(E)“({ sxe(w) > a})
w(E)>0

1

() =Ch (a) = su we:M > al),

hL (@) BHL( ) EC% M(E) n({ hLxE(w) 3]
w(E)>0

1

HLe(a) =Cx . (a)= sup ——p({w e 2: Mjj xE(w) > a}).

HL,( ) BHL’C( ) EC% u(E)M({ HL, XE(w) )
n(E)>0

The following theorems are the main results of this paper, and provide
the ergodic-theoretic Solyanik estimates for the ergodic strong, centered,
and uncentered Hardy—Littlewood maximal operators, respectively.

THEOREM 1.8. The sharp Tauberian constants C&(a) satisfy

lim C(a) =1.
a—1-
In particular,
Cé(a) =1 S (1/a— )"
for a sufficiently close to 1.
THEOREM 1.9. The sharp Tauberian constants Cjy . satisfy
lim Cjy (o) = 1.
a—1
HLc(@) =1 Sn1/a—1
for a sufficiently close to 1.

In particular,
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THEOREM 1.10. The sharp Tauberian constants Cjy (o) satisfy
lim Cf (a) =1
a—1—
In particular,
fL(0) 1 S (1o — 1)t

for a sufficiently close to 1.

2. Notation. We use the letters C, ¢ to denote positive numerical con-
stants whose value might change even in the same line of text. We indicate
the dependence of some constant C' on a parameter n by writing C),. We use
the notation A < B whenever A < CB. If the implicit constant depends on
some parameter n, we write A <, B.

3. Transference of Solyanik estimates. The purpose of this section
is to provide a general transference principle that will enable us to transfer
Solyanik type estimates for discrete maximal operators acting on L'(Z") to
their ergodic counterparts.

THEOREM 3.1. Let Uy,...,U, be a collection of commuting measure pre-
serving transformations on a probability space (£2, X, ) and B be a collection
of nonempty bounded open subsets of R™. Let Mg and My be the discrete
and ergodic mazimal operators as above, and Cg(a) and Ci(a) their respec-
tive sharp Tauberian constants. For every 0 < a < 1 we have

Ci(a) < Cp(a).

Proof. We proceed by taking advantage of transference principles devel-
oped by A. P. Calderén [2]. Let E be a measurable subset of {2 and 7' > 0.
We associate with F the function Fgr on §2 x Z™ given by

FE’T(w,t) = XE(UP oo U:LnW)X(_T7T)n(t), w € Q, t = (tl, A ,tn) ez
Note that for fixed t € (=T, T")" the functions Fg r(-,t) and xg are equimea-

surable on (2.
Fix w € 2 and let > 0. Also let R € B be such that R C (—r,r)". If

m=(my,...,my,) € Z"N[-T,T]", we can write
1 - .
> e Uw)
J=(01,-.jn)ER

1 : )
=on 2 eI Uy )

j:(jla"'vjn)ER .
X X(=r=Tr+T)" (m + ])

1 -m -m :
= ﬁ Z FE,T+T(U]_ 1Un "w,m-l—j)
]:(]1,,]n)€R
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using the hypothesis that Uy, ..., U, commute. Defining the discrete maxi-
mal operator Mg, by

- 1 | |

Mg, f(x) == Is%u% ﬁ Z |f(x1+ 71,20 + Jn)l,
RECoryn T (tdn)ER ( .
r=(T1,...,Tp) € ,

and the ergodic maximal operator My - by

Mz, f(w) == sup #R Z ]f(U{l U, we

RC](DLEST)n (J1,-Jn)ER
we have
Mg, x5 (W) = Mg, Fpror (U™ - Uy ™ w, )] (m).
Now, using the fact that Uy,...,U, are measure preserving together with

Fubini’s theorem we can conclude that for any r,T € N we have

p{w e 2: MZ’TXE(W) > a})

T T
2T + 1) mlz_:_ Z_:_TM {we 2: Mg, xp(U™ - Ul'"w) > a})
T T
2T +1)n z:: ZT p({w € 2: Mg, Fgrir(w,-)](m) > a})
= (2Ti1)n (S)#{m € Z" N[-T,T1" : M, Frrir(w,)](m) > a} du(w)
1 -
=@ersyr é#{m € 27 : Mx, 1., (m) > a} du(w)
where

Eorw ={teN"N(—r—T,r+T)": U - Urw € E}.

By the definition of the sharp Tauberian constant Cg we thus conclude that

p({w € 2: Mj,xp(w) > a}) < C(0)#Er 1. dp(w)

1
2T + 1)" é}

(27 +2r +1)" -

< S Caen(E)

by another application of Fubini’s theorem. Letting 7" tend to infinity yields
i({w € 2 Mp,xp(w) > a}) < Csla)u(E).
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Subsequently letting r tend to infinity shows that
n({w € 2: Mxe(w) > a}) < Ca(a)u(E).
Hence Cj(a) < Cp(a). =

4. Solyanik estimates for the ergodic strong maximal operator.
The proof that follows utilizes the transference principle developed in the
previous section, together with the Euclidean counterpart of the desired
estimate, contained in Theorem

Proof of Theorem[I.8, We now establish the desired Solyanik estimates
for the ergodic strong maximal operator Mg associated with some collection
of commuting measure preserving transformations Uy, ..., U, on a probabil-
ity space (£2, X, ). Remember that M = Bs Where Bs denotes the collec-
tion of open rectangles in R™ that contain the origin and have sides parallel
to the coordinate axes. By the transference theorem of the preceding section,
it suffices to prove an equivalent Solyanik estimate for the corresponding dis-
crete strong maximal operator Ms acting on functions on Z". We will obtain
such Solyanik estimates by taking advantage of known Solyanik estimates
for the geometric strong maximal operator Mg acting on functions on R",
given by Theorem

To that end, recall that Mg is given by

- 1
Msf(m):= sup ————— fim+j)|, mezZ",
(m) 0cReRr» #(RNZ") =i ._%emzn Il )

where the supremum is taken over all open rectangles in R” containing the
origin whose sides are parallel to the coordinate axes.

To each set E C Z" we associate a set E C R" defined by

XE(®1, .- xp) = xp(le], -0 [2n]), (21,...,2,) €R™

Here, for z € R we denote by |z] the greatest integer not exceeding z. With
this definition we have

#8= > |[Llkde+1|=BL
(71,5 )EE F=1

Let m = (mq,...,my) € Z™ and R € Bs. For any set E C Z™ we have

1 1
T D Xp(m i) = s Y S xe(lu]) du
#(RNZ") "7 IO R T sttt

ml
™m /
R,
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where R/, C R" is a rectangle in R™ whose sides are parallel to the axes with
Ry, 2 Ry v= (ma,mq + 1) X -+ X (mp, mp + 1). Note that infg, Msxp >
Msxg(m). Defining E, := {m € Z" : Msxz(m) > a} we thus have

#E0=| J Rn| < Hz€R": Msxu(@) > a}| < Cs()| E| = Cs()#E
meFEq,

by the definition of Cs(c) and the fact that #F = |E|. Thus, recalling that
Cs(g) denotes the sharp Tauberian constant with respect to « associated
to Mg, we have proven that Cs(a) < Cs(a) for all @ € (0,1). Now the
transference result of Theorem [3.1] together with the Solyanik estimate for
the strong maximal function of Theorem implies that

Ci(a) — 1< Cs(@) =1 Sp (1/a—1)Mm

for « sufficiently close to 1. =

5. Solyanik estimates for the centered ergodic Hardy—Little-
wood maximal operator. The proof below relies again on the transfer-
ence principle of Theorem

Proof of Theorem . Recall that |\~/|H|_7c is the discrete centered Hardy—
Littlewood maximal operator defined on L!(Z") by

~ 1
Wcelm) = sp b S+, mez
¢ BeBHL #(B n Z”) j=(j17--wjzn)€BnZn

We will show that |\~/I|.||_7C satisfies the Solyanik estimate
Chtela) =1 Sp 1/a—1

for « sufﬁcigntly close to 1. Recall that CHL’C(a) is the sharp Tauberian
constant of My ¢ associated with o as defined in
~ Fixnow 0 < a <1, and let £ be a nonempty finite subset of Z". Setting
Ey :={m € Z" : My cx;(m) > a} it is easy to see that E, is a finite set.
Then, for each m € E, there exists a Euclidean ball B™ € R™ such that

1 -

weB™NZ™ meEq

By the Besicovitch covering theorem (see e.g. [9]), there exists a subcollection

{Bj}é-v:l C {B™},cp, such that Eq CJ; B;NZ" and }; xB, < Apn, where

A, > 0 is a dimensional constant. We can now estimate
#Eo <H#E+#| JBNZYV\E<#E+Y #(B;NZ")\ E
J J

l—«

S#E+1_—QZ#Bij§#E+An #E.
“
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This shows that Cyi (@) < 1+ A, (1 — a)/a. Now Theorem implies that
ChiLe(@) =1 < Cuiel@) =1 Sn (1 - a)/a,

as we wanted to show. =

6. Solyanik estimates for the uncentered ergodic Hardy—Little-
wood maximal operator. Once more, the reasoning below follows the
familiar pattern of proving a corresponding result for a suitable discrete
geometric maximal operator and then using the transference principle of

Proof of Theorem[I1.10, Let us consider the discrete uncentered maximal
operator My defined on L'(Z") by

- 1
MuLf(m) = sup —————r— E |fim+37)], meZ".
sesa FBOLY) |, Senrar

We will show that My, satisfies the Solyanik estimate
Chi(a) =1 <, (1o — )Y/ (nnt1)

for « sufficiently close to 1, where CHL(a is the sharp Tauberian constant
of |\7IHL associated with « as defined in

Fix now 0 < a < 1, and let E be a nonempty finite subset of Z".
Set E, := {m € 2" : MHLXE(m) > «}. We may assume without loss of
generality that B, \ E # (.

Suppose that m € E, \ E. Then there exists a Euclidean ball B,, C R”
such that m € B,, and

1
Iz 2 x>

wWE By, NZ™
Furthermore, since m € B, N Z" \ E # 0 we have the elementary estimate

_ #(B,NZVNE _ #(BnNZ") -1
«

#(BnNZ») — #(B,NnZ")
and thus #(B,, N Z") > (1 — a)~!. Letting ¢,, denote the center of B,, and
rm denote the radius of B,,, we find by elementary geometric considerations
that

U (w+[-1,1)™) C Blem,Tm + V1),

WE B NZ"
where B(c,r) denotes the open ball in R™ of radius r centered at c. Moreover,

Blem,rm—vn)C | (w+[0,)").

we By, NZ"
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So
Cn(rm - \/ﬁ)n < #(Bm N Zn) < Cn(Tm + \/ﬁ)n
for some dimensional constant C,, > 0.

Just as previously, associate now to the discrete set E C Z" the set
E C R" defined by

XE<t1, R ,tn) = XE(UH?' ce Lth), (tl, R ,tn) e R".
Observe that
B(m,v/n) C B(¢m,™m + Vn)

so that for all y € B(m,+/n) we have

#(E N By,) o o HBnNZ")
Cn(rm + vn)" Cn(rm + vn)"
o Cnlrm = V)™ a(’%—\/ﬁ)"

Co(rm + /)" TmtVn)
Note that Cy(rm + vn)" > #(B, NZ") > (1 —a)~! and thus r, >
(Cr(1 — )~ Y™ — \/n. Thus the previous estimate implies that
(Cu(l —a)~V" —2yn
(Cn(l =)V +y/n

MuLxe(y) >

MuLxe(y) > a(

We conclude that

>n:: c(a,n), Yy € B(m,/n).

mEEa\E = MyLxe > c(ayn) on (my,mi+1) X+ X (my,, mp+1) = Q.

Suppose on the other hand that m € E N E,. Then Q,, C E, and thus
MyL x g is identically 1 on Q.

Combining the estimates and observations above, we see that if m € F,
we must have My xg(x) > ¢(a,n) on Q,,. Hence

#Ea = ‘ U Qm‘ < |{l‘ eR™: MHLXE(x) > C(Oé,’rl)}|
meEEq
< Chi(e(@,n))|B| = Cuc(e(a, n))#E.
This proves
CHL(Oé) < Ch(ce(a,n)).

It is obvious that lim,_,;- ¢(a,n) = 1. Thus, if « is sufficiently close to 1,
depending only upon the dimension n, Theorem [1.2] implies

Chi (@) — 1 Su (1= cla,m)) /D),
By direct computation one may show that

(1 — (o, n))V/ D) < (1 — )/ O+ g 0 17,
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Thus the previous estimate together with the transference principle of The-
orem [3.1] shows that

(@) = 1< Cuula) =1 S0 (1= e(a,n)/ 0D 5, (1 — )t/ (1)

for « sufficiently close to 1, as desired. =

7. Future directions for research involving Solyanik estimates
in ergodic theory. Our original foray into the topic of Solyanik estimates
in ergodic theory has been promising, and we close here with some problems
that we believe to be appropriate directions for future development in the
subject.

PrROBLEM 7.1. In this paper we have been concerned with ergodic av-
erages associated to discrete sums. It is natural to consider whether or not
there exist Solyanik estimates associated to maximal operators correspond-
ing to measurable flows {T%} on a probability space (£2,X,u). Solyanik
estimates in this scenario involve substantial technical issues not treated in
this paper, although we look forward to considering this topic on a later
occasion. We wish to thank the anonymous referee for suggesting this line
of inquiry.

PROBLEM 7.2. An intriguing question is whether the exponent ﬁ
occurring in the Solyanik estimate of Theorem is sharp, in particular
holding for all choices of commuting measure preserving transformations
Ui, ...,Uy,. Indeed, we do not know if the exponent 1/(n + 1) is sharp for the
Solyanik exponent associated to Cyi () given in Theorem The problem
of the optimal Solyanik exponent is discussed in detail in [4], where evidence
is given that suggests the optimal exponent might be as large as 1/n or

possibly even 2/(n + 1).

PROBLEM 7.3. It is natural to ask, provided B is any sort of reason-
able basis, whether or not ergodic Solyanik estimates must hold for Cj(«).
In particular, if B is a basis consisting of convex subsets in Z" such that
Ci(a) < oo for every 0 < o < 1, must

lim Cx(a) =1

a—1~
hold? It is highly unlikely that the convexity condition can be dispensed
with; see [I] for comments regarding bases of nonconvex sets in R™ for
which Solyanik estimates for the associated geometric maximal operators
are known not to hold.

PROBLEM 7.4. It is not hard to see that for certain choices of commut-
ing measure preserving transformations Uy, ...,U, on a probability space
(£2, X, 1) one might obtain especially good Solyanik estimates for Cj(c).
Indeed, consider for example the case Uy = --- = U, = Id where Id is the
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identity operator. It is natural to consider collections of transformations
Ui, ...,U, which yield the worst possible Solyanik exponent associated to
a given basis. We suspect that, in many cases, the worst possible exponent
may be obtained by requiring that Uy, ..., U, be nonperiodic in the sense of
Katznelson and Weiss [§]. It would be natural to first test this hypothesis in
the special case that B is the relatively well-understood basis By or Bs, and
very likely the techniques devised by Hagelstein and Stokolos [7] on sharp
transference estimates would be helpful here.

PrROBLEM 7.5. The authors have recently shown [5] that Solyanik esti-
mates may be used to establish smoothness results for the functions Chy («)
and Cs(a) on (0,1). In particular, both functions lie in the Holder class
C'/"(0,1). It is natural to consider whether or not, in the ergodic setting,
the Tauberian constants Cj;, (o) and C¢(a) satisfy Holder continuity esti-
mates or are possibly even differentiable or smooth.
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