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A note on global regularity results for 2D Boussinesq
equations with fractional dissipation

ZHUAN YE (Xuzhou)

Abstract. We study the Cauchy problem for the two-dimensional (2D) incompress-
ible Boussinesq equations with fractional Laplacian dissipation and thermal diffusion.
Invoking the energy method and several commutator estimates, we get a global regularity
result for the 2D Boussinesq equations as long as 1 — a < 8 < min {%, %, i;i‘;
with 0.77963 =~ ap < a < 1. This improves on some previous work.

1. Introduction. In this paper we study the Cauchy problem for the 2D
incompressible Boussinesq equations with fractional Laplacian dissipation
in R?,

Ou+ (u-V)u+vA%u + Vp = ey,

0 + (u- V)0 + kAPH =0,

V.-u=0,

u(z,0) = up(z), 6(x,0) =by(z),

where u(x,t) = (uj(z,t), uz(z,t)) is a vector field denoting the velocity,
0 = 0(x,t) is a scalar function denoting the temperature in the context of
thermal convection and the density in the modeling of geophysical fluids,
p is the scalar pressure and ez = (0,1). The numbers v, k, o, 5 > 0 are real

parameters. The fractional Laplacian operator A%, A := (—A)l/ 2 denotes
the Zygmund operator which is defined through the Fourier transform,

Af(€) = |€[*f(€), where f(¢) =

(1.1)

1 —ix-€
)2 S e f(x)dx.
R2
The fractional Laplacian models many physical phenomena such as over-
driven detonations in gases [Cla). It is also used in some mathematical mod-
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els in hydrodynamics, molecular biology and finance mathematics (see for
instance [DIJ).

Actually, the standard 2D Boussinesq equations (that is, « = = 2)
model geophysical flows such as atmospheric fronts and oceanic circulation,
and play an important role in the study of Rayleigh-Benard convection (see
for example [MBJ, [Ped] and references therein). Moreover, there are some
geophysical circumstances related to the Boussinesq equations with frac-
tional Laplacian (see [Cap|, [Ped| for details). The Boussinesq equations with
fractional Laplacian are also closely related to equations such as the sur-
face quasi-geostrophic equation modeling important geophysical phenom-
ena (see, e.g., [CMT]). The standard 2D Boussinesq equations and their
fractional Laplacian generalizations have attracted considerable attention
recently due to their physical applications and mathematical significance.
Obviously, for v = k = 0, system reduces to the inviscid Boussi-
nesq equations, for which global well-posedness of smooth solutions is an
outstanding open problem in fluid dynamics (except if 6y is a constant, of
course) which may be formally compared to the similar problem for the
three-dimensional axisymmetric Euler equations with swirl (see [MB]). In
contrast, in the case a« = § = 2, global well-posedness has been shown pre-
viously (see for example, [CD]). There are a large number of works devoted
to intermediate cases, such as fractional dissipation, partial anisotropic dis-
sipation and so on. Global regularity results for system for the cases
when a =2 and kK =0 or § = 2 and p = 0 were established by Chae [Cha]
and by Hou and Li [HL] independently. By deeply developing the struc-
tures of the coupling system, Hmidi, Keraani and Rousset [HKR1, HKR2]
were able to establish global well-posedness for in two special criti-
cal cases, namely [« = 1 and k = 0] and [ = 1 and p = 0]. The more
general critical case o+ f = 1 with 0 < «,8 < 1 is extremely difficult.
Very recently, global regularity of the general critical case o + = 1 with

> (23 —/145)/12 = 0.9132 and 0 < 8 < 1 was examined by Jiu, Miao,
Wu and Zhang [JMWZ]. This result was further improved by Stefanov and
Wu [SW], which requires a4+ § = 1 with a > (/1777 — 23)/24 =~ 0.798 and
0<p<l.

Here we mention that even in the subcritical ranges, a + 8 > 1 with
0 < a,B < 1, the global regularity of is also definitely nontrivial and
quite difficult. Actually, to the best of our knowledge there are only a few
works concerning the subcritical cases [CV] MX| [YJW, [YX1 [YX2l [YXX].
More precisely, Miao and Xue [MX] obtained global regularity for system

(1.1) for v,k > 0 and
6 — 6
4

Lma 2, M7 2_204}.
) V6 — 2a

<a<l, 1—a<,8<rnin{
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This range was improved in [YXX] to v,x > 0 and
21— V21T _ a Ba-2)(a+2) 2-2a
8 2’ 10-7a " 4a-3]J°
In addition, Constantin and Vicol [CV] verified global regularity for (1.1]) in
the case when thermal diffusion dominates, namely

2
2+ a
Recently, Yang, Jiu and Wu [YJW] proved global regularity for (1.1]) with
v,k >0 and

a <1, 1—0¢<B<min{

v,k>0, 0<aq,f<2, B>

a 24+« 10 — b
1 1—— > .
0<af<l, B>1-3, B==—2 >0

The results of [CV] [YJW] have been improved by two recent manuscripts

[YX1, [YX2]. In particular, in [YX2], we proved global well-posedness for
(1.1) with n,x > 0,0 < o, 3 < 1, and

B> B,
where )
2 44—« 1
- — 0<a<2/3
g max{3’4+3a’1+a}’ a <23,
22—«

It is also worth mentioning that there are numerous studies concerning the
Boussinesq equations with partial anisotropic dissipation (see for example
[ACWT], [ACW?2, IACT| [DP) [CaW,, [LLT]). Many other interesting recent re-
sults on the Boussinesq equations can be found in e.g. [ACWX] [ChW] [CD.J,
Danl, HH|, [Hmil, [JPTLL JWY], [KRTW, [LT, LMZ, WXl WXY] Xul [Ye2l, [Ye3,
Yel] and in the references therein (the list with no intention to be complete).

2. Theorem. This paper continues the previous two works [MX], [YXX].
Since the concrete values of the constants v, k play no role in our discussion,
we shall assume v = k = 1 throughout. The following theorem is our main
result.

THEOREM 2.1. Suppose that 0.77963 = ap < a < 1 and 0 < B < 1 obey

el 3a— 2 2 -2«
2° 202 —6a+5" 4a—3
Let (up,0p) € H°(R?) x H°(R?) with 0 > 2. Then system (1.1) admits a
unique global solution such that for any T > 0,
e C([0,T); H(R?)) N L*([0, T]; HT+/*(R?)),

6 € C([0, T); H?(R?)) N L*([0, T]; HO TP/ (R?)).

(2.1) 1—a<ﬁ<min{
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REMARK 2.2. Here the number «q is explicitly given as

8 (v/61/609 + 118 — v/61/609 — 118)
- 6

According to the well-known Shengjin’s formulas [Fan|, it is easy to show
that ag is a unique real solution to the cubic equation

20° — 8a% + 14ar — 7 = 0.

~ 0.77963.

Qg

REMARK 2.3. The condition o > o = 0.77963 is weaker than in [MX],
YXX], where the corresponding conditions are a > (6 — /6)/4 =~ 0.887627
and a > (21 — v/217)/8 = 0.783635, respectively.

REMARK 2.4. For technical reasons, the § should be smaller than a
complicated explicit function. As a matter of fact, it is strongly believed
that the diffusion term is always good and the larger the power (3, the
better effect it produces. Therefore, we conjecture that the above theorem
should hold for all the cases g < a<land 1 —a < < 1.

3. The proof of Theorem First, the local well-posedness of sys-
tem for smooth initial data is well-known (see for example [MB]), and
therefore it suffices to prove the global in time a priori estimate on [0, T for
any given T' > 0. In this paper, all constants will be denoted by C', which is
a generic constant depending only on the quantities specified in the context.

Thanks to the basic energy estimates, we obtain immediately

T
(3.1) sup 10032 + | [14%20(7) 2. dr < 1ol 2.
0<t<T 0
10)lIze < 6ollze, P € [2,00],
T
(3.2) sup u(®)]22 + | [142u(r) |3 dr < C(T, uo, bo).
0<t<T 0

Applying the curl operator to (1.1);, we can show that the vorticity w =
O1us — Oguq satisfies

(3.3) Ow + (u- V)w + A% = 0,6.

The “vortex stretching” term 0,0 prevents us from proving any global bound
for w. To overcome this difficulty, a natural idea is to eliminate the term J,.0
from the vorticity equation. This method was first introduced by Hmidi,
Keraani and Rousset [HKRI, [HKR2] to treat the Boussinesq equations in
critical cases. Now we set R, to be the singular integral operator

Ro := 0,477,
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Then we can show that the new quantity G = w — R0 satisfies

(3.4) )G+ (u- V)G + A°G = [Ra, u - V)0 + AP=20,6;

here and below the standard commutator notation is used,
[Ra,u-V]0:=Ru(u-VEl) —u-VR,0.

The above equation is very important in our analysis in order to derive some
crucial a priori estimates. Moreover, the velocity field u can be decomposed
into the following two parts:

u=VtATlw =VIATIG + VAR =: ug + up.

To prove our main result, we need some lemmas. The first lemma gives
a commutator estimate.

LEMMA 3.1 (see [YX2]). Let p € [2,00), r € [1,00], 6 € (0,1), and
€(0,1) with s+ 6 < 1. Then

(35) A% gl < Clo,r,6,)(IV fllellgl psra—r + 112 N9l z2)-

pr —

Here and in what follows, By, denotes the standard Besov space.

We also need the following commutator estimate involving R, which
was established by Stefanov and Wu [SW].

LEMMA 3.2. Assume that 1/2 < a <1 and1 < py < oo, 1 < p1, ps < o0
with 1/p1 +1/pa +1/p3 = 1. Then for 0 < s;1 <1 —a and s; +s2 > 1 — a,

(36) | | FlRauc - VI9da| < CIA" 0] on |[Fllwes | Gll oo
RZ

Similarly, for 0 < sy <1—a«a and s; + s3 > 2 — 2q,

(3.7) ’ S F[Ra,ug - V]Hda:’ < C||\A%10|| o1 || F || ws2s o2 || H || ps -
RQ

Here and in what follows, W*P denotes the standard Sobolev space.
The following lemma contains bilinear estimates.

LEMMA 3.3. Let 2 < m < 00, 0 < s < 1 and p,q,r € (1,00)% with
1/p=1/q+1/r. Then

1A A2 Ne < Cllfllgs AT, mm 2

1A 2 F e < CllF Iy, NI -

Proof. One can find the proof in [YXX]; we only sketch it for conve-
nience. Let us recall the following characterization of WP with 0 < s < 1:

SUlfl’”‘Zf(er — 12O,

|:Li‘2+sp

(3.8)

7721 i

RZ
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Note that the simple inequality
|la|™2a — [o|™%b| < C(m)la — bl (Ja™ % + b2
and the Holder inequality result in
A2 f G ) = 12 O] < Clf G +0) = f -m&uw*\
< Clf@+-) = FOlzall FIFrea 2

Thus, it follows from the characterization of Besov space that

_CSHﬂx+J—ﬂNIMN$ﬁmd

1A (L™ 2 ) < 2|7+

1f(z+-) = FO)ILa

|z |2Fsp

T

RQ

dzx

R2

-2
EZCWfHSZm)QHfHPg;

The Holder inequality directly gives
1172 f ] e < ClF sl £

This concludes the proof of the lemma. =

= Ol fllzall FIFrem—2)-

With the above lemmas in hand, we turn to the proof of the main result.
First we will derive the following estimate concerning the temperature 6
and G, which plays an important role in proving the main theorem and is
also the main difference from [YXX].

LEMMA 3.4. Under the assumptions of Theorem let (u, @) be the cor-
responding solution of (L.1). If B > 1 — «a and o > 2/3, then for
max{(2 — 2o — 8)/2, (2 + B — 3a)/2} < § < 3/2,

(3.9)  sup (IGM)|7 + [4°0(1)][72)
0<t<T

T
+§ (149726 172 + [ 4°797%6]13) () dr < C(T, u, 60),
0
where C(T,ug,00) is a constant depending on T and the initial data.

REMARK 3.5. Although the above estimate is stated with the re-
striction max{(2 —2a — 3)/2,(2+ 8 —3a)/2} < § < /2, by the energy
estimate and classical interpolation, we find that is actually true
for any 0 < § < 3/2.

Proof of Lemma (3.4 E Applying A° (§ > 0 to be fixed later) to (1.1))2,
then multlplymg it by A%, after integration by parts, we find that

(3.10) LY AO@)|2 + 14557202, = — | A9(u- V6)A%0 du.

2 dt
R2
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Hence, an application of the divergence-free condition and commutator es-
timate (3.5)) directly gives rise to

‘ { Aa(u-VH)A50dx‘ - ( [ 14%, - V]M‘ed:g( - ) | v-14°,u0A%0 do
R2 R2 R2

< C||AYPRIAP )] 12]| A5TF20] 12 < O||[A%, u]8]| ga—sy2 || A7FP/20]| 12
< C|I[A°, ul0]| y1-s/2 [ AP0 12
2,2

= C(HVUHBHQHBgO—g/z + 22110l £2) [ A2F2120) 2 =1,

where in the last inequality, the number § should satisfy § < /2. Making
use of the Besov embedding and the Gagliardo—Nirenberg inequality, we get
I < Cllwll 2161 | A°FP/20]| 2 + Cllul| 210 2 [ A°FP/26)] 12
< C(|G 2 + IRl 20 oo | A2 12 + Cllull 210 21| 4”726 2
< O[Oz |Gl 2| AH2720 L2 + Cl10] poc [ A0 2| A°H720)] 2
+ Cllull 2 10] 2| A7 2
< ClOll> |Gl 214720 2
+ CJ0] o 0] 72T AP G| TR 405 g
+ Cllull 2 10] 21| A7 2

2(26 25 200—2
< L) ATHB29|2, L. (||| 320 TP )12 ))16]22 4+ C10] 2 |G 2.

1
2

Here we have applied the following facts:

6—p5/2 20 200—2/26
L2 BES? and (A0 oy SCOIESS 2P 454720 FF,

which hold true for 6 < /2 and 6 > (2—2a—(3)/2 (6§ > (2 —-2a—5)/2 =

géfg < 1), respectively. Consequently,

(3.11) ‘ | 4 V@)A‘Sed:v’ < L|jA%+8i2g)2,

2
R 2(26+8)

+COIZET7" + [lull72) 10172 + ClOIIZ |G 72
Substituting the above estimate into (3.10]), we arrive at

d
(3.12) A0 + (1 4720]1 7,

2(26+8)

< C>IOIZZ"7 + lull22) 110172 + Cll6l 7o | GIIZ--

Now we test equation (3.4) with G, integrate the resulting inequality with
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respect to x and make use of the divergence-free condition to obtain

(313) < Ljc(e 2 + 42726117

2 dt
= | [Ra,u-VI0Gdx + | A°~°0,0 G da.
R2 R2
We easily deduce from the Gagliardo—Nirenberg inequality and the Young
inequality that

(3.14) H Aﬁ’o‘f)xeGd:z‘ < O AT+8/29|| 1 | A28 1
RQ

< O A0 o |G E 720 4 e
< §14°72G | 72 + 1147720072 + CllGI 72,
where in the second line, we have used the Gagliardo—Nirenberg inequality

[AM527070G 2 < CYG T A e

)

for 24+ 08 —-3a)/2<d< (245 —2a)/2.
Observing the decomposition u = ug + ug, we get

| [Rasu-VI0Gdr = | [Ra,uq- VIO Gdr + | [Ra,up - V0 G da.
R2 R2 R2

Let us use the estimate (3.6) with s; = 0 to control the above first term as

(315) | [Ra,uc - VI0G dz| < CI0) =Gl Gl (52> 1~ a)
R2
< OOl = Gll21Gllrars (52 < a/2)
< §l4°72G |72 + C(L+ 1012 G117

To estimate the second term, we can apply (3.7) with s; = /2 to conclude
that

(3.16) H [Ra,ug - VIO G dz| < C|6]|Loo||0]| o1 | G| o2
R? 25+8—2s1
Cl0l L= [10] "7 !\/1‘”'3/29!!2“" G| a2
456428

%HAO‘/QGHL HIATP20)7, + CloN L7 16117,

where in the first and second lines, the number s; should satisfy
max{0, (4 — ba)/2} < s; < min{l — «a,d + 3/2},

which can be ensured by choosing § > (4 — 5o — 3)/2 and o > 2/3.
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Inserting (3.14] - ) into (| , we conclude

(317) 5 *HG(t)Iliz + *IlAa/zGllifZ

45+28

HA‘HB/Q@H + L+ (|67 1G] 72 + ClON 2227 16172
L2 L L L
By putting (3 and - 3.17)) together, we finally get

d
(3.18) L (IG®72 + 14°0()]72) + A2 GIZa + [ 4°720] 7,

2(26+58) 45428
S O+ [10] 73772072 1011 22" + lull72) 110117

+ O+ [10]7) 1G] 72

for any § satisfying

max{(2 — 2o — B8)/2, (2 + B — 3a) /2, (4 — 5a — 3)/2}
<6< min{5/2, (8 +2—2«a)/2} = 3/2.
Observing that o > 2/3 = (4—5a—3)/2 < (2—-2a—)/2 and 3/2 <
(8 + 2 —2a)/2, the range of § becomes
max{(2 — 2o — 3)/2,(2+ f —3a)/2} <6 < B/2.
By the standard Gronwall inequality, we can easily see from that

T
e (IG@)IF2 + 12°6@)][72) + | (14°2G|[72 + |4°+5726][7.) () dr < C.
0
Thus the conclusion is proved. =

Next we establish the following global a priori bound of the L™ norm
for G, based on Lemma This bound plays a crucial role in proving the
main theorem.

LEMMA 3.6. Let ag < a <1 and
o 3a—2 2 — 204}

27202 —6a+5" 4o —3
Assume that (ug,6y) satisfies the assumptions of Theorem . Then the
function G in (3.4) admits the following bound for any 0 <t < T':
T
(3.19) GO+ § IGOI g, dr < CT e ).

1—0¢<ﬁ<mm{

where m = 2/(2a — 1) + € for some € > 0 small enough, which may depend
on a and B.



240 Z. Ye

REMARK 3.7. It follows from [YXX] (see also [MX]) that we need the key
requirement m > 2/(2a — 1), but m can be arbitrarily close to 2/(2a — 1).
Thus it is sufficient to select m = 2/(2a — 1) + € with any € > 0 small
enough.

Proof of Lemma [3.6. Recall the fractional version of the Gagliardo-
Nirenberg inequality, due to Hajaiej—-Molinet—Ozawa—Wang [HMOW]:

14726110 < CIAPP0IZ3 1015227, 0<y < 1/2.

In fact, the above inequality is a direct consequence of [HMOW, Theo-
rem 1.2] as well as the equivalence W*P = By, for 0 < s # N and
1 < p < oo. Thanks to (3.9), for any 0 < v < 1/2 and 2 < ¢ < oo we
have

T T
1-2
(320) [ 147%0()]2,,, dt < Cl6o]l =" § 147726(8) 120 dt
0 0
T
1-2 46 2(8—26
< CJ0ollp="7 [ A%6(e) [ 377|470 757720797 a
0
T
1-2 46 2(8—26
< O6olI 5P sup [ 4%0(e) 3577 | | 40+020() |20 72017 ay
0<t<T 0
< C(T7 Uuo, 00),

where in the last line we just take § such that min{(5/2)(1 —1/¢v),0} <o
< B/2. Multiplying by |G| %G (m = 2/(2a—1) 4+ € and € > 0
to be fixed later), after integrating by parts and using the divergence-free
condition we obtain

1 d
21)  —— Tom A me2
321) - IGOIEL +R§2( GG G dx
= | Ra,u-VI0|GI"?Gdx + | A77°0,0|G|" G d
R2 R2
= | [Ra,ue - VIOIGI"?Gdz + | [Ra,ug - V|0 |GG da
R2 R2
+ | 49729,0 |G 2G da.

R2
We infer from the maximum principle and Sobolev embedding that

(3.22) | (e @)aIm G da = O 4Gy = ClGI om -
R2
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where C' > 0 is an absolute constant. Taking into account 1) we find that

(3.23) ‘ | 4%a,0/GI"2G da
RQ
< 0||A”69\|m||A1—“+“—7>ﬁ<|aim—2a>HMH)

< CIAP0) s Gl 1ot aIIGH A=)
L T=2v

<CIIA”BHHLWIIGIIHa/zHGII 2m—)
L IT=2v

where we have used H*/2 < B;}J{(Jlr(_;)w and 1 —a+ (1 —7)8 < «/2, that
is,

2 2—-3
(3.24) > W

Now the estimate (3.7 with s; = v/ implies that

(3.25) ‘ | [Raus - V10 |GI™2G dm’
R2
< CIA0] 11/ 10 o< ||| GI™ 2G| yyra /a1
(s2 >2—2a—p, 0<'yﬂ<1—oz)

SCHAV%IIM||90HL°°||GH352 L IGl™ z<m 2)

1/( Hm 2]

< OO Gl grar2 |Gl oy ja—ary (52 < /2).

Now we verify that the number so as above can be found. Indeed, it is
sufficient to select v as follows:

(3.26) 0<yB<l—a, 2-2a—78<a/2

According to inequality (3.6) with s; = 0 as well as inequality (3.8]), this
gives

(3.27) ‘ | [Rasuc - vIo|GI™ G da:‘
R2
< C|G LallOll o< [[|GI 2G|y —5/2.

(6 > 0 is small enough)
< CH‘90HL°°”G||L‘1||GHL<m 2)q/(m— z)HGH s9—3/2

q/(q (m—1)),p
< CllOoll= | GIT MG y5/2
q/(q—(m—1)),p

< Cl0oll 2= IGII T Gl groa-1+20m-117a-

Here the exponents should satisfy

B
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s9—0/2>1—a, 1/p+1/g=1, m—1<qg<2m—1),

which leads to the embedding H52~1+2(m=1/q BST(S_/2 v ... Thanks to
q/(g—(m=1)),p

the requirement sg — 5/ 2>1—-ain 1 , we can choose a sufficiently

small & > 0 (in fact we can take 6 < (4o — 3)/8 for example to satisfy all
the conditions) such that

s9o=1—a+ 5~
By the interpolation inequality

1—
1G -ass2im-1sa < CIGI 2" |G a2

where

—204+26+4(m—1)/qg  4(m—1)

« 3o — 26 a—20

one can conclude that

(3:28) || [Rasua - VIO IGI"2G dz| < Cloo| = |G G  1GI o
R2

< ClIGIE G -

Substituting (3.22))—(3.25)) and (3.28)) into (3.21]), one arrives at

d m
(329) S NGONLm + G zm/-a < < CIAPG) i 1G s 1G ™ msy
)

+OlIGIET IG e
By the Gagliardo—Nirenberg inequalities, we know that
_ 1+2y)m—4
3.30 Gl s < OGN G y, = (LH+27)m —4
(330) G s < CIGIEM G A= B
_ 2m
(3.31) I1Gla < ClGI TGN 2, Ao =
L2—«o «
Here we emphasize that the restrictions
(3.32) 4—m§7§m—(2—a)(m—2)’ m<q< 2m
2m 2m 2 -«

imply 0 < A1 <1 and 0 < Ay <1, respectively.
In view of the interpolation inequalities (3.30]) and (3.31]), we can obtain

(3.33) CH/”%HLWHGHHa/zHGHm 2m2)

(m—2)(1—XA1) m—2)\
<WNMMMWWWWH (el N

m(m—2)(1—Xq1)

< HIGI™ s+ CUIAP0 111G gos) =5 G
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and

m m— A2) m—1)\
(3.34)  CIGIEMIGIA. . < ClG|im Mlzwwzﬁﬂmn

Ha/2 — Ho/2

m(m—1)(1=Xg)

muy
< G oo + CIGI T2 Gl
Inserting (3.33) and (3.34)) into (3.29) yields

m(m—2)(1—=Xq1)

HG Dlzm + G 2. < CUAPO] 151G grer2) ™ |G

—Q

ma o mmoD0sa)
+ ClGl oz 2 NG e

By direct calculation, we have
m(m —2)(1—X\p) <m, m(m —1)(1—Xa) <m,
m— (m—2)\ m— (m—1)\

2 mu
m < = <2,
220+  m—(m—1)X

and

8—(2—a)m 8 m

We thus get

d m m
(3:36)  HIGONILm + G 2

< L (1AP0] 1312 |G gore) =5 4 Gl F 1+ |G,
Thanks to (3.35) as well as (3.20]), we can deduce that
(AP0 1/ |Gl g s2) 707 € L0, T), MwmmlweLROH

Ha/2
By the Gronwall inequality, we can deduce from (3.36)) that
T
(3.37) GO + §IGOT , dr < C < cx.
0

Finally, let us check that all the restrictions would work. Combining all
the requirements on ¢ yields

max{m 1, Mm} <q< min{2(m —1), 2m—1) 2m }

3o — 26 a—§ 2-«

Direct computations show that the number ¢ exists if we select 0 < (3a—2)/2.
Putting all the restrictions (3.24), (3.26)), (3.32), (3.35) and 0 < v < 1/2

on v, we have

(3.38) B(a) < v < B(a),
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where
204+2—3a 4—5a 4—m

B(a)_max{(), 25 ""28 " om }7

w5y T 1—am-2-a)(m—-2) 8—(2—-a)m

B(CE) - mln{ 27 /8 ’ 2m ) 4m ’
and

2<m<1rnin{47 2 =, 8 }:4.
2-2a+4 2—«a

According to 3 > 1 — a and m < 4, the expressions for B(a) and B(«) can
be reduced to

Bo) = mas{o 270 120
syl l—a m—(2—-a)(m-2)
B(a) = mln{Q, 5 5 }

Therefore the estimate (3.38)) for v would work if 3 satisfies

. [« (Ba—2)m 2(1 —a)m
3.39 l—a<fp< — .
(3:39) a<p mm{2’m+(2—a)(m—2)’ 4—m
Noticing that inequality (3.39) is strict and we have the key requirement

4
(3.40) m> o,

we just need to verify when m = 2/(2a — 1). Then reduces to
. Jo 3a—2 2 -2«

(3.41) 1_a<ﬂ<mm{2’2a2—6a+574a—3}'

It is not difficult to check that 8 can be found as long as

3a— 2

“= 22 6a+5

If holds true when m = 2/(2a. — 1), then one may take m=2/(2ac — 1)

+ € for some sufficiently small € (¢ > 0 may depend on « and ) such that

both (3.39)) and ([3.40)) are fulfilled. Such a choice of € > 0 is possible because

both (3.39) and (3.40) are strict. m

Proof of Theorem [2.1, In Lemma [3.6] we have proved that
(3.42) sup [|G(t)
0<t<T

1-— = a > ag.

||L2a271+5 < 00,
which is a key estimate in order to complete the proof of Theorem (see
for example [MX| [YXX]). For convenience, we sketch it here. In fact, as
detailed in [YXX] Step 2], the above estimate (3.42) implies

T

J lleo(r)

0

||L2a271+6 dr < o0,
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which further gives rise to
T
VIG@)p0,, dr < co.
0

Finally, by [YXX| Lemma 3.3], we obtain
T
| oLz, dr < co.
0
It follows from the Littlewood—Paley technique that
T T
VIVa(m)llze dr < C § (Ju(m)l 2 + lw(r)llpo, ) dr < oc.
0 0
This is sufficient to get the result of Theorem The details can be found
in [MX| YXX]. =
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