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Compactifications of w and the Banach space ¢
by

Piotr Drygier and Grzegorz Plebanek (Wroclaw)

Abstract. We investigate for which compactifications yw of the discrete space of
natural numbers w, the natural copy of the Banach space co is complemented in C'(yw).
We show, in particular, that the separability of the remainder yw \ w is neither sufficient
nor necessary for ¢y to be complemented in C'(yw) (the latter result is proved under the
continuum hypothesis). We analyse, in this context, compactifications of w related to
embeddings of the measure algebra into P(w)/fin.

We also prove that a Banach space C'(K) contains a rich family of complemented
copies of ¢op whenever the compact space K admits only measures of countable Maharam

type.

1. Introduction. If X is a Banach space and Y is a closed subspace of
X then Y is said to be complemented in X if there is a closed subspace Z of
X such that X =Y & Z. This is equivalent to saying that there is a bounded
linear operator P from X onto Y which is a projection, i.e. Po P = P.
Recall that typically, unless a Banach space X is isomorphic to a Hilbert
space, there are many closed uncomplemented subspaces of X.

The classical Banach space ¢y plays a special role when we speak of
complementability: by Sobczyk’s theorem [29] every isomorphic copy of ¢
is complemented in any separable superspace. Cabello Sanchez, Castillo
and Yost [6] offer an interesting discussion of various proofs and aspects
of Sobezyk’s theorem; see also the survey paper by Godefroy [20].

Complementability of isomorphic copies of ¢y has been investigated for
nonseparable spaces. A Banach space X is said to have the Sobczyk property
if every subspace of X isomorphic to ¢y is complemented in X. Molto [25]
singled out a certain topological property of the weak® topology in X* en-
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suring that X has the Sobczyk property. Correa and Tausk [I1] proved that
the space C'(K) has the Sobczyk property whenever K is a compact line,
considerably generalizing an earlier result from [26], showing that isometric
copies of ¢y inside C(K), with K being the double arrow space, are always
complemented; see also [2], [7], [17], [19] for related results.

Let yw be a compactification of the discrete space w of natural numbers.
Then ¢ can be naturally identified with the subspace Y of C(yw), where

Y ={feClw): flhw\w) =0},
simply by identifying the unit vector e, in co with x,3 € C(yw). We shall
call the space Y the natural copy of ¢y in C(yw). We also use the following
terminology.

DEFINITION 1.1. We say that a compactification yw is tame if the natural
copy of ¢y is complemented in C(yw).

The main problem considered in the present paper may be stated infor-
mally as follows.

QUESTION 1.2. Which compactifications yw are tame?

Note that every metrizable compactification yw is tame because C(yw) is
then separable and every copy of ¢y is complemented in C'(yw) by Sobczyk’s
theorem. On the other hand, the maximal compactification Sw is not tame:
C(pw) is isometric to lo, and by Phillips’ theorem [27], ¢y is not comple-
mented in ls. In fact, C(fw) is a Grothendieck space, so it contains no
complemented copies of ¢y (see the next section). Note also that if we have
two comparable compactifications yjw < 7ow, in the sense that there is a
continuous surjection yow — yjw that does not move points of w, then yw
is tame provided yow is. Thus tame compactifications form a natural sub-
class of all compactifications of w, and Question [I.2] calls for a reasonable
characterization of tameness.

Question has been motivated by Castillo [§] and by conversations
with Wiestaw Kubis§ and Piotr Koszmider. In particular, W. Kubis observed
that if yw is tame then the remainder yw \ w must carry a strictly positive
measure (see Section , and asked if the converse holds.

The paper is organized as follows. In Section [2] we recall the standard facts
related to complementability of ¢g. In Section [8|we introduce the terminology
and notation concerning Boolean algebras and finitely additive measures and
then translate facts from Section [2] to the setting of the paper.

In Section [ we consider compactifications of w defined by subalgebras 2
of P(w) containing all finite sets and such that the quotient map 2 — 2(/fin
admits a lifting. We prove in particular that every separable zerodimensional
compact space is homeomorphic to the remainder of a tame compactification
(Theorem [4.3)).
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Our main results read as follows:

(1) If a compactification yw is related to an embedding of the measure
algebra into P(w)/fin then yw is not tame (Theorem [5.2)). Since in
that case yw \ w is homeomorphic to the Stone space of the measure
algebra, yw\w does carry a strictly positive measure. A related result
on such yw is Theorem [5.6]

(2) Under CH there is a tame compactification with a nonseparable re-
mainder (Theorem [6.1)).

(3) There is a nontame compactification of w with a separable remainder
(Theorem [7.1J).

The conclusion is that, as it seems, the tameness of yw is not directly
related to simple topological properties of yw \ w. In fact, a tame compactifi-
cation may have the same remainder as another nontame one (Corollary.

We have not been able to prove (2) above in the usual set theory; it is likely
that for our argument we can relax CH to the assumption b = ¢. However,
Borodulin-Nadzieja and Inamdar [5] have recently proved (2) without any
set-theoretic assumptions by a completely different approach, at the same
time answering a problem posed in [I5].

In the final section we prove a general result on C'(K) spaces containing
complemented copies of ¢y. Theorem says that if a compact space K has
a certain measure-theoretic property then every isomorphic copy of ¢y inside
C(K) contains a complemented subcopy of ¢p. Our result is related to the
work of Molt6 [25] and Galego and Plichko [19].

The referee has pointed out that Question [1.2]is partially connected with
the question whether for every nonmetrizable compact space K, the Banach
space C'(K) has a nontrivial twisted sum with ¢y (see Castillo [9] and Correa
and Tausk [12]). We shall investigate that aspect elsewhere.

2. Preliminaries. In the following, K (possibly with some subscript)
always denotes a compact Hausdorff space, and C(K') stands for the Banach
space of (real-valued) continuous functions on K equipped with the usual
supremum norm. The dual space C'(K)* is identified with the space M(K)
of all signed Radon measures of bounded variation defined on the Borel
o-algebra on K. For € M(K) and f € C(K) we write u(g) = §, f du for
simplicity. Recall that every u € M(K) can be written as y = ut—pu~, where
ut, u~ are nonnegative orthogonal measures. Then |u|, the total variation
of p, is defined as |pu| = p* + p~, and the norm of u is ||u|| = |u|(K). If
x € K then 0, € M(K) denotes the probability Dirac measure at x. The
basic facts on C(K) and M(K) may be found in Albiac and Kalton [I] or
Diestel [13].
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The following well-known lemma, establishing a connection between se-
quences of measures on K and complementability of ¢y in C'(K), originates
in Veech’s proof of Sobczyk’s theorem [30]. Here we write d(n, k) for the
Kronecker symbol.

LEMMA 2.1. Let T: ¢y — C(K) be an isomorphic embedding and let
Ten, = @pn. Then the following conditions are equivalent:

(1) Tleo] is complemented in C(K);

(ii) there exist bounded sequences (fin)n and (vp)n in M(K) such that
o vp(pr) =0 for alln,k € w,
 tinlion) = 8(n, k) for all n,k € w,
® (i, — vp — 0 in the weak™ topology.

Proof. To prove (ii)=-(i) define P: C(K) — C(K) by
Pf= Z(,“n —vn)(f) - on-

new

Then P is easily seen to be a bounded projection from C(K) onto T'[co).

For the converse, consider the dual operator T%: M(K) — ¢ = [;. Since
T is an isomorphic embedding, 7™ is a surjection, so for each e} = e, € [;
there exists u, € M(K) such that T*u, = €}, and the sequence of p,, is
norm bounded. We have T™(uy)(ex) = € (ex) = d(n, k) and T (un)(ex) =
tn(Ter) = pn(ek), so pn(pr) = d(n, k). For every n define v, € M(K)
by setting v, (f) = pn(f) — pn(Pf) for f € C(K). Then v, vanishes on
P[C(K)], and for every f € C(K), taking x € ¢y such that Tz = Pf, we get

tin(f) = vn(f) = pn(Pf) = pn(Tx) = e, (x) = 0,
as required. m
Here is the most obvious illustration of the previous lemma.

COROLLARY 2.2. If K contains a nontrivial converging sequence then
C(K) contains a complemented copy of cp.

Proof. Let (x,)y be a sequence in K converging to = € K and such that
xn # x for every n. Then it is easy to construct a pairwise disjoint family
{U,, : n € w} of open subsets of K such that z,, € U, for each n € w.

For every n we can find a continuous function f, : K — [0, 1] such that
fn(zy) = 1 and f,, vanishes outside U,,. Now if we define T': ¢y — C(K)
by Te, = f, then T|cg] is complemented in C(K). Indeed, we can apply
Lemma with p, = 5, and v, = 0, for every n. m

The way we stated Lemma [2.1] is motivated by its application to com-
pactifications of w.
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COROLLARY 2.3. A compactification yw is tame if and only if there exists
a bounded sequence (vy), in M(qyw) such that |vy|(w) = 0 for every n and
Up — 6, = 0 in the weak™ topology.

Let us recall that the tameness of yw is directly related to the existence of
a certain extension operator. If L is a closed subspace of a compact space K
then an extension operator E : C(L) — C(K) is a bounded linear operator

such that E(f)|L = f for every f € C(L); see Avilés and Marciszewski [3]
for a recent result on extension operators and for related references.

LEMMA 2.4. A compactification yw is tame if and only if there is an
extension operator C(yw \ w) = C(yw).

Proof. Suppose that P : C(yw) — ¢p is a bounded projection (where ¢
is identified with its natural copy inside C(yw)). For f € C(yw \ w) take
any extension g € C(yw) of f and define E(f) = g — Pg. Note that E(f)
is uniquely defined: if ¢’ € C(qw) is another extension of f then ¢’ — g
vanishes on the remainder, so ¢’ — g € ¢g and P(¢' — g) = ¢’ — g, that is,
g —Pg =g-Pg.

Suppose now that F : C(yw\w) — C(yw) is an extension operator. Then
Pg =g — E(g|yw \ w) defines a projection from C(yw) onto cy. m

We shall now recall the notion of a Grothendieck space, which for C(K)
spaces means being anti-Sobczyk.

DEFINITION 2.5. A Banach space is said to be a Grothendieck space if
every weak* null sequence (z}), in X* converges weakly (i.e. z**(z}) — 0
for every z** € X**).

For the proof of the following see Cembranos [10].

THEOREM 2.6. Given a compact space K, the space C(K) is Grothen-
dieck if and only if C(K) does not contain a complemented copy of cy.

Recall that typical examples of Grothendieck spaces are [, and, more
generally, C'(K) spaces where K is an extremally disconnected compact space
(see [1] or [13]).

3. Boolean algebras and compactifications. We shall consider
mainly zerodimensional compactifications of w, and those are naturally re-
lated to Boolean subalgebras of P(w). If 2 is any Boolean algebra then
ULT(2A) denotes the Stone space of all ultrafilters on 2. If a € 2 then @ is
the corresponding clopen set in ULT(2l), that is,

a={xeuLr(A):aczx}.

A family U C p is a base of the ultrafilter p if every A € p contains some
U € U, in other words, if {U : U € U} is a local base at p € ULT().
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Let 2 be any Boolean algebra. Then ba(2l) will stand for the family of all
finitely additive measures p on 2 that have bounded variation, and baj ()
stands for the finitely additive nonnegative measures. We call any p € ba(2l)
simply a measure.

We now recall the following standard facts (see e.g. Semadeni [28, 18.7]).
Every u € ba; () can be transferred onto the algebra of clopen subsets of
ULT(2A) by the formula ji(a) = p(a), and then uniquely extended to a Radon
measure on ULT(A) (that Radon measure is still denoted by fi). Note that
the weak™ topology on a bounded subset of M(ULT(2()) may be seen as the
topology of convergence of clopen subsets of ULT(2(). Hence for a bounded
sequence fi,, in ba(2) we have [, — 0 in the weak* topology of M(ULT(2l))
if and only if p,(a) — 0 for every a € 2.

If A is a subalgebra of P(w) and 2 contains fin, the family of all finite
subsets of w, then ULT(2() is a compactification of w—we simply identify
points in w with principal ultrafilters on 2[. Consider the canonical quotient
map

A — A/fin, A>A— A® € A/fin.

There is a natural correspondence © — z’ = {A® : A € x} between nonprin-
cipal ultrafilters € ULT(2() and ultrafilters 2’ in ULT(2(/fin). We usually
identify x with 2/, so that ULT(2(/fin) becomes ULT(2() \ w and is seen as the
remainder of the compactification ULT(2() of w.

Using the terminology and notation introduced above we can rewrite
Corollary as follows.

LEMMA 3.1. Let A be an algebra such that fin C A C P(w). Then the
compactification ULT(A) of w is tame if and only if there exists a bounded
sequence (Vp)n in ba(2) such that

(i) vplfin =0 for every n, and
(ii) vp — 0 — 0 on A, that is, (v — 6p)(A) = 0 for every A € 2.
Note that in case A € 2 is infinite and co-infinite, condition (ii) above is

equivalent to

1.1 lm v, (A) =1, lim v, (A) = 0.
(3.1.1) nlergu() n1£14u() 0

We shall often enlarge a given algebra 2 C P(w) by adding a new set
X C w; let A[X] be the algebra generated by 2 and X. Then

AX] = {(ANX)U (A \ X): A, A €A}

If 4 € bay (A) then p, and p* denote the corresponding inner and outer
measures defined as

e (X) =sup{p(A): AeA,AC X}, p"(X)=inf{u(4): AcA, AD X}
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The following fact on extensions of finitely additive measures is due to
Los and Marczewski [24].

THEOREM 3.2. Given an algebra 2, p € bay () and any X, the follow-
ing formulas define extensions p1, pa € bay (A[X]) of p:

(AN X) U A\ X)) = (AN X) + ' (A X),
Ha((ANX) U (A'\ X)) = (AN X) + e (A X).

Consequently, for every t satisfying p.(X) < t < p*(X), there is an exten-
sion py € bay (A[X]) of u such that pu(X) =t.

The following lemma on convergence of extended probability measures
will be needed in Section [6l

LEMMA 3.3. Let 2 be an algebra such that fin C A C P(w) and let (vy)n
be a sequence of probability measures from bay (A) with v, — &, — 0. Further,
for every n, let v, € bay(A[X]) be any extension of vy. If Up(X) — 6n(X)
— 0 then vy, — 0p, — 0 on A[X].

Proof. We use (3.1.1)). For any A € 2, if n runs through A N X then
Up(X) — 1 and 7,(A) = vp(4A) — 1, 50 (AN X) — 1 (use vp(w) =
vp(w) =1).

Take any € > 0. Then v,(A) <eif n ¢ A and n > ng, and ,(X) < ¢
whenever n > ny and n ¢ X. Hence for n > max(ng,n1), if n ¢ AN X
then either n ¢ A and v,(ANX) <v,(A) <e,orn ¢ X and v,(ANX) <
Up(X) <e.

The convergence of (A \ X) may be checked in a similar way. m

A Boolean algebra 21 is nonatomic if every nonzero A € 2 is a disjoint
union of two nonzero elements of 2, which is equivalent to saying that uLT(2l)
has no isolated points.

Recall that a nonnegative measure u € ba(2l) is said to be nonatomic if
for every € > 0 there is a finite partition of 1g into pieces of measure < e.
A signed measure y is nonatomic if its variation |u| is nonatomic. We shall
use the following two simple observations.

LEMMA 3.4. Given a Boolean algebra 2 and a signed measure p on 2,
w is nonatomic if and only if inf{|u|(A): A € p} =0 for every p € ULT(),
or equivalently [t is a Radon measure on ULT(2L) vanishing on all points of
ULT(A).

If p is nonatomic on A, a € A and t < p(a) then for every e > 0 there
is b € A such that b < a and |u(b) —t| < e.

4. Liftings. Let 2 be an algebra such that fin C A C P(w). By a lifting
of the quotient map we mean a Boolean homomorphism p: 2(/fin — 2 such
that p(a)® = a for every a € A/fin. By the well-known duality between
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Boolean algebras and their Stone spaces, a lifting p: 2/fin — 2 induces a
continuous surjection

r: uLT(2A) — vLr(A/fin), r(z) = {a € A/fin: p(a) € x},

which is a retraction of the compactification ULT(2) of w onto its remainder.

Given some compactification yw admitting a retraction r onto yw \ w,
we have an obvious extension operator E : C(yw \ w) — C(yw) defined as
E(g) = g or. This leads to the following observation.

THEOREM 4.1. If fin C A C P(w) is an algebra such that the quotient
map A — A/fin admits a lifting then the compactification ULT(A) of w is
tame.

The following simple lemma enables us to define subalgebras of P(w)
admitting a lifting.

LEMMA 4.2. For an algebra 2 such that fin C A C P(w), the quotient
map A — A/fin admits a lifting if and only if there exists a Boolean algebra
B C P(w) such that every B € B\ {0} is infinite and A is equal to alg(B U
fin), the algebra generated by B and fin.

Proof. If p is a lifting then set B = p[2/fin]. For every nonzero a € 2/fin
the set p(a) is infinite because p(a)® = a # 0.

If 2 = alg(*B U fin) then, by the property of B, for any a € 2(/fin there
exists exactly one B, € B such that B} = a. Therefore we can define
p(a) = B, and p is the required homomorphism. =

Let us illustrate how Lemma [3.1] works in this context. Suppose that 2
is generated by B and fin, where every B € B \ {(} is infinite. For every n
consider the ultrafilter p, = {B € B : n € B} on B. Then p,, extends to the
nonprincipal ultrafilter x,, on 2, where

Tn={BAI:BE¢€p,,Icfin}.

Hence 6, — 0, — 0 on 2, since for every A € A we have d,,, (A) —9,(4) =0
for all but finitely many n’s.

Thanks to Theorem one can easily define relatively big tame com-
pactifications of w. Take for instance an independent family {B, : a < ¢}

in P(w) such that [ ¢, B is infinite for every finite 7 C ¢ and every
e: I — {0,1}. Then the algebra 2 generated by all B,’s and fin is such that
2l/fin has a lifting by Lemma[4.2} moreover, by Theorem[1.1] ULT(2) is a tame
compactification of w with remainder homeomorphic to the Cantor cube 2°.
This can be generalized as follows (recall that the space 2° is separable).

THEOREM 4.3. If L is a separable zerodimensional compact space then
there exists a tame compactification yw such that yw \ w is homeomorphic
to L.
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Proof. We write Clopen(L) for the algebra of clopen subsets of L. Let D
be a countable dense subset of L. We define an embedding ¢: Clopen(L) —
P(w) as follows. Take a partition {By : d € D} of w into infinite sets, and
for V' € Clopen(L) let

(V) = U By.
devnD
Then for U,V € Clopen(L), if o(U) = (V) then UND =V ND,soU = V.
It is easy to check that ¢ is indeed an isomorphic embedding of Clopen(L)
into P(w), and the algebra B = ¢ [Clopen(L)] has the property that every
nonempty B € ‘B is infinite.

Letting A be the algebra in P(w) generated by 8 and fin, we conclude
from Theorem that ULT() is a tame compactification. Moreover, its
remainder ULT(2(/fin) can be identified with ULT(B), which is homeomorphic
to uLT(Clopen(L)), so to L itself. m

We prove below that there is a compactification yw which is not tame but
~yw\w is separable (and zerodimensional). The conclusion is that tameness of
a compactification yw cannot be decided by examining topological properties
of yw \ w alone (below we write ~ for homeomorphism).

COROLLARY 4.4. There are two compactifications yiw and yow such that
yw \ w >~ yow \ w, while yaw is tame and 1w is not tame.

Proof. Take yiw as in Theorem [7.1] that is, a nontame zerodimensional
compactification with separable remainder L = yjw \ w. By Theorem
there is a tame compactification yow such that L ~ yw \ w, and we are
done. =

We finish this section by the following side remark. If fin C 2 C P(w)
is an algebra and the quotient map 2f — 2[/fin admits a lifting then the
algebra 2 /fin is o-centred, i.e. A /fin is a countable union of centred families.
Note that the converse does not hold: If we take 2l as in Theorem [Z.1] then
ULT(2l) is not tame, so A — A/fin does not have a lifting by Theorem
On the other hand, 2A/fin is o-centred since it is isomorphic to the clopen
algebra of a separable space.

5. The measure algebra. We start with the following observation due
to W. Kubis.

THEOREM 5.1. If yw is a tame compactification then its remainder car-
ries a strictly positive measure.

Proof. Take a sequence (v,), as in Lemma and consider p =
> 27 "vy|. Then p is a finite nonnegative measure on yw, and p(w) = 0.
Let U C yw be an open set such that U N (yw \ w) # (). Take a continuous
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function ¢g: yw — [0, 1] that vanishes outside U and g(xo) = 1 for some
zg € U \ w. Then the set V = {g > 1/2} contains infinitely many n € w.
Since vy, (g) — g(n) — 0 we conclude that v,(g) > 0 for some n, and this
gives

w(U) = p(g) = 27"l (9) > 0,
so the measure p is positive on every nonempty open subset of yw \ w. =

We show in this section that under CH there are nontame compactifica-
tions yw such that yw \ w carries a strictly positive nonatomic measure.

Let 9 be the measure algebra, that is, the quotient Bor[0, 1]/A, where
N is the ideal of Lebesgue null sets. We denote by A the measure on I
defined from the Lebesgue measure. Throughout this section we write S =
ULT(9N) for the Stone space of M, for simplicity. It is well-known that C(.S)
is isometric Loo[0, 1].

By the classical Parovichenko theorem, under CH there is an isomorphic
embedding ¢: M — P(w)/fin. Define A C P(w) as the algebra of all fi-
nite modifications of elements of p[9M] and consider the Stone space ULT(2).
Then ULT(2) is a compactification of w and its remainder is homeomorphic
to S. In Theorem we shall investigate the space ULT(2). Note first that
C(urr() \ w) = C(S) is a Grothendieck space, so it contains no comple-
mented copy of c¢g.

LEMMA 5.2. Let 2L be the above-defined algebra. For every family {A,, :
n € w} C A there is B € A which is an almost upper bound of that family,
in the sense that A, C* B for every n and BN A is finite whenever A € 2
is such that AN A, =0 for every n.

Proof. For every n take a, € 9 such that ¢(a,) = A}. The algebra I
is complete, so {a, : n € w} has the least upper bound b € M. Now B € A
such that B® = ¢(b) is as required. =

THEOREM 5.3. Let fin C A C P(w) be an algebra such that the space
uLT(A/fin) s homeomorphic to S. Then ULT(2) is a compactification of w
that is not tame.

Proof. By Lemma [3.1]it is enough to check that whenever (v,),, C ba(2l)
is a bounded sequence, where every v, vanishes on finite sets, then v, — d,
does not converge to 0. Suppose otherwise: let v,(A) — d,(A) — 0 for every
Aed

Note first that there is an infinite T° € 2 such that every v, is nonatomic
on the algebra Ay = {A € A : A C T} of subsets of T. Indeed, every v,
as a Radon measure on ULT(2), is concentrated on S and the set {z € S :
Un({z}) # 0} is at most countable (since |7,|(S) is finite; see Lemma [3.4)).
The space S is not separable, so there is a nonzero a € 9 such that v, ({z})
=0 for all n and x € a. Take T' € 2 such that T® = a; then T is as required.
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Fix ¢ = 1/8. Pick any A; € 2 such that A; C T and A;,T \ A; are
infinite. Since 6, (A1) = 1 for every n € Aj, we have limpea, vn(41) = 1.
Hence there exists n; € Ay such that v,, (A1) > 1 — €. Moreover, since the
variation of v, is finite, there exists an infinite D € 2 such that D; CT'\ A,
and |vp, |(D1) < €.

In a similar way, for every k > 1 there exist infinite sets Ay, Dy € 2 and
n1 < ng < --- such that

(a) Ar € Dy and Dy, C Dy \ Ay;

(b) Dg_1\ Ay is infinite;

(c) ni € A

(d) vn,(Ax) > 1—¢ and |vy,, |(Dg) < €.

Since all the measures v, are nonatomic on 7', by Lemma[3.4] for every k € w
there exists a set By € A such that By C Ay and |vy,, (Bg) — 1/2| < e.

As Ay are pairwise disjoint and ng € Ay, it follows from v, — 6, — 0
that there is an infinite NV C w such that for every k € NV,

w( U B <

j<k,jEN

(5.3.1)

Let B € 2 be an almost upper bound for {By, : k € N} as in Lemmal5.2]
Write, for simplicity, By = J Bj, and let B<j, be defined accord-
ingly. For any k € N we have

V”k(B) = Vnk(B<k’) + Vnk(Bk) + Vnk(B \ Bﬁk)>
where B\ B<j C* Dy. Using ((5.3.1), condition (d) and the fact that v,

vanishes on finite sets, we get
|Un, (B) —1/2| <3¢, so 1/8 <y (B)<T/8,

for every k € N (note that 1/2+ 3 =1/2+3/8 =17/8).

On the other hand, consider the set J = {k € N : ny € B}.If J is infinite
then v, (B) — 1 for k € J. If N'\ J is infinite, we should have v, (B) — 0
for k € N\ J, and in both cases this is a contradiction. m

j<k,jEN

We shall now prove that for 2 as in Theorem the space C'(uLT(2))
need not be Grothendieck. Consider the family ® of all subsets A C w having
the asymptotic density

d(A) =lim|ANn|/n.

Observe that d(A) does not depend on finite modifications of A C D, so we
can also treat d as a function defined on ® /fin.

In the proof of Theorem we shall use the following result of Frankie-
wicz and Gutek and a simple lemma.
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THEOREM 5.4 ([18]). Assuming CH there exists an embedding ¢: M —
P(w)/fin such that p(a) € D /fin and d(p(a)) = Aa) for every a € M.

LEMMA 5.5. There ezists a family {I,}necw of pairwise disjoint finite
subsets of w such that d(A) = limy, |A N I,|/| 15| for any A € ®.

Proof. Take any increasing sequence of integers k,, such that lim,, &k, /ky,+1
=0andset I, = {i € w: k, <i < kpt1}. Then {I,} is as required by
standard calculations. m

THEOREM 5.6. Under CH there is a compactification yw such that yw\w
~ S and C(yw) contains a complemented copy of cy.

Proof. We use an embedding ¢: 9 — P(w)/fin as in Theorem and
consider 2 as at the beginning of this section and in Theorem Take a
family of pairwise disjoint intervals I, as in Lemma 5.5 For every n € w let
fn = X1, € C(ULT()).

Set Y = lin(f,: n € w). Then Y is a closed subspace of C'(ULT(2l)) iso-
morphic to ¢g; the isomorphism is defined by setting e, — f,.

Now Y is complemented in C'(ULT(2l)); indeed, consider the measures

1
fin = Y 6; € bay ().
[1n] :
i€l
Then p,(fx) equals 1if k = n and 0 if n # k because I,, are pairwise disjoint.
Moreover, by Lemma pn, — d on 2, so we can apply Lemma .

6. Large tame compactification. This section is devoted to proving

THEOREM 6.1. Under CH there exists a tame compactification yw of w
such that yw \ w is not separable.

The desired compactification will be defined as ULT(), where 2 =
U, <w;, Ao, and the A, are countable algebras defined inductively. Lemma
describes the starting point of the construction; we only sketch its proof
since it closely follows the proof of Sobczyk’s theorem in Diestel [I3]. The
subsequent Lemma [6.3] contains the essence of the inductive step.

LEMMA 6.2. There exist a countable nonatomic Boolean algebra € C
P(w) and a sequence (vy,)y of nonatomic probability measures on B = alg(€U
fin) such that v,|fin = 0 for every n and v, — 6, — 0 on B.

Proof. There is an algebra € C P(w) isomorphic to Clopen(2*). We can
copy the standard product measure v on 2* onto € (and denote it by the
same letter). Set B = alg(€Ufin). Then we have a probability measure p on
B defined by u(C AI)=v(C) for all C € € and I € fin.

Since 9B is countable, ULT(8) is metrizable, so C(ULT(28)) is a separable
Banach space. Hence the unit ball M;(ULT(B)) is metrizable in its weak*
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topology, by some metric p. Denote by P the space of probability measures
on ULT(*B) that vanish on w.

It is not difficult to check that the set of nonatomic v € P is weak™ dense
in P: Consider for instance the convex hull of the family pc € bay(*B),
where uc(B) = (1/u(C)) - p(C' N B) and C € €. For every n we can choose
a nonatomic v, € P such that

p(Vn, 0p) < 2dist(0y, P).
Then v, — d,, — 0 in the weak* topology. m

LEMMA 6.3. Let B C P(w) be a countable Boolean algebra containing
fin. Moreover, suppose that

(i) we are given a set {p; : j € w} of nonprincipal ultrafilters which is
dense in ULT(B/fin);
(il) (Vn)new 1S a sequence of nonatomic probability measures on B;
(iii) vn(I) =0 for every I € fin and every n;
(iv) vp — 6 — 0 on B.

Then there exists an infinite set X C w such that

o for any extension p; of p; to an ultrafilter on B[X] the set {p; : j € w}
is not dense in ULT(B[X]);

e we can extend every vy, to a probability measure v, on B[X] so that
Up — 6, — 0 on B[X].

Proof. Since B is countable, we fix an enumeration 8 = {By, B, ...}.
CrAIM. There are infinite sets A; € B and c(j) € w for j € w such that

(1) vo(Ay) < 27U+2) for all j € w;

( ) A € pj; .
(3) fm’ alli and n € w\ A; we have v, (A;) < 270+2);
(4

(5

) c(j) & Ay for all j,k;
) for every j either B; C Uy<; Ak or c(j) € Bj.

Proof of Claim. We proceed by induction on j. Suppose that we have
already constructed Ay, ..., A; and ¢(0),...c(j), and set m = max;<; c(i)+1
(of course we can additionally assume that 0 ¢ A;).

Since all the measures v; are nonatomic and p;; is a nonprincipal ultra-
filter, there is A € pj41 such that ANm = 0 and v;(A) < 2703 for every
i < m. Since vy(A) — 6,(A) — 0, the set F = {n ¢ A : v,(A) > 2703}
is finite. Define A; 11 = AU F'. Since v;(F') = 0 for every 4, (1) and (3) are
granted by the choice of A. Condition (4) holds since F Nm = (.

Now we can set ¢(j + 1) = 0 or choose ¢(j + 1) € Bji1 \ Up<jrg Ak, if
possible. This proves the Claim.
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We take the sets A; from the Claim and prove that the set X = {J; 4;
is as desired. We first check the following properties of X:

(a) For any B € B, if B C X then B C |J;.y A; for some N € w.

(b) w\ X is infinite.

(c) vi(X) =1 for every n.

(d) Timgx (7). (X) = 0.

To check (a) take any B; € B such that B; C X. Suppose that B; ¢
Ui<; Ai- Then c(j) € B, \X by (4) and (5), a contradiction.

Suppose w \ X is finite. Then X € B, since every finite set belongs
to B. By (a), X C [J,«n Ai for some N. Since vq is insensitive to finite
modifications of sets, by condition (1) we get

(W) = (X)) < yo( U AZ-> <3 2D < 1pp,

i<N i<N
which contradicts the fact that 1 is a probability measure on w.
(c) follows from the fact that for any n, if B € B and v,(B) > 0 then B
is infinite, so B € p; for some j and hence BNX # (). This proves v (X) = 1.
To prove (d) note that by (a) every B € B that is contained in X is in
fact contained in some finite union of A;’s; hence

(Vn)*(X) = sup Vn( U Az) .
N tien
Observe that by condition (3), if n ¢ X and k < N then
N N N
(6.3.1) A(VEHENACOED S R e ]
i=k i=k i=k

Using this estimate we can compute the limit of inner measures:

}Llér)l(l/n*(X> = hm supyn(U A)

N
< 713;1)1{ sup (l/n< L<JkAl> + v (ZL:J,C Al>)
< lién <Vn<iL<Jk Ai) + 2_(k+1)) (by )

n¢Xx
=l (U A) w2

But ;o Ai € B for any k € w, so lim,gx vn(U;o4, Ai) = 0. Since k is
arbitrary, this proves (d).

Once we know that X satisfies (a)—(d), we can check that X is indeed
the set we are looking for. For every j, let p; € ULT(*B[X]) be an arbitrary
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extension of p;. Because X O A; and A; € p;, we have X € p;. Thus the
infinite set w \ X omits all the ultrafilters p;, and so they are not dense in
ULT(B[X]/fin).

Now appealing to Theorem we define the measures 7, on B[X] ex-
tending v, so that

*

_ vi(X) forn e X,
(6'3'2) Vn(X) - {(yn)*(X) for n ¢ X.

Then for n € X we have v,(X) = v;(X) — 1, and for n ¢ X we have
Un(X) = (vn)+(X) — 0 by (d). Using Lemma [3.3) we conclude that o, — 4,
— 0 on B[X], and the proof is complete. u

We already have all essential ingredients to carry out a diagonal con-
struction leading to Theorem [6.1}

Proof of Theorem [6.1. Let 2y be the algebra from Lemma [6.2] and let
(), be a sequence of nonatomic probability measures on 2ly such that
v — 6, — 0.

We construct inductively, for & < w1, a sequence of countable algebras
e C P(w), sets X¢ C w and sequences (5)n of probability measures on A
such that

(i) Ag C A¢ for all B < € < wy;

(ii) 2[5 is generated by Ug<e ™ and Xe;
) v
)

(iii ]Ql/g = 1 for all n and b <&

(iv v — 6, — 0 on 2, for every &.

Then we consider the algebra A = U£ <w;, ¢, and for every n let p, be the

unique probability measure on 2 such that p,|A¢ = VS for B < &. It is clear
that p, —d, — 0 on 2, so ULT(2) is a tame compactification of w by Lemma
. Therefore it is enough to check that by a suitable choice of the sets X,
we can guarantee that ULT(2/fin) is not separable.

Using CH we fix an enumeration {D(§) : @ < w1} of all countable dense
sets in ULT (o /fin). At step § we let B = J,_,2a and consider a sequence
of measures v, defined on *B, where v, is the unique extension of v, a < &.
Then we apply Lemma to find a set X¢ such that (iv) holds for 2 =
B[X¢|, and at the same time X¢ witnesses that no extensions of ultrafilters
from D(§) are dense in ULT (¢ /fin).

It follows that ULT(2(/fin) is not separable. Indeed, if we had a countable
dense set D C urLr(/fin) then D = {z|y : = € X} would be dense in
ULT(p/fin). But D = D(&) for some £ < wy, and D(&) is not dense in
ULT(™U¢/fin). m
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7. Small and stormy. In this section we construct a relatively small
compactification yw which is not tame, in contrast to the compactification
from Section [6l

THEOREM 7.1. There exists a nontame compactification yw which is
first-countable and whose remainder yw \ w is separable.

We again construct a certain algebra 20 C P(w); this time the main idea
is to keep a fixed countable dense set of ultrafilters and to kill all possible
sequences of measures that would witness tameness.

We shall use the notion of minimal extensions of algebras introduced by
Koppelberg [22], which we now recall in the context of subalgebras od P(w).
The basic facts we list below can be found in [22] or [4].

If A C P(w) and X C w then A[X] is said to be a minimal extension of 2
if for any algebra B, if A C B C A[X] then either B = A or B = A[X]. This
is equivalent to saying that for every A € 2, either XNA €A or X\ A € 2.

If A[X] # A is a minimal extension then there is exactly one ¢(X) €
ULT(2A) that gets split in A[X], i.e. has two different extensions to elements
of ULT(A[X]); this is ¢(X) = {4 € A : ANX ¢ A}. Then every ultrafilter
p # q(X) has a unique extension to p € ULT(2[X]).

Given a sequence A, € 2 and p € ULT(2), it will be convenient to say
that A,, converges to p if every B € p contains almost all A,,.

LEMMA 7.2. If A[X] is a minimal extension of A and p € bay(2) does
not have an atom at q(X) then p has a unique extension to i € bay (A[X]).

Proof. For every € > 0 there is A € ¢(X) with u(A) < e. Then B =
X\AeA soBC X CB; =BUA, where B,B; € 2 and p(B; \ B) < e.
This shows that p.(X) = p*(X) must be equal to (X) whenever i is a
nonnegative extension of u. We can repeat this argument with A N X and
A\ X for A € 2 to conclude that ft = p* = p, on A[X]. =

LEMMA 7.3. Let B8 C P(w) be an algebra containing fin with B /fin
nonatomic. Let C = {p; : j € w} be a dense subset of ULT(B/fin). Further
let

(i) g € uLT(B/fin) \ C be a point of countable character;
(ii) (nk)x be a sequence on w such that niy — q (in ULT(B));
(i) (Bg)g and (D) be sequences in B of infinite sets that converge to
q with B, N Dj =0 for all j, k.
If we let
X:{nk:k‘Ew}UUBk,
k

then B[X] is a minimal extension of B and only ¢ = q(X) may be split in
B[X]. Consequently, every p; has a unique extension to an ultrafilter p; on
B[X], and C = {p; : j € w} is dense in ULT(B[X]/fin).
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Proof. For every B € q, we have X \ B € B since By U {ny} converges
to g. Hence B[X] is a minimal extension.

To complete the proof we have to check the density of 5’, i.e. that for
every B € B, if BN X is infinite then BN X € p; for some j, and if B\ X
is infinite then B\ X € p; for some j.

Take B € ‘B such that B N X is infinite. If B € ¢ then By C BN X
for some k, and taking j with By € p;, we get BN X € p;. If B ¢ ¢ then
BNX e (by (i) and (iii)), so BN X € p; for some j.

Suppose now that B\ X is infinite. If B ¢ ¢ then B\ X € B, as above.
Finally, if B € ¢ then there is k such that Dy C B. Then Dy C B\ X by (iii),
and taking j with Dy, € pj, we get B\ X € pj, so the proof is complete. =

The lemma below constitutes the essence of the inductive step.

LEMMA 7.4. Let B C P(w) be an algebra such that B /fin is nonatomic
and ULT(B/fin) is first-countable. Let (p;j); be a sequence of nonprincipal
ultrafilters on B such that the set C = {p; : j < w} is dense in ULT(B /fin).
Suppose also that (vy)n is a sequence of measures on B such that vy, |fin =0
for every n and v, — 6, — 0 on B. Then there exists a set X C w such that

(1) every pj has a unique extension to p; € ULT(B[X]) and the set {p; :
Jj <w} is dense in ULT(B[X]/fin);

(2) if vy, is an extension of vy, to a measure on B[X] and ||vy| = ||vnl|
for every n then 0, (X) — 6,(X) - 0.

Proof. We shall choose an ultrafilter ¢ on 8 and construct B, D, € ‘B
and numbers ny, as in Lemma [7.1]so that the set X = {ni,no,...} UU, Bn
satisfies condition (2). Then (1) is granted by Lemma [7.3]

Take a point ¢ in ULT(®B/fin) such that ¢ ¢ C, which is an atom of no
measure v,. Let {Uy : k € w} C B be a base at ¢ € ULT(*B). Choose also a
sequence (m;); in w such that m; — ¢ in ULT(B) and set N = {m; : i € w}.

We construct inductively Cy, Dg, Ve € B and np € N such that for
every k,

(a) Vk\(BkUDk) €qand By UDyp CV,, CUyg;

(b) ng € Vi1 2 Vi3

(c) BinDj; =0 for all 4, j;

(d) vy (Uj o1, By) < 1/k:

(€) [vn (Vi) <1/k.

The inductive construction is straightforward: if we have carried it out below
k then we set
B= |J B, D= |J Dj, V=ViaanU\(BUD)
j<k—1 j<k—1

Then V' € ¢, so V contains infinitely many m; (as m; — ¢), and among
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them we choose ny so that (d) holds (using v, — §, — 0). Then we choose
Vi, C V satisfying (e) (as ¢ is not an atom of v, ). Finally, we can choose
By, Dy, C Vi, \ (BUD) so that (a)—(c) hold.

Recall that X = {ni,n2,...} U, Bn. Consider now any extensions
Up € ba(B[X]) of measures v, with ||7,,]| = ||vn||. Note that in that case
|Uy,| is an extension of |1,|. Since for any k we have (using (a))

UB.=UBulUBiclB UV,

new i<k ji>k i<k
and the set N\ Vj is finite, we get

Ve (X) < vy (U B5) 10l (Vi) < 1/k+ 0 | (Ve) = 1/ v, (Vi) < 2/
i<k
But n € X, so v,(X) — 6,(X) - 0, and we are done. =

Proof of Theorem[7.1. We first describe a certain operation that will be
iterated to construct an algebra defining the required compactification.

Consider some algebra B in P(w) containing fin and such that B8 /fin is
nonatomic. Suppose also that

(1) uLT(B) is first-countable;

(2) C ={pj:j € w}isa dense subset of ULT(*B /fin);

(3) ba(B) is of size ¢ and ¢ = (V%)n, £ < ¢, is an enumeration of all
bounded sequences of measures on B¢ such that 1/7% —0p — 0 on Be.

We fix a set @ C ULT(B/fin) with Q@ N C = (), of cardinality ¢, and for
every & < ¢ we apply Lemmal|7.4/to the sequence v/¢; pick ge € Q\{ay :n < &}
and form the set X¢ as in Lemma . Then we let B# be the algebra
generated by B and {X¢ : £ < ¢}. Note that

(a) ULT(B7) is first-countable;

(b) every p; has a unique extension p;# € uLT(B7);

(c) OF = {pf : j € w} is dense in ULT(B /fin);
() [ba(®#)| =«

To see (a) note that if p € ULT(B) is never split then it has a base in B.
Otherwise p = g¢ for some { < ¢ and it is split only by X into two ultrafilters
having bases in B[ X¢].

Properties (b) and (c) follow from Lemma[7.3]

To check (d) it suffices to note that any p € bay(B) has at most ¢
extensions to nonnegative measures on B7%. Indeed, take u € ba, (B) and
let N C uLT(®B/fin) be the set of all atoms of . Then N is countable and
the algebra B’ generated by B and {X¢ : g¢¢ € N} is countably generated
over B. Therefore we can extend p to a nonnegative measure p' on B’ in
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at most ¢ ways. In turn, every such y/ extends uniquely to a measure in
ba; (B7) by Lemma

We shall now iterate the operation #. Let 2y be a countable algebra
in P(w) such that 2dp/fin is nonatomic. Fix C = {p; : j € w} as above
and choose a pairwise disjoint family {Q, : @ < w1} such that |Q.| = «,
Qo C ULT(™p/fin), and Q, N C = 0 for every a < wy.

We define Aoq1 = (An)?, with Q, playing the role of @ in the con-
struction. We also let 2, = UB <o g for a < wy limit, and claim that
2 = Uy, Yo is the required algebra.

The compactification ULT(2() is not tame by Lemma . Indeed, take
any i, € ba(2) with sup,, ||pn|| < oo. Note that every measure on 2 attains
its norm on some countable subalgebra. Hence there is a@ < w; such that,
writing v, = fin|Aa, we have ||v,|| = ||un]| for every n. Then (v,), = v¢ for
some & < ¢, and by our construction v, (X¢) — 0,(X¢) - 0.

Finally, uLT(2(/fin) is separable because C' remains dense throughout the
construction. The fact that ULT(2() is first-countable follows from the fact
that the Q,’s are pairwise disjoint, as in the proof of (a) above. m

In the terminology of [22], if B C A C P(w) then 2 is minimally generated
over ‘B if, for some &, A is a continuous increasing union |J, <€ Ao, where
Ao = B and A1 is a minimal extension of 2, for every o < €. An algebra A
is minimally generated if it is minimally generated over the trivial algebra.
It is clear that the algebra 2 constructed in the proof of Theorem is
minimally generated.

In the language of extension operators, Theorem says the following.

COROLLARY 7.5. There exist a separable first-countable compact space
L and a compact superspace K with K \ L countable such that there is no
extension operator C(L) — C(K).

Proof. Take yw from Theorem 7.1} set L = yw \ w, K = yw and apply
Lemma 2.4 w

8. On hereditarily Sobczyk spaces. In this final section we prove
a general result on compacta K for which the space C(K) contains a rich
family of complemented copies of ¢y. In the definition below we use the
terminology from DZzamonja and Kunen [16].

DEFINITION 8.1. We say that a compact space K is in the class (MS)
(of measure separable spaces) if every probability Radon measure p on K
has countable Maharam type, i.e. L1(u) is a separable Banach space.

Recall also the following standard notion.

DEFINITION 8.2. Let X be any vector space and let (z,), be a sequence
in X. A sequence (yp)n, is a convex block subsequence of (), if there exist
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finite sets I, C w with max I, < min [l,,; and a function a : w — Ry such
that for all n € w,

Yn = Z a(j)x; and Z a(j) =1.

JE€In jeln
Our result is a consequence of (a particular case of) a result due to

Haydon, Levy and Odell [21] (see also Krupski and Plebanek [23] for a direct
approach).

THEOREM 8.3 (Haydon, Levy, Odell). If K is a compact space in the
class (MS) then every bounded sequence (fin)n in M(K) has a convex block
subsequence (vy,), converging to some v € M(K).

THEOREM 8.4. Let K be a compact space in (MS). Then for any isomor-
phic embedding T': co — C(K) the space T'[co| contains a subspace Y which
is isomorphic to co and complemented in C(K).

Proof. Let (ey,) be the sequence of unit vectors in ¢o; we write e}, € ¢ = ;.

Given an isomorphic embedding T": ¢y — C(K), set g, = Te,, for every n.
Since T is an embedding, the dual operator

T:C(K)*=M(K)—=c¢yg=1U

is onto, and therefore there is a bounded sequence of measures p,, € M(K)
such that T*u, = e). Then py,(gr) = pn(Tex) = T pn(er) = e (ex).

Consider the sequence (i, ),. By Theorem it has a convex block sub-
sequence (), converging to some v € M(K). Say that v, = > ;. a(k)u,
where [, and a are as in Definition

For every n set €, = ;. 1, €k- Then the €, are norm-one vectors span-
ning a subspace X of ¢y that is clearly isometric to ¢y. Hence the functions
hy = Te, € C(K) span the subspace Y = T[X] of T[co] that is isomorphic
to cp, and it is enough to check that Y is complemented in C'(K).

Since T* iy, = €;,, we have T"vp, = ), t(i)e;, and

() = va(Ter) = Ton(e) = St (D) = D0 tieiley),
1€l IS 1€ln, JEIL

which is equal to 0 if n # k (since then I, N I = (), and is equal to
> icr, t(i) =1 when n = k.

Now, as in Lemma [2.1 we conclude that P : C(K) — C(K) defined by

Pf:Z(Vn_V)(f)‘hn
new
is a bounded projection onto Y. Indeed,
v(hn) = lim v (h) = lim T*vj(eq) = Tim (D 4(i)e; ) (én) = 0
J J I i€l
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for every n. This shows that Ph,, = h,; moreover, Pf € Y for any f € C(K)
since v, (f) —v(f) — 0 for every f. m

A Banach space X such that every isomorphic copy of ¢y in X has a sub-
space isomorphic to ¢y and complemented in X is called hereditarily separably
Sobczyk in [19]. Theorem states that C'(K) is such a space whenever K
is in the class (MS). Molté [25] gave an example of a Rosenthal compact
space K such that C(K) does not have the Sobczyk property. Rosenthal
compacta are in (MS), due to a result of Bourgain and Todor¢evi¢ (see [15]
for a more general result and for relevant references). Consequently, C(K)
is hereditarily separably Sobczyk whenever K is Rosenthal compact.

The final result is related to our Theorem [T.1l

COROLLARY 8.5. If A is a minimally generated Boolean algebra then
C(uLr(2)) is a hereditarily separably Sobczyk space.

Proof. This follows from Theorem and the remark after it, and a
result due to Borodulin-Nadzicja [4] stating that uLT(2() is in the class (MS)
whenever 2( is minimally generated. m
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