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NEW CONGRUENCES MODULO 5 FOR OVERPARTITIONS

BY

TAO YAN ZHAO (Zhenjiang) and LILY J. JIN (Taizhou)

Abstract. Let p(n) denote the number of overpartitions of n. Recently, several con-
gruences for p(n) modulo 5 have been proved by Chen and Xia, by Chen, Sun, Wang and
Zhang, and by Wang. In this paper, we prove new congruences for p(n) modulo 5 by using
some theta function identities and the generating function for p(4n).

1. Introduction. An overpartition of n is a partition of n where the
first occurrence of each distinct part may be overlined. Let p(n) denote
the number of overpartitions of n. For example, p(4) = 14 as there are 14
overpartitions for 4:

4, 4, 3+1,3+1,3+1,3+1,2+2,2+2, 2+1+1,

24141, 2+14+1,24+1+1, 14+1+1+1, 14+1+1+1.

As usual, set p(0) = 1 and p(n) = 0 if n < 0. Corteel and Lovejoy [CL]
showed that the generating function of p(n) is given by

o~ (7% %)
S bt = e
nzop q

(9%
where o
(a; @)oo = [ [ (1 — ag™).
n=0

We will also write

(a1, k3 @)oo = (a15 @)oo - - - (k3 @)oo
A number of congruences for overpartitions have been discovered during
the past ten years. Congruences modulo powers of 2 and 3 were proved
by Chen, Hou, Sun and Zhang [CHSZ], Fortin, Jacob and Mathieu [E.JM],
Hirschhorn and Sellers [HS|], Kim [K], Lovejoy and Osburn [LOJ, Mahl-
burg [M], Wang [W], Xia [X] and Yao and Xia [YX]. Treneer [T] proved that
p(5m3n) = 0 (mod 5) for any n that is coprime to m, where m is a prime
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satisfying m = —1 (mod 5). Hirschhorn and Sellers [HS|] also conjectured
that for n > 0,
(1.1) p(40n + 35) = 0 (mod 5).

This conjecture was confirmed by Chen and Xia [CX] by using (p, k)-para-
metrization of theta functions. Recently, using half-integral weight modular
forms, Chen, Sun, Wang and Zhang [CSWZ] discovered three infinite fami-
lies of congruences for p(n) modulo 5. Wang [W] provided a new elementary
proof for , and found some new congruences for the overpartition func-
tion modulo 5 and 9.

In this paper, we establish the following five new congruences for over-
partitions modulo 5 by using the generating function for p(4n) and some
theta function identities due to Ramanujan.

THEOREM 1.1. Forn >0,

(1.2) p(80n + 8) =0 (mod 5),

(1.3) p(80n + 52) =0 (mod 5),

(1.4) p(80n + 68) = 0 (mod 5),

(1.5) p(80n + 72) =0 (mod 5),

and

(1.6) > p(80i+32)p(30j+28) = > p(80i+12)p(805 +48) (mod 5).
i+j=n i+j=n

2. Proof of the main results. The following generating function for
p(4n) was established by Fortin, Jacob and Mathieu [F'JM], and Hirschhorn
and Sellers [HS]:

(2.1) iﬁ@n)q" _ (q23q2>c1>2
n=0

(6 @)ss(a* 4

Thanks to the binomial theorem,

(22) (4:9)% = (¢°;¢”)oo (mod 5).
By (2.2)), we can write 1 as
2. 24 (,10. 10\3

(g% q ) (4% 6°)3.(a%% ¢*) oo
Replacing ¢ by —q in , applying the fact that
(4% ¢%)3%
4 9)oo (¢ 4*)oo
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and then using (2.2)), we get

oy — ()@ a5 (0 6%
(24) nz;)( Dpln)g" = (4 @)oo (g% ¢*)% (¢1% ¢10)5,

(q2;q2)2 (q4 q4)3 (q5;q5)go(q20;q20)00 (mod 5)
(¢ @)oo (1% ¢'0)3,

It follows from [Bl Corollary (ii), p. 49] that

(% *)%
(45 9)oo

(2.5) = (4", —¢",¢%;¢*)o

5 (0% 4%
(4% ¢%) oo
We have the well-known result of Jacobi [Al p. 176] which states that

+4(—4°, =4, 6% ¢%) e + q

o0

(4:9)3 = Y _(=1)"(2n + 1)g" /2,

n=0
This can be written as
(26) (g Q)oo = (¢"% ¢' ,q25;q25) — 3q(q”, q2°,q25;q25)oo (mod 5).

Substituting (2.5)) and ( into (| and using , we get

oo
27) ) (-1)"pdn)q"
n=0
50. ,50)2
9™ q
E((—qm,—q 14%54%)o0 + a(—q q2°,q25;q25)oo+q3(25.25)°°>
(4%:¢%) oo

(4" 4°)3.(¢*; ¢*°)
x (6%, 4%, ¢*%; ¢'%)  — 3¢* (¢, ¢*°, ¢*°; ¢'?) ) (g1 103 =
) o0

= Ao(q) + qA1(q) + @ A3(q) + ¢ A4(q) + ¢° As(q) + ¢" Az(q) (mod 5),

where

20. 20)
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Ai(q) = (0% 036 (4% 4*") oo (=0°, 4™, 4% ¢*°) o (4", 4, 4" ¢")
(q10; q10)5_ 7
(qQO.QZO)OO(QSO.q5O)OO(q4O q60 q100 ql()O)
) ) , , :
As(q) = o |
’ [e%¢)

Aulq) = o (0% 8)5 (6% 4)oo (=¢™%, =%, 475 4 ) oo (4, 4™, 4™ 4™
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Ar(q) = 20 0o (@ o004, 415 4" P)oc
(6% 4°)%
If we extract the terms of the form ¢°"*2 (resp. ¢°**3) in (2.7)), divide by ¢*
(resp. ¢®) and replace ¢° by ¢, we see that

(2.8) D (=1)"p(4(5n +2))q"
n=0
4. 4 10. 10 4 16 ,20. 20
q759 )oo\qd 5G9  )oo\q,q7,477597 ) oo
EQq( Joo! (q)'q)(2 ) (mod 5)
and

(29 D (-1)"p(4(5n + 3))g"

n=0

(¢ 40 (4";4")o0(a®, "%, %5 ¢7°) oo (
(@:9)%
It follows from [Bl Entry 25, p. 40] that

mod 5).

(2.10) L 1/ PPN Ui 0 S C i
(0% (¢%9%)5(q'%; ¢'%)% (4% 4)3.(¢% ¢%) oo
Substituting (2.10)) into (2.8]) and (2.9), and then applying (2 , we get
o0
(211) > (=1)"p(20n + 8)q" = 2q(g*; 410 (¢'% ') oo (@, 4", 4% ¢7°)
n=0
y ( (¢%¢®)5 +2q(q4'q4)2 (¢'9; ¢*6)2, )
(4% 4?)3.(¢'5; ¢10)2, (4% 4*)3.(¢% %) o
:2q(q4;q )oo (4% 6%)20 (q 7%, 6% ¢*) o
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(4% ¢%) o ( )
and
o0
(212) D (=D)™'20n +12)¢" = (6% ") (% 0" (6%, 0", €% ¢%)oo
n=0
y ( (¢% ¢®)3, +2q(q4'q4)2 (¢'% ¢'%)% )
(4% 4*)3.(q'5; ¢10)%, (4% 4*)3.(% ¢%) oo
_ (g%9Y50(¢% 6%)5% (q 7%, ¢*; ")
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4., 4\3 16. ,16\2 8 12 20. .20
+2q(q 107)3 (%5 07°)5 (6%, 0,07 47 ) o (mod 5).
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Congruences (|1.2) and . follow from , and congruences
and (|1.5)) follow from . Moreover, congruences ([2.11]) and (2.12] 1mp1y

that
(4 Qoo (0% 6*)3 (6, %, 6°; ) o

(2.13) iﬁ(SOn +12)¢" =4

—~ (g% ¢")3% (mod 5.
(2.14) nzo 5(80n + 28)q" = 3L Ve (4% (‘fl),q(;l;oq 050 )oe (mod 5),
(2.15) nzo B(40n + 32)q" = 2\ 9)o (s ?Z;i%:qg’ ¢ ¢")ec (mod 5),
(2.16) iﬁ(80n+48)q" LGS Ul WS O U RIS (mod 5).

(4% ¢*)o

In view of ([2.13)—(2.16)), we have
Z D p(80i + 12)p(80; + 48)q™

n=0i+j=n

_Z > p(80i + 28)p(80; + 32)¢™ (mod 5),
n=0i+j=n

which yields (1.6]). This completes the proof.
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