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SUSLIN’S LEMMA FOR RINGS CONTAINING AN INFINITE FIELD

BY

SAMIHA MONCEUR and IHSEN YENGUI (Sfax)

Abstract. A well-known lemma of Suslin says that for a commutative ring A, if
t(v1, . . . , vn) ∈ A[X]n×1 is unimodular where v1 is monic of degree d and n ≥ 3, then
there exist γ1, . . . , γ` ∈ En−1(A[X]) such that, denoting by wi the first coordinate of
γi

t(v2, . . . , vn), we have

〈ResX(v1, w1), . . . ,ResX(v1, w`)〉 = A.

This lemma played a central role in Suslin’s resolution of Serre’s conjecture. In case
A contains a set E = {y0, . . . , y(n−2)d} such that yi − yj ∈ A× for i 6= j, we prove that

the γi’s can simply correspond to the elementary operations L1 → L1 +
∑n−1

j=2 y
j−2
i Lj ,

0 ≤ i ≤ (n−2)d. These efficient elementary operations enable us to give a new and simple
algorithm (for the Quillen–Suslin theorem) for reducing unimodular rows with entries
in K[X1, . . . , Xk] to t(1, 0, . . . , 0), using elementary operations in case K is an infinite
field. This work generalizes a previous paper by Lombardi and the second author which
corresponds to the particular case n = 3.

1. Introduction. In 1955, J.-P. Serre remarked [Se1] that it was not
known whether there exist finitely generated projective modules over A =
K[X1, . . . , Xn], K a field, which are not free. This remark turned into the
“Serre conjecture”, stating that indeed there were no such modules. Proven
independently by Quillen [Q] and Suslin [Su1, Su2], it became known subse-
quently as the Quillen–Suslin theorem. The book of Lam [Lam1] is a nice ex-
position about Serre’s conjecture which has been updated recently in [Lam2].
An important related fact worth mentioning is that it was known [Se2] well
before Serre’s conjecture was settled that finitely generated projective mod-
ules over A are stably free, i.e., every finitely generated projective A-module
is isomorphic to the kernel of an A-epimorphism T : An → A`. In that situ-
ation the matrix T is unimodular, that is, the maximal minors of T generate
the unit ideal in A.

Recall that a vector t(b1, . . . , bn) over a ring R is said to be unimodular
if 〈b1, . . . , bn〉 = R. The set of all unimodular vectors will be denoted by

2010 Mathematics Subject Classification: Primary 13Cxx, 13Pxx; Secondary 14Qxx.
Key words and phrases: Quillen–Suslin theorem, Suslin lemma, constructive mathematics,
computer algebra.
Received 22 June 2013; revised 6 February 2015.
Published online 9 September 2016.

DOI: 10.4064/cm5969-2-2015 [111] c© Instytut Matematyczny PAN, 2017



112 S. MONCEUR AND I. YENGUI

Umn(R). It is worth pointing out the following precise criterion for the
freeness of finitely generated stably free modules over a ring R in terms of
unimodular vectors:

For any ring R and integer d ≥ 0, the following are equivalent:

(i) Any finitely generated stably free module of rank > d is free.
(ii) Any unimodular vector over R of length ≥ d + 2 can be completed

to an invertible matrix over R.
(iii) For n ≥ d+ 2, GLn(R) acts transitively on Umn(R).

A well-known lemma of Suslin [Su2] says that for a commutative ring A,
if t(v1, . . . , vn) ∈ A[X]n×1 is unimodular where v1 is monic of degree d and
n ≥ 3, then there exist γ1, . . . , γ` ∈ En−1(A[X]) such that, denoting by wi

the first coordinate of γi
t(v2, . . . , vn), we have

〈ResX(v1, w1)), . . . ,ResX(v1, w`)〉 = A.

This lemma played a central role in the resolution of Serre’s conjecture. In
case A contains a set E = {y0, . . . , y(n−2)d} such that yi−yj ∈ A× for i 6= j,
we prove that the γi’s can simply correspond to the elementary operations
L1 → L1 +

∑n−1
j=2 y

j−2
i Lj , 0 ≤ i ≤ (n − 2)d. These efficient elementary

operations enable us to give a new and simple algorithm (for the Quillen–
Suslin theorem) for reducing unimodular rows with entries in K[X1, . . . , Xk]
to t(1, 0, . . . , 0), using elementary operations in case K is an infinite field.
This work generalizes a previous paper [LY] by Lombardi and the second
author which corresponds to the particular case n = 3.

There are several papers [FQ, FG, LW1, LW2, LS, LY, P, YP] in the
literature proposing algorithms for the Quillen–Suslin theorem, but the first
full implementation (a MAPLE package by Fabiańska) is available only re-
cently [F].

Suslin’s lemma cited above is the only nonconstructive step in Suslin’s
elementary proof of Serre’s problem [Su2]. In the literature, in order to
surmount the obstacle of this lemma which is true for any ring A, con-
structive mathematicians interested in Suslin’s techniques for Suslin’s sta-
bility theorem and the Quillen–Suslin theorem are restricted to rings in
which one knows effectively the form of all maximal ideals. For instance,
in [FQ, FG, LW1, LS, P], the authors utilize the fact that for a discrete
field K, the ring K[X1, . . . , Xk] is Noetherian and has an effective Nullstel-
lensatz (see [P, proof of Theorem 4.3]). In this paper, we avoid the heavy
use of maximal ideals by using efficient elementary operations.

Let us fix some additional notation. We call an n×n matrix elementary
if it has 1’s on the diagonal and at most one nonzero off-diagonal entry.
More precisely, if a ∈ A and i 6= j, 1 ≤ i, j ≤ n, we define the elementary
matrix Ei,j(a) to be the n × n matrix with 1’s on the diagonal, with a in
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the (i, j)-slot, and with 0’s elsewhere. In other words, Ei,j(a) is the ma-
trix corresponding to the elementary operation Li → Li + aLj . Moreover,
En(A) will denote the subgroup of SLn(A) generated by all elementary ma-
trices.

All rings considered are unitary and commutative. The undefined termi-
nology is standard as in [Lam2], and, for constructive algebra, in [LQ].

2. A reminder about the resultant. In this section, we give a brief
outline of the resultant: an important idea in constructive algebra whose
development owes considerably to famous pioneers such as Bézout, Cay-
ley, Euler, Herman, Hurwitz, Kronecker, Macaulay, Noether, and Sylvester,
among others.

This section will focus on the few properties of the resultant we need in
this paper so that it becomes self-contained.

Definition 2.1. Let R be a ring, and let

f = a0X
` + a1X

`−1 + · · ·+ a` ∈ R[X], a0 6= 0, ai ∈ R,

g = b0X
m + b1X

m−1 + · · ·+ bm ∈ R[X], b0 6= 0, bi ∈ R.

The resultant of f and g, denoted by ResX(f, g), is the determinant of the
(m+ `)× (m+ `) matrix below (called the Sylvester matrix of f and g with
respect to X):

Syl(f, g,X) =



a0 b0

a1 a0 b1 b0

a2 a1
. . . b2 b1

. . .
...

. . . a0
...

. . . b0
... a1

... b1

a` bm

a`
... bm

...
. . .

. . .

a` bm



.

︸ ︷︷ ︸
m columns

︸ ︷︷ ︸
` columns

The resultant is an efficient tool for eliminating variables as can be seen in
the following proposition. Applying this proposition in the particular case
R[X] = K[X1, . . . , Xn], K a field, we see that ResXn(f, g) is in the first
elimination ideal 〈f, g〉 ∩K[X1, . . . , Xn−1].
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Proposition 2.2 (see for example [CLO, Proposition 5.9]). Let R be a
ring. Then, for any f, g ∈ R[X], there exist h1, h2 ∈ R[X] such that

h1f + h2g = ResX(f, g) ∈ R

with deg(h1) ≤ m− 1 and deg(h2) ≤ `− 1.

Proposition 2.3 (see for example [CLO, Corollary 6.2]). Let K be a
field and f, g ∈ K[X] \ {0}. Then

1 ∈ 〈f, g〉 ⇔ ResX(f, g) 6= 0.

Proposition 2.3 can be generalized to rings as follows:

Proposition 2.4 (see [LY, Lemma 2]). Let R be a ring, and let
f, g ∈ R[X] \ {0} with f monic. Then

1 ∈ 〈f, g〉 in R[X] ⇔ ResX(f, g) ∈ R×.

3. Suslin’s lemma, a particular case

Theorem 3.1 (Suslin’s lemma [Su2, Lemma 2.3]). Let A be a commu-
tative ring. If 〈v1(X), . . . , vn(X)〉 = A[X] where v1 is monic and n ≥ 3,
then there exist γ1, . . . , γ` ∈ En−1(A[X]) such that, denoting by wi the first
coordinate of γi

t(v2, . . . , vn), we have

〈ResX(v1, w1), . . . ,ResX(v1, w`)〉 = A.

Theorem 3.2 (Suslin’s lemma, a particular case, new formulation). Let
A be a commutative ring, and let v1, . . . , vn ∈ A[X] with n ≥ 3 and v1 monic
of degree d. Suppose that A contains (n − 2)d + 1 elements y0, . . . , y(n−2)d
such that yi−yj ∈ A× for i 6= j (for example if A contains an infinite field).
Then

1 ∈ 〈v1, . . . , vn〉
⇔ 1 ∈

〈
ResX(v1, v2 + yiv3 + · · ·+ yn−2i vn), 0 ≤ i ≤ (n− 2)d

〉
.

Proof. The implication “⇐” is straightforward. Let us prove “⇒”. De-
note wi := v2 + yiv3 + · · · + yn−2i vn and ri = ResX(v1, wi) for 0 ≤ i ≤ s =
(n− 2)d, ` := d+ 1, and suppose that 1 ∈ 〈v1, . . . , vn〉.

A nonconstructive proof : To prove that 〈r0, . . . , rs〉 = A it suffices to
prove that for each maximal ideal M of A there exists 0 ≤ i ≤ s such that
ri /∈ M. For this, let M be a maximal ideal of A, and for contradiction
suppose that r0, . . . , rs = 0 in the residue field K := A/M. Note that
ResX(v1, wi) = ResX(v1, wi) since v1 is monic. This means that for each i
there exists ξi ∈ K (an algebraic closure of K) such that v1(ξi) = wi(ξi) = 0.
But since degX v1 = d, v1 has at most d distinct roots, and hence there exists
at least one root among the ξi repeated n − 1 times. We can suppose that
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ξ1 = · · · = ξn−1 =: ξ. Thus, we have
1 y1 . . . yn−21

1 y2 . . . yn−22
...

...
...

...

1 yn−1 . . . yn−2n−1



v2(ξ)

v3(ξ)
...

vn(ξ)

 =


0

0
...

0

 .

Since the matrix above is a Vandermonde matrix, its determinant is equal
to ∏

1≤i<j≤n−1
(yj − yi),

which is invertible in A. Thus, v1(ξ) = · · · = vn(ξ) = 0, in contradiction
with 1 ∈ 〈v1, . . . , vn〉.

A constructive proof : Let

Z0 = · · · = Zn−3 = z0,

Zn−2 = · · · = Z2n−5 = z1,

...

Z(n−2)k = · · · = Z(n−2)(k+1)−1 = zk,

...

Z(n−2)(d−1) = · · · = Z(n−2)d−1 = zd−1,

Z(n−2)d = zd

be an enumeration of ` indeterminates over A with n− 2 repetitions except
the last one which is repeated once. Let us denote

I = 〈v1(Zi), wi(Zi) | 0 ≤ i ≤ s〉, A` = A[Z0, . . . , Zs]/I.

First we prove that 1 = 0 in A`. Letting 0 ≤ i1 < · · · < in−1 ≤ s, we
have 

1 yi1 . . . yn−2i1

1 yi2 . . . yn−2i2
...

...
...

...

1 yin−1 . . . yn−2in−1



v2

v3
...

vn

 =


wi1

wi2
...

win−1

 .

As the matrix above is a Vandermonde matrix, its determinant is equal to∏
1≤`<k≤n−1

(yik − yi`),
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which is invertible in A. Thus, v2, . . . , vn ∈ 〈wi1 , . . . , win−1〉 and a for-
tiori

v2(Zi1), . . . , vn(Zi1) ∈ I + 〈wi2(Zi1), . . . , win−1(Zi1)〉
⊆ I + 〈Zi1 − Zi2 , . . . , Zi1 − Zin−1〉,

and hence, using the fact that 1 ∈ 〈v1, . . . , vn〉, we obtain

1 ∈ I + 〈Zi1 − Zi2 , . . . , Zi1 − Zin−1〉.

Thus, for 0 ≤ i < j ≤ d,

1 ∈ I + 〈Z(n−2)i − Z(n−2)i+1, . . . , Z(n−2)i − Z(n−2)(i+1)−1, Z(n−2)i − Z(n−2)j〉
= I + 〈zi − zj〉,

that is, zi − zj is invertible in A`.

On the other hand, by clearing the denominators in the Lagrange inter-
polation formula, we obtain

v1(X)
(∏

i 6=j

(zi − zj)
)
∈ 〈v1(z1), . . . , v1(z`)〉 ⊆ A[z1, . . . , z`][X]

(here we need the hypothesis ` = deg v1+1). In A`,
∏

i 6=j(zi−zj) is invertible,
v1(z1) = · · · = v1(z`) = 0, thus v1(X) = 0 in A`[X]. Since v1 is monic, we
obtain 1 = 0 in A`, that is, 1 ∈ I.

For 0 ≤ k ≤ s, denote Ik = 〈v1(Zi), wi(Zi) | 0 ≤ i ≤ k〉, Jk = Ik +
〈ri | k < i ≤ s〉 and Ak = A[Z1, . . . , Zk]/Ik. Note that Is = I, so 1 ∈ Is
= Js. Using Proposition 2.4, we deduce by induction on k from s to 0
that 1 ∈ Jk: in order to go from k + 1 to k consider the ring Bk =
A[Z1, . . . , Zk]/〈rk+2, . . . , rs〉 and apply Proposition 2.4 with X = Zk+1,
a = v1(Zk+1), b = wk+1(Zk+1). So 1 ∈ J0 = 〈rs, rs−1, . . . , r0〉.

Note that [LY, Theorem 1] is a particular case of Theorem 3.2:

Corollary 3.3 ([LY, Theorem 1]). Let A be a commutative ring and
let V, v, U, u, w ∈ A[X] be such that V v + Uu + w = 1 and v is monic.
Denote ` = deg v + 1, and suppose that A contains a set E = {y1, . . . , y`}
such that yi − yj is invertible for each i 6= j. For each 1 ≤ i ≤ `, denoting
ri = ResX(v, u+ yiw), we have 〈r1, . . . , r`〉 = A.

Proof. Use Theorem 3.2 with n = 3, v1 = v, v2 = u, and v3 = w.

4. Suslin’s algorithm for reduction of polynomial unimodular
vectors. For any ring B, when we say that a matrix N ∈ Mn(B) (n ≥ 3)
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is in SL2(B), we mean that it is of the form
N ′ 0 . . . 0

0 1
...

. . .

0 1


with N ′ ∈ SL2(B).

From Theorem 3.2 ensues an algorithm for eliminating variables from
unimodular polynomial vectors with coefficients in a ring containing an in-
finite field. First, let us recall the following lemma.

Lemma 4.1 (Translation by the resultant [Su2, Lemma 2.1]). Let R be
a commutative ring. Let f1, f2 ∈ R[X], b, d ∈ R, and r = ResX(f1, f2) ∈ R.
Then there exists B ∈ SL2(R[X]) such that

B

(
f1(b)

f2(b)

)
=

(
f1(b+ rd)

f2(b+ rd)

)
.

Proof. Take g1, g2 ∈ R[X] such that f1g1 + f2g2 = r (use the proof of
Proposition 2.2), denote by s1, s2, t1, t2 the polynomials in R[X,Y, Z] such
that

f1(X + Y Z) = f1(X) + Y s1(X,Y, Z),

f2(X + Y Z) = f2(X) + Y s2(X,Y, Z),

g1(X + Y Z) = g1(X) + Y t1(X,Y, Z),

g2(X + Y Z) = g2(X) + Y t2(X,Y, Z),

and set

B1,1 = 1 + s1(b, r, d) g1(b) + t2(b, r, d)f2(b),

B1,2 = s1(b, r, d) g2(b)− t2(b, r, d)f1(b),

B2,1 = s2(b, r, d) g1(b)− t1(b, r, d)f2(b),

B2,2 = 1 + s2(b, r, d) g2(b) + t1(b, r, d)f1(b).

Then one can take B =
(B1,1 B1,2

B2,1 B2,2

)
.

Algorithm 4.2 (An algorithm for eliminating variables from unimod-
ular polynomial vectors with coefficients in a ring containing an infinite
field).

Input: A column V = V(X) = t(v1(X), . . . , vn(X)) ∈ Umn(A[X]) such
that v1 is monic of degree d, and A contains a set E = {y0, . . . , y(n−2)d}
such that yi − yj ∈ A× for i 6= j.
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Output: A matrix B ∈ SLn(A[X]) such that BV = V(0).

Step 1: For 0 ≤ i ≤ s = (n − 2)d, set wi = v2 + yiv3 + · · · + yn−2i vn,
compute ri := ResX(v1, wi), and find α0, . . . , αs ∈ A with α0r0 + · · ·+ αsrs
= 1 (here we use Theorem 3.2).

For 0 ≤ i ≤ s, compute fi, gi ∈ A[X] such that fiv1 + giwi = ri (use the
proof of Proposition 2.2).

Step 2: Set

bs+1 := 0,

bs := αsrsX,

bs−1 := bs + αs−1rs−1X,

...

b0 := b1 + α0r0X = X

(the last equality follows from the fact that X =
∑s

i=0 αiriX).

Step 3: For 1 ≤ i ≤ s+ 1, find Bi ∈ SLn(A[X]) such that BiV(bi−1) =
V(bi). In more detail, let γi be the matrix corresponding to the elementary

operation L2 → L2 +
∑n

j=3 y
j−2
i Lj , that is,

γi := E2,n(yn−2i ) · · ·E2,3(yi).

For 3 ≤ j ≤ n, set

Fi,j :=
vj(bi−1)− vj(bi)

bi−1 − bi
=
vj(bi−1)− vj(bi)

αiriX
∈ A[X],

so that

vj(bi−1)− vj(bi) = αiriXFi,j

= αiXFi,jfi(bi−1)v1(bi−1) + αiXFi,jgi(bi−1)wi(bi−1)

= σi,jv1(bi−1) + τi,jwi(bi−1)

with

σi,j := αiXFi,jfi(bi−1), τi,j := αiXFi,jgi(bi−1) ∈ A[X].

Let Γi ∈ En(A[X]) be the matrix corresponding to the elementary opera-
tions Lj → Lj − σi,jL1 − τi,jL2, 3 ≤ j ≤ n, that is,

Γi :=
n∏

j=3

Ej,1(−σi,j)Ej,2(−τi,j).
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Set

Bi,2 := Γiγi ∈ En(A[X]), so that Bi,2V(bi−1) =



v1(bi−1)

wi(bi−1)

v3(bi)
...

vn(bi)


.

Following Lemma 4.1, set

si,1(X,Y, Z) :=
v1(X + Y Z)− v1(X)

Y
∈ A[X,Y, Z],

si,2(X,Y, Z) :=
wi(X + Y Z)− wi(X)

Y
∈ A[X,Y, Z],

ti,1(X,Y, Z) :=
fi(X + Y Z)− fi(X)

Y
∈ A[X,Y, Z],

ti,2(X,Y, Z) :=
gi(X + Y Z)− gi(X)

Y
∈ A[X,Y, Z],

Ci,1,1 := 1 + si,1(bi−1, ri,−αiX)fi(bi−1)

+ ti,2(bi−1, ri,−αiX)wi(bi−1) ∈ A[X],

Ci,1,2 := si,1(bi−1, ri,−αiX)gi(bi−1)− ti,2(bi−1, ri,−αiX)v1(bi−1) ∈ A[X],

Ci,2,1 := si,2(bi−1, ri,−αiX)fi(bi−1)− ti,1(bi−1, ri,−αiX)wi(bi−1) ∈ A[X],

Ci,2,2 := 1 + si,2(bi−1, ri,−αiX)gi(bi−1)

+ ti,1(bi−1, ri,−αiX)v1(bi−1) ∈ A[X],

Ci :=

(
Ci,1,1 Ci,1,2

Ci,2,1 Ci,2,2

)
∈ SL2(A[X]).

Note that

Ci

(
v1(bi−1)

wi(bi−1)

)
=

(
v1(bi)

wi(bi)

)
.

Set

Bi,1 := γ−1i

(
Ci 0

0 In−2

)
with γ−1i = E2,3(−yi) · · ·E2,n(−yn−2i ).

Set

Bi := Bi,1Bi,2 ∈ SLn(A[X]), so that BiV(bi−1) = V(bi).

Step 4: B := Bs+1 · · · B1.
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Example 4.3. Now, let

V =

 x+ y2 − 1

−x+ y2 − 2xy

x− y3 + 2

 ∈ Um3(Q[x, y]).

Algorithm 4.2 has been implemented using the Computer Algebra System
MAPLE. The code of our algorithm UnimodElimination gives a matrix B in
SL3(Q[x, y]) eliminating one variable. In this example, BV = V(0, y).

> V := matrix([[x+ y2 − 1], [−x+ y2 − 2 ∗ x ∗ y], [x− y3 + 2]]);
> B := UnimodElimination(V, x);
B := matrix([[1+27/151∗x−56/151∗x∗y−24/151∗x∗y2−8/151∗y3 ∗x,−35/151∗
x−4/151∗x∗y2−14/151∗x∗y,−62/151∗x−8/151∗x∗y2−28/151∗x∗y], [2/151∗
x∗y+56/151∗y3 ∗x+16/151∗y4 ∗x+136/151∗x∗y2−27/151∗x, 1+84/151∗x∗y+
8/151∗y3 ∗x+32/151∗x∗y2 +35/151∗x, 152/151∗x∗y+16/151∗y3 ∗x+64/151∗x∗
y2 +62/151∗x], [−56/151∗x∗y−8/151∗y3 ∗x−24/151∗x∗y2 +27/151∗x,−35/151∗
x− 4/151 ∗ x ∗ y2 − 14/151 ∗ x ∗ y, 1− 62/151 ∗ x− 8/151 ∗ x ∗ y2 − 28/151 ∗ x ∗ y]])
> V V := expandvector(multiply(B, V ));
V V := matrix([[−1 + y2], [y2], [2− y3]])

Let us fix an infinite sequence (yi) of pairwise distinct elements in an
infinite field K, and use the notation X = (X1, . . . , Xk).

Algorithm 4.4 (An algorithm for the Quillen–Suslin theorem: case of
K[X1, . . . , Xk] where K is an infinite field).

Input: A column V = V(X) = t(v1(X), . . . , vn(X)) ∈ Umn(K[X]) with
max1≤i≤n{deg vi} = d (here by degree we mean total degree), where d ≥ 2.

Output: A matrix G in SLn(K[X]) such that GV = t(1, 0, . . . , 0).

For j from k to 1 perform Steps 1 and 2:

Step 1: Make a linear change of variables (or a change of variables à la
Nagata) so that v1 becomes monic at Xj .

Step 2: Perform Algorithm 4.2 with A = K[X1, . . . , Xj−1] and X = Xj .
Output the new V.

Example 4.5 (Example 4.3 continued). Let

V =

v1v2
v3

 =

 x+ y2 − 1

−x+ y2 − 2xy

x− y3 + 2

 ∈ Um3(Q[x, y]).

Recall that the syzygy module of (v1, v2, v3) is

Syz(v1, v2, v3) := { t(w1, w2, w3) ∈ Q[x, y]3 | w1v1 + w2v2 + w3v3 = 0}.
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Recall also that since t(v1, v2, v3) ∈ Um3(Q[x, y]), Syz(v1, v2, v3) is a pro-
jective Q[x, y]-module which is free of rank 2 by the Quillen–Suslin theorem
[Q, Su1].

We have implemented Algorithm 4.4 using MAPLE. It computes a matrix
G ∈ SL3(Q[x, y]) such that GV = t(1, 0, 0).

G := matrix([[−1+60/151∗x∗y3 +540/151∗x∗y2 +62/151∗x∗y−108/151∗x+2∗
y2−128/151∗x∗y5−272/151∗x∗y4−32/151∗x∗y6,−40/151∗x∗y2 +266/151∗x∗
y+140/151∗x−72/151∗x∗y4−172/151∗x∗y3 +3−2∗y2−16/151∗x∗y5, 248/151∗
x− 48/151 ∗x ∗ y2 + 484/151 ∗x ∗ y− 144/151 ∗x ∗ y4− 312/151 ∗x ∗ y3− 32/151 ∗x ∗
y5], [−y2 +64/151∗x∗y5 +144/151∗x∗y4 +2/151∗x∗y3−190/151∗x∗y2 +27/151∗
x−2/151∗x∗y+16/151∗x∗y6, 36/151∗x∗y4 +90/151∗x∗y3 +38/151∗x∗y2−1−
35/151∗x−84/151∗x∗y+y2+8/151∗x∗y5, 60/151∗x∗y2+72/151∗x∗y4+164/151∗
x∗y3−152/151∗x∗y−62/151∗x+16/151∗x∗y5], [2−190/151∗x∗y3−344/151∗x∗
y2−172/151∗x∗y+135/151∗x−y3 +64/151∗x∗y6 +160/151∗x∗y5 +26/151∗x∗
y4 + 16/151∗x∗ y7,−76/151∗x∗ y2−210/151∗x∗ y−175/151∗x+ 36/151∗x∗ y5 +
98/151∗x∗y4+54/151∗x∗y3−2+y3 +8/151∗x∗y6,−310/151∗x−152/151∗x∗y2−
388/151∗x∗y+92/151∗x∗y3 +72/151∗x∗y5 +180/151∗x∗y4 +16/151∗x∗y6 +1]])

Thus, if we denote

ε1 =

−151y2 + 64xy5 + 144xy4 + 2xy3 − 190xy2 + 27x− 2xy + 16xy6

36xy4 + 90xy3 + 38xy2 − 151− 35x− 84xy + 151y2 + 8xy5

60xy2 + 72xy4 + 164xy3 − 152xy − 62x+ 16xy5

 ,

ε2 =302− 190xy3 − 344xy2 − 172xy + 135x− 151y3 + 64xy6 + 160xy5 + 26xy4 + 16xy7

−76xy2 − 210xy − 175x+ 36xy5 + 98xy4 + 54xy3 − 302 + 151y3 + 8xy6

−310x− 152xy2 − 388xy + 92xy3 + 72xy5 + 180xy4 + 16xy6 + 151

 ,

then (ε1, ε2) is a free basis for Syz(v1, v2, v3). A minimal parametrization of
the set E of all inverses of V is

E := {U = (u1, u2, u3) ∈ Q[x, y]1×3 | UV = 1}
= {ε0 + αε1 + βε2 | α, β ∈ Q[x, y]},

where

ε0 =
1

151

−151 + 60xy3 + 540xy2 + 62xy − 108x+ 302y2 − 128xy5 − 272xy4 − 32xy6

−40xy2 + 266xy + 140x− 72xy4 − 172xy3 + 453− 302y2 − 16xy5

248x− 48xy2 + 484xy − 144xy4 − 312xy3 − 32xy5

 .

REFERENCES

[CLO] D. Cox, J. Little and D. O’Shea, Ideals, Varieties and Algorithms, 2nd ed.,
Springer, New York, 1997.
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Pisot, exp. 23, Paris, 1957/58.
[Su1] A. A. Suslin, Projective modules over a polynomial ring are free, Soviet Math.

Dokl. 17 (1976), 1160–1164.
[Su2] A. A. Suslin, On the structure of the special linear group over polynomial rings,

Math. USSR-Izv. 11 (1977), 221–238.
[YP] D. C. Youla and P. F. Pickel, The Quillen–Suslin theorem and the structure of

n-dimensional elementary polynomial matrices, IEEE Trans. Circuits Systems
31 (1984), 513–518.

Samiha Monceur, Ihsen Yengui
Department of Mathematics
Faculty of Sciences
University of Sfax
3000 Sfax, Tunisia
E-mail: ihsen.yengui@fss.rnu.tn

http://dx.doi.org/10.1002/mana.19901490118
http://dx.doi.org/10.1016/0021-8693(92)90189-S
http://dx.doi.org/10.1016/j.jsc.2005.01.004
http://dx.doi.org/10.1006/jabr.1995.1349
http://dx.doi.org/10.1007/BF01390008
http://dx.doi.org/10.1070/IM1977v011n02ABEH001709
http://dx.doi.org/10.1109/TCS.1984.1085545

	1 Introduction
	2 A reminder about the resultant
	3 Suslin's lemma, a particular case
	4 Suslin's algorithm for reduction of polynomial unimodular vectors
	REFERENCES

