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Abstract. Let k be an algebraically closed field, char k = 0. Let C be an irreducible nonsingular
curve such that rC' = SN F, r € N, where S and F are two surfaces and all the singularities
of F are of the form 2% = 2% — 43 s € N. We prove that C' can never pass through such
kind of singularities of a surface, unless » = 3a, a € N. We study multiplicity-r structures on
varieties € N. Let Z be a reduced irreducible nonsingular (n — 1)-dimensional variety such that
rZ = XNF, where X is a normal n-fold, F is a (N — 1)-fold in PV, such that Z N Sing(X) # 0.

We study the singularities of X through which Z passes.

DEFINITION 0.1. Let X be an n-dimensional normal variety and P a point of X. Let
P be an n-fold isolated singularity (that is, the spectrum of an equicharacteristic local
noetherian complete ring of Krull dimension n, without zero divisors, whose closed point
P is singular). Let 7 : X — X be the desingularization of X at P. The genus of a normal
singularity P is defined to be dimy (R" 'm0 )p. If the genus is 0, the singularity is
said to be rational. If the genus is 1, it is elliptic.

NOTATION 0.2. Let F' be a reduced surface and P a point of F. Let (F, P) be a surface
singularity (that is, the spectrum of an equicharacteristic complete local ring of Krull
dimension 2 whose closed point P is singular). Let 7 : F — F be the minimal desingu-
larization of F' at P.
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DEFINITION 0.3. Let X be a nonsingular complex surface and A C C a small open disc
around the origin.

(1) Let ® : S — A be a surjective proper holomorphic map. If the fibres S; = ®~1(#),
t # 0, are nonsingular connected curves of genus g, we call it a pencil of curves of
genus g. Sy is called the singular fibre.

(2) Let ® : S — A be a pencil of curves of genus g which has reduced components.
Let Py,...,P. € Supp(Sp) be nonsingular points of Sy. Let o : S — S be a finite
number of blowing-ups at Pi,...,P.. Let ¢ : M — X be a holomorphic map
from an open neighbourhood M of the proper transform of Supp(Sp) in S’ which
defines a resolution of X. A normal surface singularity isomorphic to a singularity
obtained in this way is called a Kodaira singularity of genus g (or associated to @),
[6, 2.1, 2.2].

DEFINITION 0.4. Let F' be a reduced surface with a singular point at O. We shall denote
by (Vag,a1,a2, O) the singularity of the form

(Vao,a1,a270) = {(x03x17x2) elUC ks such that foao "i_xla1 = x2a2}
with 2 S (o)) S aq S as.

NoOTATION 0.5. Let | = ged(ag, a1, a2), l; = %J’a’“), o = zﬁﬁ’ i, j, k€ {0,1,2}, i # j,
1#£k, j#k.

PROPOSITION 0.6. (Vag.41,02:0), 2 < ap < a1 < ag, is a Kodaira singularity if and
only if agarly < ao. If this is the case, it is associated to a pencil of curves of genus
%{(ao — 1)(&1 — 1) — ng(CLo, al) + 1}.

Proof. [4, Proposition 4.4]. u

LEMMA 0.7. (V335,35,0), s € N, is a Kodaira singularity associated to a pencil of curves
of genus 3s — 2.

Proof. According to Notation 0.5, 1 = 3,1l =s,l1 =l =1, ap = a3 = as = 1. By
Proposition 0.6, (V3 3s,35,0), s € N, is a Kodaira singularity since agaily =1 < ap = 1;
it is associated to a pencil of curves of genus £{(3—1)(3s—1) —gecd(3,3s)+1} =35—2. =

DEFINITION 1.0.

(1) We call mazimal cycle Z; the cycle Zz = )" m;E;, defined by the divisorial part of
MOy, where M is the maximal ideal Max O p of Of p; the E; are the irreducible
components of dimension 1 of the exceptional fibre 7=1(P) and the m; are nonneg-
ative integers. A component E; such that m; =1 is called a reduced component of
the cycle.

(2) Consider positive cycles Z = > r;E;, r; > 0, such that (Z.E;) < 0, for all 4. The
unique smallest cycle Z satisfying (Z.F;) < 0, for all 4, is called the fundamental
cycle of F.

1.1. Study of the fundamental cycle for (V3,35,35,0), s € N. Let 29 = 2z, 21 = v,
x9 = x. We consider the surface singularity (F,O) given by 23 = x3° — y35. We want to
desingularize F" at O.
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Case s = 1: We consider the surface singularity (F,O) given by z® = 2% —y3. We want
to desingularize F at O. Applying to 2% = 2% —y3 the change Ty = f 2(1) = y, Yy =
we obtain 2(1)3 = x(1)3 —1lin Fyy;m : Fy — F, E = 71 1(O) exceptional d1v1sor
given by y1) = 0. The fundamental cycle is Z = E. Its self-intersection is £.E = —3. We
shall write the weighted dual graph of the fundamental cycle as

[1]

1 denotes that FE is a reduced component of the fundamental cycle; [1] denotes that the
genus of E is 1; E? = —3. 23 = 2% — 93 is a simple elliptic singularity.

Case s = 2: We consider the surface singularity (F,O) given by 23 = 2% — y5. We
want to desingularize F' at O. Applying to 2> = 2 — y% the change () = ﬂ z(l) = 5’
Yy = ¥y, we obtain 2(1)3 = y(1)3(:c(1)6 — 1) in Fy; m : Fqy — F, E LO)
exceptional divisor given by y(;) = 0.

Let us apply to 2(1)3 = y(1)3($(1)6 —1) the change T(2) = T(1) Z(2) = y(l)’ Y©2) = Y@)-
We obtain z(2)3 = x(2)6 —1in Fig); ma 1 Figy — Fyy, D = 7o 1(E) exceptional divisor

given by y(z) = 0.
The fundamental cycle is Z = D. Its self-intersection is D.D = —3. To know the

genus of D we apply Riemann—Hurwitz Formula. We obtain 2g — 2 = 3(0 — 2) 4+ 2.6 = 6,
thus g = 4. We shall write the weighted dual graph of the fundamental cycle as

[4]

1 denotes that D is a reduced component of the fundamental cycle; [4] denotes that the
genus of D is 4; D? = —3.

Case s = 3: We consider the surface singularity (F,0) given by 23 =z fyg. We want
to desmgularlze F at O. Applying to 23 = 2% —9” the change x(1) = 5, Z(1) = y, Y1) =Yy
we obtain z(l) =9) (J}(l) —1)in Fqy;m: Fuy — F,E=m ~1(0) exceptional divisor
given by y) = 0. The cycle corresponding to the function z = 0 is formed by 3 lines
G1, Gy, G5 intersecting E in one point. The total transform is E + G1+ Gy + G3. Let us
apply to 2(1)3 = y(l)ﬁ(x(1)9 —1) the change 2(5) = (1), 2(2) = y<1>’ Y(2) = Y1) We obtain
2(2)3 = y(2)3(x(2)9 —1)in Fg); m2 : Floy — Fqy, G = 7o~ 1(E) exceptional divisor given
by y2) = 0. The total transform of the cycle corresponding to the function x(;y = 0 is
Fy + F> 4+ F3; Fy, F5, F3 lines intersecting G. G.G = -3, G. F =1,1 <1 < 3. Let us
apply to 2(2)3 = y(2)3(x(2)9 —1) the change 2(3) = x(9), 2(3) = » Y(3) = Y(2)- We obtain
2(3)3 = {E(g)g —1;mg: F(g) — F(Q), D= 7T371(G).

y(z)

(m3) - (m2) - (m1) desingularizes O. The fundamental cycle is Z = D. Its self-intersection
is D.D = —3. To know the genus of D we apply Riemann-Hurwitz Formula to (73) - (72).
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We obtain 2g — 2 = 3(0 — 2) + 2.9 = 12, thus g = 7. We shall write the weighted dual
graph of the fundamental cycle as
1

7l
1 denotes that D is a reduced component of the fundamental cycle; [7] denotes that the
genus of D is 7; D? = —3.

Case s € N: We consider the surface singularity (F,O) given by 23 = 23 — /35,

We want to desingularize F' at O. Applying to z3 = 23 — y3% the change Ty = %
2(1) = 5, Ya) = Y, we obtain 2(1)3 = y(1)38*3(x(1)6 — 1) in Fuy; m : Fqy — F
E = m171(0) exceptional divisor given by Yy = 0.

Let us apply to z()*

b
b

Q)
Yy’
Y(2) = Y1)- We repeat the process s —1 times until we arrive at z(,)” = a:(s)?’s —Lin F,);

s ¢ Flgy — Fs—1y, D = m, 1 (E4~Y) exceptional divisor. The fundamental cycle is
Z = D. Its self-intersection is D.D = —3. To know the genus of D we apply Riemann—
Hurwitz Formula. We obtain 2g — 2 = 3(0 — 2) + 2(3s) = 6s — 6, thus g = 3s — 2. We
shall write the weighted dual graph of the fundamental cycle as

1

[3s — 2]

1 denotes that D is a reduced component of the fundamental cycle; [3s — 2] denotes that
the genus of D is 3s — 2; D? = —3.

= y(1)3s—3(x(1)33 — 1) the change T2) = @A), #(2) =
3
)

PROPOSITION 1.2. The families of smooth curves on a normal surface singularity are
in one-to-one correspondence with the reduced components of the mazximal cycle of its
minimal desingularization .

Proof. [3, 1.14]. m

PROPOSITION 1.3. For a surface singularity of the type (Vag.ay.a2,0), the mazimal cycle
of m and the fundamental cycle of its weighted dual graph coincide if and only if ag > la.
Proof. [4, Theorem 3.6]. m

COROLLARY 1.4. For a surface singularity of the type (V3 3s3s,0), s € N, the mazimal
cycle of m coincides with the fundamental cycle of its weighted dual graph.

Proof. Tt follows from Proposition 1.3 since as =1>1l;=1. =

THEOREM 1.5. Let C' be an irreducible nonsingular curve such that rC = SN F, where S
and F are surfaces and r € N. C' cannot pass through any singular point of the surfaces
of the type (V3 3535,0), s € N, unless r = 3a, a € N.

Proof. By Proposition 1.2 and Corollary 1.4, if an irreducible nonsingular curve C' passes
through a singularity of F', then its strict transform must intersect transversally only
one exceptional divisor of multiplicity one in the fundamental cycle. Moreover, since our
curve C' is not a Cartier divisor, we consider rC' and consider its total transform which
must have intersection 0 with each exceptional divisor. Consider the fundamental cycle
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of a surface singularity of the type (V3 35,35, 0), s € N. If C' would pass through such a
singularity we should be able to find, for r € N, a cycle

le————or
[3s — 2]

This cycle can only happen if r = 3a, a € N. Thus, there are no C' passing through a
surface singularity of the type (V3 35,35,0), s € N, unless r = 3a, a € N. m

DEFINITION 1.6.

(1) Let (Ox,p, Mp) be the local ring of a point P € X of a k-scheme. Let V.C Mp be
a finite-dimensional k-vector space which generates M p as an ideal of Ox p. By a
general hyperplane through P we mean the subscheme H defined in a suitable open
neighbourhood U of P by the ideal (v)Ox, where v € V is a k-point of a certain
dense Zariski open set in V', [B (2.5)]. By a general linear variety of codimension r
through P we mean the subscheme L C U defined in a suitable open neighbourhood
U of P by the ideal (vy,...,v,)Ox, where v1,...,v,. € V are k-points of a certain
dense Zariski open set in V.

(2) Let X be a singular n-fold. We say that a point @ € Sing(X) is a general point of
Sing(X) if, for a general hyperplane H such that Q € H and for some divisorial re-
solution f : V' — X the preimage f~1(Q) of Q and the strict transform £ (X N H)
satisfy f~1(Q) C frH{(X NH), [2 2.4].

DEFINITION 2. Let X be a singular n-fold embedded in P, dim Sing(X) > 0.

(1) Let H be a hyperplane in PV such that H N Sing(X) # (). Denote X N H by Xj.
We say that X, is a general hyperplane section meeting Sing(X) if it is irreducible
and, for some divisorial resolution f : V — X the total transform f*(Xj) is equal
to the strict transform f1(Xj).

(2) Let L,;; be a linear variety of codimension r + 1, 0 < r < n — 3, in PV such that
L,11 N Sing(X) # (. Denote X N L,41 by W,., 0 < r < n — 3. We say that W, is
a general linear section meeting Sing(X) if it is irreducible and, for some divisorial
resolution f : V — X, the total transform f*(W,.) is equal to the strict transform
[ (W)

DEFINITION 3. Let X be a n-fold in in PV.

(1) A point P € X is called a linear compound Du Val singularity or a leDV point if,
for a general linear variety W of codimension n — 2 through P, P ¢ W, X N W is
a Du Val singularity.

(2) A point P € X is called a linear compound V'3 singularity or a lcV3 point if, for
a general linear variety W of codimension n — 2 through P, P e W, X NW is a
singularity of the type V5 3535, s € N.

REMARK 4.

1. P € X is IcDV if it is locally analytically isomorphic to the hypersurface singularity
given by f + g, where g € k[z1,...,2y] is such that mult g > deg f and f € k[z1, z2, 23]
represents a Du Val singularity.
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2. P € X is IcV3 if it is locally analytically isomorphic to the hypersurface singularity
of the form f+ g, where f is a polynomial in k[z1, 22, z3] of the form 03(333)3 =c (ml)ss +
cz(a:g)ss + h(z1,22,23), s €N, ¢1,c0,c3 €k, and g € k[xy,...,zN], multg > deg f > 6s.
This is3so 1because any monomial w of k would be divisible either by (z3)* or (ml)gs?
or (z2)™" )78

or (x9

which would make possible to absorb w respectively in either (z3)* or (z;
)38.

NoOTATION 5. Fix a point P € Sing(X). Let L, be a general linear variety of codimension
r+1in PV, 0 <r <n— 3, such that Sing(X)N L1 # 0. Let W,, = X N L,41.

PROPOSITION 6. Let X be a quasiprojective scheme over any field. Let Ry11 be a general
linear variety of codimension | +1 in PN, 0 <1< N —1. Let Ty = X N Ry;1. Let r € N,
If X satisfies Serre’s condition S,., then so does Tj. Thus, if X is a normal variety, then
so s Ty.

Proof. [2, 3.4] =

DEFINITION 7. Let us consider the d-uple embedding pg : PV — PM M = ("gd) — 1. Let
Y be a complete intersection nonsingular variety in PV defined by [ equations Zi]\io @i Yss
1<j<Il,1<1<N -1, where all the y;, 0 < i < M, are monomials of degree d in

Zo,..., TN, for some l,d € N. We call Y a (d, 1) complete intersection nonsingular variety.

PROPOSITION 8. Let X be a normal singular variety of dimension n in PN. Let Y be
a (d,l) complete intersection monsingular variety such that Y N Sing(X) # 0. Let us
consider the d-uple embedding pg : PN — PM, M = (”jd) —1. Then, as abstract varieties,
XNY =pa(X)N Y, where Y is a linear variety in PM obtained from Y by using pq.

Proof. Let us consider the d-uple embedding pg : PV — PM M = (";d) — 1. Let Y be
. . . . . M .

a complete intersection nonsingular variety defined by equations ) ." ja;y:;, 1 < j <1,

1 <1< N —1, where all the y;, 0 <¢ < M, are monomials of degree d in xg,...,xyn. We

see that, as abstract varieties, X NY = pg(X) NY, where Y is a linear variety in PM,

since we can identify the g; with the coordinates of PM obtained by using pq. m

DEFINITION 9. Let X be a normal singular variety of dimension n in PV. Let Y be a
(d,1) complete intersection nonsingular variety in PV such that Y N Sing(X) # (. Let
us consider the d-uple embedding pg : PN — PM M = (”jd) — 1. Then, as abstract
varieties, X N'Y = py(X) NY, where Y is a linear variety in PM obtained from Y by
using pg. We say that Y is a (d, 1) general complete intersection nonsingular variety in PN
meeting Sing X if Y is a general linear variety in P™ meeting Sing pg(X), according to
Definition 2.

DEFINITION 10. Let X be a n-fold.

(1) A point P € X is called a (d, 1) complete intersection compound Du Val singularity
or a dlcicDV point if, for a general (d,l) complete intersection nonsingular variety
Y of codimension n — 2 through P, P € Y, X NY is a Du Val singularity.

(2) A point P € X is called a (d,l) complete intersection compound V3 singularity or
a dlcic V3 point if, for a general (d,1) complete intersection nonsingular variety Y of
codimension n — 2 through P, P € Y, X NY is a singularity of type V3 3535, s € N.
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11. Let C be an irreducible nonsingular curve such that 2C =V N W, where V and W
are two surfaces in P and W has at most rational double points. Let us suppose that C
passes through a rational double point P of W. Let W be the minimal desingularization
of Wat P, m: W — W. Let E, 1 < k < n, be the irreducible components of the
exceptional divisor. Write the total transform 7*(2C") = Z;;l B;E;+2E, where E is the
strict transform of C, 8; € N.

PROPOSITION 12. Let C' be an irreducible nonsingular curve 2C = VW, where V and W
are two surfaces in P3 and W has only rational double points as singularities. Assume
that C passes through a rational double point P of W. P cannot be either of type As,.,

r € N, or type Eg, or Eg. For C to pass through only one singularity of type Ag,11, 7 € N,

2r+1

2
we must have (322" BjE;) = —(2r +2). For C to pass through only one singularity of

type E;, we must have (Z;Zl ﬁjEj)2 = —6. For C to pass through only one singularity of
type D,,, n > 4, we must have either (Z?:l ﬁjEj)z =—4, or, form =2k, keN, k>3,
(Y71 8;E))" = —n.

Proof. [I, Theorem 0.9] m

COROLLARY 12.1. Let C be an irreducible nonsingular curve rC = VNW, r = 2a,
a €N, where V and W are two surfaces in P> and W has only rational double points as
singularities. Assume that C' passes through a rational double point P of W. P cannot be
either of type Ag,., 7 € N, or type Eg, or Eg. For C' to pass through only one singularity

of type Agrv1, 7 € N, we must have (Z?T:{l BjEj)Q = —(2r 4+ 2). For C to pass through
only one singularity of type By, we must have (237':1 BjEj)2 = —6. For C to pass through
only one singularity of type D,,, n > 4, we must have either (2?21 5jEj)2 = —4, or, for
n=2k keN, k>3, (X0 BE) =-n.

Proof. It follows from Proposition 12, since, if 2C is a Cartier divisor, so it is 2aC),
a€N =

PROPOSITION 13. Let Z be a reduced irreducible nonsingular (n — 1)-dimensional variety
such that rZ = X N F, r = 2a, a € N, where X is an n-fold and F is a (N — 1)-
fold in PN, X normal with a lcDV singularity P and such that Z N Sing(X) # 0. Let
Wi—3 be a general linear variety as in Notation 5. Then Z has empty intersection with
a lcDV singularity of X such that W,_3N X = @, where Q is a rational surface sin-
gularity of types Aoy, k € N, Eg and Eg. For Z to have non-empty intersection with
a lcDV singularity of X such that W,_3N X = @, where Q is a rational surface sin-

2
gularity of type Aspi1, k € N, we must have (Z?f{l BiE;) = —(2k + 2), where Ej,
1< j<2k+1, are the irreducible components of the exceptional divisor supported on

7 Q) for 7 : Wo_5 — Wy_3 the minimal resolution of Q € W,_3 N F. For Q to be of
type E7, we must have (Z;:l ﬁjEj)2 = —6, where E, 1 < k < 7, are the irreducible
components of the exceptional divisor as above. For @ to be of type D, n > 4, we must
have either (Z?Zl ﬁjEj)Q = —4, or, form =2k, ke N, k > 3, (Z?Zl ﬁjEj)Q = —n,
where By, 1 < k <n, are the irreducible components of the exceptional divisor as above.
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Proof. Let us define recursively Wp. Let Hp11, 0 < b < n — 4, be a general hyperplane
meeting Sing(W;,) N F. Let r = 2a, a € N. Given rZ = X NY we intersect it with Hp,
0<b<n-3,asfollows: rZNHyN...NH,_ 3=FNXNHyN...NH,_3. We obtain a
nonsingular curve C such that rC = YNXNHyN...NH,_3 and that CNSing(W,,_3) # 0.
We apply Corollary 12.1 to obtain the result. m

COROLLARY 14. Let Z be a reduced irreducible nonsingular (n — 1)-dimensional variety
such thatrZ = XNF, r = 2a, a € N, where X is an n-fold and F is a (N —1)-fold in PV,
X normal with a dicicDV singularity P and such that ZNSing(X) # 0. Let Y be a general
(d,1) complete intersection nonsingular variety of codimension n — 2 as in Definition 7.
Then Z has empty intersection with a dlcicDV singularity of X such that Y N X = @,
where @ is a rational surface singularity of types Aoy, k € N, Eg and Eg. For Z to have
non-empty intersection with a dlcicDV singularity of X such that Y N X = Q, where @

is a rational surface singularity of type Ask+1, k € N, we must have (Z?iﬁl BjEj)Q =
—(2k +2), where E;, 1 < j <2k +1, are the irreducible components of the exceptional
divisor supported on m=(Q) for T : Y — Y the minimal resolution of Q € YNF. For Q to
be of type Er, we must have (Z;Zl BjEj)Q = —6, where By, 1 < k <7, are the irreducible
components of the exceptional divisor as above. For Q to be of type D, n > 4, we must
have either (Z?Zl ﬁjEj)Q = —4, or, form =2k, k€ N, k > 3, (Z?Zl ,BjEj)Q = —n,
where Ey, 1 < k <n, are the irreducible components of the exceptional divisor as above.

Proof. Let us consider the d-uple embedding pg : PN — PM M = (”jd) — 1. Let Y
be defined as in Definition 7. Then, as abstract varieties, X NY = pg(X) NY, where
Y is a linear variety in P™. To obtain the result we follow the proof of Proposition 13
substituting W,,_s by V. m

PROPOSITION 15. Let Z be a reduced irreducible nonsingular (n — 1)-dimensional variety
such that rZ = X NF, r € N, where X is an n-fold and F is a (N — 1)-fold in PV,
X normal with a lcV3 singularity P and such that Z N Sing(X) # 0. Let W,_3 be a
general linear variety as in Notation 5. Z has empty intersection with a lc V8 singularity
of X such that W,_3N X = Q, where Q is a surface singularity of type V33535, s € N,
unless r = 3a, a € N.

Proof. Let us define recursively Wy. Let Hyy1, 0 < ¢t < n — 4, be a general hyperplane
meeting Sing(W;) N F. Given rZ = X N F, r € N, r > 2, we intersect it with Hy,
0<t<n-—3,asfollows: rZNHyN---NH,_ 3=FNXNHyN---NH,_3. We obtain a
nonsingular curve C such that rC = FNXNHyN---NH,_3 and that CNSing(W,,_3) # 0.
We apply Theorem 1.5 to obtain the result. m

COROLLARY 16. Let Z be a reduced irreducible nonsingular (n — 1)-dimensional variety
such that rZ = X N F, where X is an n-fold and F is a (N — 1)-fold in PV, X normal
with a dlcicV3 singularity P and such that Z N Sing(X) # 0. Let Y be a general (d,1)
complete intersection nonsingular variety of codimension n — 2 as in Definition 7. Then
Z has empty intersection with a dlcicV3 singularity of X such that Y N X = Q, where Q
is a surface singularity of type V33435, s € N, unless r = 3a, a € N.
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Proof. Let us consider the d-uple embedding pg : PN — PM M = (”;d) — 1. Let Y be
defined as in Definition 7. We see that, as abstract varieties, X NY = p4(X)NY, where
Y is a linear variety in P™. To obtain the result we follow the proof of Proposition 15

substituting W,,_5 by V. m
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