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Abstract. In this paper we present a method of obtaining new examples of spaces of orderings
by considering quotient structures of the space of orderings (Xq(s), Gg(e)) — it is, in general,
nontrivial to determine whether, for a subgroup Go C Gg() the derived quotient structure
(Xo(z)lao, Go) is a space of orderings, and we provide some insights into this problem. In par-
ticular, we show that if a quotient structure arising from a subgroup of index 2 is a space of
orderings, then it necessarily is a profinite one.

1. Preliminaries

1.1. Introduction. The theory of abstract spaces of orderings was developed by Murray
Marshall in a series of papers from the late 1970s, and provides an abstract framework
for studying orderings of fields and the reduced theory of quadratic forms in general.
The monograph [7] will be of frequent use here as far as background, notation, and main
results are concerned. Spaces of orderings also occur in a natural way in other, more
general settings: as maximal orderings on semi-local rings, as orderings on skew fields,
or as orderings on ternary fields. The axioms for spaces of orderings have been also
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generalized in various directions — to quaternionic schemes, to spaces of signatures of
higher level, or to abstract real spectra that are used to study orderings on commutative
rings.

Since the invention of abstract spaces of orderings there has been a considerable
interest in the question of when such a space is realized as a space of orderings of a field.
It seems likely that spaces of orderings exist that are not so realized but, so far, no
such examples are known. This motivated our interest in profinite spaces, that were
introduced in [6], and that have been already studied in our previous paper [3]. In this
work we expand methods developed there to investigate a completely new class of spaces
of orderings, namely quotient spaces of the space (Xq(q), Gg(z)) coming from subgroups
of G(y) of finite index.

The main result of this paper is a theorem stating that if a quotient structure of
(Xq(a), Go(a)) arises from a subgroup of index 2 and is a space of orderings then it is
profinite. This is interesting because at a first glance it is hard to find any regularity
among quotient structures. Necessary and sufficient conditions for a quotient structure
of (Xq(a), Go(e)) arising from a subgroup of index 2 to be a space of orderings have been
given in [4], as well as numerous examples of such spaces. The main result of this paper
has been generalized there to the “if and only if” condition. However, the methods used
in [4] are completely different from the methods used in our work: we use a geometric
approach here, which explains how the profinite space is built.

1.2. Abstract spaces of orderings. We assume the reader is familiar with abstract
spaces of orderings as developed, for example, in [7] as well as their associated Witt rings
and basic notions such as morphisms, the Harrison topology, subspaces, direct sums, and
group extensions. We briefly review the key definitions from that theory that are used
in the core arguments of this paper. We view a space of orderings as a pair (X, G) such
that X is a nonempty set, G is a subgroup of {1, —1}*, which contains the constant
function —1, separates points of X, and satisfies two additional axioms. Considering X
as a subset of the character group x(G), for any pair a,b € G the value set is defined by

Dx(a,b)={ce€G:Vz € X (c(z) =a(x)Vc(z) =b(z))},
and with this the axioms state
(1) if x € x(G) satisfies x(—1) = —1, and if
Va,b € ker(z) (Dx(a,b) C ker(x)),
then z is in the image of the natural embedding X — x(G), and
(2) Vai,as,a3,b,ce GIdeG
[(b € DX(al,c) Nc € Dx(ag,CLg)) = (b S Dx<d,a3) ANd € Dx(al,ag))].
Particularly important to us are fans and the structure theory of finite spaces of
orders. For any multiplicative group G of exponent 2 with distinguished element —1, we
set X = {x € x(G) : (—1) = —1} and call the pair (X,G) a fan. A fan is also a space
of orderings ([7, Theorem 3.1.1)). If (X,G) is a space of orderings, by a fan in (X,G)
we understand a subspace F such that the space (F,G|r) is a fan. One easily checks
that any one- or two-element subset of a space of orderings forms a fan — thus one-
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or two-element fans are called trivial fans. For a space of orderings (X, G) we define the
connectivity relation ~ as follows: if x1,x2 € X, then x1 ~ x5 if and only if either 1 = o
or there exists a four-element fan F in (X,G) such that z1,25 € F. The equivalence
classes with respect to ~ are called the connected components of (X, G). It is known that
if (X,G) is a finite space of orders, and X1, Xs,... are its connected components, then
(X,G) = (X1,G|x,) U (X2,G]x,) U..., where (X;,G|x,), are either one element spaces
or proper group extensions. For details see [7], pages 24-30].
An inverse system of spaces of orderings is a triple consisting of:

(1) a directed set (I, ),

(2) spaces of orderings (X;,G;), i € I,

(3) morphisms Fj; : (X;,G;) = (X, G;) defined for ¢ = j, 4,5 € I, such that
(a) Fij(Xi) = X,
(b) F;. :ijoﬂj, fOI‘ii]’ ~ k, i,j,k el

Clearly, an inverse system (I, (X;, G;), F;;) of spaces of orderings automatically defines
both a direct system of groups (I, Gi,Fi’}), and an inverse system of character groups
(I, X;, Fyj). Further, if we let G = @Gi, and X = @Xi, then (X,G) is a space of
orderings that is called the inverse limit of the given inverse system and denoted by
hm(X;, Gi) ([6) Theorem 4.3]). For a fixed ¢ € I we will denote by m; the projection
m; : X — X, such that m; = Fy; o7y, for j =4, j € I, and by ~; the injection v; : Gy = G
such that v; = v, o F}, for j = 4, j € I. Since, in fact, G = Uier Gi, we will use the
same symbol a for an element a € G; and its image a € v;(G;) C G. A space of orderings
which is an inverse limit of finite spaces of orderings will be called profinite.

The notions of a quotient structure and quotient spaces are key to this paper. If (X, G)
is a space of orderings, and G is a subgroup of G containing the element —1, we denote
by Xy the set X|q, of all characters from X restricted to Gp. In the case when (Xg, Gp)
is a space of orderings, we call it a quotient space of (X, G) — otherwise, in general, we
call it a quotient structure. One of the main goals of this paper is to better understand
quotient structures of (Xg(z), Go(a)), and for this, we study their finite quotients and
investigate if they can be aligned to form an inverse limit.

1.3. Space of orderings of a field. Let k£ be a formally real field. Denote by X} the
set of all orderings of k, and by G} the multiplicative group k*/(Xk?)* of all classes of
sums of squares of k. Gy is naturally identified with a subgroup of {—1,1}** via the
homomorphism

1, ifa € o,

for o € X,
-1, ifa¢o,

E*>avrac {—1,1} where a(c) = {
whose kernel is the set ($k%)* of all nonzero sums of squares of k, and (X, Gy) is a space
of orderings ([7, Theorem 2.1.4]). For simplicity we shall denote by the same symbol a
both an element a € k*, a class of sums of squares a € k*/(Xk?)*, and a function
a € {—1,1}%*. Also, for an abstract space of orderings (X,G) we will usually denote
elements of the set X by small letters z,y, z, ..., whilst for a space of orderings (X, Gy)
of a field k we shall denote orderings from the set X by small Greek letters o, 7,v,....
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Recall that an ordering o of k is called Archimedean if, for every a € k, there exists
n € N such that n —a € ¢ — otherwise the ordering o is non-Archimedean. Orderings on
fields are closely related to valuations, and the structure of non-Archimedean orderings
of k£ can be completely described in terms of valuations. For what we need here recall
that a valuation v : k& — I U {oo} is said to be compatible with an ordering o € Xy, if
b— a € o implies v(a) > v(b) (see [, Theorem 2.3] for equivalent definitions).

1.4. Lam’s Open Problem B. Since the invention of the theory of abstract spaces of
orderings it has remained an open question whether all abstract spaces are realizable. It
seems likely that the answer to this question is “no”, but, to date, no such examples are
known. The main motivation to initiate the research that lead to this paper was a search
for such an example. It seems that the tool that might be used in determining whether a
space of orderings is realizable or not is the following question: is it true that for a space
of orderings (X, G) the equality

W(X,G)NC(X,2"Z) = I"(X,G)

holds? Here C(X,2"Z) denotes all continuous functions X — 2"Z, and I"(X,G) is the
n-th power of the fundamental ideal I(X,G). This question is usually referred to as
Lam’s Open Problem B. It can be easily verified when n = 1 or n = 2, and for all
spaces of orderings (X, G) such that stab(X,G) < 3 [8, Proposition 3.1]. Furthermore,
the question has an affirmative answer for realizable spaces of orderings, which has been
recently proven by Dickmann and Miraglia in [2] using the celebrated results by Orlov,
Vishik and Voevodsky [9], [10].

Therefore, in order to prove that there is a space of orderings that is not realizable,
one would like to construct a space of orderings (X, G) which has at least 16-element fans,
and a quadratic form ¢ = ((a1,01)) @ ... ® ((as,bs)), s € N, such that ¢(z) =0 mod 8,
for all x € X, although

¢ 7é Cl((dlvela fl)) e...o Ct((dtveta ft))7

for all possible choices of t € N, and d;,e;, f; € G, i € {1,...,t}.

This observation sparked our interest in methods of “blowing up” existing fans in well
understood spaces of orderings, and thus obtaining examples of new spaces, where Lam’s
problem needs to be verified. We shall describe it in some more detail in later subsections.

1.5. Orderings of the field Q(x). The space of orderings of the field Q(z) is both
nontrivial and well understood, hence it is a natural candidate for a starting point in
the search for new constructions of spaces of orderings. We shall describe it here in some
more detail (see, for example, [I, Notation 1.4]).

Each irreducible polynomial p € Q[z] with real roots a; < ... < a, n > 1, gives rise
to 2n orderings of Q(x), namely o, and O’;-r, j €{1,...,n}, defined as follows:

(1) fora € Q(z)* and j € {1,...,n}, a € o; if and only if, for some € > 0, a is strictly
positive on the interval (a; — €, a;), and

(2) fora € Q(x)* and j € {1,...,n},a € J;f if and only if, for some € > 0, a is strictly
positive on the interval (o, a; + €).
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Similarly, we define two orderings oo™ and oco™:

(3) for a € Q(z)*, a € co™ if and only if, for some £ € Q, a is strictly positive on the
interval (—o0,&), and
(4) a € oo™ if and only if, for some £ € Q, a is strictly positive on the interval (£, +00).

Finally, for each transcendental number ¢ € R, we define the ordering (°:
(5) for a € Q(x)*, a € ¢V if and only if a(¢) > 0.

These are precisely all the elements of Xg(,).

For an irreducible polynomial p € Q[x] with real roots oy < ... < ay, n > 1, consider
the p-adic valuation vp : Q(z) — Z U {oo}. The orderings compatible with v, are pre-
cisely oy, 07 ,...,0,, 07, and form a subspace of (Xq(a), Go(x)) that will be denoted by
(Xp,Gp). The valuatlon ring O, of v, is simply the localization of Q[z] at (p), its only
maximal ideal 9, is the principal ideal generated by p, and the residue class field Q(z)p is
isomorphic to Q[z]/(p). The preordering T}, associated to v, is T, = £Q(x)?[1+9M,], and
(Xp, Gp) = (X1, Gr,). If we denote by Q(z)} the Henselization of Q(z) at vy, then the
inclusion Q(z) — Q(z)} identifies (X, Gp) with the space of orderings (X@(x)g,GQ(x);pl).

Similarly, consider the valuation v : Q(z) = Z U {o0}:

voo(L) = degg —deg s, tor 1.9 € QL
)

(here we assume deg0 = —co). The orderings compatible with v, are co™ and oo™, they
form a subspace that will be denoted by (Xoo, Goo), the valuation ring of vy is O =
{g : deg f < degg}, with its maximal ideal M., = {g : deg f < degg}. Consequently,

the residue class field @Oo of v, is isomorphic to Q. Analogous statements about the
preordering T, associated to v, and the Henselization Q(z)% of Q(z) also carry over.

All non-Archimedean orderings of Q(z) are either of the form o5, (fj+, for some irre-
ducible p € Q[z] with a real root a;, or of the form oo™, co™. All non-trivial valuations
of the field Q(z) that are trivial on Q are either v,, for p € Q[z] irreducible, or vu.
The structure of the space of orderings (Xg(,), Gg(s)) can be described as follows: for a
fixed p € Q[z] irreducible with the real roots as,...,a, and n > 2, the set of orderings
{of,00,...,0,0,,} is a connected component of the cardinality greater than 1 in the
sense of the connectivity relation defined before. All connected components of cardinality
greater than 1 are of that form. Furthermore, for a fixed p € Q] irreducible, the space
(Xp, Gp) is the group extension (Xq)/(p) Galel/(p)) X (P)- The orderings of Q[z]/(p) cor-
respond to the real roots a; < ... < an of p, and will be denoted by o1,...,0,. We
have

[+ (p) € o; if and only if f(a;) >0,

and in the extension p splits o into the orderings o and oj', je{l,...,n}.

The four-element fans in (Xq(),Gow)) are the sets {o; ,O';'_,O'J ,O';_, for

1<i<j<mn, and for some irreducible p € Q[z] having n > 2 real roots. As before,

a four-element fan {o; ,O'j_ 10,0 1 will be viewed as the group extension

({Ui7 Uj}7 GQ[z]/(p) |{0’i,0‘j}) X <p>a

where p splits o; and o; into o, a;r 05, and o';-r.
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2. Quotients of (XQ(:E), GQ(w))

2.1. Regular and non-regular points. We shall describe how the structure of a quo-
tient structure of (Xg(y), Go(z)) can be determined, and, in particular, how fans in spaces
arising from such structures are constructed. For this we need the notion of what we call
regular and non-regular points. To simplify our notation, from now on denote, for a
polynomial g € Q[x]:

K,={peR:g(p) >0}

Let Go C Gg() be a subgroup of Gg(,). A point a € R on the real line will be
called regular with respect to the subgroup Gy if, for every open neighborhood U of «,
there exists g € Gy such that g(o) > 0 and K, C U. Otherwise a point will be called
non-reqular with respect to Gy C Go(q)-

We will make a frequent use of the following characterization of regular points:

PROPOSITION 2.1. Let Go C Go(a) be a subgroup of Go,y with —1 € Go, let « € R. The
following conditions are equivalent:

(1) « is reqular with respect to Gy,
(2) the family
{K,: g€ Go, gla) >0}

forms a basis of neighborhoods of «,

(3) for every family of polynomials S C Q[x] such that
{a} = () K, (2.1)
fes
the following condition is satisfied:

Vfi, fo €5 3dg € Gy [(ang)/\(Kg CK'f1 ﬁKf2)}.

Proof. (1) < (2) and (1) = (3) are obvious. To show (3) = (1) fix an open neighborhood
U of a, and let I C U be an open interval such that « € I. For each pair of rational
numbers q1, g2 € I with ¢1 < a < ¢ there is a parabola f € Q[z] that zeroes at g1 and ¢o
which is positive at a — thus the condition is satisfied for the family S of all such
parabolas, and by (3) there exists g € G positive at o with K, CI CU. =

Observe that if Go = Gg(,) then, clearly, all points on the real line are regular: for a
fixed point o € R and a family S C Q[z] satisfying [2.1), if f1,f2 € S and 71 < a < 72
are the two of the real roots of f1, fo that are adjacent to «, take some rational numbers
q1,q2 such that v1 < 1 < @ < g2 < 72 and let g(x) = —(x — q1)(z — g2) (see Figure [1).
In the special cases when f1, fo have no real roots or only one real root, a trivial version
of the above argument follows.

In what follows we present a few results that provide some insights into what regular
and non-regular points are; some of them are needed in the sequel, some of them are just
separate statements.

PROPOSITION 2.2. Let Go C G be a subgroup of Goey with —1 € Go, and let
(Goe) : Go) = n < oo. Then the set of all non-regular points with respect to G is
not dense.
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Fig. 1. All points are regular with respect to Gg(a)

Proof. Suppose that the set of non-regular points with respect to Gy is dense. Fix a
non-regular point «;. Let S; C Q[z] be a set satisfying , and let fl(l), 2(1) € 51 be
such that

Vg € Gg [(Ozl S Kg) = (Kg 4 Kfl(l) ﬂKfQ(n)].

Since the set of non-regular points is dense, there is a non-regular point ay € Kfu) ﬂKfa),
1 2

ag # 1. Let Sy C Q[z] be a set satisfying || for aip, and let f1(2),f2(2) € Sy be such
that

Vg € Gy [(042 S Kg) = (Kg o Kfl(z) meQ(Q))]'
Clearly Kf(1> N Kf<1) N Kf<2) N Kf(g) # (0, as it contains ay. Thus we can choose a

1 2 1 2
non-regular point ag € Kf<1> N Kf(l) N Kf
1 2

set S3 C Q[z] and polynomials f1(3), f2(3) € S3. Eventually we will find n non-regular
points ai,...,an, ; & {a1,...,a;1}, 4 € {2,...,n}, and, for each i € {1,...,n}, a set
S; C Q[x] satisfying 1) with polynomials fl(l), 2(1) € 9; such that

Vg € Gy [(Ozz €K,y = (K, ¢ Kfl(i) N Kféz))}

@ N Kf(z), ag ¢ {a1,as}, with corresponding
1 2

Moreover, for i € {1,...,n}
i
a; € ﬂ Ko N K-
]:1 1 2
Let, for ¢ € {1,...,n}, fyli) and ’yéi), < < Wéi), be two adjacent numbers from

the combined set of all real roots of polynomials fl(j), Q(j), j € {1,...,i}, and the set
{a1,...,@i—1,@i41,...,an}. Pick two rational numbers qu), qg) such that
1W<l <a; < g <A,
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and let gi(z) = —(z — qy))(a: - qéi)) (see Figure . Observe that a; € K, and
K, C ﬂ;:l Kf<,-> N Kf(j), so that g; ¢ Go, i € {l,...,n}. Therefore, since
1 2
(Go(a) : Go) = n, among the cosets
glGO, PN ;gnGO
at least two are equal, say g;Go = ¢;Go. Thus g;g; € Gy and, consequently, —g;g; € Go.
Say i > j. Then o € K_g,g; and, at the same time, K_,,4, C K.y N K
1

diction. m

(i) — a contra-
fg

/[\U/,:\/[\U/A[\U/m \Um\\um\\u
o) Q «
RiAC M

Fig. 2. Construction from the proof of Proposition 2:2]for n = 3

In the special case when (Gg(y) : Go) = 2 we can actually do better than this.

PROPOSITION 2.3. Let Go C G be a subgroup of Goey with —1 € Go, and let
(GQ($) : Go) = 2. Then all non-regular points with respect to Gy are isolated.

Proof. Fix a non-regular point « and let S; C Q[xz] be a set satisfying (2.1)) such that for
some 1(1) (M) ¢ 8 the following condition is fulfilled:

Vg € Gy [(Ol S Kg) = (Kg Q: Kf(1) me(l))].

It suffices to show that there are no other non-regular points in the set K Pl NK 0 For

suppose there is a non-regular point g € K s N K take a family Sy C @[ ] satlsfymg
1

and polynomials f1(2)7 2(2) € Sy such that
Vg € Gy [(5 S Kg) = (Kg o Kf1<2) ﬁKf2(2))].

f2(1),

Let 71 and 2, 71 < a < 72, be two adjacent numbers from the combined set of all
real roots of polynomials fl(l),fz(l) and B. Similarly, let §; and do, 61 < 8 < d2, be two
adjacent numbers from the combined set of all real roots of polynomials fl(l), 2(1), 1(2),
f2(2) and «. Pick rational numbers g1, q2,71,72 such that vy < ¢1 < a < g2 < 2 and

01 <11 < B <rg < dy. Now define two polynomials:
91(z) = —(z —q1)(7 — g2) and g2(x) = —(z —r1)(z —72).
Clearly o € K4, and K, C Kf<1) N Kfu), so that g1 ¢ Go. Similarly g2 ¢ Go. Thus
1 2

the cosets g1Go and ¢goGy are equal, which implies that g1g2 € Gg, and, consequently,

—g192 € Go.
Moreover K,, C Kf<1) N Kf<1), which ensures that K_g 4, C Kf<1) nK
1 2 1

o€ K_g 4, this yields a contradiction. m

1. Since
fa
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We shall conclude this subsection with the following observation:

PROPOSITION 2.4. Let Go C G be a subgroup of Goey with —1 € Go, and let
(Goe) : Go) = 2. Let a« € R be a non-regular point with respect to Go. Then there
exists € > 0 such that either

VgeQnN(a—¢a) (t—qgeGy) and Yge QN (a,a+e¢€) (x —q ¢ Go),

or
VgeQnN(a—ea) (rt—qg¢ Gy) and Yge QN (a,a+e€) (x—q € Gp).

Proof. Let S C Q[z] be a set of polynomials satisfying such that for some fi, f € S

Vg € Go [(a € Ky) = (K, ¢ Ky, N Ky,)].
Let v1 and 72, 71 < a < 79, be two adjacent real roots of polynomials f1, f2, and define
e = min{a — 71,72 — a}.
Firstly, observe that

Vg € QN(a—ea) VY e QN (a,a+e) [(z—q € Go) V(2 — g € Go)l.

For suppose that for some g1 € QN(a—¢,a) and g2 € QN (a, a+¢€) both x — ¢ ¢ Go and
r —q2 ¢ Gy. Since (Go(y) : Go) = 2, the two cosets (v — ¢1)Go and (x — ¢2)Go are equal,
which follows that g(z) = —(z —¢1)(z —¢2) € Go. But then o € Kj and K, C Ky, NKy,,
which gives a contradiction.

To finish the proof it suffices to show that if, for some ¢; € QN(a—¢,a), x —q¢1 € Gy,
then, for all g2 € QN (a,a+¢€), x — g2 ¢ G (the symmetric case with g2 € QN (o — €, )
and ¢1 € QN («a, a+¢) is analogous). Indeed, if, for some ¢; € QN (a—¢€,a), x —q1 € Gy,
and, at the same time, for some g2 € QN (o, + ¢€), © — g2 € Gy, then also g(z) =
—(z —q1)(z — ¢2) € Gy with o € K, and K, C Ky, N Ky, — a contradiction. =

Fig. 3. Proposition for a non-regular point « there are rational lines in Go
lying arbitrarily close to o but only on one side

2.2. Fans in quotient spaces. As our next step towards the description of fans in
quotient structures, let us introduce the notion of Gg-transcendental points. Consider
the space (Xq(a), Go)) and let Gy be a subgroup of the group Gg(,). A point o on
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the real line R will be called Gy-transcendental if there is no element g € G such that
g(a) = 0. A point which is not Go-transcendental will be called Gg-algebraic.

Observe that, clearly, any transcendental number is a G-transcendental point regard-
less of the choice of G. Recall that a transcendental number ¢ gives rise to only one or-
dering ¢° in Xoq(x), Whereas an algebraic number « induces two orderings in Xq,) that we
denoted by 0~ and o+. Now if « is an algebraic number that becomes Go-transcendental,
then o~ |g, = 07|g,, and therefore a Go-transcendental point gives rise to only one or-
dering in XQ(x)|Go~

We shall now turn our attention to fans in quotient spaces.

PROPOSITION 2.5. Let Go C G be a subgroup of Ggy with —1 € Gy, and let
(Goe) : Go) = n < oo. If (Xo,Go) is a space of orderings, where Xog = X|q,, then
all fans in (X, Go) have at most 4n elements.

Proof. Suppose that there is a 2F-element fan F in (X, Go) with 2% > 4n. Orderings

in F come from at least 2¥~1 real points, in which case we have 2*~! > n Gy-algebraic
points oy < ... < age—1 that induce 2% orderings oy ,07,..., 0, 1,00, , constituting
the fan F.

Pick rational numbers qq, q1, ..., ¢ak—1 such that

o <o <1 <o <@ <...<(Q@or-1_7 < Qgr—1 < (ok—1,

and, for i € {1,...,2%71} define the polynomial g;(z) = —(x — ¢;)(z — ¢;i—1). If g1 € G,
let fi = ¢1. If not, we move to go: if go € Gop, let fi = g2, otherwise we proceed
to gs. Eventually we either find a polynomial f; € Gy amongst ¢1,...,¢g, or see that
g1, 9n ¢ Go. Note that n < 2872, Since (Go(a) : Go) = n, at least two of the cosets

91G0792G07 s 7gnGO

are equal, say ¢;Go = g;Go, which shows that f; = —g;g; € Go. Either way we obtain an
element f; € G that is positive on at least one oy, i € {1,...,28¥72} and, since n < 282
negative on at least one «;, i € {1,...,2¥72}, and at all agr—241,..., k1.

Now we repeat the procedure starting from gor-2, 1 and, as a result, obtain an element
fo € Gy that is positive on at least one oy, i € {2F72 4 1,...,2F71} negative on at least
one ay, i € {2¥72 4 1,...,2¥71} and at all ay,..., g2 (see Figure 4.

2

Fig. 4. Proof of Proposition for n = 2 there are no 16-element fans

Finally, observe that —f1 fo € Dx, (1, f1), although — f1 fo ¢ {1, f1}. This proves that
F cannot be a fan (see [7, Theorem 3.1.2]) — a contradiction. m
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In particular Proposition yields that there are at most 8-element fans in quotient
spaces induced by groups of index 2. The next results provide a detailed description of
all fans in that case.

PROPOSITION 2.6. Let Go C G be a subgroup of Gory with —1 € Go, and let
(Go() : Go) = 2. If (Xo,Go) is a space of orderings, where Xo = X|g,, then all fans in
(Xo0,Go) fall into one of the following categories:

(1) one- or two-element trivial fans;
(2) four-element fans {T1,...,74} that satisfy the following conditions:

(a) if 7y, i € {1,...,4}, is an ordering coming from a Gy-transcendental point c;,
then «; is a non-reqular point with respect to G;

(b) if 71, i € {1,...,4}, is an ordering coming from a Gy-algebraic point «;,
7 = of, where € € {—,+}, but 0 ¢ {m1,..., 74}, where 6 = — if e = +,
and § = + if e = —, then «; is a non-regular point with respect to Go;

(¢c) if g € Go, then g is positive with respect to an even number of 7;, i € {1,...,4},

(3) 8-element fans {0y ,01,... 00,01}, where a;, o} are two orderings induced by
a Go-algebraic non-reqular point «;, i € {1,...,4}, and a, ..., a4 are roots of the
same polynomial.

Proof. The case of one- or two-element fans is obvious. Assume we have a four-element
fan F, and an ordering ¢ € F coming from a Gg-transcendental point ¢. ¢ must be
non-regular with respect to Gy, for suppose we take the family of polynomials S =
{-z—-—q)(z—q) : 1,2 € Q, ¢1 < ¢ < ¢} that clearly satisfies , and two
polynomials fi, fo € S that are positive on (, but already negative on all other points
giving rise to the remaining orderings from F. Take g € Gg such that K, C Ky, N Ky,
— then g(¢°) =1, but g(7) = —1, for 7 € F \ {¢°}, so that F cannot be a fan, which
yields a contradiction. Same argument follows for orderings o€ € F, € € {—, +}, coming
from a Go-algebraic point «, such that o¢ ¢ F, where

5 {—, ife=+4
4+, ife=-—.
The condition (c) is automatically implied by the fact that F is a 4-element fan (compare
[7, Theorem 3.1.3]).

Conversely, assume that F = {7,...,74} is a set of 4 orderings from X, satisfying
(a), (b), and (c). In order to prove that F is a fan it suffices to show that there exist
3 elements aj,az2,a3 € Gy that have the following sign configuration with respect to
T1,...,7a (see [7, Theorem 3.1.3]):

NN
a ||+ |+ |— | —
as || + | — | + | —
ag || — |+ |+ | —
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There are a few cases to consider. Firstly, assume that all 7y,...,74 come from
Go-transcendental points, say (1,...,¢s. By our assumption, they are all non-regular,
thus let S; be a family satisfying 1) and let ffz), fQ(Z) € S; be polynomials such that

Vg€ Go [(G € Ky) = (Kg & Ko N Kfzm)],

for i € {1,...,4}. Next, let 'ﬁi)?'yéi), 'yy) < (< 'yéi), be two adjacent numbers from
the combined set of real roots of fl(i), Q(i) and the set {C1,..., G\ {G} i€ {1,...,4}.
Next we pick rational numbers qgi), qéi), 'yii) < qy) <G < qéi) < 'yéi), and define g;(z) =
—(r — qgi))(x - qgi)) ¢ Go. As (G : Go) = 2, we see that —g1g2, —g293, —9293 € Go.
Finally, we define a; = —g192, as = —g193, and a3 = —gogs — a straightforward com-
putation shows that these elements have sign configuration as required by (see
Figure [5f x indicates that (; is a Go-transcendental point).

&

Fig. 5. A four-element fan coming from four Go-transcendental points

The same argument applies to the case when three of 7y,...,74 come from
Go-transcendental points, and one of them comes from a Gg-algebraic point. Similarly,
the case when two of 7y,...,74 come from Gp-transcendental points, and two of them

come from two different Gy-algebraic points is also covered by the above argument.

Now suppose that two of 7,...,74, say 71 and 7o, come from Gy-transcendental
points, say (; and (o, and two of them come from one Gy-algebraic point, say «. Thus
73 = 0~ and 74 = o7, according to the notation set above. Arguing as before, let
g1, 92 ¢ G be polynomials positive only on 71, 72, respectively, and negative with respect
to the remaining orderings from F. Moreover, denote by f an element of Gg such that
f(a) = 0 — we might also require that f is positive with respect to o~. Now g1 g9, f € Go,
and by (c) these elements are positive with respect to an even number of 7,..., 7y,
which follows that the elements a1 = —g192, as = f, and a3 = —g192f have the sign
configuration described by (see Figure EI; x indicates that (; is a Gp-transcendental
point, e indicates that « is G-algebraic).



QUOTIENTS OF THE SPACE OF ORDERINGS OF Q(x) 75

Fig. 6. A four-element fan coming from two Go-transcendental points
and one Gp-algebraic point

The same argument applies to the case when one of 79,...,74 comes from a
Gy-transcendental point, and three of them come from two Gy-algebraic points: note that
in our reasoning it did not really matter whether one of the (1, ( was Gy-transcendental,
we only used the fact that they were both non-regular with respect to G, and, clearly, if
three orderings come from two Gy-algebraic points, then one of them must be non-regular
as well. Also, the case when one of 71, ..., 74 comes from a Gy-transcendental point, and
three of them come from three Gy-algebraic points is argued in an essentially the same
way as the case of four orderings coming from four Gy-transcendental points.

Thus we are down to the case of four orderings coming from Gy-algebraic points. If
they come from four different points, we argue as in the case of four orderings coming
from four Gp-transcendental points, if they come from three different points, we argue
as in the case of two orderings coming from two Gy-transcendental points, and one from
a (-algebraic point. We are therefore left with one case, namely when four orderings

Ty, ..., T4 come from two Gy-algebraic points, call them a; and «s.
Observe that «; and as need to be roots of one polynomial f € Gy, for if g(a;) =0
for some g € Gy, but g(as) # 0, then g would be positive at an odd number of 71, ..., 74,

contrary to the assumption (c). Let 7y = 07, 72 = o}, 73 = 05, and 74 = o . We might
as well assume that f is positive with respect to both o; and 0;' (and, consequently,
negative with respect to both Jf‘ and o5 ). Moreover, there is an element h € Gy such
that h(ai)h(az) < 0, for otherwise of = o5 . Say h(a;) < 0. Now it suffices to take
a1 = h, ag = fh, and a3 = —f (see Figure[7).

Finally, we turn to 8-element fans. Repeating the argument from the proof of Propo-
sition [2.5] we see that an 8-element fan might come from at most 4 real points that,
therefore, have to be Gy-algebraic.

Firstly, observe that all four Gg-algebraic points inducing an 8-element fan F have to
be non-regular with respect to Gy. For suppose that there is a regular point « giving rise
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a,=h

Fig. 7. A four-element fan coming from two Go-algebraic points

to two orderings 0=, 0" € F. Then we can pick an element g € Gy such that g(a) > 0,
and, consequently, g(6~) = g(c") = 1, but g is negative with respect to the remaining
orderings from F. It follows from [7], Theorem 3.1.3] that, for every a € Gy, a is positive
with respect to exactly 0, 4 or 8 orderings of an 8-element fan — however, g is positive
with respect to only two orderings of F, which yields a contradiction.

L

0,

Fig. 8. There are no 8-element fans coming from roots of two polynomials

Secondly, observe that all the points giving rise to orderings in F must be roots of
one polynomial. Indeed, four Gy-algebraic points aq, ..., a4 can be roots of 4, 3, 2 or 1
polynomial. The cases of 4, 3 or 2 polynomials such that 3 of «a, ..., ay are roots of one
of them are impossible, since in each of them the polynomials we consider are positive in
an odd number of o7, afr, cery UZ,UI Consider the case of 2 polynomials, fi1, fo € Gy,
each vanishing at two of aq, ..., ay. Two roots of f; have to be separated by a root of fs,
for otherwise f; (or — f1) would be positive with respect to 6 orderings from F — say oy
and ag are roots of fi, and as and a4 are roots of fo. Consider the subspace Hx(f1) of
the fan (F, Go|x) that contains four orderings. Replacing f; with —f1, and interchanging
s with ay, if necessary, we may assume that Hzx(f1) = {0y ,04,0,,04 }. Since every
subspace of a fan is a fan itself (see [7, Theorem 3.1.3]), Hx(f1) is a 4-element fan. Next,
since ag and a3 are non-regular, we can pick polynomials go,g3 ¢ Go that are positive
only at as (as, respectively) and negative at other «i,...,a4. Then —gogs € Gg, and
—g192 is positive at as and as, but negative at a; and oz — it follows that —g;go is
positive with respect to only one ordering in Hz(f1), which means that Hz(f1) cannot
be a fan — a contradiction (see Figure [§| for clarification). Therefore only 8-element
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fans in (Xo, Go) come from 4 Gy-algebraic non-regular points that are all roots of one

polynomial.
Conversely, suppose that F = {0, ofr NI GI} is the set of 8 orderings coming
from 4 non-regular roots aq,...,ay of a single polynomial f € Gy. We shall focus here

on the case when f(o;) = f(o;,,), i € {1,2,3} — the remaining cases when f(o;") #
f(o;4,), for some i € {1,2,3}, that is when f has an odd number of additional roots
between «; and a1, for some i € {1,...,3}, are analogous. By [7, Theorem 3.1.3] F is
a fan if and only if we can exhibit four elements a1, ...,a4 € Gp that have the following
sign configuration with respect to orderings from F:

|_loy [of [0y [of [o5 [of [os [ o] |

a| -+ +][ -]+ -]-1+

|+ -[-1+[+][-1-1+ (2:3)
as |+ |-+ [ -] -1+[-1+

all+ |-+ -1+[-1+]-

Replacing f with — f, if necessary, we might also assume that f(o; ) = —1 (see Figure @)

Since ag, . . . , a4 are non-regular with respect to G, we are allowed to pick polynomials
g1,---,94 ¢ Go such that g; is positive at «; but negative at «;, j # 4, i € {1,...,4}.
As (Go) = Go) = 2, clearly g192,9293,9294 € Go — now define a; = fg192, a2 = —f,
a3 = fg293, and ay = fgags. It follows that aq, ..., a4 have signs with respect to orderings
from F as required by (compare Figure E[) This finishes the proof. =

REMARKS.

(1) It follows from the proof of the above proposition, that four-element fans might
arise from 2 Gy-algebraic points a1 and as if and only if aq,as are roots of only one
polynomial in Gy, and if there exists an f € G such that f(a;)f(az) < 0.

(2) The last part of the proposition explains what we mean by “blowing up” fans: we
take n roots of a single polynomial in Q[z] that give rise to 2n orderings in Xg(,) — if
n is big enough, these orderings cannot form a fan in (XQ(I), Go(x)), but we can create
a quotient (Xo,Go) of (Xq(a), Go(z)) by removing sufficiently many elements from G,
so that in the resulting space the 2n orderings mentioned above form a fan.

2.3. The profiniteness theorem for quotient spaces. In this subsection we shall
prove the main result of this paper, namely that if a quotient structure of (Xq(.), Go(x))
coming from a subgroup of Gg(, of index 2 is a space of orderings, then it is profinite.
We need to make some preparations for the proof of the theorem. For a subgroup Gy
of Gg(z) we shall call an element p € Gy Go-irreducible if it does not decompose as a
product p = ab, where a,b € Go \ {1, —1}.

PROPOSITION 2.7. Let Go C G be a subgroup of Goey with —1 € Go, and let
(Goe) : Go) = 2. If (Xo,Go) is a space of orderings, where Xo = X|g,, and p1,p2 € Go
are two elements that are Gg-irreducible, then p1,ps do not have real roots in common.

Proof. Suppose, a contrario, that pi,ps € Gy are two different Gg-irreducible elements
sharing a common root o € R. Let @ = i, ..., v, be all the real roots of p1,ps. If n =2
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LT - /a’2
+ - +'"'f
0'3 0'4 0'4

Fig. 9. An example of an 8-element fan

then either p; = pa, or one of the p;’s divides the other one, i € {1,2}, in both cases
leading to a contradiction. Thus we may assume that n > 3, so that p;, ps have together
at least three real roots.

The roots of py,ps give rise to 2k orderings in Xy, where k > n: the case when

k = m occurs when either all of the ag,aq,...,a, are regular, or when the number of
non-regular points among ay, a1, . . ., @, equals at least three, or when there are only two
non-regular points among o, &1, ..., Qy,, say o; and oy, but there exists a p € G such

that p(o;)p(ej) < 0, or when there is only one non-regular point. Indeed, it suffices to
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show that in all three cases, and for any two roots «;, a;, i, € {0,...,n}, there always
exist an f € Gg such that f(a;)p(a;) < 0. Surround all the regular points with elements
915---,9p € Go, and all the non-regular points with parabolas hq,...,h, ¢ Go, so that
each g, or h; is positive only at the root a or a4 that it surrounds, but negative at the
remaining roots, s € {1,...,p}, t € {1,...,r}. Now, if o; or o are regular, then either
g; or g; is positive at one of them, but negative at the other one, i,j € {1,...,p}. If
both o; and «; are non-regular, but there exists another non-regular point o/, we take
the element —h;h; € G that is positive at o; but negative at «;. When there are only
two non-regular points, but we can separate them with an element of G, we are already
done (see Figure 10| for clarification — regular points are denoted by e, non-regular ones
by o). Finally, when there is only one non-regular point we can separate it from regular
points using the elements g; surrounding regular roots.

N : = ,a:_.aj

(o7} O i i i ) (o7} Q;

Fig. 10. Proof of Proposition 2.7} various ways of separating Go-algebraic points

Consider the case when p; and ps have three roots, and two of them are non-regular
points that cannot be separated in (Xo,Gp), say these are ay,as that we may assume
to be the roots of p;. We have that |{o}, 07, 05,0} =2 in Xo. Thus p,, viewed as a
function of the set of orderings from Xy, factors as p1 - (p1p2), which yields a contradiction.
Therefore the n roots of py, ps give rise to 2k orderings with k£ > 3.

Observe that if £ < n we have, in fact, K = n — 1: this is the case when there are only
two non-regular points among real roots of p1,p2, and they cannot be separated by an
element p € Gy.

Assume k = n. The 2n, n > 3, orderings from X, form a subspace, call it (Y, H).
Firstly, assume that all aq,...,a, are regular. Surround all of them with the elements
g1, ..,9n € Go such that g; is positive only at o; and negative at o, j #,7 € {1,...,n}.
Clearly g1, ...,9n, € H, and p1, p2 might be viewed as elements of H. Moreover, none of g;
or p;, is in the subgroup generated by the remaining g;/, p;/, ¢ # ¢, j # 5/, i € {1,...,n},
j € {1,2}. Thus |H| = 2”2 and, as we already know, |Y| = 2n. The only finite space of
orderings (Y, H) with |Y| = 2n and |H| = 2"*2 has two connected components, one being
a 2-element space that might be viewed as a union of two singleton spaces, and the other
one being a group extension of a union of n — 2 singleton spaces. However, (Y, H) has at
least three connected components, one coming from roots of p; that are not roots of any
other polynomials from Gy (or some singleton space, if no such roots exist), one coming
from roots of po that are not roots of any other polynomials from Gy (or some singleton
space), and one coming from common roots of p; and ps. This yields a contradiction.

Secondly, assume that aq, ..., a,_o are regular, but a,,_1 and «,, are non-regular and
can be separated by p € Go. We surround g, ...,a,—o with g1,...,9, € Go as before,
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and we surround «,—; and «,, with parabolas hy, ha ¢ Go. Then —hihs € Go. Moreover,
we multiply p by a product of these —g;, i € {1,...,n—2}, such that a; € K, (we might
choose ¢1,...,9n—2 so that K, U... UK, , is disjoint from the set of all real roots
of p). As a result we obtain an element p’ € Gy which is positive at one of the a,,_1, ay,
and negative at the remaining ones (see Figure . The rest of the proof carries over,
as we constructed n + 2 polynomials in Gy, none of which is in the subgroup generated
by the remaining elements. We also note that in view of Proposition [2.8] that is yet to
be proved, the process described above simplifies dramatically, as it turns out p has only
one root — the proof of Proposition 2.8 relies on what we are proving right now, though.

Fig. 11. Proof of Proposition construction of p’

Thirdly, assume that there are more than three non-regular points among roots
aq,...,0p. Surround all the regular points with elements gi1,...,9, € Go, and all the
non-regular points with parabolas hy,...,h,. ¢ Go, with p +r = n, so that each g; or
h; is positive only at the root as or a; that it surrounds, but negative at the remaining
roots, s € {1,...,p}, t € {1,...,r}. Then the r — 1 products —hyhg,—hihs,...,—hih,
are elements of Gy, and the group H is generated by (r — 1) + p+ 2 = n + 1 elements,
and we obtain a space (Y, H) with |Y| = 2n and |H| = 2"*!. This is only possible when
(Y, H) is a group extension of a direct sum of n singleton spaces, so, in particular, (Y, H)
has only one connected component — but, as before, this is not the case, which yields a
contradiction.

The case when there is only one non-regular point is similar: we can surround it with
the product of —g;, i € {1,...,n—1}, where ay, ..., a,_1 are all regular, and thus obtain
n + 1 generators of the group H, and the rest of the proof carries over.

Finally, consider the case when k = n— 1, that is when there are only two non-regular
points among real roots of p1, p2, and they cannot be separated by an element p € Gj.
This is actually the same as the case of only one non-regular point with n replaced by
n — 1, since the two non-regular points give rise to only two orderings. This finishes the
proof. m

Using similar methods we can also prove the following:
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PROPOSITION 2.8. Let Go C G be a subgroup of Goey with —1 € Go, and let
(Goe) = Go) = 2. If (Xo0,Go) is a space of orderings, where Xo = X|a,, if a1,
are two non-reqular Go-algebraic points, and if p € Gy is a Gy-irreducible element such
that p(aq)p(asz) < 0 (that is, a1 and as are separated by p), then p has only one real Toot.

Proof. Suppose that aj,as are two non-regular Gg-algebraic points, and that p € Gy is
a Go-irreducible element such that p(aq)p(az) < 0, and has at least two different roots,
call them f7, B2. There are four cases to consider.

Firstly, assume that q1,g92 € Gy are two different Gg-irreducible elements such that
q1(a1) = g2(ag) = 0, and assume that both 81 and 8y are regular. Surround 51 and 5,
with elements g1, g2 € Gy, and a1, as with parabolas hi, he ¢ Gy, so that —hihs € G.
It follows that the eight orderings induced by aq, as, 81, B2 form a subspace of (X, Go),

call it (Y, H). Note that in H g19o = —hiha, which follows that H is generated by
5 elements, namely g1, g2, q1, g2, and p — but the only finite space of orderings (Y, H)
with |[Y| = 8 and |H| = 2° is the group extension of a direct sum of four singleton

spaces, that is, in particular, connected. The subspace (Y, H) that we constructed has,
however, five connected components: four singleton spaces coming from «; and «s, and
the four-element fan coming from 3 and fs.

Secondly, assume that q1,q2 € G are two different Gy-irreducible elements such
that ¢1(a1) = ga(a2) = 0, and assume that one of f1, B, say 1, is non-regular. Sur-
round non-regular points with parabolas hi, ho, hs ¢ Go, and By with g1 € Gy. Then
—hihg, —h1hg € G which leads to a space (Y, H) with |Y| = 8 and |H| = 25 — the only
such space has three connected components, two of them being singleton spaces, and one
a group extension of a direct sum of three singleton spaces, which yields a contradiction.
The case with both 8; and (2 being non-regular is analogous.

The remaining two cases coming from the situation when a; and as are roots of one
Go-irreducible element of Gy can be proved in a similar way. m

We now arrive to the main theorem of this paper:

THEOREM 2.9. Let Gy C Gg) be a subgroup of Gy with —1 € Go, and let
(Go() : Go) = 2. If (Xo,Go) is a space of orderings, where Xog = X|q,, then (Xo,Go) is
profinite.

Proof. Tt suffices to show that, for a given finite subset {p1,...,pm} C Go, there exists a
finite quotient space (X1, G1) of (Xo,Go) such that

pla"'7pm€G0

([6, Remark 5.5]). Thus let {p1,...,pm} C Go, and let G = (p1,...,Pm) be a sub-
group of Gy generated by the elements p1,...,p,. Without loss of generality we may
assume that pi,...,p, are square free polynomials, and replacing, if necessary, the set
{p1,...,pm} with the set of all Gy-irreducible factors of p1, ..., pm,, we may also assume
that the sets of real roots of polynomials p1, .. ., p,, are pairwise disjoint. Surround all reg-
ular roots B1,...,8p with elements ¢1,...,g9p € Gy, and all non-regular roots v1,...,vgr
with parabolas hq,...,hr ¢ Go.

We start with constructing finite quotients (XP?i, GP#), for each p;, i € {1,...,m},
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that will later become direct summands of (X7, G1). Depending on how real roots of p;
are structured, these constructions vary quite substantially. Fix p € {p1,...,pm}.

Assume the case when all real roots of p are, say, relabeling, if necessary, B1,..., Bn,
where n > 1. Consider the direct sum of one-element spaces

({o1},(91)) U ({o2}, (92)) U+ .. U ({on}, (9n))-

Here by o; we mean the unique ordering of this quotient that makes g; negative,
i€ {1,...,n}. By Proposition all non-regular roots of all the remaining p;, p; # p,
j € {1,...,m}, lie either within K, or K_, — replacing p with —p, if necessary, we
might assume the former is the case. Thus the only roots of p;, p; # p, j € {1,...,m},
where p is negative, are regular, say these are (3,41,..., s surrounded by gni1,...,7s-
We multiply p by the product of all —gg, k € {n+1,...,s}, and as a result we obtain an
element p’ € Gy negative only either on Ky, N (—00,q;), or on K,y N (o, +00), for each
i € {1,...,n}, and positive on all remaining K, , Kp,,j € {n+1,...,P}, k€ {1,..., R}.
Now take the group extension

(X?,67) = [({or} (g1) U- .. U ({on}, (g92))] x (@)

As a result of this extension, each ordering o; splits into two orderings on the quotient
that can be identified with o] and o}

7 7

according to p'(0;) = —1, p'(o) = 1. See

Figure 12

h Y

T p
Fig. 12. Proof of Theorem 2.9} all n > 1 roots of p are regular

In the special case when p has only one root, say (;, that is regular, consider the
singleton space

({o1},(91)),

where o7 is the unique ordering of the quotient that makes g; negative. As before, we
would like to construct an extension of this space, but since now p can separate non-
regular points, the construction becomes more delicate. Here it is not always possible to
modify p into p’ so that the resulting polynomial is positive at all roots of p;, p; # p,
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j €{1,...,m} — but since at the end of the proof (X7, GP) will become one of the direct
summands, it suffices to ensure that p|xr; € GP3, p;, p; #p, j € {1,...,m}, and this is
obvious here since p|yr; will be either 1 or —1. Thus we simply define

(XP,GP) = ({01}, (91)) x (p)-

Now assume the case when p has s regular roots, say f1,..., (s, and ¢t non-regular
ones, say vi,-..,%Y:, with t > 2. Here we consider the space
(o1}, {g)) U U ({os}, {gs)) U ({m1, ..o e}, (—hahe, —hahs, ... —hihe)),

where o; is defined as before, and 7; is the unique ordering that makes all the elements
—hih;, j # 1,5 €{1,...,t}, negative. Then we modify p into p’ just as before and define

(X7,G7) = [({o1} (g)) U... U ({os}, (gs))
U7, ., 7} (—hiha,—hihs, ..., —hlht>)] x (p').
The case when p has, other than some regular roots 1, . . ., 85, exactly two non-regular
ones, 1 and ~ys splits into two subcases: if 71 and v, cannot be separated, we might treat
them as one regular root. If they are, however, split by a polynomial f € Gy that has
only one root, we take

(X7,67) = [({o1} (g U .. U ({os}, (g5) U ({11, 72}, (=haho, )] x (0).

Finally, if p has only one non-regular root, it can be treated as a regular point. This
finishes the proof. =

REMARKS.

(1) Observe that the proof in the case when all roots are regular can be applied to
show that (Xq(s), Gg(z)) is profinite. This relates to our work in [3].

(2) We have at least three reasons why for spaces obtained from subgroups of index 2
of Gg(y) Lam’s Open Problem B is satisfied: firstly, by Propositionthey are of stability
index at most 3, secondly, they are profinite by Theorem [2.9] and thirdly, they are realized
by Pythagorean fields as profinite spaces since Gy is countable (see [3, Theorem 5]).

(3) It remains an open question whether counterexamples to Lam’s Open Problem B
can be found among quotients coming from subgroups of higher index. Due to the “ex-
ponential growth” of complications with recognizing fans in such quotients this seems as
an extremely difficult problem.
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