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Abstract. Let k be an algebraically closed field, char k = 0. Let C be an irreducible nonsingular
curve such that rC = S ∩ F , r ∈ N, where S and F are two surfaces and all the singularities
of F are of the form z3 = x3s − y3s, s ∈ N. We prove that C can never pass through such
kind of singularities of a surface, unless r = 3a, a ∈ N. We study multiplicity-r structures on
varieties r ∈ N. Let Z be a reduced irreducible nonsingular (n−1)-dimensional variety such that
rZ = X ∩F , where X is a normal n-fold, F is a (N − 1)-fold in PN , such that Z ∩ Sing(X) 6= ∅.
We study the singularities of X through which Z passes.

Definition 0.1. Let X be an n-dimensional normal variety and P a point of X. Let
P be an n-fold isolated singularity (that is, the spectrum of an equicharacteristic local
noetherian complete ring of Krull dimension n, without zero divisors, whose closed point
P is singular). Let π : X̃ → X be the desingularization of X at P . The genus of a normal
singularity P is defined to be dimk (Rn−1π∗OX̃)P . If the genus is 0, the singularity is
said to be rational. If the genus is 1, it is elliptic.

Notation 0.2. Let F be a reduced surface and P a point of F . Let (F, P ) be a surface
singularity (that is, the spectrum of an equicharacteristic complete local ring of Krull
dimension 2 whose closed point P is singular). Let π : F̃ → F be the minimal desingu-
larization of F at P .
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Definition 0.3. Let X be a nonsingular complex surface and ∆ ⊂ C a small open disc
around the origin.

(1) Let Φ : S → ∆ be a surjective proper holomorphic map. If the fibres St = Φ−1(t),
t 6= 0, are nonsingular connected curves of genus g, we call it a pencil of curves of
genus g. S0 is called the singular fibre.

(2) Let Φ : S → ∆ be a pencil of curves of genus g which has reduced components.
Let P1, . . . , Pr ∈ Supp(S0) be nonsingular points of S0. Let σ : S′ → S be a finite
number of blowing-ups at P1, . . . , Pr. Let ψ : M → X be a holomorphic map
from an open neighbourhood M of the proper transform of Supp(S0) in S′ which
defines a resolution of X. A normal surface singularity isomorphic to a singularity
obtained in this way is called a Kodaira singularity of genus g (or associated to Φ),
[6, 2.1, 2.2].

Definition 0.4. Let F be a reduced surface with a singular point at O. We shall denote
by (Va0,a1,a2 , O) the singularity of the form

(Va0,a1,a2 , O) =
{

(x0, x1, x2) ∈ U ⊂ k3 such that x0
a0 + x1

a1 = x2
a2
}

with 2 ≤ a0 ≤ a1 ≤ a2.

Notation 0.5. Let l = gcd(a0, a1, a2), li = gcd(aj ,ak)
l , αi = ai

lj lkl , i, j, k ∈ {0, 1, 2}, i 6= j,
i 6= k, j 6= k.

Proposition 0.6. (Va0,a1,a2 , O), 2 ≤ a0 ≤ a1 ≤ a2, is a Kodaira singularity if and
only if α0α1l2 ≤ α2. If this is the case, it is associated to a pencil of curves of genus
1
2{(a0 − 1)(a1 − 1)− gcd(a0, a1) + 1}.

Proof. [4, Proposition 4.4].

Lemma 0.7. (V3,3s,3s, O), s ∈ N, is a Kodaira singularity associated to a pencil of curves
of genus 3s− 2.

Proof. According to Notation 0.5, l = 3, l0 = s, l1 = l2 = 1, α0 = α1 = α2 = 1. By
Proposition 0.6, (V3,3s,3s, O), s ∈ N, is a Kodaira singularity since α0α1l2 = 1 ≤ α2 = 1;
it is associated to a pencil of curves of genus 1

2{(3−1)(3s−1)−gcd(3, 3s)+1} = 3s−2.

Definition 1.0.

(1) We call maximal cycle ZF̃ the cycle ZF̃ =
∑
miEi, defined by the divisorial part of

MOF̃ , whereM is the maximal ideal MaxOF,P of OF,P ; the Ei are the irreducible
components of dimension 1 of the exceptional fibre π−1(P ) and the mi are nonneg-
ative integers. A component Ej such that mj = 1 is called a reduced component of
the cycle.

(2) Consider positive cycles Z =
∑
riEi, ri ≥ 0, such that (Z.Ei) ≤ 0, for all i. The

unique smallest cycle Z satisfying (Z.Ei) ≤ 0, for all i, is called the fundamental
cycle of F̃ .

1.1. Study of the fundamental cycle for (V3,3s,3s, O), s ∈ N. Let x0 = z, x1 = y,
x2 = x. We consider the surface singularity (F,O) given by z3 = x3s − y3s. We want to
desingularize F at O.
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Case s = 1: We consider the surface singularity (F,O) given by z3 = x3−y3. We want
to desingularize F at O. Applying to z3 = x3−y3 the change x(1) = x

y , z(1) = z
y , y(1) = y,

we obtain z(1)
3 = x(1)

3 − 1 in F(1); π1 : F(1) −→ F , E = π1
−1(O) exceptional divisor

given by y(1) = 0. The fundamental cycle is Z = E. Its self-intersection is E.E = −3. We
shall write the weighted dual graph of the fundamental cycle as

1
•

[1]

1 denotes that E is a reduced component of the fundamental cycle; [1] denotes that the
genus of E is 1; E2 = −3. z3 = x3 − y3 is a simple elliptic singularity.

Case s = 2: We consider the surface singularity (F,O) given by z3 = x6 − y6. We
want to desingularize F at O. Applying to z3 = x6 − y6 the change x(1) = x

y , z(1) = z
y ,

y(1) = y, we obtain z(1)
3 = y(1)

3(x(1)
6 − 1) in F(1); π1 : F(1) −→ F , E = π1

−1(O)
exceptional divisor given by y(1) = 0.

Let us apply to z(1)
3 = y(1)

3(x(1)
6− 1) the change x(2) = x(1), z(2) = z(1)

y(1)
, y(2) = y(1).

We obtain z(2)
3 = x(2)

6 − 1 in F(2); π2 : F(2) −→ F(1), D = π2
−1(E) exceptional divisor

given by y(2) = 0.
The fundamental cycle is Z = D. Its self-intersection is D.D = −3. To know the

genus of D we apply Riemann–Hurwitz Formula. We obtain 2g− 2 = 3(0− 2) + 2.6 = 6,
thus g = 4. We shall write the weighted dual graph of the fundamental cycle as

1
•

[4]

1 denotes that D is a reduced component of the fundamental cycle; [4] denotes that the
genus of D is 4; D2 = −3.

Case s = 3: We consider the surface singularity (F,O) given by z3 = x9−y9. We want
to desingularize F at O. Applying to z3 = x9−y9 the change x(1) = x

y , z(1) = z
y , y(1) = y,

we obtain z(1)
3 = y(1)

6(x(1)
9−1) in F(1); π1 : F(1) −→ F , E = π1

−1(O) exceptional divisor
given by y(1) = 0. The cycle corresponding to the function x = 0 is formed by 3 lines
G1, G2, G3 intersecting E in one point. The total transform is E +G1 +G2 +G3. Let us
apply to z(1)

3 = y(1)
6(x(1)

9−1) the change x(2) = x(1), z(2) = z(1)
y(1)

, y(2) = y(1). We obtain
z(2)

3 = y(2)
3(x(2)

9 − 1) in F(2); π2 : F(2) −→ F(1), G = π2
−1(E) exceptional divisor given

by y(2) = 0. The total transform of the cycle corresponding to the function x(1) = 0 is
F1 + F2 + F3; F1, F2, F3 lines intersecting G. G.G = −3, G.Fi = 1, 1 ≤ i ≤ 3. Let us
apply to z(2)

3 = y(2)
3(x(2)

9−1) the change x(3) = x(2), z(3) = z(2)
y(2)

, y(3) = y(2). We obtain
z(3)

3 = x(3)
9 − 1; π3 : F(3) −→ F(2), D = π3

−1(G).
(π3) ·(π2) ·(π1) desingularizes O. The fundamental cycle is Z = D. Its self-intersection

is D.D = −3. To know the genus of D we apply Riemann–Hurwitz Formula to (π3) · (π2).



88 M. R. GONZALEZ-DORREGO

We obtain 2g − 2 = 3(0 − 2) + 2.9 = 12, thus g = 7. We shall write the weighted dual
graph of the fundamental cycle as

1
•

[7]
1 denotes that D is a reduced component of the fundamental cycle; [7] denotes that the
genus of D is 7; D2 = −3.

Case s ∈ N: We consider the surface singularity (F,O) given by z3 = x3s − y3s.
We want to desingularize F at O. Applying to z3 = x3s − y3s the change x(1) = x

y ,
z(1) = z

y , y(1) = y, we obtain z(1)
3 = y(1)

3s−3(x(1)
6 − 1) in F(1); π1 : F(1) −→ F ,

E = π1
−1(O) exceptional divisor given by y(1) = 0.

Let us apply to z(1)
3 = y(1)

3s−3(x(1)
3s − 1) the change x(2) = x(1), z(2) = z(1)

y(1)
,

y(2) = y(1). We repeat the process s− 1 times until we arrive at z(s)
3 = x(s)

3s− 1 in F(s);
πs : F(s) −→ F(s−1), D = πs

−1(E(s−1)) exceptional divisor. The fundamental cycle is
Z = D. Its self-intersection is D.D = −3. To know the genus of D we apply Riemann–
Hurwitz Formula. We obtain 2g − 2 = 3(0 − 2) + 2(3s) = 6s − 6, thus g = 3s − 2. We
shall write the weighted dual graph of the fundamental cycle as

1
•

[3s− 2]
1 denotes that D is a reduced component of the fundamental cycle; [3s− 2] denotes that
the genus of D is 3s− 2; D2 = −3.

Proposition 1.2. The families of smooth curves on a normal surface singularity are
in one-to-one correspondence with the reduced components of the maximal cycle of its
minimal desingularization π.

Proof. [3, 1.14].

Proposition 1.3. For a surface singularity of the type (Va0,a1,a2 , O), the maximal cycle
of π and the fundamental cycle of its weighted dual graph coincide if and only if α2 ≥ l2.

Proof. [4, Theorem 3.6].

Corollary 1.4. For a surface singularity of the type (V3,3s,3s, O), s ∈ N, the maximal
cycle of π coincides with the fundamental cycle of its weighted dual graph.

Proof. It follows from Proposition 1.3 since α2 = 1 ≥ l2 = 1.

Theorem 1.5. Let C be an irreducible nonsingular curve such that rC = S ∩F , where S
and F are surfaces and r ∈ N. C cannot pass through any singular point of the surfaces
of the type (V3,3s,3s, O), s ∈ N, unless r = 3a, a ∈ N.

Proof. By Proposition 1.2 and Corollary 1.4, if an irreducible nonsingular curve C passes
through a singularity of F , then its strict transform must intersect transversally only
one exceptional divisor of multiplicity one in the fundamental cycle. Moreover, since our
curve C is not a Cartier divisor, we consider rC and consider its total transform which
must have intersection 0 with each exceptional divisor. Consider the fundamental cycle
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of a surface singularity of the type (V3,3s,3s, O), s ∈ N. If C would pass through such a
singularity we should be able to find, for r ∈ N, a cycle

1 • − − −− ◦ r
[3s− 2]

This cycle can only happen if r = 3a, a ∈ N. Thus, there are no C passing through a
surface singularity of the type (V3,3s,3s, O), s ∈ N, unless r = 3a, a ∈ N.

Definition 1.6.

(1) Let (OX,P ,MP ) be the local ring of a point P ∈ X of a k-scheme. Let V ⊂MP be
a finite-dimensional k-vector space which generates MP as an ideal of OX,P . By a
general hyperplane through P we mean the subscheme H defined in a suitable open
neighbourhood U of P by the ideal (v)OX , where v ∈ V is a k-point of a certain
dense Zariski open set in V , [5, (2.5)]. By a general linear variety of codimension r

through P we mean the subscheme L ⊂ U defined in a suitable open neighbourhood
U of P by the ideal (v1, . . . , vr)OX , where v1, . . . , vr ∈ V are k-points of a certain
dense Zariski open set in V .

(2) Let X be a singular n-fold. We say that a point Q ∈ Sing(X) is a general point of
Sing(X) if, for a general hyperplane H such that Q ∈ H and for some divisorial re-
solution f : V → X, the preimage f−1(Q) ofQ and the strict transform f−1

∗ (X ∩H)
satisfy f−1(Q) ⊂ f−1

∗ (X ∩H), [2, 2.4].

Definition 2. Let X be a singular n-fold embedded in PN , dim Sing(X) > 0.

(1) Let H be a hyperplane in PN such that H ∩ Sing(X) 6= ∅. Denote X ∩H by X0.
We say that X0 is a general hyperplane section meeting Sing(X) if it is irreducible
and, for some divisorial resolution f : V → X, the total transform f∗(X0) is equal
to the strict transform f−1

∗ (X0).
(2) Let Lr+1 be a linear variety of codimension r + 1, 0 ≤ r ≤ n− 3, in PN such that

Lr+1 ∩ Sing(X) 6= ∅. Denote X ∩ Lr+1 by Wr, 0 ≤ r ≤ n − 3. We say that Wr is
a general linear section meeting Sing(X) if it is irreducible and, for some divisorial
resolution f : V → X, the total transform f∗(Wr) is equal to the strict transform
f−1
∗ (Wr).

Definition 3. Let X be a n-fold in in PN .

(1) A point P ∈ X is called a linear compound Du Val singularity or a lcDV point if,
for a general linear variety W of codimension n− 2 through P , P ∈ W , X ∩W is
a Du Val singularity.

(2) A point P ∈ X is called a linear compound V 3 singularity or a lcV3 point if, for
a general linear variety W of codimension n − 2 through P , P ∈ W , X ∩W is a
singularity of the type V3,3s,3s, s ∈ N.

Remark 4.
1. P ∈ X is lcDV if it is locally analytically isomorphic to the hypersurface singularity

given by f + g, where g ∈ k[x1, . . . , xN ] is such that mult g > deg f and f ∈ k[x1, x2, x3]
represents a Du Val singularity.
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2. P ∈ X is lcV3 if it is locally analytically isomorphic to the hypersurface singularity
of the form f+g, where f is a polynomial in k[x1, x2, x3] of the form c3(x3)3 = c1(x1)3s +
c2(x2)3s + h(x1, x2, x3), s ∈ N, c1, c2, c3 ∈ k, and g ∈ k[x1, . . . , xN ], mult g > deg f ≥ 6s.
This is so because any monomial w of h would be divisible either by (x3)2 or (x1)3s−1

or (x2)3s−1 which would make possible to absorb w respectively in either (x3)3 or (x1)3s

or (x2)3s.

Notation 5. Fix a point P ∈ Sing(X). Let Lr+1 be a general linear variety of codimension
r + 1 in PN , 0 ≤ r ≤ n− 3, such that Sing(X) ∩ Lr+1 6= ∅. Let Wr = X ∩ Lr+1.

Proposition 6. Let X be a quasiprojective scheme over any field. Let Rl+1 be a general
linear variety of codimension l + 1 in PN , 0 ≤ l < N − 1. Let Tl = X ∩Rl+1. Let r ∈ N.
If X satisfies Serre’s condition Sr, then so does Tl. Thus, if X is a normal variety, then
so is Tl.

Proof. [2, 3.4]

Definition 7. Let us consider the d-uple embedding ρd : PN → PM , M =
(

n+d
d

)
− 1. Let

Y be a complete intersection nonsingular variety in PN defined by l equations
∑M

i=0 aijyi,
1 ≤ j ≤ l, 1 ≤ l ≤ N − 1, where all the yi, 0 ≤ i ≤ M , are monomials of degree d in
x0, . . . , xN , for some l, d ∈ N. We call Y a (d, l) complete intersection nonsingular variety.

Proposition 8. Let X be a normal singular variety of dimension n in PN . Let Y be
a (d, l) complete intersection nonsingular variety such that Y ∩ Sing(X) 6= ∅. Let us
consider the d-uple embedding ρd : PN → PM , M =

(
n+d

d

)
−1. Then, as abstract varieties,

X ∩ Y = ρd(X) ∩ Ỹ , where Ỹ is a linear variety in PM obtained from Y by using ρd.

Proof. Let us consider the d-uple embedding ρd : PN → PM , M =
(

n+d
d

)
− 1. Let Y be

a complete intersection nonsingular variety defined by equations
∑M

i=0 aijyi, 1 ≤ j ≤ l,
1 ≤ l ≤ N − 1, where all the yi, 0 ≤ i ≤M , are monomials of degree d in x0, . . . , xN . We
see that, as abstract varieties, X ∩ Y = ρd(X) ∩ Ỹ , where Ỹ is a linear variety in PM ,
since we can identify the yi with the coordinates of PM obtained by using ρd.

Definition 9. Let X be a normal singular variety of dimension n in PN . Let Y be a
(d, l) complete intersection nonsingular variety in PN such that Y ∩ Sing(X) 6= ∅. Let
us consider the d-uple embedding ρd : PN → PM , M =

(
n+d

d

)
− 1. Then, as abstract

varieties, X ∩ Y = ρd(X) ∩ Ỹ , where Ỹ is a linear variety in PM obtained from Y by
using ρd. We say that Y is a (d, l) general complete intersection nonsingular variety in PN

meeting SingX if Ỹ is a general linear variety in PM meeting Sing ρd(X), according to
Definition 2.

Definition 10. Let X be a n-fold.

(1) A point P ∈ X is called a (d, l) complete intersection compound Du Val singularity
or a dlcicDV point if, for a general (d, l) complete intersection nonsingular variety
Y of codimension n− 2 through P , P ∈ Y , X ∩ Y is a Du Val singularity.

(2) A point P ∈ X is called a (d, l) complete intersection compound V 3 singularity or
a dlcicV3 point if, for a general (d, l) complete intersection nonsingular variety Y of
codimension n− 2 through P , P ∈ Y , X ∩Y is a singularity of type V3,3s,3s, s ∈ N.
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11. Let C be an irreducible nonsingular curve such that 2C = V ∩W , where V and W

are two surfaces in P3 and W has at most rational double points. Let us suppose that C
passes through a rational double point P of W . Let W̃ be the minimal desingularization
of W at P , π : W̃ → W . Let Ek, 1 ≤ k ≤ n, be the irreducible components of the
exceptional divisor. Write the total transform π∗(2C) =

∑n
j=1 βjEj + 2E, where E is the

strict transform of C, βj ∈ N.

Proposition 12. Let C be an irreducible nonsingular curve 2C = V ∩W , where V and W
are two surfaces in P3 and W has only rational double points as singularities. Assume
that C passes through a rational double point P of W . P cannot be either of type A2r,
r ∈ N, or type E6, or E8. For C to pass through only one singularity of type A2r+1, r ∈ N,
we must have (

∑2r+1
j=1 βjEj)

2
= −(2r+ 2). For C to pass through only one singularity of

type E7, we must have (
∑7

j=1 βjEj)
2

= −6. For C to pass through only one singularity of
type Dn, n ≥ 4, we must have either (

∑n
j=1 βjEj)2 = −4, or, for n = 2k, k ∈ N, k ≥ 3,

(
∑n

j=1 βjEj)2 = −n.

Proof. [1, Theorem 0.9]

Corollary 12.1. Let C be an irreducible nonsingular curve rC = V ∩ W , r = 2a,
a ∈ N, where V and W are two surfaces in P3 and W has only rational double points as
singularities. Assume that C passes through a rational double point P of W . P cannot be
either of type A2r, r ∈ N, or type E6, or E8. For C to pass through only one singularity
of type A2r+1, r ∈ N, we must have (

∑2r+1
j=1 βjEj)

2
= −(2r + 2). For C to pass through

only one singularity of type E7, we must have (
∑7

j=1 βjEj)
2

= −6. For C to pass through
only one singularity of type Dn, n ≥ 4, we must have either (

∑n
j=1 βjEj)2 = −4, or, for

n = 2k, k ∈ N, k ≥ 3, (
∑n

j=1 βjEj)2 = −n.

Proof. It follows from Proposition 12, since, if 2C is a Cartier divisor, so it is 2aC,
a ∈ N.

Proposition 13. Let Z be a reduced irreducible nonsingular (n− 1)-dimensional variety
such that rZ = X ∩ F , r = 2a, a ∈ N, where X is an n-fold and F is a (N − 1)-
fold in PN , X normal with a lcDV singularity P and such that Z ∩ Sing(X) 6= ∅. Let
Wn−3 be a general linear variety as in Notation 5. Then Z has empty intersection with
a lcDV singularity of X such that Wn−3 ∩ X = Q, where Q is a rational surface sin-
gularity of types A2k, k ∈ N, E6 and E8. For Z to have non-empty intersection with
a lcDV singularity of X such that Wn−3 ∩ X = Q, where Q is a rational surface sin-
gularity of type A2k+1, k ∈ N, we must have (

∑2k+1
j=1 βjEj)

2
= −(2k + 2), where Ej,

1 ≤ j ≤ 2k + 1, are the irreducible components of the exceptional divisor supported on
π−1(Q) for π : W̃n−3 →Wn−3 the minimal resolution of Q ∈ Wn−3 ∩ F . For Q to be of
type E7, we must have (

∑7
j=1 βjEj)

2
= −6, where Ek, 1 ≤ k ≤ 7, are the irreducible

components of the exceptional divisor as above. For Q to be of type Dn, n ≥ 4, we must
have either (

∑n
j=1 βjEj)2 = −4, or, for n = 2k, k ∈ N, k ≥ 3, (

∑n
j=1 βjEj)2 = −n,

where Ek, 1 ≤ k ≤ n, are the irreducible components of the exceptional divisor as above.
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Proof. Let us define recursively Wb. Let Hb+1, 0 ≤ b ≤ n − 4, be a general hyperplane
meeting Sing(Wb) ∩ F . Let r = 2a, a ∈ N. Given rZ = X ∩ Y we intersect it with Hb,
0 ≤ b ≤ n− 3, as follows: rZ ∩H0 ∩ . . .∩Hn−3 = F ∩X ∩H0 ∩ . . .∩Hn−3. We obtain a
nonsingular curve C such that rC = Y ∩X∩H0∩. . .∩Hn−3 and that C∩Sing(Wn−3) 6= ∅.
We apply Corollary 12.1 to obtain the result.

Corollary 14. Let Z be a reduced irreducible nonsingular (n − 1)-dimensional variety
such that rZ = X∩F , r = 2a, a ∈ N, where X is an n-fold and F is a (N−1)-fold in PN ,
X normal with a dlcicDV singularity P and such that Z∩Sing(X) 6= ∅. Let Y be a general
(d, l) complete intersection nonsingular variety of codimension n − 2 as in Definition 7.
Then Z has empty intersection with a dlcicDV singularity of X such that Y ∩ X = Q,
where Q is a rational surface singularity of types A2k, k ∈ N, E6 and E8. For Z to have
non-empty intersection with a dlcicDV singularity of X such that Y ∩X = Q, where Q
is a rational surface singularity of type A2k+1, k ∈ N, we must have (

∑2k+1
j=1 βjEj)

2
=

−(2k + 2), where Ej, 1 ≤ j ≤ 2k + 1, are the irreducible components of the exceptional
divisor supported on π−1(Q) for π : Ỹ → Y the minimal resolution of Q ∈ Y ∩F . For Q to
be of type E7, we must have (

∑7
j=1 βjEj)

2
= −6, where Ek, 1 ≤ k ≤ 7, are the irreducible

components of the exceptional divisor as above. For Q to be of type Dn, n ≥ 4, we must
have either (

∑n
j=1 βjEj)2 = −4, or, for n = 2k, k ∈ N, k ≥ 3, (

∑n
j=1 βjEj)2 = −n,

where Ek, 1 ≤ k ≤ n, are the irreducible components of the exceptional divisor as above.

Proof. Let us consider the d-uple embedding ρd : PN → PM , M =
(

n+d
d

)
− 1. Let Y

be defined as in Definition 7. Then, as abstract varieties, X ∩ Y = ρd(X) ∩ Ỹ , where
Ỹ is a linear variety in PM . To obtain the result we follow the proof of Proposition 13
substituting Wn−3 by Ỹ .

Proposition 15. Let Z be a reduced irreducible nonsingular (n− 1)-dimensional variety
such that rZ = X ∩ F , r ∈ N, where X is an n-fold and F is a (N − 1)-fold in PN ,
X normal with a lcV3 singularity P and such that Z ∩ Sing(X) 6= ∅. Let Wn−3 be a
general linear variety as in Notation 5. Z has empty intersection with a lcV3 singularity
of X such that Wn−3 ∩X = Q, where Q is a surface singularity of type V3,3s,3s, s ∈ N,
unless r = 3a, a ∈ N.

Proof. Let us define recursively Wt. Let Ht+1, 0 ≤ t ≤ n − 4, be a general hyperplane
meeting Sing(Wt) ∩ F . Given rZ = X ∩ F , r ∈ N, r ≥ 2, we intersect it with Ht,
0 ≤ t ≤ n− 3, as follows: rZ ∩H0 ∩ · · · ∩Hn−3 = F ∩X ∩H0 ∩ · · · ∩Hn−3. We obtain a
nonsingular curve C such that rC = F∩X∩H0∩· · ·∩Hn−3 and that C∩Sing(Wn−3) 6= ∅.
We apply Theorem 1.5 to obtain the result.

Corollary 16. Let Z be a reduced irreducible nonsingular (n − 1)-dimensional variety
such that rZ = X ∩ F , where X is an n-fold and F is a (N − 1)-fold in PN , X normal
with a dlcicV3 singularity P and such that Z ∩ Sing(X) 6= ∅. Let Y be a general (d, l)
complete intersection nonsingular variety of codimension n− 2 as in Definition 7. Then
Z has empty intersection with a dlcicV3 singularity of X such that Y ∩X = Q, where Q
is a surface singularity of type V3,3s,3s, s ∈ N, unless r = 3a, a ∈ N.
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Proof. Let us consider the d-uple embedding ρd : PN → PM , M =
(

n+d
d

)
− 1. Let Y be

defined as in Definition 7. We see that, as abstract varieties, X ∩ Y = ρd(X) ∩ Ỹ , where
Ỹ is a linear variety in PM . To obtain the result we follow the proof of Proposition 15
substituting Wn−3 by Ỹ .
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