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Closed sets which consistently have
few translations covering the line

by

Tomek Bartoszynski (Arlington, VA), Paul Larson (Oxford, OH)
and Saharon Shelah (Jerusalem)

Abstract. We characterize the compact subsets K of 2“ for which one can force the
existence of a set X of cardinality less than the continuum such that K + X = 2.

1. Introduction. In this this note we answer a variant of the following
well-known question: For which compact subsets K of the real line can one
force that the real line is covered by fewer than continuum many translations
of K (as reinterpreted in the forcing extension)? This question has been
considered by several authors and the following are known:

e The real line is not covered by fewer than 2% many translations of the
ordinary Cantor set (Gruenhage).

e If C has packing dimension less than 1 then R is not covered by fewer
than 2% many translations of C' (Darji-Keleti, [3]).

e There is a compact set K of measure zero such that R is covered by
cof (N) (which is consistently < 2%0) many translations of K (Elekes—
Steprans, [4]). The same holds in any locally compact Abelian Polish
group (Elekes-T6th, [5]).

Instead of the real line, we will work in the space 2*, with addition as
coordinate-wise addition modulo 2. For all sets X, K C 2¢ and any z € 2%,
we have X C K + z if and only if z ¢ (2 \ K) + X (this observation uses
the fact that —z = z for all z € 2¥). If we replace K with its complement,
this says that 2% is covered by the set of translations of K by elements of
X if and only if X is not covered by a single translation of 2 \ K. The
following lemma then shows that we can restrict our attention to compact
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sets K which are nowhere dense and have measure zero with respect to the
standard product measure on 2%.

LEMMA 1. Let K be a closed subset of 2%.

(1) If K is somewhere dense then 2% is covered by finitely many trans-
lations of K.

(2) If K has positive measure and non(N) < 2% then 2% is covered by
fewer than 280 many translations of K.

Proof. For the first part, if K is somewhere dense then it contains a basic
open set, which implies that a finite set of translations of K covers 2*. For
the second, if non(N') < 280 then there exists a set X C 2% of cardinality
less than 2% and outer measure 1. Suppose that K has positive measure.
Since X € (2 \ K) + z for any z € 2%, it follows that K + X = 2. u

Known proofs that fewer than 280 many translations of a given set K do
not cover 2 are based on the following property.

DEFINITION 2. Let K be a subset of 2¥. We say that K is small if there
exists a perfect set P C 2% such that for every z € 2%,

(K + z) N P is countable.

If K is small then we need 280 many translations of K to cover 2 since
we need that many translations to cover P. Furthermore, for closed K, the
property “K is small” is 31 in a parameter for K, hence absolute. To see
this, note that K is small if and only if there exists P such that

e P is closed and uncountable,
e Vz (K 4 z) N P is countable.

The first clause is 31 and the second is IT}, by the well-known fact that
{W € K(2¥) : W is countable}

is a TI1 set, where K(2¥) is the hyperspace of compact subsets of 2¢ (see [T,
Section 33.B)).
The notion of being small can be generalized as follows:

DEFINITION 3. Suppose that K is a subset of 2¥, Y is a subset of 2¢
and J is an ideal on Y. We say that K is J-small if for every z € 2%,
(K+z)NnY eJ.

In particular, K is small if it is J-small for J the ideal of countable
subsets of some fixed perfect set. The following lemma connects the previous
definition with the topic of this paper.

LEMMA 4. Suppose that X, Y and K are subsets of 2¥, and that J is
an ideal on'Y such that K is J-small. If X + K = 2% then | X| > cov(J).
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A compact subset K of 2%, being closed, can be viewed as the set of
paths through the tree Tx = {x[n : © € K, n € w}. This tree gives rise
to a natural reinterpretation of K in any forcing extension, using the set of
paths through T'x in that extension.

Theorem [5| is the main result of this paper. Theorem in conjunction
with Theorem gives a more precise formulation.

THEOREM 5. Suppose that K is a compact set in 2¥. Then exactly one
of the following holds:

(1) In some forcing extension, 2% is covered by fewer than continuum
many translations of the reinterpretation of K.
(2) There exist a set Y C 2% of size 280 and an ideal J on'Y such that

(a) K is J-small,
(b) cov(J) = 2%,

The theorem easily gives that if the second case holds, then it holds in all
forcing extensions. In fact, our characterization of the dichotomy is absolute
between models of set theory with the same ordinals (this is not a corollary
of Theorem 5| as stated, but see Remark .

The paper is organized as follows. In Section 2 we give a simple crite-
rion which implies that in a c.c.c. forcing extension fewer than 2% many
translations of K cover 2“. In Section 3 we give examples of sets that satisfy
this criterion. Section 4 reviews basic information about Sacks forcing, and
Section 5 introduces a rank function on Sacks names for reals. In Sections
68 we prove the two parts of the main result, and give necessary and suffi-
cient conditions for a compact set K to cover 2 with fewer than 2% many
translations.

2. Special cases and simple tests. In this section we introduce a
property of a set K C 2* which implies that in some c.c.c. forcing extension
fewer than 2% many translations of the corresponding reinterpretation of K
cover 2%.

DEFINITION 6. Let s be a sequence in 2<%, let n € w be an integer and
let K C 2¥ be a perfect set. An integer j € w witnesses that K is big in [s]
for n-tuples if for all X € [2*]<" and = € 2%, if

o [(]Z (2¥\ K) + X,

o xlje XIj={ylj:yeX}
then

[s] Z (2“\ K) + (X U{z}).

We say that K is big if for each n € w there exists a j,, € w which witnesses
that K is big in 2% for n-tuples. We say that K is big* if there exists an
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unbounded set {j, : n € w} C w such that for each n € w, j, € w witnesses,
for each s € 2¢ with |s| < j,, and KN[s] # 0, that K is big in [s] for n-tuples.

If K is big* then the collection of finite sets covered by translations of K
resembles an ideal, in the following sense: if Xy, X1 C 2“ are sets of size n,
(2w \ K) + Xo 75 2“ and Xg|jon = X11j2n, then (2w \ K) + (X(] U Xl) 7'5 2%,
The assertions that K is big and big* are each II in a code for K, and
therefore absolute.

LEMMA 7. If K is big then K is not small.

Proof. Suppose that P C 2 is a perfect set. Build recursively a sequence
{zp :n € w} C P such that

(1) Q@ =cl({zy : n € w}) is perfect,

(2) for all n € w, (29 \ K) + {x, : m < n} # 2%.

Given {z,, : m < n} satisfying (2), choose x,, € P such that x,[j, =
T | Jn for some m < n. This will guarantee that (2) continues to hold. Since
P is perfect, condition (1) can be arranged by careful bookkeeping, ensuring
that each y, is in the closure of {z,, : m € w\ {n}}.

By (2), L, ={z € 2¥ : {z), : m <n} C K + z} is a nonempty compact
set for each n € w. For z € (), Ly, we have {z, : n € w} C K + z, and thus
QCK+znm

The following theorem is essentially proved in [5].

THEOREM 8. If K is big® then there exists X C 2“ such that | X| <
cof (N) and
X+ K=2"
We prove an alternative version of this theorem, as follows.

THEOREM 9. If K is big* then there is a c.c.c. forcing extension in which
2“ is covered by fewer than continuum many translations of the reinterpre-
tation of K.

Let Q = {¢q € 2 : ¥*°n ¢(n) = 0}. We begin with the following lemma.

LEMMA 10. Suppose that K C 2¥ is big*. There exists a c.c.c. forcing
notion Pr which adds a real zx € 2% such that

Fp, V2 €2NV 3¢ € Q z€ K+ 2z +q.

Proof. Let Px be the collection of pairs (¢, X) such that

e t € 2<% and X is a finite subset of 2%,

o« K01t A0,

o [{] £ ((2¥\ K) + X).
For (to, Xo), (t1,X1) € Pg, we write (t1,X1) > (to, Xo) if to C ¢; and
Xo C X1. We will show that Pg has the required properties.
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To see that Py is c.c.c., suppose that {(tn, Xa) : @ < wi} is a subset
of Px. Without loss of generality we can assume that there exist ¢t € 2<% and
n € wsuch that t, =t and | X,| = n for all @ < w;. Let {j,, : m € w} witness
that K is big*. Letting m € w\ 2n be such that j,, > |t|, we can assume that
Xaljm = Xgljm for all o, f < wy. It then follows that (¢, X, U X3) € Px is
a condition extending both (t,, X,) and (tg, X3).

Let zx = U{t : (t,X) € G}, where G is the generic filter. To see that
zy¢ is as desired, fix a Pg-condition (¢, X), and let = € (2*)" be given. Let
n = | X|. Find ¢ € Q such that g + z[j, € X[j,. Since K is big*, it follows
that (¢, X U{z + ¢}) € Pg. Furthermore,

(t, XU{z+q})bp, z € K+ 25 + q,

since it forces that the generic real zx will be in the closure of x + ¢ + K.
In particular,

VK 22NV CK 425 +Q. m

Proof of Theorem @ Let V]g| be a c.c.c. extension of the universe sat-
isfying —CH, and let P,,, be the finite support iteration of Py of length N;
defined in V[g|. Let H be V|[g]-generic for P,,. For each o < w1, let H,
denote the restriction of H to the first a many stages of P, , and let 2z, be
the generic real added at the ath stage. Let

X={2a+¢:a<wi, qgeQ}.

For each = € 2 N'V([g, H| there is an o < wy such that x € Vg, H,|, and it
follows that for some ¢ € Q, x € K + 2o +¢q. Thus in Vg, H], 2¥ C X + K
and |X| < 2M0. u

3. Examples of big sets and small sets. In this section we will pro-
vide some examples of small sets and big* sets. Fix a partition {I,, : n € w}
of w into finite sets of increasing size, and let K, be a subset of 2/» for each
n € w. Consider a set of the form K =[], K. This is a typical compact set
in 2¢ whose combinatorial properties are hereditary with respect to all full
subtrees, i.e. subtrees of the form K N [s], where K N [s] # () and s € 2<¥.
In particular if such a set is big, it is also big*.

THEOREM 11. If limy, 00 |Kp|/|2/"| = 1 then K is big*.
We use the following lemma.

LemMA 12 ([5]). Suppose that I C w is finite, and n € w and C C 2!
are such that
o
ol = n+1
For any X C 21 of size < n there exists t € 2! such thatt + X C C.
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Proof. For any s € X,

{te2l:t+s¢C} PN
|21 “n+1

Thus
H{te2!:3se X t+s¢C} _.n
|21] “n+1
Proof of Theorem . For each n € w, let j, = >, ;. |Im|, where k is
such that -

<l. =

1
K0 -1 - ——
B2 > 1
for all j > k. Then for any n € w, s € 2<% of length at most j,, X C 2% of
size at most n and x € 2, repeated application of Lemma [I2| will produce a
translation as desired (the initial segment of the translation up to j, being

given by the assumption that some translation in [s] already covers X). m

If the sets I,, are large enough then we can choose sets K,, (n € w) so
that
1 | K| 1
< <1-
n+1— [2In] = 2n +1
for all n € w. Then K =], ., ne“#ﬂ:O.

The next two lemmas show that if lim,, . |K,|/[2"| < 1 then K may
be small or big*, depending on the choice of K}’s. In the lemma below, the
sets K, can be chosen so that the ratios |K,|/|2"| are eventually any given
dyadic rational value in the interval [0, 1/2].

K,, has measure zero since ||

LEMMA 13. For each n € w, let J, be a nonempty proper subset of I,
and let K, be the set of s € 2 such that s(i) = 0 for all i € J,. Then
K = [1,e., Kn is small.

Proof. Let J =, Jn and P = {z € 2 : ¥n ¢ J z(n) = 0}. For each
z € 2¥ (K + z) N P has at most one element. m

LEMMA 14. Fiz a sequence of positive reals {e, : n € w}. There exists a
sequence I, C 2™ such that for each n, ]Kn\/2|1"| <ep and K = [[,c., Kn
s big"~.

Lemma can be proved in the same way as Theorem with the

following theorem (which is [I, Theorem 3.3] with 1 — ¢ in place of €) used
instead of Lemma [12]

THEOREM 15 ([1]). Suppose that m € w and 0 < § < 1 — € < 1. There
erists n € w such that for every finite set I C w of size at least n, there
exists a set C C 2! such that e +§ > |C| 27Ul > ¢ — § and for every set
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X col, X[ <m,
[Nsex(C +5)] _ Xl <
2111
Theorem [15]says that we can choose C' in such a way that for all sequences
S1,...,5m in 2! the sets s1+C, ..., s, + C are probabilistically independent
with error §.

Proof of Lemma[14 If we choose § to be much smaller than ™, then if

| X| < m it follows that (),cx(C + s) # 0. In particular, if t € (. x(C + )
then t + X C C. The rest of the argument is just as in Theorem "

0.

4. The Sacks model. In the following section we will describe neces-
sary and sufficient conditions for a compact set K to (consistently) cover
2% by fewer than 280 translations. This characterization is intrinsically con-
nected to the Sacks model.

The Sacks model, obtained by a length ws countable support iteration
of perfect set forcing, is a natural candidate to witness that X; many trans-
lations of a compact set K cover 2. This follows from Zapletal’s work [13]
on tame cardinal invariants. More specifically, we have the following:

DEFINITION 16. A tame cardinal invariant is defined as
min{|A| : ACR & ¢(A) & ¥(A)}
where ¢(A) is a statement of the model (T'C'(A), €, A) and ¥(A) is a state-

ment of the form “Vx € R Jy € A 0(x,y)”, where 6 is a formula whose
quantifiers range over reals and w only.

If K C 2% is a compact set than
min{|A]: AC2¥ Vx €2¥Jyc Ax +y e K}
is a tame cardinal invariant.

THEOREM 17 (Zapletal [13]). Assuming the existence of a proper class
of inaccessible cardinals & which are limits of Woodin cardinals and of <6-
strong cardinals, if © is a tame cardinal invariant, and v < 2% in a set
forcing extension, then v < 280 in the iterated Sacks extension.

A natural attempt would be to show that if K is not small then in the
Sacks model V5«2,

Vee2dzeVN’z e K + 2.

Translating to the Sacks model it would suffice that the following statement
holds:

PROPOSITION 18 (false). Suppose that p Irs,, @ € 2. Then there exists
p' > p and a perfect set P C 2% such that for every perfect set Q C P there
exists ¢ > p' such that q I = € Q.
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Indeed, suppose that K is not small and let p IFg, @ € 2%, If there are
p' > pand 2 € VN2 such that p' IFs,, @ =z then any 2 € (K +2)NV
will be as required. Otherwise, find p’ > p and P as in Proposition Since
K is not small, there is z € 2% such that P N (K + z) is uncountable. Let
Q C PN (K + z) be a perfect set. It follows that there is ¢ > p’ such that
qlrs,, # € Q@ € K + z. Since & was arbitrary, this finishes the proof.

Proposition[1§]is true for a single Sacks forcing but fails for an iteration of
two or more Sacks reals. To see this, note that if (p, §) IFs.s @ € 2%, then (p, §)
can be represented as a closed subset p C 2% x 2% where p = {z : (p), # 0},
and (p), € S whenever (p), # (). Furthermore, we can find a one-to-one
continuous function f : p — 2 such that p lFs,s © = f(so, s1), where sg, 51
are first and second Sacks reals. Let xg € p be a real that is not Sacks-generic
(for example a real that is in V), and set

Q=1{2:3y € (p)a, 2 = f(x0,9)}-
Clearly @ is a perfect set (since ()., is, and f is one-to-one) and p IF & & @
(since x is not Sacks-generic).

In spite of this counterexample, the basic idea in Proposition [18]is sound,
and we will look for a largeness condition on () such that Proposition [1§]is
true for the iteration as well. Then we will require that K is such that for
some z € 2 PN (K + z) satisfies this condition.

We begin with a review of well-known properties of Sacks forcing and its
iterations.

Sacks forcing S is defined as the collection of perfect subtrees of 2<%
ordered by inclusion (we write T > T" to indicate that T C T"). We will
often identify a tree T" with the corresponding (perfect) set [T] consisting
of its branches, and use letters p, g, etc. to refer to these perfect sets. Given
a closed set p C 2%, we let split(p) be the set of s € 2<% such that s7(0)
and s (1) are both initial segments of members of p. For each n € w, we let
split,,(p) be the set of s € split(p) having exactly n proper initial segments
in split(p).

For T, 7" € S and n € w define

T>T & T>T & Tin=Tn.

Lemmas are taken from [2] (which in turn is modeled after [§]).

Lemmas (19| and 20| are well-known (see, for instance, [6, pp. 244-245]).

LEMMA 19. Suppose that p €S and p lFs © € 2. For every n € w there
exist ¢ >, p and a continuous function F : [q] — 2“ such that q IFs & = F(g),
where § is the canonical name for the generic real. Moreover, we can require
that for every v € split,,(¢) and any x1,x2 € [¢y], F(x1)[n = F(z2)n.

LEMMA 20. Suppose thatp € S, n € w andp kg & € 2*. Let F' : [p] — 2¥
be a continuous function such that p ks @ = F(§). There exists ¢ > p such
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that F'[[q] is constant, or there exists q >, p such that F'[[q] is one-to-one.
In particular, the generic real is minimal.

For each ordinal v < ws, we let S, denote the countable support iteration
of S of length 7. So S, is the set of functions p such that

e dom(p) =17,
e supp(p) = {5 : p(B) # 0} is countable,
o V3 < plBlFs, p(B) €8.

For F € [y]<%, n € w, and p,q € S, define

q2rnp & q¢2p& VB EF qlB ks, ¢(B) >n p(B).

For p € S, let cl(p) be the smallest set w C «y such that p can be evaluated
using the generic reals (gg : f € w). In other words, cl(p) consists of those
B <~ such that the transitive closure of p (as a set) contains an Sg-name
for an element of S. It is well-known [12] that {p € S, : cl(p) € [y]=*} is
dense in S,.

Suppose that p € S, w = cl(p) is countable and -, = ot(cl(p)). Let
Sw be the countable support iteration of S with domain w. In other words,
consider the countable support iteration (Pg, Qs : 8 < sup(w)) such that

. S if g € w,
VB < sup(w) Ikp, Qﬁz{@ 1fggzz

It is clear that S, is forcing-equivalent to S, . Moreover, we can view the
condition p as a member of S,,.
Let v be a countable ordinal and p € S,. Define p C (2¥)” as follows:

(rg:B<7) €D
if for every g8 < 7,
g € [p(B)[(zy 1 v < B)]]-
Note that p(8)[(z : v < B)] is the interpretation of p(5) using reals (x., :
v < ), so it may be undefined if these reals are not sufficiently generic.
For a set G C (2¥)7, u C v, and = € (2¥)" let
(@e={ye @)\ :3zeGzlu=2 & z|(y\u) =y},
and for f € v let (G)g = {z(p) : € G}.
We say that p € S, is good if
e D is compact,
e for every f < v and z € p|f, plz] =
e p is homeomorphic to (2¥)7 via
every 3 < v and x € p|S, h|((p
((P)z)p and 2¢.

LEMMA 21. {p € S, : P is good} is dense in S,.

P)e and p(B)[z] = ((P)z)s,

(
a homeomorphism A such that for
)z)p is a homeomorphism between



110 T. Bartoszynski et al.

From now on we will always work with conditions p such that p is good.
As in Lemma 19 we show that:

LEMMA 22. Suppose that p € Sy and p Irs, @ € 2¥. Then there exists
q > p and a continuous function F' : p — 2¥ such that q IFs, = = F(g),
where § = (gg : B < 7y) 1is the sequence of generic reals.

The following is an analogue of Lemma

LEMMA 23. Suppose that p € Sy, n € w and p Irs, @ € 2¥. Let F' :
p — 2 be a continuous function such that plFs & = F(g), where g = (gp :
B <) is the sequence of generic reals. There exists ¢ > p such that exactly
one of the following conditions holds:

(1) Fq is constant,

(2) FIq is one-to-one.

5. A rank function. In this section we will work towards formulating
a correct version of Proposition [I8 Let K be a perfect subset of 2* and fix
a tree T such that K = [T1].

Our main objective is to find a property of K which will lead to the
following dichotomy: Let K be a compact subset of 2% and let P be a partial
order forcing CH. Then either

VESes = K4 (VEn2w) = o¢
or, in all outer models of ZFC,
VX C2¢ (|X]| < 2™ — K + X #2¥).

We need to look only at iterations of Sacks forcing of countable length over
models of CH.

LEMMA 24. The following are equivalent for a model V |= CH:

(1) V2 = K+ (VN2¥) =2v,

(2) for every v < wi, VS £ K 4+ (VN2¥) = 2%,

Proof. The implication (1)—(2) is obvious. To show that (2)—(1) ob-
serve that every real in VS«2 depends only on countably many Sacks reals.
If G C S, is a generic filter over V and = € V[G] N 2“ then there exists

a countable ordinal v and a generic filter H C S, over V which belongs to
V[G] such that =z € V[H]. Consequently,

VH E3ze€2NVaze K+ z.
By absoluteness, the same holds in V[G]. =

DEFINITION 25. For v < w; let Q, be the collection of triples p° =
(p, F,T) where p € S, is good and F' : p — [T] is a homeomorphism.
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Elements of Q represent S,-names for elements of 2. By Lemma [22]
when

pls, @€ 2%

we can find a homeomorphism F': p — P such that p lks, & = F(g), possi-
bly after passing to a stronger condition. In place of F', we typically use a
function F' = F o h for some homeomorphism & : (2¥)Y — p. Since F is a
homeomorphism, every branch of T" reconstructs the entire generic sequence
of v many Sacks reals.

DEFINITION 26. Suppose that (p, F,T) € Q. Given u € split(T) and
a < v, let proj,(u) be the portion of ath Sacks real computed by w.

The notation proj, (u) suppresses the parameter (p, F,T'), which will be
clear in context. Since [u] is a clopen set, proj,(u) # @) only for finitely many
a < . More precisely, we have the following;:

LEMMA 27. For every u € split(T) there is A, € [y]<¥ such that
FY([u]) ={z € p:Va € Ay, proj,(u) C z(a)}.
The following lemma is central to our argument.

LEMMA 28. Suppose that (p, F,T) € Q. For every v € split(T") and any
d € 7y there are nodes to,t1 € split(T") such that

(1) v C to, tl,
(2) projs(to), projs(t1) are incompatible,
(3) proja(tO) = proja(tl) fOT a <Jd.

Proof. Let A, € [y]<¥ be such that F~![v] = {x € p : Va € A, proj,(u)
C z(a)}. Choose two branches xq, 1 € F~1[v] such that x¢(a) = x1(a) for
all @ < § and () # x1(0). Recall that we assumed that = depends on all
Sacks reals, so this is always possible. Now F'(z() and F'(x) are two branches
extending v. Let n € w be so large that projs(F(zo)[n), projs(F(z1)[n) are
incompatible.

Now let tg = F(zp)[n and t; = F(x1)[n. Since zo(a) = z1(a) for a < 6,
it follows that proj, (to) = proj,(t1) for all @ < 6. m

In the proof above, n may have to be quite large to determine that
xzo(6)[n # x1(6)[n, and its value depends on F' and T. To illustrate this
point suppose that we are dealing with just two Sacks reals, and & is a name
for the sum of them. Even if we know that the first digit of & is 0, we only
know that the first digits of both Sacks reals are the same. It depends on
the tree T how far we have to extend v to determine the value of the first
digit of either Sacks real.

DEFINITION 29. Given a tree T' C 2<¥ we let obj(T) be the collection
of triples = (ng, t, ) such that
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e n, €w,
e t, C T is a finite tree whose all maximal nodes have length n,,
® 5, €2"w,
For = (ng,tg, sz) and y = (ny, ty, sy) we say that >y if
* N, > Ny,
o i, N2" =1t,,
e 35, C 5.
Let 0 be (0,0,0), the smallest element in obj(T).
The following definition is modeled after Lemma [28]

DEFINITION 30. Given p'= (p, F,T) € Qy and x = (ng, s, 5,) in obj(T),
a (P, x)-challenge is a pair (v,&) such that v is a maximal node of t, and
& < . We say that y is a response to (v, &) if

(1) y ==,

(2) there are maximal nodes to,t; € t, such that
(a) v C o, t1,
(b) proje(to), proje(t1) are incompatible, and
(c) ¥C < € proje(ty) = proj(t1).

DEFINITION 31. Suppose that p' = (p, F,T) € Q, and K = [T] is a
fixed compact set. The rank function rky : obj(T") — wi U {oo} is defined as
follows:

(1) rky(x) = 0 if t, + 5, € T N2,
(2) rky(xz) > o > 0 if for every f < a and every (p,x)-challenge (v,§),
there exists a response y € obj(T") with rkz(y) > 3.
Let rky(x) = oo if rky(x) > o for all a.

By Lemma if 2 is in obj(T) and t,+ s, C TN2" then rky(x) is equal
to

min min sup{rkz(y) +1:y >z, y responds to (p, z)-challenge (v,&)}.
£<~ vELLN2Nw

REMARK 32. For p'= (p, F,T) € Q, the members of obj(7") are hered-
itarily finite, and the function rk; depends only on obj(7") and p. It follows
that rky takes the same values in every wellfounded model of ZFC contain-
ing p. Similarly, the existence of a countable ordinal v and p € Q,, such that
the corresponding rank function rk; takes the value v at 0 is a ¥! statement,
so absolute to models of ZFC containing wy.

LEMMA 33. If x <y then rky(x) > rky(y).
Proof. If (v,§) is a (P, y)-challenge then (v[n,,§) is a (P, z)-challenge. =
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LEMMA 34. Suppose that x € obj(T) and y > x is a response to the
(p, z)-challenge (v,&). Then there exists a minimal x < y' < y which re-
sponds to (v,§).

Proof. Suppose that = (ng,ts, sz) and y = (ny, ty, sy). First find n, <
ny < ny such that tofn,, t;[n, are still responses to (v,§). Let ¢,/ consist
of these two nodes plus one extension of length n, for each maximal node
of tx. ]

Observe that in the definition of rank we can limit ourselves to extensions
that are minimal in the above sense.

LEMMA 35. Suppose that rkz(x) = 0o and § < . Then there exists y > x
such that

(1) rks(y) = oo,
(2) for every maximal node v € t,, y responds to the (P, x)-challenge

(v,€).
Proof. Let vq,...,v; be a list of maximal nodes of ¢,. Let xyp = x and
define by recursion a sequence x1,...,x; = y such that for every i < k,
Tit1 2 T,

rky(x;) = oo,
for every j > 7, v; has a unique maximal extension vj*- in tg,,
Tiy1 is a response to the (p, x;)-challenge (vj,,&).

If z; is already constructed then by the induction hypothesis v; has a unique
extension v} in z;. Let x;41 be any maximal extension of z; responding to
(7€) with

rk];(a:Hl) = OQ.
It is easy to see that y = z; has the required properties. =

The definition of rank depends on the set K. The following examples
relate it to the concepts from previous sections. Lemma [36] below follows
from the general theorem which we are aiming to prove (Theorem , but
here we will provide a direct argument. The weakening of the Lemma
with “big*” in place of “big” is an immediate corollary of Theorems [9] and
(and the comments on absoluteness in Remark and after Definition @

LEMMA 36. Suppose that p = (p, F,T) and rkz(0) = oco. Then there is
z € 2% such that K N (z + [T]) is uncountable. In particular, if rkz(0) = oo
then K is not small.

Proof. Suppose that rkz(0) = co. Recursively construct a sequence (xy, :
k € w) such that for every k,

(1) o = <nrk7t$k78$k>7
(2) Th+1 > T,
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(3) rkﬁ(a:k) = 00,
(4) x4 responds to all (7, xzy)-challenges (v, 1) for each maximal node
UV E Ty,

For step (4) we use Lemma [35 with £ = 1. )
Let T' = U, ta), and z = |Jj, 4, - It follows that 7' is a perfect tree and

[T)C[T)+ 2 =
LEMMA 37. Suppose that K is big. Then rky(0) = oo for all v < w; and
adlp e Q,.
Proof. Fix v < wy and let p'= (p, F,T) € Q,. It suffices to find a tree
T' C T and a real z € 2% such that
o [T C[T]+>
e for all v € split(7”) and all § < -y there are nodes ¢, t; such that
owv C to,t1,
o projs(to), projs(t1) are incompatible,
0 Vi < 5 proj, (to) = proj(t1).
If we succeed in finding such 77 and z then for every x = (n,, t,, s;) € obj(T)
satisfying
o t, CT' N2,
® s, Cz

we have rky(x) > 0. Working by induction, one can show that then rks(z) =
oo for all such .

We refine the argument from Lemma [7] We build recursively a sequence
{yn : n € w} C [T] such that

o cl({yn : n € w}) is a perfect set,

o foralln € w, 29\ K) + {ym : m < n} # 2,

o for every t € {yn]i :i,n € w} Nsplit(T) and every n < -, there exist
m,p < w and j € w such that

0t C Y, Yp,
o proj, (ymJ), proj,(ypj) are incompatible,
o Vy <1 proj., (ymlj) = proj,(yplJ)-
The first two conditions can be obtained as in the proof of Lemma |7} The
third is a consequence of Lemma along with the assumption that K is
big.
Arguing as in the last paragraph of Lemma [7} we find z € 2 such that
{ys:s < fC K+

Let 7" be a tree such that [T”] is the closure of {ys : s < f}. Observe that
T’ has the required properties. =
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The following theorem is a refinement of Theorem |5} It characterizes the
compact sets K that require continuum many translations to cover 2% in all
forcing extensions. The second half of the theorem is proved in Section [6]
and the first in Section Bl

THEOREM 38. Suppose that K is a compact subset of 2. If for some
v < wy there exists a p € Q. such that rk(0) < w1, then 2* is not covered
by fewer than 2% many translations of K. If CH holds and rky(0) = oo for
all v < wy and all p e Qy, then

Vi = K 4+ (VN2v) =2v,

6. The consistency result. In this section we will show the second
part of Theorem

THEOREM 39. Suppose that CH holds. If for every v < wi and every
P € Q, we have rkz(0) = oo then
Ve = K+ (VN2v)=2v,
As observed in Lemma [24] it suffices to show that for every v < wy,
VI = K+ (VN2w) =2%,

Fix 7 < wi. We have to show that for every real € V57 N 2% there
exists z € VN 2¥ such that x € K + z.

Suppose that = € VS N 2%, Without loss of generality,  depends on all
the generic reals, i.e., v is minimal. We can find p = (p, F,T) € Q such
that

plrs, @ = F(g),
where g = (gg : f < ) is the sequence of Sacks reals. We need to find g € S,
and z € VN 2% such that q Iks = € K + 2. We will construct sequences

(X = (Nay,, tay, Szp,) 1k €Ew) and (& 1 k € w)
such that
To = 07
VE <y A%k & =¢,
Tht1 = Tk,
I’kﬁ(l‘k) = 00,
xp41 responds to every (P, x)-challenge (v, &).

Suppose that xj is already constructed. To get xx41 apply Lemma |35 with
§=2&k ) N

~ Let T'= U, tz), and 2 = |Jy, sz,- It follows that [T] + 2z C [T] = K, i.e.,
T)C K+ =.

CLAIM 40. There exists ¢ € Sy such that g = F~1([T]).
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The claim finishes the proof, as ¢ IFg @ € [T] C K + 2.

Proof of C’laim Let Q@ = F~1([T]); we want to show that thereisg € S,
such that § C Q. It suffices to prove that for every 3 < v and every z € (2¥)5,
((Q)z)p is a perfect set provided that ((Q)z)g # 0. In other words, whenever
x simulates the first 8 Sacks reals, ((Q)z)g is supposed to be a Sacks condition
determined by z. Note that ((Q).)g is a closed set, so it is a set of branches of
some tree. Choose a v € 2<“ such that [v] N ((Q)z)s # 0. It remains to check
that v has two incompatible extensions tg,?; such [to] N ((Q)z)s # @ and
[t1]N((Q)z) # 0. Let 2* € (2¥)7 besuch that 2*[f = zandv C x (ﬁ) and let
y* = F(z*). By Lemma.for eachn € w thereis A, such that F~1([y*[n]) =
{z :Va € A, proj,(y*In) C z(«)}. Let n and k be chosen so large that

o 3 =~E,
e v C projs(y*In),
e y*[n is a maximal node in ¢, .

In other words, at this step we will produce nodes tg,t; such that

e y*In Cto,t1,
e projs(to), projg(t1) are incompatible,
e V(¢ < 8 proj¢(to) = proj¢(t1)-

It follows that to and ¢; are two incompatible extensions of v in ((Q)z)s. =

7. Coherent club-guessing principles. The argument in Section [§]
uses the coherent club-guessing principle given by Remark [47] below, which
is easily obtained from the one in Theorem First we prove Theorem
a stronger version of the restriction of Theorem [45|to the case of successors
of regular cardinals. The material in this section is entirely due to the third
author, but the proof of Theorem [£I] was provided to us by Assaf Rinot.
The sets C,, in Theorem [41] are not closed, but they are cofinal. In Theorem
the condition of cofinality is dropped as well.

THEOREM 41. Let A be a regular uncountable cardinal, let § < X be a
limit ordinal, and let S be a stationary subset of X consisting of ordinals
of cofinality cof(0). Then there exists a sequence (Cqo : av < AT) such that
each Cy, is a subset of the corresponding «, and for each club E C A\ there
ezists an o € S such that

(1) sup(Ca) = a,
(2) ot(Ca) =0,
(3) Cg=CaNp forall p € Caq,
(4) C, CSNE.

Proof. For each ordinal @ < A%, fix an injection d, : @ — A, and for
each 8 < A, let a2 denote d;1[B]. Then for each a < AT, <a§ :f < A)is a
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continuous, C-increasing chain in [a]<* with union a. For each o < A%, let
F, be the set of v < X such that ag =ag N p for all B € al. Then each F,
is a club subset of A.

Since § < A, club many ordinals below A" of cofinality cof() contain a
cofinal set of ordertype 6.

Given a set £ C AT, and 8 < A, let E(8) be the set of all a € S for
which

* B € Fy,

e ot(ENSNa)=a,

e sup(ENSNdl) =a,

e Oot(ENSN ag) = ot(ag) contains a cofinal subset of ordertype 6.

Note that if E C E’ are subsets of A and 8 < A, then E(5) C E'(B).

CLAIM 42. There exists a 3* < X for which E(B*) is nonempty whenever
E is a club in AT,

Proof. Suppose otherwise. Then for each § < A we may pick a club
Eg C AT for which Eg(8) = 0. Let E =g, Eg \ A. Since E is club in AT,
we may fix an & € E NS such that ot(FENSNa) =a.

As cof(a) < cof(A), the set D = {8 < A : sup(EN S Nal) = a} is
co-bounded in A. Furthermore, continuity entails that the set

D' ={feD:ot(ENnSNa’)=ot(a’)}

is club in A. Pick 8 € D' N F, such that ot(a3) contains a cofinal subset of
ordertype 6. Then since £ C Eg, we obtain ot(Eg N SN ag) = ot(ag). So
a € Eg(f3), contradicting the choice of Fg. =

Let 8* < X be as given by Claim [42]

CramM 43. There exists a club E* C \T such that for every club D C AT,
the set {o € E*(8%) : ab N E* C DY} is nonempty.

Proof. Suppose otherwise. Then there exists a C-decreasing sequence
(Gg : B < A) of club subsets of AT such that

° GO - )‘+7 .

e for every 3 < A, the set {a € Gg(5*) : a n Gp C Ggy1} is empty,

e for every limit ordinal v < A, G =5, Gg-

Let G = (3., Gp, and pick a € G(B%). Then a € Gp(8*) for all B < A,
hence <ag* NGp: B < A) must be a strictly decreasing sequence of subsets

of ai , contradicting a5 | < \. m

Let E* C AT be as given by Claim
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CLAIM 44. There exists an ordinal T* < X\ which contains a cofinal subset
of ordertype 0 such that for every club D C \T, the set

{a e E*(B*):a NE*C D, ot(a?) =17}
18 monempty.

Proof. Again, suppose otherwise. Then for every ordinal 7 < A which
contains a cofinal subset of ordertype 6, there exists a club D, C AT for
which

{a € E*(8*):a? NE* C D;, ot(a?) =7}
is empty. Let D be the intersection of these sets D;. By the choice of E*
we may pick an o € E*(5*) such that al NE* C D. Let 7 = ot(ag ).
Since a € E*(5*), T contains a cofinal subset of ordertype 6, contradicting
ah NE*C D, u
Now we finish the proof of the theorem. Let 7* be as given by Claim

As 7* contains a cofinal subset of ordertype 6, we may fix a cofinal subset
u C 7* of ordertype 6. For each o < AT, let

Ca:{BGE*ﬂSﬂag*:ot(ag*ﬂE*ﬂS)Eu}.

Let us see that (C, : @ < A") works. Suppose that we are given a club
E C \*. Applying the choice of 7%, pick a € E*(3*) such that A NE*CE
and ot(al) ) = 7*. Then:

a €S,

sup(E*NSN ag*) =q,

Co CE*NSNd) CSNE,

B* € Fy, so for all v € ag*, we have ag* = ag* Ny and C, = Cy N7,
ot(E*NSNal ) =otla) ) =7

ot(Cy) = ot(u) = 6.

This completes the proof of Theorem .

Given a set C of ordinals, and an ordinal 5 < sup(C'), we let nextc(f)
denote min(C'\ (5 + 1)).

THEOREM 45. Suppose that A is an uncountable cardinal, and let v be a
countable ordinal. There exists a sequence C = {Cy : a« < At} such that
(1) Co Ca for all a < AT,
) if B € Cq then Cg =Co N,
) S ={a< At :ot(Cy) =~} is stationary,
) if E C AT is a club then the set

gd(E) ={ae SNE: VB e Cy\ {sup(Cs)} [B,nextc, (B) NE # 0}

1s stationary.
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Before beginning the proof, we recall the definition of the set I[A].

DEFINITION 46. For a regular uncountable cardinal A, I[A] is the set
of A C X\ such that {0 € A : cof(§) = 0} is nonstationary and, for some
(Py : o < \), we have

e for each a < A\, P, C P(a) and |P,| < A;
e for each limit ordinal o« € A with cof(«) < «, there exists a cofinal
xr C o with ot(z) < a such that x N ¢ € {P, : v < a} for all { < a.

It is straightforward to verify that I[A] is an ideal.

Proof of Theorem [{3 In the case where X is regular, this follows from
Theorem by replacing each C, given there (with S as the set of all
ordinals below AT of countable cofinality) with C,N3 for 3 minimal violating
condition of the statement of the present theorem (and leaving C,, as is
if there is no such 3).

We now prove the theorem assuming only A > ws, following the argument
in [T, pp. 93-94]. By [9, Conclusion 1.7] (and the fact that I[\T] is closed
under subsets), there is a stationary set Sy C AT\ (w1 +1) in I[A"] consisting
of ordinals of cofinality R;. By [0, Claim 1.3], there exist a club Ey C AT
and a sequence (C0 : a < A*) such that

(i) each CY is a closed subset of the corresponding c,

(ii) each nonaccumulation point of each CY is a successor ordinal,
(iii) whenever 8 € C? is a nonaccumulation point of C2, Cg =Cing,
(iv) for every a € Sy N Ep, ot(CY) = w; and a = sup(CY).

We may assume that Sy C Fp. Let (O} : o < AT) be the sequence formed
by removing from each CY all of its accumulation points. Then (C} : a@ < AT)
retains properties 7, except that the sets CL need not be closed.

Given sets C and F, let gl(C,F) denote the set {sup (S N F)

B € C\ (min(F) + 1)}. Following [I0, Sh365, Claim 2.3(2), for id%], we
will show that there is a club E; C AT such that for each club E C Fy, the
set of a € Sy for which gl(Cl, E1) C E is stationary. To see this, suppose
otherwise, and choose F (7 < w) such that

[ ] FO == )\+,

e for each v < wsq, Fl 41 is F,(Y) NG, for some pair of club subsets F,(Y), G,

of AT such that FS C F,and {a € Sp: gl(CL, F,) C FS} NG, =10,

e for each limit ordinal 6 < wq, Fs = ﬂ,y<5 F,.

Now fix an @ € Sy which is a limit point of F,, with ot(a N F,,) = a.
For each B € C. above min(F,,), the sequence (sup(8 N F,) : v < wa) is
nonincreasing, and therefore eventually constant. We may then fix, for each
such 3, ordinals y3 < wy and (g < /3 such that sup(8 N F,) = (g for all v €
[v8,w2). Since |CL] = Ry, we may fix a v, € wy which is greater than each vz.
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It follows that each element of gl(Cl, F., ) has the form sup(8 N F,, 11)
for some 3, and is therefore a member of F,, 1. Since « is in F,, 11, this
contradicts the choice of F,, 1. Consequently, an F; as desired exists.

For each a € AT, let
C? ={peCl:pB=min(C}\sup(8N Ey)) > min(E;)}.

We claim that (C2 : o < A*) satisfies item of the conclusion (using Sp,
which will be a subset of the desired S). To see this, fix F C AT club. It
suffices to consider the case where F consists of limit points of ;. Fix a €
So N E for which gl(Cl, Ey) C E; and fix 8 € C2. Let 8/ = nextcz (8). Then
B<sup(B' NEY), since B’ =min(C. \ sup(8'NE1)), and sup(8'NE) € ENS,
since gl(C}, F1) C E and 8 is a successor ordinal. Hence sup(3' N Ey) is as
desired.

Finally, for each a < At let C,, = {8 € C2 : ot(C? N B) < 7}. Then the
sequence (Cy, : v < A1) is as desired. m

Condition (4) implies that for stationarily many « in S there is an el-
ement of F between any two consecutive elements of C. By removing the
least element of C, we can also assume that min(C,) N E # () whenever
a € gd(F) and E is a club. Observe that the coherence condition (2) implies
that for any o, 8 € S, if § = sup(Co N Cg) then C, N = CgN 6.

In the following remark, we thin the sets given in Theorem so that
we catch club strictly in between successive members of our Cl,.

REMARK 47. Suppose that C' and v are as in Theorem and that
is a limit ordinal. Define C, for a < At by letting each C’, be the set of
B € Cy for which the ordertype of C, N B has the form pw + k for p an
ordinal and k € w even. Then {C/, : a < A"} also satisfies the conclusion of
the theorem, with part strengthened so that

gd'(E)={a e SNE:VB € Cy\ {sup(Ca)} (B,nextc, (B)) NE # 0}

is stationary. The corresponding strengthened version of Theorem for
nonlimit v can be obtained similarly, starting from a sequence C' corre-
sponding to some limit ordinal 7/ > ~.

8. The ZFC result. In this section we prove the first part of Theorem
and thereby the second conclusion of Theorem [5] in the corresponding
case. Specifically, we show the following:

THEOREM 48. Let K be a nowhere dense compact subset of 2¥. If for
some v < wy there exists a p € Q. such that rky(0) < wy then there exist a

set' Y C 2% of size 280 gnd an ideal J on'Y such that
(1) K is J-small,
(2) cov(J) = 2%,
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If CH holds, we can let Y = 2“ and J be the ideal of meager sets. We
will therefore assume that CH fails.

Given an infinite cardinal A and a countable ordinal v, let us say that a
catching (AT, ~)-sequence is a sequence C' = (Cy, : a < AT) such that

v =sup{ot(Cy) : a < A}
and, letting S be {a < AT : ot(Cy) = 7},

e C, Caforeach a < \T,
e gd'(E) is a stationary subset of A* for each club E C \T.

We say that C is a coherent catching (A*,~)-sequence if in addition, for
each @« < AT and all 8 € C,, C3 = C, N B. By Remark for each
uncountable cardinal A and each countable ordinal 7, there is a coherent
catching sequence C for A* such that v = sup{ot(Cy) : @ < A}.

Given a (A, v)-catching sequence C, we define 1 to be the ideal on
the corresponding set S generated by the collection of all sets of the form
S\ gd'(E) for E a club subset of A*.

LEMMA 49. If C is a (\1,7)-catching sequence for some infinite car-

dinal X\ and some v < wy, then the additwity of Zs is A\*. In particular,
cov(Zs) = AT

Proof. Given {I, : a < A} CZga, let E, (o < A1) be club subsets of AT
such that I, C S\ gd’(E,) for all & < \. Then

U Lcs\ed () Ea) €Tc. =

a<< a<<

We now turn to the proof of Theorem Fix a nowhere dense compact
K C 2% with associated tree T'. Given a countable ordinal v and p' € Q,, we
will produce a set Y, C 2¢ and an ideal J on Y, with cov(J) = 280 We will
show that if K is not J-small then rk;(0) = co. This will give the theorem.

Fix v € w; and p' € Q,. As in the remarks after Definition we let
F’ = F o h for some homeomorphism h : (2¥)7 — p. Let 4 be the least limit
ordinal greater than or equal to y. We say that an ordinal is odd [even] if it
is of the form wp + k, for some ordinal p and some odd [even| k € w. Given
a set of ordinal C, let O(C') denote the set of § € C such that ot(C' N G) is
odd, and let O,(C) be the set of 5 € O(C) such that ot(5 N O(C)) < 7.

Let (z¢ : & < 2%) be an enumeration of 2¢. Let A be a cofinal set
of cardinals in the interval [X1,2%0) (recall that we are assuming that CH
fails). For each A € A, fix a coherent catching (A*,4)-sequence Cy = (C2 :
o < AT). For each A € A, let S* be the set S corresponding to Cy, and
for each o € S*, let y) = F'(0,(C2)). Then by the definition of projs,
U{projs(yaIn) : n € w} = h(z¢) whenever £ is the dth element of O(C).
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For each A € A, let Yy = {y} : @ € S*}. Now let Y, = |Jyc 4 V2, and let J
be the set of Z C Y, such that {o € S* : y) € Z} € I, for all A € A. By
Lemma 49] cov(J) = 2%0 as desired.

We suppose now that K is not J-small. This means that there exist
A € Aand z € 29 such that the set S, = {a € Sy : y) € K + 2z} is not
in Zp, . Fix such A and z. For the rest of this section, we drop A from our
subscripts and superscripts when this seems unlikely to cause confusion (so
C\ becomes C, S* becomes 9, etc.).

LEMMA 50. The set gd’ (E) NS, is stationary for every club E C \T.

Proof. If gd (F)NS.«NE" = () for some club E’ then gd' (ENE’)NS.« = 0.
In particular S, € Z5. =

LEMMA 51. There ewists a perfect tree Q C 2<% such that for every node
teq,

{a €S, tCya} € Zp.

Proof. Let Zy = {ya : @« € S.} = {Ya : Yo € z+ K}. By the Cantor—
Bendixson theorem there exist a perfect tree Qg C 2<“ and a countable set
Cy such that cl(Zy) = [Qo] U Cy. For t € Qg let Ry ={a €S, :t C y,} and
let

Qr={t€Qo:S & JIc}
Since Z5 is an ideal, ()1 is a nontempty tree without terminal nodes.

Let Z1 = [@1].- If Z; is uncountable then by applying the Cantor—
Bendixson theorem again we get a perfect tree @ such that Z; = [Q] U C.
The tree Q has the required property.

Suppose toward a contradiction that Z; is countable. Let

FoZ/\+\{Ozlya€ZlUCO},
and for t € Qo \ Q1 let E; be a club subset of AT such that E; N Ry = (). Let
E=FyN ﬂ E,.
t€Qo\Q1
Then S, N E = (), giving a contradiction. m

The following lemma introduces a useful sequence of clubs and elemen-
tary submodels. Observe that (3))(f) is the only condition imposing depen-

dence between different sequences IN¢.

LEMMA 52. There exists a sequence <E5,]\7§ : &€ < wy) such that for each
5 < w1,

(1) E¢ is a club subset of AT,
(2) Ee € Nece Ec,
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(3) Ng is a sequence (N¢ o : € E¢) such that for each o € Eg,

a) Neo < HOATT),

b) A + 1 C Nea,

) 2,C,T,Y € Ne s

d) |N§a| =\

e) for all Beanke, N¢ CNg a» and if a is a limit point of E¢ then

U Nes.
,BEO[PIE&

(f) for all B < o, (Nes: 0 € BN Ee) € Neg,

(8) {E¢: ¢ <&} € Nea,

(h) Ng’a NAT = a.

Proof. Suppose that (N¢, E¢) for ( < ¢ are already chosen. Let (N,

a < AT) be a continuous sequence of models satisfying conditions (3] (a)—(f).
Let C = {a: NoyN AT = a}. Since (N, : a < A1) is continuous, C'is a club.
Set Ee = C'N ()¢ E¢ and N¢ = (N : a € Eg). Observe that E¢ and N¢
are as required. m

(
(
(
(
(

To show that rk;(0) = oo, we identify the following class of suitable pairs.

DEFINITION 53. Suppose that p= (p, F,T) € Q.. A pair (z, @) is suit-
able if

(1) T = (nl”atxa SZL”) € ObJ(T)7

(2) sz = z[ng,

(3) & = (o : v € t; N2") is such that, for each v € t, N 2",

(a) ay, € gd'(Ee) NSz, (b) v C ya,-

Recall that «, € S, means that y,, € z + K. Condition of the
definition of suitability implies then that rks(z) > 0 for every suitable pair
(z,a). Observe that (0,( )) is suitable. The following lemma shows that

rky(z) = oo for every suitable pair (z,da), which completes the proof of
Theorem [48

LEMMA 54. Suppose that (z,@) is a suitable pair, and that (v,d) is a
(P, x)-challenge. Then there exists a suitable pair (y,[) such that y is a
response to (v,9).

Proof. Fix (x,a,) and (v,9). Let v, € C,, be such that ot(Cy, N7s) is
even and ot(O(Cy, ) N7y«) = d. Let v44 be the least element of C,, above .
Let Z be the collection of all pairs (7, a’) such that
o €gd(E:)NS.,

Yx € Ca’y
~" is the least element of C,/ above 7,
v g Yo' -
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Then
e forall (,a) € Z, Coy Ny = Cp, Ny = Cy,,
L] (’y**ya’l}) 6 Z

Since o, € gd'(E¢), we may fix p € (Y4, Vsx) N Eg. Then all parameters from
the definition of Z are in N¢ ,.
CLAIM 55. The set H = {7/ : 3¢/ (7/,d’) € Z} is unbounded in \*.

Proof. If H were bounded, it would be the same set in N¢ , as in H(ATT).
However, v4x € H, while 74 & N¢p. m

Fix 7/ € H such that 7' # 7., and let o’ be such that (7/,a’) € Y. Since
Y« € Coy N Cy,, it follows that Cypy Ny, = Cy, Ny« Recall that each y, was
defined to be F'(O,(C,)). Consequently,

{proiy (o In) : n € w} = | J{proj, (s, In) : n € w}

for all n < 0. On the other hand, since the dth elements of O,(C,) and
0,(C,, ) are different,

({projs (o In) : m € w} # | J{prois(ya, In) : n € w},
Define y > x as follows. First find n, € w such that

projs (Yar) Iy 7# projs (Yo, ) [1y-
Next let sy = z[ny. Let ty = {yo [0y} U{ya, [ny : w € t; N 2"}, Finally, let
B={Bw:wet,N2"}

be defined as follows:

o if w=yony,

Bw =1 o if w=yq,Iny,

as  if w = yq,[ny, for s € t, N 2"\ {v}.
By the choice of n,, the node v gets two distinct extensions, y,,[n, and
Ya, [Ny, and one is assigned o and the other a,. All other nodes follow
appropriate reals and have the same ordinals assigned to them. =
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