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SUSLIN’S LEMMA FOR RINGS CONTAINING AN INFINITE FIELD

BY

SAMIHA MONCEUR and IHSEN YENGUT (Sfax)

Abstract. A well-known lemma of Suslin says that for a commutative ring A, if
Y(v1,...,vn) € A[X]™™" is unimodular where v; is monic of degree d and n > 3, then
there exist y1,...,7% € En_1(A[X]) such that, denoting by w; the first coordinate of
7 *(v2, ..., vn), we have

(Resx (v1,w1),...,Resx(v1,we)) = A.

This lemma played a central role in Suslin’s resolution of Serre’s conjecture. In case
A contains a set E = {yo,...,Ym_2)a} such that y; —y; € A for i # j, we prove that

the v;’s can simply correspond to the elementary operations L1 — L1 + 22:21 yfﬂLj,
0 < i < (n—2)d. These efficient elementary operations enable us to give a new and simple
algorithm (for the Quillen—Suslin theorem) for reducing unimodular rows with entries
in K[X1,...,Xx] to (1,0,...,0), using elementary operations in case K is an infinite
field. This work generalizes a previous paper by Lombardi and the second author which
corresponds to the particular case n = 3.

1. Introduction. In 1955, J.-P. Serre remarked [Sel] that it was not
known whether there exist finitely generated projective modules over A =
K[X1,...,X,], K a field, which are not free. This remark turned into the
“Serre conjecture”, stating that indeed there were no such modules. Proven
independently by Quillen [Q] and Suslin [Sull, [Su2], it became known subse-
quently as the Quillen—Suslin theorem. The book of Lam [Lam]l] is a nice ex-
position about Serre’s conjecture which has been updated recently in [Lam2].
An important related fact worth mentioning is that it was known [Se2] well
before Serre’s conjecture was settled that finitely generated projective mod-
ules over A are stably free, i.e., every finitely generated projective A-module
is isomorphic to the kernel of an A-epimorphism 7" : A™ — A¢. In that situ-
ation the matrix 7" is unimodular, that is, the maximal minors of T" generate
the unit ideal in A.

Recall that a vector *(by,...,b,) over a ring R is said to be unimodular
if (b1,...,b,) = R. The set of all unimodular vectors will be denoted by
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Um,(R). It is worth pointing out the following precise criterion for the
freeness of finitely generated stably free modules over a ring R in terms of
unimodular vectors:

For any ring R and integer d > 0, the following are equivalent:

(i) Any finitely generated stably free module of rank > d is free.
(ii) Any unimodular vector over R of length > d + 2 can be completed
to an invertible matrixz over R.
(ili) Forn > d+ 2, GL,(R) acts transitively on Um,(R).

A well-known lemma of Suslin [Su2] says that for a commutative ring A,

if *(v1,...,v,) € A[X]™*! is unimodular where v; is monic of degree d and
n > 3, then there exist v1,...,7 € E,_1(A[X]) such that, denoting by w;
the first coordinate of 7; *(ve, ..., v,), we have

<ResX(v1,w1)), . ,Resx(vl,wg)) = A.

This lemma played a central role in the resolution of Serre’s conjecture. In
case A contains a set E' = {yo, ..., Ym—2)q} such that y; —y; € A* for i # j,
we prove that the ;’s can simply correspond to the elementary operations
Ly — Ly + Z;L:}l y)?L;, 0 < i < (n — 2)d. These efficient elementary
operations enable us to give a new and simple algorithm (for the Quillen—
Suslin theorem) for reducing unimodular rows with entries in K[ X7, ..., Xj]
to '(1,0,...,0), using elementary operations in case K is an infinite field.
This work generalizes a previous paper [LY] by Lombardi and the second
author which corresponds to the particular case n = 3.

There are several papers [FQ, [FG, LWIl, LW2l, LS| [LY] [Pl [YP] in the
literature proposing algorithms for the Quillen—Suslin theorem, but the first
full implementation (a MAPLE package by Fabiariska) is available only re-
cently [F].

Suslin’s lemma cited above is the only nonconstructive step in Suslin’s
elementary proof of Serre’s problem [Su2]. In the literature, in order to
surmount the obstacle of this lemma which is true for any ring A, con-
structive mathematicians interested in Suslin’s techniques for Suslin’s sta-
bility theorem and the Quillen—Suslin theorem are restricted to rings in
which one knows effectively the form of all maximal ideals. For instance,
in [FQ, [FG, LWIl LS, [P], the authors utilize the fact that for a discrete
field K, the ring K[X1,..., X}] is Noetherian and has an effective Nullstel-
lensatz (see [Pl proof of Theorem 4.3]). In this paper, we avoid the heavy
use of maximal ideals by using efficient elementary operations.

Let us fix some additional notation. We call an n x n matrix elementary
if it has 1’s on the diagonal and at most one nonzero off-diagonal entry.
More precisely, if a € A and ¢ # j, 1 < 4,5 < n, we define the elementary
matrix E; j(a) to be the n x n matrix with 1’s on the diagonal, with a in
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the (i,7)-slot, and with 0’s elsewhere. In other words, E; j(a) is the ma-
trix corresponding to the elementary operation L; — L; + aL,;. Moreover,
E,(A) will denote the subgroup of SL,, (A) generated by all elementary ma-
trices.

All rings considered are unitary and commutative. The undefined termi-
nology is standard as in [Lam2|, and, for constructive algebra, in [LQ)].

2. A reminder about the resultant. In this section, we give a brief
outline of the resultant: an important idea in constructive algebra whose
development owes considerably to famous pioneers such as Bézout, Cay-
ley, Euler, Herman, Hurwitz, Kronecker, Macaulay, Noether, and Sylvester,
among others.

This section will focus on the few properties of the resultant we need in
this paper so that it becomes self-contained.

DEerFINITION 2.1. Let R be a ring, and let
f:a0X£+a1X£_1+---+agGR[X], ag # 0, a; € R,
g=bo X"+ X" 4. b, eR[X], by#0, b €R.

The resultant of f and g, denoted by Resx(f,g), is the determinant of the
(m+£) x (m+¥) matrix below (called the Sylvester matriz of f and g with
respect to X):

aop bo
al Qg b1 b(]
as aiq - bz bl
ag . bo
Syl(f,g,X) = al b1
ayg bm,
ay : bm
ay bm
m columns J4 co?lrmns

The resultant is an efficient tool for eliminating variables as can be seen in
the following proposition. Applying this proposition in the particular case
R[X] = K[X1,...,X,], K a field, we see that Resx, (f,g) is in the first
elimination ideal (f,g) N K[X1,..., Xpn_1]
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PROPOSITION 2.2 (see for example [CLO| Proposition 5.9]). Let R be a
ring. Then, for any f,g € R[X], there exist hi, he € R[X] such that

hif 4+ hag = Resx(f,9) € R
with deg(h1) < m —1 and deg(hg) < ¢ — 1.

PROPOSITION 2.3 (see for example [CLO, Corollary 6.2]). Let K be a
field and f,g € K[X]|\ {0}. Then

le <fag> And RGSX(f,g) 7& 0.
Proposition [2.3] can be generalized to rings as follows:

PROPOSITION 2.4 (see [LY, Lemma 2]). Let R be a ring, and let
fyg € RIX]\ {0} with f monic. Then

1€ (f,g) in RIX] & Resx(f,g) € R*.

3. Suslin’s lemma, a particular case

THEOREM 3.1 (Suslin’s lemma [Su2, Lemma 2.3]). Let A be a commu-
tative ring. If (v1(X),...,v,(X)) = A[X] where vy is monic and n > 3,
then there exist vi,...,v € En_1(A[X]) such that, denoting by w; the first
coordinate of v; *(va, ..., vy,), we have

(Resx (v1,w1),...,Resx(v1,wy)) = A.

THEOREM 3.2 (Suslin’s lemma, a particular case, new formulation). Let
A be a commutative ring, and let vy, ..., v, € A[X] withn > 3 and v; monic
of degree d. Suppose that A contains (n — 2)d + 1 elements yo, .. ., Y(n—2)d
such that y; —y; € AX fori # j (for example if A contains an infinite field).
Then

1e(vi,...,vp)
&S 1le <Resx(v1,v2 + y;vs —i—m+y§‘_2vn), 0<i<(n-— 2)d>.

Proof. The implication “<” is straightforward. Let us prove “=". De-
note w; := v9 + yjvg + -+ + yf*%n and r; = Resx(vi,w;) for 0 <i < s =
(n —2)d, ¢ :==d+ 1, and suppose that 1 € (vy,...,v,).

A nonconstructive proof: To prove that (rg,...,rs) = A it suffices to
prove that for each maximal ideal 9t of A there exists 0 < i < s such that
ri ¢ 9. For this, let 9 be a maximal ideal of A, and for contradiction
suppose that 7g,...,75s = 0 in the residue field K := A/9. Note that
Resx (vi,w;) = Resx (U1, w;) since v; is monic. This means that for each ¢
there exists ¢; € K (an algebraic closure of K) such that v7(&;) = w;(&;) = 0.
But since degy v1 = d, U7 has at most d distinct roots, and hence there exists
at least one root among the &; repeated n — 1 times. We can suppose that
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& =---=¢&,-1 =: & Thus, we have
1 U1 - y{“Q 'U2(£)
1 Y2 ... y;l_2 U3(§) B 0
| T R T AN (9 0

Since the matrix above is a Vandermonde matrix, its determinant is equal

to
I -,

1<i<j<n—1

which is invertible in A. Thus, 71(§) = -+ = 7,(§) = 0, in contradiction

with 1 € (vq,...,0p).
A constructive proof: Let

Zy == Zn_3= 20,

Zp—g == Zoyp5 = 21,

Zin—k =" = Z(n-2)(k+1)—-1 = %k
Zin-2)(d-1) =" = L(n-2)d—1 = Zd—1,

Z(n—2)d = Zd

be an enumeration of ¢ indeterminates over A with n — 2 repetitions except
the last one which is repeated once. Let us denote

I:<U1(Zi),wi(Zi) |0§i§8>, Ag:A[Zo,...,Zs]/I.

First we prove that 1 = 0 in Ay. Letting 0 < 41 < -+ < ip_1 < 8, We

have
n—2
1y Yy Vo Wi,
n—2
1 Yio yi2 V3 Wiq
n—2
U vy -0y Un, Wi,

As the matrix above is a Vandermonde matrix, its determinant is equal to

H (y’Lk - y’ié)a

1<l<k<n—1
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which is invertible in A. Thus, va,...,v, € (wj,...,w;, ,) and a for-
tiori

'U2(Zi1)?"'avn(Zi1) €l+ <wi2(Zi1)7 s ’winfl(Zi )>
CI+(Ziy —Ziyy.. Ziy — Zi, ),

and hence, using the fact that 1 € (v1,...,v,), we obtain
lel+ <le — ZZ‘2, R 7Zi1 — Zin,1>'

Thus, for 0 <7< j <d,

Le T+ {Zm-2)i = Zin-2)it1s -+ Ln—2)i = L(n-2)(i+1)—1> Z(n—2)i — Z(n—2);)
=1+ <Zi - Zj>a

that is, z; — z; is invertible in A,.
On the other hand, by clearing the denominators in the Lagrange inter-
polation formula, we obtain

or(X) ([T = 2)) € i), 0a(20)) € Al 2] X]
i#]
(here we need the hypothesis £ = deg v1+1). In Ay, [[, ,;(2i—2;) is invertible,
vi(z1) = -+ = vi(z) = 0, thus v1(X) = 0 in Ay[X]. Since v; is monic, we
obtain 1 =0 in Ay, that is, 1 € I.

For 0 < k < s, denote Iy = (n1(Z;),wi(Z;) |0<i<k), J = Iy +
(ri|k<i<s)and Ay = A[Zy,...,Z;]/I;. Note that Iy = I, so 1 € I
= J,. Using Proposition we deduce by induction on k from s to 0
that 1 € Jg: in order to go from k£ + 1 to k consider the ring By =
AlZy,...,Z])/{(rks2,...,1s) and apply Proposition with X = Zgiq,
a= Ul(Zk+1), b= wk+1(Zk+1). SoleJy= <7"5,7"5_1, . . ,7"0). n

Note that [LY, Theorem 1] is a particular case of Theorem

COROLLARY 3.3 ([LY, Theorem 1]). Let A be a commutative ring and
let Viu,Uu,w € A[X] be such that Vv + Uu +w = 1 and v is monic.
Denote £ = degv + 1, and suppose that A contains a set E = {y1,...,ye}
such that y; — y; is invertible for each i # j. For each 1 < i </, denoting
ri = Resx (v, u + y;w), we have (r1,...,ry) = A.

Proof. Use Theorem [3.2) with n = 3, v; = v, v = u, and v3 = w. =

4. Suslin’s algorithm for reduction of polynomial unimodular
vectors. For any ring B, when we say that a matrix N € M,(B) (n > 3)
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is in SL2(B), we mean that it is of the form

N 0 ... 0
0 1
0 1

with N/ € SLy(B).

From Theorem ensues an algorithm for eliminating variables from
unimodular polynomial vectors with coefficients in a ring containing an in-
finite field. First, let us recall the following lemma.

LEMMA 4.1 (Translation by the resultant [Su2, Lemma 2.1]). Let R be
a commutative ring. Let fi1, fo € R[X], b,d € R, and r = Resx(f1, f2) € R.
Then there exists B € SLo(R[X]) such that

B @) _ (filo+rd)
f2(b) f2(b+rd) )
Proof. Take g1, g2 € R[X] such that fig1 + foge = r (use the proof of

Proposition [2.2)), denote by s1, s2,t1, t2 the polynomials in R[X,Y, Z] such
that

HX+Y2Z) = fi(X)+Ys1(X,Y, Z),
FAX £ YZ) = Fo(X) 4 Y5r(X, Y, 7).
gl(X-i-YZ) = gl(X) +Yt1(X,}/,Z),
(X +YZ)=g(X) +Yta(X,Y, Z),

and set

Bi1 =1+ s1(b,r,d) g1(b) + t2(b, r,d) f2(b),
BLQ = Sl(b, r, d) gg(b) — tg(b, T, d)fl (b),
By 1 = sa(b,r,d) g1(b) — t1(b, 7, d) f2(b),
By =1+ s2(b,r,d) g2(b) + t1(b,r,d) f1(b).

B B
Then one can take B = (B;i B;’z ) .

ALGORITHM 4.2 (An algorithm for eliminating variables from unimod-
ular polynomial vectors with coefficients in a ring containing an infinite

field).

INPUT: A column V = V(X) = Y(v1(X),...,v,(X)) € Um,(A[X]) such
that vy is monic of degree d, and A contains a set £ = {yo,...,Ym—2)d}
such that y; —y; € A for i # j.
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OuTtpUT: A matrix B € SL,(A[X]) such that BY = V(0).

STEP 1: For 0 < ¢ < s = (n — 2)d, set w; = vy + y;v3 —i—~-+yi"_2vn,
compute 7; := Resx (v1,w;), and find ayp,...,as € A with agrg + -+ + asrs
=1 (here we use Theorem [3.2).

For 0 <i <'s, compute f;, g; € A[X] such that f;u; + g;w; = r; (use the
proof of Proposition .

STEP 2: Set
b1 :=0,
bs := asrs X,
bs—1:=bs + as_17s-1X,

bo :==b1 + agrg X =X
(the last equality follows from the fact that X = >"7 ;a;r;X).

STEP 3: For 1 <i <s+1, find B; € SL,(A[X]) such that B;V(bi—1) =
V(b;). In more detail, let ; be the matrix corresponding to the elementary
operation Ly — Ly + 73 yg_QLj, that is,

Vi i= By (yl'™?) -+ Ea3(wi)-
For 3 < j < n, set

U'(bi_l) — U(bz) ’U'(bi_l) — ’U(bl)
Fi R J J — J J AlX
7 bi—1—b; a;ri X € AlX]

so that
vj(bi-1) —vj(bi) = qiri X Fy
= a; X Fj j fi(bi—1)vi(bi—1) + s X F; jgi(bi—1)w;(bi—1)
= 04,01(bi—1) + Ti jwi(bi—1)
with
oij = XFjfi(bi—1), Tij = aqXF;gi(bi—1)€ A[X].

Let I € E,(A[X]) be the matrix corresponding to the elementary opera-
tions Lj — Lj — O'i,le — TZ‘J‘LQ, 3 < j < n, that is,

n
13 o= [] Bra(=oi) Eyal—ri).
j=3
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Set

v1(bi—1)
wi(bi—1)

B;o =1}y € En(A[X]), so that BZ"gV(bi_l) = U?)(bi)

Following Lemma set

(X +YZ) —ui(X)

5i1(X,Y, Z) = = € AX,Y, 7,
si2(X,Y, Z) == wi(X + le,) —wilX) ¢ Ay v 7,
b1 (XY, Z) = fi(X"i'Y}Z/) — fi(X) € A[X,Y, 7],
tia(X,Y, Z) = gi(X“‘Yi) - gi(X) € A[X,Y, 2],

Cing =14 si1(bi—1,75, —; X) fi(bi—1)
+ti(bi—1, 75, —a; X )w;(bi—1) € A[X],

Ciaz = sii(bi—1,7i,

Cio = 8i2(bi—1,74,

Ci1n Ciio
C; =
Ci2n Cio2

Note that
Set,
C’,
1
P ( 0
Set

—; X)gi(bi—1) — ti2(bi—1,7i, —; X)v1(bi—1) € A[X

I

—a; X) fi(bi—1) — ti1(bi—1, 73, —; X )w;(bi—1) € A[X],
Cioo =14 si2(bi—1,7i, —; X)gi(bi—1)
+ti1(bim1, 75, —0; X)v1(bi—1) € A[X],

) € SLy(A[X)).

0

n—2

) with 7! = Bag(—u) - Ban(—4 )

B; = B;1B;s € SLn(A[X]), so that  B;V(bi—1) = V(bi).

STEP 4: B :=Bsy1---By.
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ExAMPLE 4.3. Now, let

r+y?—1
V=|-z+y?— 22y | € Um3(Q[z,y]).
x— 1y +2

Algorithm has been implemented using the Computer Algebra System
MAPLE. The code of our algorithm UnimodElimination gives a matrix B in
SL3(Q[z,y]) eliminating one variable. In this example, BY = V(0,y).

>V = matriz([[z +v* — 1], [~z +3° — 2*xx*y], [z — v° + 2]]);

> B := UnimodElimination(V, z);

B = matriz([[14+27/151 %2 —56/151*xxy —24/151 sz xy* —8/151 xy® xx, —35/151 %
z—4/151%x*y? —14/151 xx *y, —62/151 2 — 8/151 xx x> — 28/151 x 2+ y], [2/151 *
Txy+56/151%y xx+16/151 xy* %24 136/151 xxxy? —27/151 %2, 1 +84/151 s x*y +
8/151%y> xx4+32/151xx*y* +35/151 %, 152/151 ¢z +y+16/151 %y xx +64/151 %z *
Y2 +62/151%x], [-56/151 %z xy —8/151 %y v —24/151 xxxy? +27/151 xx, —35/151 *
z—4/151 xx*y*> —14/151 x 2+ y,1 — 62/151 % & — 8/151 x x * y*> — 28/151 * x * ¢]])
> V'V := expandvector(multiply(B,V));

VV 1= matriz([-1+ 7, [1?], 2 — 5°])

Let us fix an infinite sequence (y;) of pairwise distinct elements in an
infinite field K, and use the notation X = (Xi,..., Xx).

ALGORITHM 4.4 (An algorithm for the Quillen—Suslin theorem: case of
K[X1,...,Xk] where K is an infinite field).

INPUT: A column V = V(X) = “(v1(X),...,v,(X)) € Um, (K[X]) with
max<;<n{degv;} = d (here by degree we mean total degree), where d > 2.

OUTPUT: A matrix G in SL, (K|[X]) such that GV = %(1,0,...,0).
For j from k to 1 perform Steps 1 and 2:

STEP 1: Make a linear change of variables (or a change of variables a la
Nagata) so that v; becomes monic at X;.

STEP 2: Perform Algorithmwith A =K[Xy,...,X; q]and X = Xj.
Output the new V.

EXAMPLE 4.5 (Example [4.3| continued). Let

U1 T+ y2 -1
V=lwv|=|-2+y*—22y | € Um3(Q[z,y]).
VU3 17—3/3"’_2

Recall that the syzygy module of (v1,va,v3) is

Syz(v1,va,v3) := { "(w1,wa, w3) € Qlz,y]* | wiv1 + wave + wzvs = 0}.
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Recall also that since ®(v1,v2,v3) € Umgs(Q[z,y]), Syz(vi,vs,v3) is a pro-
jective Q[z, y]-module which is free of rank 2 by the Quillen—Suslin theorem
[Q) [Sul].

We have implemented Algorithm [£.4] using MAPLE. It computes a matrix
G € SL3(Q|x,y]) such that GV = (1,0,0).

G = matriz([[-14+60/151 x 2 xy> +540/151 xx xy> +62/151 xxxy — 108 /151 % 2 4 2%
y? —128/151 % 2% y° —272/151 s xxy* —32/151 sz xy®, —40/151 x x %> +266/151 % *
y+140/151% 2 —72/151 xxxy* —172/151 x x> +3 — 25 y? —16/151 xx x>, 248/151 *
x—48/151 x x+y> +484/151 sz y — 144/151 * 2 % y* — 312/151 x x+ y> — 32/151 = *
¥°], [~y +64/151 xz#1y® +144/151 x zxy* +2/151 xzxy® — 190/151 x 3 %y + 27 /151 %
x—2/151xx+y+16/151xx*y5 36/151 xx*y* +90/151xzxy> +38/151 xxxy*> — 1 —
35/151 %2 —84/151xxxy+y> +8/151xx*y® 60/151xxxy> +72/151 xx*y* +164/151 %
xxy® —152/151*x+y —62/151%x+16/151 xx*y°], [2—190/151 sz xy> —344/151 xx *
y? —172/151 %z xy+135/151 %z — y> + 64/151 x z* y® +160/151 x 2z *y® +26/151 % x *
y*416/151 xxxy", —76/151 x x+y* —210/151 x xxy — 175/151 x x4+ 36/151 % x xy° +
98/151 % x*y? +54/151 xx*y> — 249> +8/151xx xy®, —310/151 xx — 152/151 xx*y> —
388/151 % x+y+92/151 %z +y> +72/151 %z +y® +180/151 s+ y* +16/151 xz+y5 +1]])

Thus, if we denote
—151y? 4 64xy® + 14day® + 22y® — 190zy? + 27z — 22y + 162y°
€1 = 36zy* + 90zy> + 38zy? — 151 — 35z — 84xy + 151y> + 8xy® ,
60zy? + 72xy* + 164zy> — 152zy — 62z + 1629°
€2 =
302 — 190zy® — 344xy® — 172zy + 135z — 151y° + 642y + 1602y® + 262y + 16zy”
—76xy® — 210zy — 1752 + 36xy° + 98zy* + 5dxy® — 302 + 151y° + 8xy/° ,
—310x — 152xy? — 388zy + 92zy> + 72xy° + 180zy* + 16zy® + 151

then (€1, €2) is a free basis for Syz(vi,v2,v3). A minimal parametrization of
the set & of all inverses of V is

€= {U = (ur,uz,u3) € Qlz,y]"* [UV = 1}
= {60 + ae1 + Beo | a, B € Q[x,y]},
where
—151 + 60zy® + 540zy® + 62zy — 108z + 302y? — 128zy° — 272xy* — 32xy°
—40zy? + 2662y + 1402z — 72zy* — 172xy® + 453 — 302y2 — 16xy°
248x — 48xy? + 484xy — 144xy® — 3122y° — 32xy°

=151
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