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Some relations between t(a,b,c,d;n) and N(a,b,c,d;n)
by

ZH1-HONG SUN (Huaian)

1. Introduction. Let Z and N be the set of integers and the set of
positive integers, respectively. Let Z* = ZxZ xZ x 7 and N* = Nx NxNxN.

For n € N let
o(n) = Z d.
d|n,deN

For a,b,c,d € N and n € NU {0} set
N(a,b,c,d;n) = [{(z,y, z,w) € Z* | n = az? + by? + c2® + dw?}|

and
t(a,b,c,d;n) = ‘{(w,y,z,w) eZ | n= ax(xz_ 1) +by(y2— 1)
z(z—1) w(w — 1)
+c 5 +d 5 )

The numbers z(z — 1)/2 (x € Z) are called triangular numbers.
In 1828 Jacobi showed that

N(L,1,1,5;n)=8 > d
dln, 4d

For d € {3,5}, in 1847 Eisenstein (see [13]) gave formulas for the num-
ber of proper representations of n by z? + y? + 22 + dw? (assuming that
ged(x,y, z,w) = 1). From 1859 to 1866 Liouville made about 90 conjec-
tures on N(a,b,c,d;n) in a series of papers. Most conjectures of Liouville
have been proved. See |2H9], Cooper’s survey paper [12], Dickson’s historical
comments [13] and Williams’ book [18].
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Let
-1 -1
t'(a,b,c,d;n) = H(:C,y,z,w) eNt|n= ax(:p2 ) —l—by(y2 )
z(z—1) w(w —1)
+c 5 +d 5 .
As z(x —1)/2 = (—x + 1)(—z)/2 we have
(1.1) t(a,b,c,d;n) = 16t (a,b, ¢, d;n).
In [14] Legendre stated that
(1.2) t'(1,1,1,1;n) = o(2n + 1).
In 2003, Williams [16] showed that
(13) fLL22m) =4 > (@d- (D"

d|an+3
For a,b,c,d e Nwithb5<a+b+c+d<8let
C(a,b,c,d) = 16 + 411 (i1 — 1)io + 8iyis,
where i; is the number of elements in {a, b, ¢, d} which are equal to j. When
a+b+c+de{506,7}, in 2005 Adiga, Cooper and Han [1] showed that
(1.4) Cl(a,b,c,d)t'(a,b,c,d;n) = N(a,b,c,d;8n +a+ b+ c+ d).

When a+b+ c+d = 8, in 2008 Baruah, Cooper and Hirschhorn [10] proved
that

(1.5) C(a,b,c,d)t (a,b,c,d;n) = N(a,b,c,d;8n +8) — N(a,b,c,d;2n + 2).
In 2009, Cooper [12] determined (a,b,c,d;n) for (a,b,c,d) = (1,1,1,3),
(1,3,3,3), (1,2,2,3), (1,3,6,6), (1,3,4,4), (1,1,2,6) and (1,3,12,12).

In [15], Wang and Sun obtained explicit formulas for ¢(a,b,c,d;n) in
the cases (a,b,c,d) = (1,2,2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4), (1,3,3,9),
(1,1,9,9), (1,9,9,9), (1,1,1,9), (1,3,9,9) and (1,1,3,9).

Ramanugjan’s theta functions ¢(q) and 1(q) are defined by

@)= > ¢ =1+2> ", v =Y ¢""V2 (g <1).
n=1 n=0

n=—oo

It is evident that for |¢| < 1,

(1.6) > N(a,b,c,d;n)g" = o(q")p(q")e(q)p(g?),
n=0

(L.7) > (a,b e, din)g" = (") (d") v (g)(g?).
n=0
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From |10, Lemma 4.1] or [11] we know that for |¢| < 1,

(1.8) ¥(q)? = o(q)v(q?),

(1.9) o(q) = ¢(q*) + 2q¥(q®),

(1.10) 0(0)” = ¢(q*)? + 4qv(q*)?,

(1.11) b(@)¥(q*) = w(d®)v(qh) + qo(d®)v(g").

By (1.9), for k € N,
(1.12)  o(q") = o(a™) + 2¢" ¥ (¢*) = p(a"%) + 2¢"* ¥ (¢**F) + 24" (¢*).

In this paper, using (1.6)—(1.12) we reveal some connections between
t(a,b,c,d;n) and N(a,b,c,d;n). Suppose k,m € {0,1,2,...}, a,n € N and
21 a. We show that

t(a,b,c,dn) = 2(N(a,b,c,d;8n+a+b+c+d)
—N(a,b,c,d;2n+ (a+ b+ c+d)/4))

for (a,b,c,d) = (a,a,2a,8m + 4) and (a,3a,4k + 2,4m + 2) with k£ = m
(mod 2). For 2 { ak we show that

t(a,3a, k, k;m) = 2N(a,3a, 2k, 2k; 8m + 4a + 2k).
Forn=k+ (a—1)/2 (mod 2), we prove that
t(a,3a,8k+4,4m+2;n) = 2N(a,3a,8k +4,4m +2; 8n+ 4m + 8k + 4a +6).
Let a,k,m € N with 2 { a. We also show that
t(a,a,2a,4k;4m + 3a) = 4t(a, 2a, 4a, k;m),
t(a,a,6a,4k;4m + 3a) = 2t(a, a, 6a, k;m),
t(a,a,8a,2k;2m) = t(a,2a,2a, k;m),
t(a,a,8a,2k;2m + a) = 2t(a, 4a, 4a, k;m).

In addition, we give explicit formulas for #(1,3,3,6;n), t(1,1,8,8;n) and
t(1,1,4,8;n). We also pose many conjectures on the relations between

t(a,b,c,d;n) and N(a,b,c,d;n).
2. Main results
LEMMA 2.1. Suppose a,k,m,n € N and 21 a. Then
N(a,a,2k,2m;2n) = N(a,a,k, m;n).
Proof. Suppose |q| < 1. Using (1.10) we see that

> N(a,a,2k,2m;n)q" = o(q*)*0(¢™)e(q*™)
n=0

= ((*)? + 44" (¢"")*) o(a®*) o (*™).
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Extracting the even powers we obtain

> N(a,a,2k,2m; 2n0)¢™" = 0(¢**) %0 (q**)p(¢>™).

n=0

Replacing ¢ with ¢'/2 in the above formula we get

> " N(a,a,2k,2m;2n)q" = ¢(¢*)*0(d")o(q™)

n=0
o0
= ZN(a,a, k,m;n)q".
n=0

Comparing the coefficients of ¢" on both sides we obtain the result.

REMARK 2.1. In the case a = 1, Lemma 2.1 has been given in [5, Propo-
sition 4.1(iii)].

LEMMA 2.2. For |q| <1 we have
p(0)° = (")’ + 6ap(a)v(q")® + 12¢°0(¢*)*¥(d®) + 8¢°¥(a%).
Proof. By (1.8) and (1.9),

0(9)® = (p(q*) + 2q¢(¢%))*
= o(q")? + 6q0(q) P (¢®) (w(qh) + 2q0(¢%)) + 8¢°¥(¢%)°
= 0(q")® + 6q10(q")*(0(q") + 2q0(¢%)) + 8¢°¥(¢%)*.
This yields the result.

THEOREM 2.1. Let a € {1,3,5,...} and m € {0,1,2,...}. Forn € N we
have

t(a,a,2a,8m + 4;n) = (N(a,a,a,4m+2;4n+4m—|—2a+2)

- N a,a,a,4m+2;n+m+(a—|—l)/2))

(N(a,a,Qa,8m—l—4;8n+8m+4a—|—4)

—N(a,a,2a,8m+4;2n+2m—|—a+1)).

wiN

|
ol

Proof. Suppose |g| < 1. By (1.6), (1.9) and Lemma 2.2, we find that

oo

(2.1) Z N(a,a,a,4m + 2;n)q" = ©(¢*)3(¢*™?)

n=0

= (0(¢"*)® + 6q%(q")¥(¢"")* + 12¢**¢Y(¢"*) > (¢®*) + 8¢**¥(¢>*)?)
« ((‘D(q4(4m+2)) + 2q4m+2w(q8(4m+2))) )



Some relations between t(a,b,c,d;n) and N(a,b,c,d;n) 273

For any r,s € N the power series expansions of (¢®¥)" and ¢ (¢®)" are of
the form Y °° ; b,¢®". Hence from (2.1) we deduce that

o
Z N(a,a,a,4m + 2; 4n)q*"
n=0

_ S0(qéLa)3()0(qlﬁm+8) + 12q2aw(q4a)2w(q8a) . 2q4m+2¢(q32m+16).

Replacing ¢ with ¢'/* in the above formula we obtain

(o]
Z N(a,a,a,4m + 2;4n)q"
n=0

= (")’ p(q"™ %) + 24g™H D2y ()2 () (6P )

o0 o0
= Z N(a,a,a,4m + 2;n)q" + 24qm"'(a+1)/2 Z t'(a,a,2a,8m + 4;n)q"
n=0 n=0

Now comparing the coefficients of ¢"T™*(@+1)/2 on hoth sides and then ap-
plying (1.1) and Lemma 2.1 we obtain

3t(a,a,2a,8m + 4;n) = 24t'(a, a, 2a, 8m + 4;n)
= N(a,a,a,4m + 2;4n + 4m + 2a + 2)
— N(a,a,a,dm +2;n+m+ (a+1)/2)
= N(a,a,2a,8m + 4;8n + 8m + 4a + 4)
— N(a,a,2a,8m + 4;2n+2m +a + 1).
This is the result.

LEMMA 2.3. For|q| <1 we have

o(@)e(q®) = 0(a")p(q") + 44" (*) (") + 2q0(¢*®)1(¢%)
+2¢°0(q") 0 (¢**) + 64" (¢®) ¥ (¢*)
+4¢ () (q”) + 44" V(") v (™).
Proof. By (1.12),

e(@)e(d’) = (#(¢") +2¢*(¢%) + 2q0(¢%))
x (0(¢*) + 209 (™) + 2¢°¥(¢*))
0(q")e(q"®) + 4" (¢*)(6°°) + 200(¢"*)(¢®) + 26 0(a"%) v (¢**)
+2¢* (0(¢")v (%) + ¢o(d") 0 (¢”) + 20(¢®)(¢*))
+4¢9(¢®)(q”) + 44"V (*H) v (¢*).

Note that ¢(q*®)¥(¢*) + ¢®(q'%) ¥ (¢”%) = ¥(¢®)1(¢*!) by (1.11). Hence we
obtain the result.

/\\/
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THEOREM 2.2. Let a € {1,3,5,...}, k,m € {0,1,2,...} and k = m
(mod 2). For n € N we have
t(a,3a,4k+2,4m+2;n):%(N(a,3a,4k:+2,4m+2;8n+4m+4k+4a+4)

— N(a,3a,4k +2,4m + 2;2n+m+k+a+1)).

Proof. Suppose |¢q| < 1. Using Lemma 2.3 and (1.12) we see that

o
> N(a,3a,4k + 2,4m + 2;n)q" = 0(¢")p(¢* V(¢ ) (¢ )
n=0

= 0(q")p(q**) (p(g*HFT2)) 4 2g*H24p (B4 2)))
« ((p(q4(4m+2)) + 2q4m+2¢(q8(4m+2)))

= (p(¢"*)(q*™*) + 4g" P (¢P ") (¢*) + 24" (4" ) (™)
+2¢°0(q" ) (¢**) + 6™ P(¢* ) (™)
+4q13aw( Ba) (q96a) +4q7aw(q24a)w(q32a))

% (@(q16k+8)§0(q16m+8) +2q4m+2(p(q16k+8)w<q32m+16)
+ 2q4k+2¢(q32k+16)<p(q16m+8) + 4q4k+4m+4w(q32k+16)¢(q32m+16))'

For any r,s € N the power series expansions of ((¢®¥)" and ¥ (¢®*)" are of
the form »_° b,¢®". Thus, from the above we deduce that

(o]
Z N(a,3a,4k + 2,4m + 2; 8n)¢™"

n=0 _ ((p(qlﬁa)gﬁ((fl&l) + 4q16aw(q32a)¢(q96a))¢(q16k+8)¢(q16m+8)
+ 24q4(k+m+a+1)lp(an)w(q24a)¢(q32k+16)¢(q32m+16) )

Replacing g with ¢'/® in the above formula we obtain

o
Z N(a,3a,4k + 2,4m + 2;8n)q"

n=0
= (p(@®)p(@®) +46* (") (")) (@) p(¢* )
+ 24q T2y (%) (63 (¢ T2 (¢ T).
On the other hand, using (1.9) we see that

o0

Z a,3a,4k +2,4m + 2;n)q"

= 0(4")p(a*)p(a ) (g™ *?)
( 4a +2qaw Sa) (,0((]12(1 +2q3a1/}( 24a))¢(q4k+2)¢(q4m+2)_
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Extracting the even powers leads to
o0
Z N(a,3a,4k + 2,4m + 2; 2n)¢*"

n=0
= ((q")p(a2%) + 40" (@™ Vi (@) 0 (g 2)ip g™ +?).

Replacing ¢ with ¢/ we then obtain

(o]
> N(a,3a,4k + 2,4m + 2;2n)q"

n=0
= ((*)e(d™) +4¢° D (¢" ) (")) (¢ ) p(¢*™ ).
Hence
o0
> (N(a,3a, 4k +2,4m + 2;8n) — N(a, 3a, 4k + 2, 4m + 2;2n))¢"
n=0

_ 24q(k+m+a+1)/2w(qa)w(q3a)w(q4k+2)w(q4m+2)

o0
= 24g(ktmtatl)/2 Z t'(a,3a,4k + 2,4m + 2;n)q"
n=0

= %q(k+m+a+1)/2 i t(a,3a,4k 4+ 2,4m + 2;n)q"
n=0

Comparing the coefficients of ¢t (kE+m+a+1)/2 vields the result.

THEOREM 2.3. Let a,k € N with 21 ak. For m € N we have

t(a,3a, k, k;m) = 2N(a,3a, 2k, 2k; 8m + 4a + 2k).

Proof. By (1.10),

26Y2 — (Y2 4 4g?Rp(gP)?
= o(@™)? + 4g" 9 (q")? + ¢ 9 (™).

Thus, applying Lemma 2.3 we see that for |¢| < 1,

©(q

> " N(a,3a,2k,2k;n)q" = (q")2(q**)p(g**)?
n=0

= (p(a"*)e(q™) +40"%P (¢ (¢™)
+2¢%0(¢ )P () + 2¢°*0(¢"*) ¥ (¢**)
+6¢" () (¢**) + 44" P (> ) (q”%) + 447 Y () (¢**))
x (0(¢™)? + 4" (¢"%)? + 4¢ 4 (¢%)?).
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For any r, s € N the power series expansions of ¢(¢®)" and 1(¢®)" are of the
form > "7 b,,¢®". Thus, from the above we deduce that

oo
Z N(a, 3a,2k,2k;8m + 4a + 2k)q8m+4a+2k

m=0
= 6" (™) (q*) - 4g™(¢™)? = 240" T (PN (¢ )0 (¢%)%.
Replacing ¢ with ¢'/® we get

> N(a,3a,2k, 2k; 8m + da + 2k)q™ = 249 (") (¢**)¥(¢")?

m=0
m=0 ’ Y 1 m=0 ’ Y

Comparing the coefficients of ¢"”* on both sides yields the result.
COROLLARY 2.1. Forn € N we have
N(2,2,3,9;8n+6) = 2N(1,1,3,9;8n +6).

Proof. Taking a = 3 and k = 1 in Theorem 2.3 we see that (1,1, 3,9;m)
= %N(2,2,3,9;8m + 14). On the other hand, from [15, proof of Theorem
2.3], we know that ¢(1,1,3,9;m) = %N(l, 1,3,9; 8n + 14). Thus, the result
follows.

THEOREM 2.4. Let a € {1,3,5,...} and k,m € {0,1,2,...}. If n € N
andn=k+ (a—1)/2 (mod 2), then

t(a,3a,8k+4,4m+2;n) = 2N(a,3a,8k +4,4m+2; 8n+ 4m + 8k +4a +6).
Proof. Suppose |q| < 1. Using Lemma 2.3 and (1.12) we see that

(o]
> N(a,3a,8k + 4,4m + 2;n)q¢" = 0(¢")p(¢* (¥ ) (g™ ?)

n=0 _ cp(q“)go(q?’a)(ﬂp(q4(8k+4)) + 2q8k+4¢(q8(8k+4)))
% (()0( 4(4m+2)) +2q4m+2¢( 8(4m+2)))
— (90( 16a> a) +4q16a1/} 32a),¢(q96a)
+2¢%0(q 48“) D(a*) + 2¢°%(q") (4>
+ 6" P(q* ) (g™) + 4¢7 (> (™) + g™ D (d* ) (g7*))
% ((p(q32k+16)¢(q16m+8) +2q4m+2@(q32k+16)¢(q32m+16)
+ 2q8k+4¢(q64k+32)¢7(q16m+8) 4 4q8k+4m+6¢(q64k+32)w(q32m+16)).

For any 7, s € N the power series expansions of ¢(¢%)" and (¢)" are of
the form >, b,¢®". Thus, from the above and the fact that 4m + 2 =



Some relations between t(a,b,c,d;n) and N(a,b,c,d;n) 277
4 —2(—1)™ (mod 8) we deduce that

00
S N (a, 30,8k + 4, 4m + 280 + 4 — 2(—1)™)gBrH2AD”
n=0

— ((P(qlﬁa)(p(q%a) +4q16aw(q32a)¢( 96a))2q4m+2w<q32k+16>w(q32m+16)

+ 6q4aw(q8a)w(q24a) . 4q8k+4m+6¢(q64k+32)¢(q32m+16)
and so
Z N(a,3a,8k +4,4m + 2;8n + 4 — 2(—=1)™)¢*"
n=0
— 2q8[m/2}w(q32k+16)w(q32m+16) (Sp(q16a)80(q48a) + 4q16a¢(q32a)w(q96a))
+ 24q8(k:+[m/2]+(a+1)/2)w(an)w(q24a)¢(q64k+32)¢(q32m+16)’

where [z] is the greatest integer not exceeding z. Replacing ¢ with q\/8
the above formula we obtain

o0
Z N(a,3a,8k +4,4m + 2;8n 4+ 4 — 2(=1)"™)¢"

n=0
= 2¢" Ao (g™ (") (0(**)(¢5) + 4¢°“p (¢ ) ("))
+ 24" AN 2 (g0)p (P (¢BF ) (P ).

Suppose that n = k+ (a —1)/2 (mod 2). Then n+k+ [m/2]+ (a+1)/2 =
[m/2] + 1 (mod 2). Now comparing the coefficients of ¢"T#+m/2+(a+1)/2 iy
the above expansion we obtain

N(a,3a,8k +4,4m + 2;8(n + k4 [m/2] + (a +1)/2) +4 — 2(—-1)")
= 24t/ (a, 3a, 8k + 4,4m + 2;n) = 3t(a, 3a, 8k + 4, 4m + 2; n).
This yields the result.
THEOREM 2.5. Let a,k € N with 24 a. For m € N we have
t(a,a,6a,4k;4m + 3a) = 2t(a, a, 6a, k;m).
Proof. Suppose |g| < 1. Using (1.8)—(1.12) we see that

(2.2) Z t'(a,a,6a,4k;n)q"

n=0
= (¢ (") (q") = 90(qa)¢(q2a)1/)(q6a)w(q4k)
= (¢(q*) + 24" (q*) (2 (a0 (¢**) + (") (q***) )b (¢*F)
= (") () (d*) + 20"V (¢**)*¢(¢"**) + ¢ 90( DRUCE

(
+2¢°%0(q" ) (* ) (¢**)) 1 (g*F).
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Am+3a

Collecting the terms of the form ¢ we get

o0

t'(a,a,6a, 4k; 4m + 3a)g*™ 3 = 2¢** (¢ )Y (¢®) b (¢***) Y (¢*)

m=0
= 2¢°(q")* (¢ (q™).

Replacing g with ¢'/* we deduce that

t'(a, a,6a, 4k; 4m + 3a)q™ = 2¢(q)* (¢ ) (q")

m=0 .
=2 Z t'(a,a,6a,k;m)q™
m=0
Hence
t(a, a,6a,4k;4m + 3a) = 16t'(a, a, 6a, 4k; 4m + 3a)
= 32t'(a, a, 6a, k;m) = 2t(a, a, 6a, k;m)

as asserted.

THEOREM 2.6. Let a,k € N with 21 a. For m € N we have

t(a,a,2a,4k;4m + 3a) = 4t(a, 2a, 4a, k;m).
Proof. Suppose |g| < 1. Using (1.8) and (1.12) we see that

> t(a,a,2a,4k;n)g" = ¥(g*) (¢ (q™*) = w0 (d*) P(g™)

n=0
= o(g") () (q* ) (q™)
= (p(q") + 20" (¢*) (2(¢>*) + 2¢°*1b(¢*5")) (") (¢™)
= (¢(q") (@) (d®) + 2% (") (¢"%%)

))

¢")e(q™) + 24°¢(q
+4q3aw(q8a)w(q16a))w(q4a)w(q4k).
4m+3a

Collecting the terms of the form ¢ we get
oo
> t(a,a,2a,4k; 4m + 3a)g" 3 = 4% (6% )1b(q" )b (g ) (g™).
m=0

Replacing ¢ with ¢'/* we see that

S ¢(a,a, 2a,4k; 4m + 3a)g™ = (g )(¢*) (g (")
m=0

e.)
=4 Z t'(a,2a,4a, k;m)q™
m=0
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Hence
t(a, a,2a,4k;4m + 3a) = 16t (a, a, 2a, 4k; 4m + 3a)
= 64t (a, 2a, 4a, k;m) = 4t(a, 2a, 4a, k;m),

which completes the proof.

THEOREM 2.7. Let a,k € N with 21 a. For n € N we have

t(a,a,8a,2k;2n) = t(a, 2a,2a, k;n),
t(a,a,8a,2k;2n + a) = 2t(a, 4a, 4a, k;n).
Proof. Suppose |g| < 1. Using (1.8) and (1.9) we see that

(2.3) Zt/(a, a,8a,2k;n)q"

n=0
= (a)*0(@*)0 () = e(a") () (a*)(a*)
= 9(¢*") ((q™) + 20" (¢")) (¢* ) (a*").
Extracting the even powers and then applying (1.8) we see that

> t(a,a,8a,2k;2n)¢*" = () e(q*)b(d* )b (¢*F)
n=0
= 0(@*)P(a")* ().
Replacing g with ¢*/? we then get

> t(a,a,8a,2k;2n)q" = ¥ (g")P(¢**)* (") = > ¥'(a, 2a,2a, k;n)g".

n=0 n=0
Hence
t(a,a,8a, 2k; 2n) = 16t'(a, a, 8a, 2k; 2n)
= 16t'(a, 2a, 2a, k;n) = t(a, 2a,2a, k; n).
On the other hand, extracting the odd powers in (2.3) we see that

S #(a,a,8a,2k; 2 + )g*"+ = (¢*) - 20"B(g*) (g™ ().

n=0
Replacing ¢ with ¢/ we then get

S ¢(a,a,8a,2k: 20 + a)g" = 20(q")(q*) (")

n=0

(o, ¢]
= Z 2t'(a, 4a, 4a, k;n)q".
n=0
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Hence
t(a, a,8a,2k;2n + a) = 16t'(a, a, 8a, 2k; 2n + a)
= 32t'(a,4a, 4a, k;n) = 2t(a, 4a, 4a, k;n).
This completes the proof.
THEOREM 2.8. Forn € N we have

(1,1,8,8;n) = o(4n+9) — (2 — (—=1)") Z .
(z,y)EZXZ,z=1 (mod 4)
4n+9:a:2+4y2

Proof. By Theorem 2.7, t(1,1,8,8;n) = t(1,2,2,4;n/2) for even n, and
t(1,1,8,8;n) = 2t(1,4,4,4; (n—1)/2) for odd n. Now applying |15, Theorems
3.2 and 3.3] yields the result.

THEOREM 2.9. For n € N we have

H1,1,4,8m) =2(-1)" 3 d(fl) S (1= (=)™ 3 ..

d|4n+T7 (z,y)EZXZ,x=1 (mod 4)
471—&-7:x2—|—2y2

Proof. By Theorem 2.7, t(1,1,4,8;n) = t(1,2,2,2;n/2) for even n, and
t(1,1,4,8;n) = 2t(1,2,4,4; (n — 1)/2) for odd n. It is easily seen that

t(1,2,2,2;m)
= {(z,y,2,w) € Z* | 8m + 7 = 2% + 2% + 22% 4 2uw?, 2 | zyzw}]|
= |{(z,y, z,w) € Z* | 8m + 7 = 2® + 2y + 22* + 2w?}|
= N(1,2,2,2:8m + 7).
Now applying [17, (1.4)] and [15, Theorem 3.4] yields the result.

LEMMA 2.4. For |g| < 1 we have
0(q)* = 0(¢®)? + 4¢*(¢'%)* + 4¢*(¢%)?
+4q0(q") Y (¢®) + 8¢ (¢%) v (¢™).
Proof. By (1.10),
0(@)® — 0(d*)? = ((0)* = 0(@®)?) + (2(6*)* — 0(d")?) + (e(a")* — (¢®)?)
= 4q(¢")® + 4%%(¢%)* + 4q™(¢'%)*.
By (1.8) and (1.9),
P(q*)? = o(gv(d®) = (2("%) + 24" (¢°%)) ¥ (¢®).

Now combining the above we deduce the result.
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THEOREM 2.10. Ifn € N and 8n + 13 = 3%n; with ny € N and 3 | nq,
then

t(1,3,3,6;n) = 2N(1,3,3,6;8n + 13)

ordy ni1+1 __ (@)ordp ni+1
_2(gp (™ P P
“i( ()1 BTN
pln1 p
where p runs through all distinct prime divisors of ni, ( ) 1s the Legendre

symbol and ord, ny is the unique nonnegative integer r such that p" | ny but
pr-i-l )fnl-

Proof. Suppose |q| < 1. By (1.12) and Lemma 2.4,

o0

> N(1,3,3,6,1)0" = o(q)p(q®)e(q®)

n=0

= (0(q"%) + 2¢" (™) + 2qv(¢%)) (2(¢**) + 2¢°¢(¢™®))
x (o(¢**)” + 4420 (¢*)? + 4¢°¢(¢**)?
+4¢°0(¢")(¢**) + 8¢ () v ("))

= (2(q")(d®") + 20" (¢*) (™) + 29 (¢*) e(¢**)
+2¢%0(¢") 0 (¢™) + 46"V (¢*) e (¢") + 447 (¢%) Y (¢™®))
x (0(q®")? + 44" (¢*)? + 4% (¢**)?
+4¢°0(q")(¢*) + 8¢ (¢*) ¥ ("))

For any r, s € N the power series expansions of ¢(¢®)" and 1(¢°)" are of the
form >°°° 1 b,q®". Thus, from the above and (1.8) we deduce that

ZN 1,3,3,6;8n + 13)¢™" 1% = ZN 1,3,3,6;8n + 5)¢*"+°
n=0 n=0

=2q¥(q®)p(¢**) - 44" (q")? + 2¢°0(¢") ¥ (¢"®) - 8¢ Y (¢*)(¢”°)
+ 4" (¢**) (") - 470 (*)0(d™®) + 44" ()0 (¢") - 445 (¢**)?

and so

oo
Z N(1,3,3,6;8n +13)¢°
n=0

= 8¢(q*)V(¢**)*¥(q*®) + 16¢°0(q")1h (q"*) v (¢**) b (¢”)
+ 169 (¢* ") (¢*) v (a™®)e(q") + 16¥(¢*) ¥ (¢")v(¢**)?.
By (1.11),
w(@*)e(q*) + *o(d" ) (™) = v(¢®)v (™).
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Hence,

[oe)
Z N(1,3,3,6;8n +13)¢°
n=0

= 80(¢%)v(g*)?¥(g*) + 16w (¢* ) (g™ (¢*) ¥ (¢**) +16¥ () (¢** ) (¢*)?
= 409(¢®*)¥(¢**)*(¢*®).

Replacing g with q'/® we see that

> N(1,3,3,6:8n + 13)¢" = 40¥(q)1b(¢*)*(¢°) = 40> #(1,3,3,6;n)¢"

n=0 n=0

=35> t(1,3,3,6;n)¢"
n=0

Therefore
¢(1,3,3,6;n) = 2N(1,3,3,6;8n + 13).

Now applying [9, Theorem 4.1] yields the remaining part.
REMARK 2.2. Using Maple we find
t(a,b,c,d;n) = 2N(a,b,c,d;8n+a+ b+ c+d)

for (a,b,¢,d) = (1,1,1,2), (1,1,1,3), (1,1,2,3), (1,1,3,9), (1,3,3,3),
(1,3,3,6) and (1,3,9,9). When (a,b,c,d) = (1,1,1,2), (1,1,1,3) or
(1,1,2,3) the result follows from (1.4). The formula for ¢(1,3,3,3;n) was

1
given in [12, Theorem 5.5], and the cases (1,1,3,9) and (1,3,9,9) were
solved by Wang and Sun in [15].

THEOREM 2.11. Ifn € N and n =1,2 (mod 4), then
#(1,1,4,6;n) = 2N(1,1,4,6;2n + 3).
Proof. By (1.12) and Lemma 2.4,

(24) > N(1,1,4,6;,n)¢" = 0(9)”e(q")e(c°)
n=0

= 0(9)%(2(¢"%) + 2¢"(¢*%)) (2(q**) + 2¢°¢(¢*®))

= (¢(g®)? +4q4¢( )2+ 4¢°9 (%) + 4q0(¢") Y (¢®) + 8¢° ¥ (¢®)1h(¢™))

< (p(@")p(@*) +40" 0 (¢)0(d"™) +2¢" ()0 (6) +20°0(" )0 (a™)).
Thus,

D N(1,1,4,6;8m + 5)¢" = 169 (¢°) (4™ (a" ) (4™,
m=0



Some relations between t(a,b,c,d;n) and N(a,b,c,d;n) 283

and

D N(1,1,4,6;8m + 7)¢" " = 80" (%) v (¢"®) ((¢'%)? + 44*4(¢%)?).

m=0

From the above, (1.8) and (1.10) we deduce that

> N(1,1,4,6;8m + 5)¢™ = 16¢(q)tb(¢* ) (q*) ()

m=0
25) = 16¢(9)9(¢*)*0(q”),
D N(1,1,4,6;8m + 7)g™ = 8¢(q)¥(¢°) (2(4*)? + 4q1b(¢*)?)
m=0
= 80(q)*P(9)1(¢°).
On the other hand, from (2.2) we know that
> H(1,1,4,6;4m + 1)g"™ T = 29 (¢ (%) (q"),
m=0
D t(1,1,4,6;4m + 2)¢" T = ¢?o(qh) (g )b (g™,
m=0
Therefore,
D H(1,1,4,6;4m + 1)g™ = 20(q)(6*)*0(¢%),
m=0
D 1(1,1,4,6;4m + 2)g™ = 9(q)*(0)¥(¢%).
m=0

This together with (2.5) gives N(1,1,4,6;8m + 5) = 8¢/(1,1,4,6;4m + 1)
and N(1,1,4,6;8m + 7) = 8t'(1,1,4,6;4m + 2). To complete the proof, we
recall that t(a,b,c,d;n) = 16t'(a, b, ¢, d;n).

THEOREM 2.12. Forn € N with n =1 (mod 4) we have
£(2,2,3,9;n) = 3N (2,2,3,9;2n + 4).
Proof. Using (1.8)—(1.12) we see that for |¢| < 1,

Zt (2,2,3,91)¢" = ¥(¢*)*¢(q*)(q")
= o(®)(g") (e(a"®)v(a"?) + ¢*e(¢°)v(¢*?))
= (p(q®) + 2¢*(¢")) v (g")
< ((e(a™) +2¢" (¢ (a"?) + ¢ (e(@®) + 26°¢(¢*)) v (¢°°)).
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Hence
t(2,2,3,9;4m + 5)¢*"™
m=0
= (26°0(**)¥(q"%) + 2¢°0(¢®)¥(¢*®)) ¥ (¢*) ¥ (d*®)
= 2¢"Y(g") (¢ (") ¥ (¢*)
and so
> 1(2,2,3,9;4m + 5)¢™ = 2¢(q)*¥(¢*)¥(¢”) =2 > (1,1,3,9;m)q™.
m=0 m=0
Therefore,

£(2,2,3,9;4m + 5) = 16t(2,2,3,9; 4m + 5)
= 32¢/(1,1,3,9;m) = 2¢(1,1,3,9; m).
Taking a = 3 and k¥ = 1 in Theorem 2.3 we see that #(1,1,3,9;m) =
%N(2,2,3,9; 8m + 14). Thus, ¢(2,2,3,9;4m + 5) = 2t(1,1,3,9;m)
%N(2, 2,3,9;8m + 14). This yields the result.

THEOREM 2.13. Forn € N we have
t(1,2,2,6;n) = 3N (1,1,4,6;8n + 11),
t(1,1,8,12;2n) = 1N(1,1,8,12; 16n + 22).
Proof. From (2.4) and (1.8) we know that

Y N(1,1,4,6:8m + 3)¢*™ P = 324" 0(q'*)0 (¢*) (a7 w(¢™)

m=0
= 32¢" 10 (¢%)¥ (") 0 (¢"™).

Hence

D N(1,1,4,6;8m + 3)¢™ = 32q¢(q)v(¢*)*(q°)

m=0

o o
=32 #(1,2,2,6;n)¢" " =2 #(1,2,2,6;n)¢" .

Now comparing the coefficients of ¢"*! we obtain N(1,1,4,6;8n + 11) =
2t(1,2,2,6;n). Applying Lemma 2.1 and Theorem 2.7 we see that

t(1,1,8,12;2n) = ¢(1,2,2,6;n) = 3N (1,1,4,6;8n + 11)
=1N(1,1,8,12;16n + 22).

The proof is complete.
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THEOREM 2.14. For m € N we have
#(1,1,6,24;4m + 1) = 2£(2,2,3,3:m),
t(1,1,6,24;4m) = t(1,1,3,3;m) = 2°T5(my),
where o and my are given by m + 1 = 2°3%m; and ged(mq,6) = 1.
Proof. Taking a =1 and k& = 6 in (2.2) we see that

o0
Z t'(1,1,6,24; n)q"
n=0

= (@M@ (¢®) + 2q0()*e(a") + (g (¢™)
+2¢°0(g ) (®) 0 (d*) ¥ (¢*).
Hence, using (1.8) we see that
t'(1,1,6,24;4m)q"™ = (") (¢*)p(a") v (¢*) = ¥ (g*)*v(q"?)?,

m=0
00

D (L 1,6,2454m + 1) = 209(6°)*0(¢"*)(6*) = 2q90(¢°) (a™)*.
m=0
Therefore,

[e.9]

(o]
t'(1,1,6,24;4m)q™ = ¢(9)*P(¢*)* = Y '(1,1,3,3;m)q"™
m=0

m=0
o0 o0
D (1,1,6,24;4m + 1)g™ = 2¢(¢%)? = Z (2,2,3,3;m)q"
m=0

Since t(a,b,c,d;n) = 16t'(a,b,c,d;n), we obtain t(1,1,6,24;4m +1) =
2t(2,2,3,3;m) and ¢(1,1,6,24; 4m) = t(1,1, 3,3; m). Now applying [15, Lem-
ma 4.1] we deduce the theorem.

THEOREM 2.15. Suppose a,b,c,d € N, 2t ab, a =b (mod 4) and c =4
(mod 8). Then

t(a,b,c,d;n) = N(a,b,c,d;8n+a+b+c+d)
— N(a,b,c,4d;8n + a+ b+ c+ d).
Proof. For m € N we see that
N(a,b,c,d;m) = |{(x,y,z,w) € Z* | m = ax® + by? + cz* + dw?, 2 | w}|
+ H{(z,y,z,w) € Z' | m = ax® + by® + c2* + dw?, 2t w}|.

Thus,
N(a,b,c,d;8n+a+b+c+d)— N(a,b,c,4d;8n+a+ b+ c+d)

= {(z,y,z,w) € Z* | 8n+a+ b+ c+d = az® + by? + ¢z + dw?, 2t w}|.
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Suppose 8n+a+b+c+d = ax® +by? + cz? + dw? for some z,y, z,w € Z and
2 { w. Then az? 4+ by? + cz? = a+ b+ ¢ (mod 8). If 2|z, then ax? + by? =
ar’ + by’ +cz?=a+b+c=a+b+4 (mod 8). Since 24 ab and a + b = 2
(mod 4) we see that 2 { zy and so az? + by? = a + b (mod 8). We get a
contradiction. Hence 2 1 z and so az? + by? = a + b (mod 8). This implies
that 2 1 xy. Therefore,

N(a,b,c,d;8n+a+b+c+d)— N(a,b,c,4d;8n+a+ b+ c+d)
= {(z,y,z,w) € Z* | 8n+a+ b+ c+d=ax® +by* + cz* + dw?, 2 w}|
= {(z,y,2,w) € Z* | 8n+a+b+c+d=ar?+by* +cz* + dw?, 2t zyzw}|
= H(z,y,2,w) €Z* |8n+a+b+c+d= a2z —1)?

+b(2y —1)% 4+ ¢(22 — 1)? + d(2w — 1)}
= {(z,y,2,w) € Z* | 8n = a-da(x — 1) + b -4y(y — 1)

+c-dz(z—1)+d-dw(w — 1)}

= t(a,b,c,d;n).
This proves the theorem.

Calculations with Maple suggest the following conjectures on t(a, b, ¢, d; n)
(fora<b<c<d, a<10,b<20,c<30andd<40).

CONJECTURE 2.1. Letn € N with n = 0,3 (mod 4). Then
t(1,1,4,6;n) = 2N(1,1,4,6;8n + 12) — N(1,1,4,6;2n + 3).
CONJECTURE 2.2. Letn € N with 3 | n. Then
t(1,1,8,12;n) = 1N(1,1,8,12;8n + 22).
CONJECTURE 2.3. Letn € N with 3 | n. Then
t(1,3,8,8;n) = +N(1,3,8,8;8n +20) — 2N(1,3,8,8;2n + 5).
CONJECTURE 2.4. Letn € N with n =0 (mod 6). Then
t(1,2,3,8;n) = 2N (1,2,3,8;8n + 14) — 2N (1,2,3,8;4n + 7).
CONJECTURE 2.5. Letn € N withn = 0,2 (mod 8). Then
t(1,2,4,17;n) = AN(1,2,4,17;n + 3).
CONJECTURE 2.6. Letn € N. If n=2,3 (mod 5), then
t(1,1,5,8n) = $N(1,1,5,8;8n + 15).
CONJECTURE 2.7. Letn € N. If n=0,3,4,6,7 (mod 9), then
t(1,1,8,9;n) = $N(1,1,8,9;8n + 19).
CONJECTURE 2.8. Letn € N. If n=0,4,7,8,9,10 (mod 13), then
t(1,1,8,13;n) = £N(1,1,8,13;8n + 23).
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CONJECTURE 2.9. Letn € N. If n=0,3,5,6,7 (mod 11), then
t(1,1,4,11;n) = £N(1,1,4,11;8n + 17).
CONJECTURE 2.10. Letn € N. If n=0,1,2,4,7 (mod 11), then
t(1,1,2,22;n) = N (1,1,2,22; 8n + 26).
CONJECTURE 2.11. Let n € N with n =1 (mod 3). Then
t(1,3,12,36;n) = 1N (1,3,12,36; 8n + 52) — 2N(1, 3,12, 36; 2n + 13).
CONJECTURE 2.12. Letn € N with n =1 (mod 4). Then
£(3,5,20,32;n) = LN (3,5,20,32;8n + 60) — 2N(3, 5,20, 32; 2n + 15).
CONJECTURE 2.13. Letn € N with n =1 (mod 4). Then
t(1,6,15,18;n) = 2N(1,6,15,18;8n + 40) — 2N (1,6, 15,18; 2n + 10).
CONJECTURE 2.14. Let n € N with n =1 (mod 3). Then
t(1,6,18,27;n) = 2N(1,6,18,27;8n + 52) — 2N(1,6, 18,27; 2n + 13).
CONJECTURE 2.15. Letn € N with n =1 (mod 3). Then
t(1,8,9,18;n) = 2N(1,8,9,18;8n + 36) — 2N(1,8,9,18;2n + 9).
CONJECTURE 2.16. Let n € N with 4 | n. Then
t(1,7,10,30;n) = 2N (1,7,10,30; 8n + 48) — 2N(1,7, 10, 30; 2n + 12).
CONJECTURE 2.17. Let n € N with n = 3 (mod 4). Then
t(1,10,15,30;n) = 2N (1, 10, 15,30; 8n + 56) — 2N (1, 10, 15, 30; 2n + 14).
CONJECTURE 2.18. Let n € N with n =2 (mod 8). Then
t(1,7,28,28;n) = 2N(1,7,28,28;8n + 64) — 2N(1,7, 28,28; 2n + 16).
CONJECTURE 2.19. Letn € N with n =8 (mod 9). Then
t(1,9,16,18;n) = 2N(1,9,16,18;8n + 44) — 2N (1,9, 16, 18;2n + 11).
CONJECTURE 2.20. Letn € N with n=1,7 (mod 9). Then
#(1,9,18,24;n) = 2N(1,9,18,24;8n + 52) — 2N (1,9, 18, 24; 2n + 13).
CONJECTURE 2.21. Letn € N with n =1,4 (mod 9). Then
t(1,9,18,32;n) = 2N(1,9,18,32;8n + 60) — 2N (1,9, 18,32;2n + 15).
CONJECTURE 2.22. Letn € N with n =5 (mod 9). Then
t(1,9,18,40;n) = 2N(1,9,18,40;8n + 68) — 2N(1,9, 18,40; 2n + 17).
CONJECTURE 2.23. Letn € N with n = 2,5 (mod 9). Then
t(1,10,27,30;n) = 2N (1,10,27,30; 8n + 68) — 2N (1, 10,27, 30; 2n + 17).
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We remark that Conjectures 2.1-2.5 have been checked for n < 300,

Conjectures 2.6-2.17 have been checked for n < 200, Conjecture 2.18 has
been checked for n < 400, and Conjectures 2.19-2.23 have been checked for
n < 500.
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