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Definability aspects of the Denjoy integral
by

Sean Walsh (Irvine, CA)

Abstract. The Denjoy integral is an integral that extends the Lebesgue integral and
can integrate any derivative. In this paper, it is shown that the graph of the indefinite
Denjoy integral f +— Si f is a coanalytic non-Borel relation on the product space Ma, b] X
Cla,b], where M]Ja,b] is the Polish space of real-valued measurable functions on [a,b],
and Cfa,b] is the Polish space of real-valued continuous functions on [a,b]. Using the
same methods, it is also shown that the class of indefinite Denjoy integrals, denoted by
ACG.[a,b], is a coanalytic but not Borel subclass of C[a,b], thus answering a question
posed by Dougherty and Kechris. Some basic model theory of the associated spaces of
integrable functions is also studied. Here the main result is that, when viewed as an
R[X]-module with the indeterminate X being interpreted as the indefinite integral, the
space of continuous functions on [a, b] is elementarily equivalent to the Lebesgue integrable
and Denjoy integrable functions on this interval, and each is stable but not superstable,
and that they all have a common decidable theory when viewed as Q[X]-modules.
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1. Introduction. The Denjoy integral is an integral that extends the
integrals of Riemann and Lebesgue and that can integrate any derivative.
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2 S. Walsh

This paper studies the Denjoy integral from two perspectives from mathe-
matical logic, namely that of descriptive set theory and model theory. From
the perspective of descriptive set theory, the natural question to ask is: how
hard is it to define the Denjoy integral when viewed as a subset of a Pol-
ish space? Recall that a Polish space is a separable topological space whose
topology can be given by a complete metric, and the measure of complexity
of definitions on Polish spaces is induced by the hierarchy of Borel sets: open
and closed sets are regarded as minimally complex, Borel sets formed from
them by the operations of countable union and intersection are regarded as
more complex, and continuous images of Borel sets and their complements
are regarded as yet more complex. The continuous images of Borel sets turn
out to be the same as the continuous images of closed sets, and these sets are
called analytic sets, and their complements are called coanalytic sets. Our
results show that certain sets pertaining to the Denjoy integral are coana-
lytic but not Borel, and thus are comparatively complex under the measure
of complexity coming from descriptive set theory.

As with the Riemann and Lebesgue integrals, the indefinite Denjoy in-
tegrals F(z) = Sz f of real-valued functions f on [a,b] are themselves con-
tinuous, and so it is natural to view them as a subset of the Polish space
of real-valued continuous functions defined on [a,b]. This space is denoted
by Cla,b], and its topological structure is taken to be induced by the supre-
mum metric. One of our main results (Theorem below) says that the
set of indefinite Denjoy integrals is coanalytic but not Borel when viewed
as a subspace of Cla, b]. This is important for two reasons. First, this result
provides another example of a logically complex object that occurs natu-
rally in analysis. For a survey of other such examples, see Becker [Bec92].
The second reason that this result is important is that it answers a question
of Dougherty and Kechris from their earlier study [DK91] of descriptive set
theory and Denjoy integration.

Prior to stating Dougherty and Kechris’ question, and describing their
own results, it is necessary to first present the definition of the Denjoy in-
tegral. There are many equivalent definitions, but the one which is most
apt for our purposes is a generalization of the fundamental theorem for the
Lebesgue integral. This theorem gives an equivalent condition for a measur-
able function f : [a,b] — R and a continuous function F : [a,b] — R with
F(a) = 0 to be such that f is Lebesgue integrable with F(z) = {” f. In
particular, the fundamental theorem says that this is equivalent to F' being
absolutely continuous and for F” to exist almost everywhere with F’ = f al-
most everywhere (Theorem below). The Denjoy integral generalizes the
Lebesgue integral via a generalization of absolute continuity. Let us then
proceed by first recalling the definition of absolute continuity and then spec-
ifying Denjoy’s generalization.
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To this end, it will be convenient to introduce some notation, employed
throughout the paper, for describing partitions and related notions. As will
become clear, it will often be necessary to indicate that the edges of these
partitions lie in some given closed subset of [a, b]. Hence, given a closed subset
K of [a,b], a K-edged pre-partition D of [a, b] is a finite non-empty collection
J1,...,Jn of non-overlapping closed subintervals of [a,b] which have both
their endpoints in K. Here, two closed intervals J = [¢,d], J" = [¢/,d] are
said to be non-overlapping if either d < ¢ or d < ¢, so that sharing an
endpoint is allowed, i.e. J = [¢,d] and J” = [d, €] count as non-overlapping.
A pre-partition D of [a, b] is called a partition if its union is the whole interval
[a,b]. The length of a closed interval J will be denoted by its Lebesgue
measure ((J).

With this in place, we can now define the notion of absolute continu-
ity and the generalization that is operative in the definition of the Denjoy
integral:

DEFINITION 1.1. Let F' : [a,b] — R be continuous and let K C |a,b].
Then F is absolutely continuous on K, written F' € AC(K), if for every e > 0
there is § > 0 such that for all K-edged pre-partitions D of [a, b],

(1.1) > ull) <6 = ) |F(max(J)) — F(min(J))| <e.
JeD JeD
The generalizations are obtained by relaxing the consequent of this con-
ditional. One does this by introducing the notation

(1.2) w(F,J) = sup{|F(z) = F(y)| : z,y € J},
and then by defining:

DEFINITION 1.2. Let F : [a,b] — R be continuous and let K C [a,b].
Then F' is absolutely continuous in the restricted sense on K, written F €
AC,(K), if for every € > 0 there is 6 > 0 such that for all K-edged
pre-partitions D of [a,b], if > ;cppu(J) < 0 then > pw(F,J) < e Fi-
nally, F'is generalized absolutely continuous in the restricted sense, written
F € ACG.(K), if there is a countable sequence of closed K,, C [a,b] such
that K =J,, K, and F € AC.(K,,).

Note that on this definition, all AC,(K) and ACG.(K) functions are
continuous. One could obviously define analogous notions for non-continuous
functions. But since the functions which interest us are indefinite integrals
which are automatically continuous, we maintain the convention that all
AC,(K) and all ACG,(K) functions are continuous. The Denjoy integral
may then be defined as follows:

DEFINITION 1.3. Suppose that f : [a,b] — R. Then f is Denjoy inte-
grable, written f € Denla, b], if there is F' € ACG,([a,b]) such that F’ exists
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almost everywhere and F’ = f almost everywhere. If in addition F(a) = 0,
then one defines {” f = F(z).

The motivation for this definition comes from the parallel with the fun-
damental theorem for the Lebesgue integral, which in virtue of the above
definitions we can state as follows:

THEOREM 1.4 (Fundamental Theorem of Calculus for Lebesgue Integrals,
[Fol99, Theorem 3.35, p. 106]). Suppose f : [a,b] — R is measurable and
F :[a,b] — R is continuous with F(a) = 0. Then

x
7€ Llab) & Fx)={f] iff [FeAC(ob]) & F = ae)
a
Here we use the standard notation L'[a,b] for the space of real-valued
Lebesgue integrable functions on [a, b], and the standard abbreviation a.e.
for almost everywhere equality. It turns out that all Denjoy integrable func-
tions f : [a,b] — R are Lebesgue measurable [Gor94, Theorem 7.6, p. 109].
From this and the definition of the Denjoy integral (Definition we can
immediately deduce the following analogue of Theorem

THEOREM 1.5. Suppose f : [a,b] — R is measurable and F : [a,b] — R
is continuous with F(a) =0. Then

[f € Denla, b] & F(z) = | f] iff [FeACG.([a,b]) & F' = f a.el.

Since any function in ACG,([a, b]) is differentiable a.e. (§2)), this theorem
says that the Denjoy integrable functions are, up to almost everywhere equal-
ity, exactly the derivatives of ACGy([a,b]) functions. The analogy between
Theorem and Theorem thus becomes all the more apparent when one
observes that F' € AC(K) iff F' € AC,(K) in the specific case where K is
a closed interval. For, Theorem [I.4] then says that the Lebesgue integrable
functions are, up to almost everywhere equality, exactly the derivatives of
AC,([a,b]) functions.

At the end of their study of the Denjoy integral, Dougherty and Kechris
(IDK91L p. 166], cf. [Kec8T7, p. 312|) posed the following question about the
generalization of absolute continuity which features in Theorem

A second problem is related to the definability aspects of the so-called “de-
scriptive definitions of integrals” (see [Sak37, Chapts. VII, VIII]). These are
essentially implicit definitions like the original one of the primitive. For ex-
ample, the Lebesgue integral F' of an integrable function f can be defined
as the unique (up to a constant) F' such that (i) F is absolutely continuous,
and (ii) F'(z) = f(x) for almost all . By replacing in (i) absolute conti-
nuity by more general conditions, one can obtain descriptive definitions of

integrals involving any derivative. The question is whether these conditions
can possibly be Borel.
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In this quotation, Dougherty and Kechris refer to Saks’ book [Sak37|, and
§VIIL.1 of that book is called “The descriptive definition of the Denjoy
integral” and contains Definition [Sak37, p. 241|. It seems then that
Dougherty and Kechris are asking about the descriptive set theory com-

plexity of the set ACG.([a,b]). The present paper answers this question by
showing that ACG([a, b]) is not Borel:

THEOREM 1.6. The set ACG(|a, b)) is coanalytic but not Borel in C|a, b].

The proof of this theorem occurs at the close of §5] After posing the above
question about ACG,([a,b]), Dougherty and Kechris pose another question
about whether there is a uniform Borel method of recovering the integral of
a function which one knows to be integrable.

Before stating this other question precisely (cf. Question below), let
us briefly summarize Dougherty and Kechris’ own results. These are reported
in [DK91] as well as the paper associated to Kechris’ 1986 ICM talk [Kec87].
A distinctive feature of Dougherty and Kechris” work is that it restricts at-
tention to the action of the Denjoy integral on the derivatives of everywhere
differentiable functions. For, if F': [a,b] — R with F(a) = 0 is everywhere
differentiable, then F is ACG*([a,b]) |Gor94, Theorem 7.2, p. 108]. Then
Theorem implies that f = F’ is Denjoy integrable with indefinite in-
tegral Sg f = F(x). Now, it is a classical result, due to Mazurkiewicz, that
Diff[a, b], the set of everywhere differentiable real-valued functions on [a, b], is
a coanalytic complete subset of Cla, b] [Kec95, §33.D, Theorem 33.9, p. 248|.
The topic which Dougherty and Kechris pursued was the complexity of the
associated set of derivatives A = {F" : F' € Diff[a, b]}.

To make this question precise, one must find some Polish space in which A
or a related set can naturally be viewed as a subspace. Dougherty and Kechris
opted to work in the Polish space (Cla, b])¥, the countable product space of
Cla, b]. Inside this space, they focused attention on the sets

(1.3) CN = {{fn}go:l € (Cla,b))” : Vx lirrln fn(2) exists},

(1.4) A= {{fn};;ozl €CN :lim f, € A}.

If F € Diff[a,b], then of course F’ = lim, f, where f,(z) = [n- (F(z) —
F(x+41/n))], so that each derivative F’ might naturally be viewed as coded
by the sequence f,,. That is, we map Diff[a, b] into A by F — §(F) = {f,,}22,
where f(z) = [n-(F(x) — F(z+1/n))]. Now, it turns out that the set C'N is
complete coanalytic [Kec95, §33.E, pp. 251 ff], so in looking at the complexity
of subsets of CN such as A, one should ask about how complex it is to be
in A given that one is in CN. One of Dougherty and Kechris’s results states
that A is coanalytic but there is no analytic set S in (Cla, b])* such that for
all {f,}52, € CN, one has {f,,}°2, € Siff {f,}>>, € A [DK9I, Theorem 2,

n=1 n=1
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p. 147]. This result tells us that {f,}°2; being in A given that it is already
in C'N is a coanalytic but not Borel notion.

This suggests another question closely related to Dougherty and Kechris’s
question about the complexity of ACG.([a,b]). For there are many func-
tions F' in ACG,([a,b]) which are not in Diff[a, b], and since Dougherty and
Kechris focused on the image of Diff[a,b] under the differentiation opera-
tion, their results in general would not have any implications for the larger
set ACG«([a,b]). However, it is natural to study the complexity of the im-
age of ACG.([a,b]) under the operation of almost everywhere differentiation.
To make this question precise, one must specify a Polish space which natu-
rally contains this image. Here we look at the Polish space Ma,b] of real-
valued measurable functions on [a, b], modulo almost everywhere equality.
The topology is defined so that f, — f in this space iff f,, — f in measure.
At the outset of §5| we review the Polish space structure of Mla,b] in more
detail. But having specified this Polish space, we can now state our second
main result, which is proven at the close of §5}

THEOREM 1.7. The set Denla, b] of Denjoy integrable functions is a X3-
subset of the Polish space M|a,b] and is not analytic.

Recall that a 31-subset is the continuous (or Borel) image of a coanalytic
set, and it is a basic part of the classical theory that all analytic and coan-
alytic sets are 2%, but not vice versa. In the statement of this theorem, we
regard elements of Den[a, b] as real-valued functions on [a, b] modulo almost
everywhere equality. Dougherty and Kechris’ result described at the end of
the previous paragraph essentially said that the image of Diff[a, b] under the
operation of differentiation was coanalytic but not Borel in the Polish space
(Cla, b))~ Similarly, Theorem L.7]implies that the image of ACG.[a,b] under
the operation of almost everywhere differentiation is 33 but not Borel.

After posing their question about ACG.([a,b]), Dougherty and Kechris
ask how hard it is to recover the integral of a function which one antecedently
knows to be integrable. In their setting, the form this question took was the
following:

QUEsTION 1.8 (|[DK91) p. 166], [Kec87, p. 312]). Is there a Borel set
B C (Cla,b])® x C[a,b] such that for all {f,}°°, € A and all F € Cla,b],
one has ({fn}22, F) € B iff F'(z) = lim,, f,(x) for all z € [a,b]?

A negative resolution of this question would generalize Dougherty and
Kechris’ result that there is no Borel set B C (Cfa,b])* such that for all
{fa}e2, € A, one has {f,}>>, € B iff SZ limy, fn(x) dz > 0 [DK91, Theo-
rem 4, p. 147|. The analogous question in our setting would be the following,
or perhaps variations on it with Denla,b] replaced by various of its sub-
sets:
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QUESTION 1.9. Is there a Borel set B C M|a, b] x Cla,b] such that for
all f € Den[a,b] and all F' € Cla,b] with F(a) = 0, one has (f, F) € B iff
{7 f = F(x) for all z € [a,b]?

We have been unable to answer Questions [I.8HI.9]

However, a crucial part of our proofs of Theorems and revolves
around the related issue of identifying the complexity of the graph of the
indefinite Denjoy integral. Here we establish the following result, whose proof
occurs at the close of §5}

THEOREM 1.10. The graph of the indefinite Denjoy integral f — SZ f,
viewed as a subset of the product space M|a,b] x C[a,b], is coanalytic but not
Borel.

In all three of our theorems, there is a positive claim about a certain set
being coanalytic (resp. 31), and a negative claim that the sets are not Borel
(resp. not analytic). The positive part of Theorem follows directly from
the positive part of Theorem[I.6]and the observation that being differentiable
almost everywhere is a Borel property of an element F' € Cla,b], and the
relation F' = f a.e. is a Borel property of a pair (F, f) € C|a,b] x M[a,b]
(Proposition [5.6). So Denla, b] is 23 because it is the image of a coanalytic
set ACG4([a,b]) under the Borel operation F' — ~(F'), where y(F) = f if
F’ is differentiable a.e. and F' = f a.e., and y(F) = 0 otherwise. It remains
to prove the positive parts of Theorems [1.6] and as well as the negative
parts of all three theorems.

The basic idea of these proofs is to look at coanalytic ranks associated
to maps on the Polish space K|a,b] of closed subsets of [a, b] [Kec95| §34.D,
pp. 270 ff]. This space has the topology generated by the “miss” sets {K €
Kla,b] : KNU® = 0} and the “hit” sets {K € Kla,b] : K NU # ()}, where
U C [a,b] is open [Kec95l §4.F, pp. 24 ff]). The proofs proceed by defining,
for each f € MJa,b], each F' € C|a,b] and each pair (f, F) € M|a,b]xC|a, b],
three Borel functions from KJa,b| to Kla,b]:

(1.5) K~ Dy(K), K~ Dp(K), K — Djp(K).

These functions are called “derivatives” since they resemble the Cantor—
Bendixson derivative in certain of their formal properties. The intuitive idea
is that D¢ (K') consists of those points of K at which f is not locally Lebesgue
integrable, D (K) consists of those points of K at which F' is not locally ab-
solutely continuous in the restricted sense, and Dy p(K) = Df(K)UDp(K).
For the formal definitions, see — below.

These derivatives can then be iterated countably many times by defin-
ing D¥"(K) = D(D%(K)) and taking intersections at limit stages. Since
these maps are Borel (§f]), it follows from the general theory of such deriva-
tives that the set of elements f, F' whose derivatives Df([a,b]), D% ([a,b]),
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¢ r([a,b]) are eventually empty, are themselves coanalytic sets. One can

then show that f € Den[a,b] with F(z) = {7 f iff there is a countable ordi-
nal a such that D¢ p.([a, b]) is empty and F' = f a.e. (Corollary. Putting
these various results together at the end of §5] immediately gives the posi-
tive parts of Theorems [I.6] and [I.10} The general theory of these derivatives
also implies that subsets of these spaces whose derivatives vanish below some
given countable ordinal are Borel. Hence, by showing that there are elements
whose derivative only vanishes at arbitrarily high countable ordinals (The-
orem , we are able to argue for the negative parts of all three theorems
at the close of §5]

Before outlining the content of the different sections of this paper, let
us briefly describe our results on the model theory of the Denjoy integral.
Dougherty and Kechris’ question was essentially a question of how difficult
it is to define the Denjoy integral. One can also ask about the complexity
of the sets which are defined by this integral. Here the appropriate setting
seems to be that of model theory, where one asks what can be defined in
a first-order way from the Denjoy integral, and a natural language for this
is the language of R[X]-modules, where the indeterminate X is interpreted
as the indefinite Denjoy integral, so that the atomic formulas are a very
elementary type of integral equation. One of the basic questions to ask here
is whether there is any first-order difference between the Denjoy integrable
functions, the Lebesgue integrable functions, and the continuous functions
with the Riemann integral. This question is answered here in the negative
by the following theorem:

THEOREM 1.11. As R[X]-modules with the indeterminate X interpreted
as the indefinite integral X f — ' f, the continuous functions Cla,b], the
Lebesgue integrable functions L'[a,b], and the Denjoy integrable functions
Denla,b] are elementarily equivalent. Further, as Q[X]|-modules, they have
the same computable complete theory.

This final theorem is proven at the end of §7} Thus the conclusion of this
part of the paper is that from an admittedly elementary model-theoretic
standpoint, these integrals are indistinguishable. For suggestions as to less
elementary perspectives, see

This paper is organized as follows. In §2] some basic facts related to the
Denjoy integral are recalled, and it is noted how one can define a series
of subsets of the Denjoy integrable functions which relate to how long it
takes to define the Denjoy integral in terms of the Lebesgue integral and
improper integrals. In §3] the three Cantor-Bendixson-like derivatives men-
tioned above in are formally defined, and it is shown that there are
Denjoy integrable functions whose derivatives vanish only at arbitrarily high
countable ordinals (Theorem. In §4} it is shown that these two measures
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defined in the previous two subsections correspond exactly, and in partic-
ular that the vanishing of the derivatives in §3] is correlated exactly with
membership in the sequence of subsets from this is the content of Theo-
rem and Corollary In §f] it is shown that the derivatives are Borel,
which then permits us to deduce the main Theorems and
In §6] we turn to the development of the model-theoretic perspective pur-
sued here and use calculations of indices of subgroups to show that these
modules are stable but not superstable and hence are model-theoretically
more complex than the underlying vector spaces. Finally, in §7] we use the
Riesz theorems from the theory of integral equations, in conjunction with the

pp-elimination of quantifiers from the model theory of modules, to deduce
Theorem L1711

2. Basic lemmas and the subspaces. The aim of this section is to
briefly review some key facts about the Denjoy integral which we shall em-
ploy throughout this paper. As mentioned in the introduction, the indefinite
integrals of the Denjoy integrable functions on [a, b] are precisely the func-
tions F' in ACG.([a,b]) with F'(a) = 0. In what follows, we shall repeatedly
appeal to the fact that every function in ACG([a, b]) is differentiable almost
everywhere on [a, b] [Gor94), Corollary 6.19, p. 100].

Now, it is worth mentioning that there is a partial converse to this
result. In particular, let us say that a function F' : [a,b] — R is differ-
ential nearly everywhere if F' is differentiable except on a countable set.
Then it turns out that if F' € C([a,b]) is differentiable nearly everywhere
then F' € ACG.([a,b]) (JGor94l p. 103] or [PY89L p. 29|). However, the full
converse to this result is in general false. For examples of real-valued con-
tinuous functions F' on [a,b] that are differentiable almost everywhere but
F ¢ ACG.([a,b]), see |[Gor94, p. 119].

Frequently, we shall also appeal to certain elementary facts pertaining
to the class AC,(E) (Definition [1.2)). First, if E is itself a closed interval,
then any continuous function in AC(FE) is in AC(E) and vice versa; so it
is only for more complicated sets E that the two notions diverge. Second,
if @ C F is dense, then any continuous function in AC,(Q) is in AC(E)
and vice versa; hence without loss of generality, we may restrict attention
to evaluating absolute continuity in the restricted sense on dense subsets
[Gor94, Theorem 6.2(d), pp. 90-91|. Third, if F' is a continuous function on
[a,b] and E C [a,b] is closed with (a,b) — E = ||, (¢n, dy), then one has the
following [Gor94l Theorem 6.2, pp. 90-91]:

(2.1) F € ACL(E) = ) w(F,[cn,dn]) < o0.

n

Finally, if f € Den[a,b] then there are K, € Kla,b] with [a,0] = |, K,

n
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and fxg, € L'[a,b] [Gor94, Theorem 9.18, pp. 148-149|. Recall that K|a, b]
denotes the Polish space of closed subsets of [a, b].

Two basic lemmas on the Denjoy integral are important for what follows.
The first gives a useful sufficient condition for a function to be Denjoy in-
tegrable, and in particular provides a way to start building up the Denjoy
integral step-by-step from the Lebesgue integral. Hence we dub this lemma
the “Step Lemma’:

LEMMA 2.1 (Step Lemma, [Gor94, Theorem 7.12, p. 111]). Suppose that
f € Mla,b], K € Kla,b] and (a,b) — K = | |77 (cn,dn). Further suppose
that fxx € L'[a,b], fX(en,dn] € Denla,b] and Zzozlw(gfn filen, dn)) < 0.

Then f € Denla,b] and SZf =\ fF+20 Sg: f

By looking at above, one sees immediately that the assumption that
S, w(an fylen, dn]) < 0o may be replaced by the assumption that there
is F' € AC.(K) such that F(z) = an f on [cp,dy]. We will often apply this
variant of the lemma. Finally, the Improper Integrals Lemma just says that
there are no improper integrals in the context of Denjoy integration:

LEMMA 2.2 (Improper Integrals Lemma, [Gor94, Theorem 9.21, p. 150]
or [Swa0l, Theorem 4, pp. 25-26]). Suppose f € M|a,b]. If fX|cy € Denla, b]
for every c€ (a,b), then f€Denla,b] with SZ f=Lif and only if lim. 4+ Slc) f
exists and is equal to L. Likewise, if fX[q,q € Den[a,b] for every c € (a,b),
then f € Denla,b] with SZf = L if and only if lim, - . [ exists and is
equal to L.

These two lemmas can be used to define a series of subsets of Denla, b]
which reflect how long it takes to recover Denjoy integration from Lebesgue
integration and improper integration. These subsets are closed under scalar
multiplication, and they are subinterval-closed in the sense that if they con-
tain f then they contain fx/(.,q) for any interval (c, d). To define these subsets,
let us first define two preliminary notions:

DEFINITION 2.3. Suppose that X C Denla,b]. Then f € Denla,b] is an
improper integral of X if there is a countable sequence (ay, b,) C (a,b) such
that (1) (a,b) = U, (an,bn) and (an,bn) C (@nt1,bnt1), (ii) I X(an,bn) € X5
(iil) limes g+ Sil [ exists, and (iv) lim, - Szl f exists. Further, define Lim(X)
to be the set of improper integrals of X.

DEFINITION 2.4. Suppose that X C Den[a,b]. Then f € Denla,b] is
given by the Step Lemma from X if there is a K € Kla,b] with (a,b) — K
= |2 (cn, dn) such that fxx € L'a,b], fX(cp.a,) € X, and there is F €
AC,(K) satisfying F(z) = {7 f. Further, let Step(X) be the set of elements
which are given by the Step Lemma [2.1] from X'



Definability aspects of the Denjoy integral 11

Then we define the subsets Deng[a, b] of Denla, b] by recursion:

DEFINITION 2.5. Define Dengla,b] = L'[a,b], and for a > 0 define
Deng[a, b] = Step(Lim (g, Dengla, b])).

It is routine to show that these subsets are closed under scalar multipli-
cation, subinterval-closed, closed under a.e. differences, and non-decreasing
as the ordinal « increases.

3. Three derivatives and functions of arbitrarily high rank. Now
we proceed to the formal definition of our three Cantor-Bendixson-like deriva-
tives which we mentioned in . There is a general framework for these
kinds of derivatives, which is set out in [Kec95l §34.D]. Hence, let us begin by
recalling the basics of this framework. Recall that K[a,b] denotes the Polish
space of closed subsets of [a,b]. Suppose that B C K]a,b] is closed under
closed subsets, i.e., if K € B and L € K[a,b] and L C K then L € B. Then
define the derivative map Dg : K|a,b] — KJa, b] by

(3.1) Dp(K)={re K:UNK ¢ B for any open U > z}.
Further, recursively define D : K[a,b] — K][a,b] by
Dy(K) =K, Dg"'(K)=Dp(D§(K)),
(3:2) D(K) = (| Dg(K), « limit.
B<a
Finally, for K € K|a, b, we define its rank |K|g relative to B as follows:

(3.3) K5 = inf{a : DF(K) = DT (K)},

and finally we set DF(K) = D‘BK‘B(K).
These maps have many of the same properties as the Cantor-Bendixson
derivative. First, one has monotonicity: if L, K are closed sets then

(3.4) LCK = D(L)C DYK).

Second, |K|p < wy, so the rank is always a countable ordinal. Hence, D’ (K)
can be written as an intersection over countable ordinals:

(3.5) DF(K) = () D3(K).

a<wi

Third and relatedly, for K € K]a, b], let us define K € B, iff K is a count-
able union of elements from B. Then K € B, iff DF(K) = (). This fact is
important because we will often be interested in the case where the deriva-
tive vanishes, i.e. Dg’(K) = (), and this last fact tells us that this happens
exactly when K can be written as a countable union of elements from B.

For the proof of all the properties mentioned in this paragraph, see [Kec95,
§34.D].
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The specific derivatives we are interested in are associated to a measur-
able function f € M[a,b] and a continuous function F' € Cfa, b]. Given such
functions, we define

By = {K € K[a,b] : fxx € L'[a,b]},
Br = {K € K[a,b] : F € AC.(K)},

and we further set By p = By N Bp. Since By, Br, and By r are closed under
closed subsets, we may then use (3.1]) to define

(3'7) Df(K) = DBf(K)7 DF(K) = DBF(K)? Df,F(K) = DBf,F(K)'

These definitions are equivalent to the following, by using elementary prop-
erties of Lebesgue integrability as well as absolute continuity in the restricted
sense (moreover, in these equivalent formalizations one has the freedom to
restrict attention to endpoints ¢, d which are rational):

(38) Df(K) = {SE eK: fX[c,d]ﬂK ¢ Ll[a7 b] for any (67 d) 3 l’},

(3.9) Dp(K)={xe€ K:F ¢ AC.([c,d] N K) for any (c¢,d) > =},
(310) Dy p(K) = D¢(K)U Dp(K).

As one can see, D¢(K) is the points of K where f is not locally Lebesgue
integrable, while D (K) is the points of K where F' is not locally absolutely
continuous in the restricted sense. Comparing this to the Fundamental The-
orem of Calculus for Lebesgue Integrals (Theorem , one sees that these
derivatives record the points at which the Fundamental Theorem locally fails
for a measurable function f and a continuous function F'.

Fixing still a measurable function f and a continuous function F', one
then recursively defines the iterates D?‘(K ) as in (3.2)):

Dy(K) =K, DjT(K)=DsD}(K)),

(3.11) D}(K) = (| DX(K), alimit,
B<a

and similarly for D%(K). To associate a rank directly to f € MJa,b] and
F € C([a,b]), one then employs (3.3)) to define

(312) |f| = Hav b”va |F| = |[CL, b”BFv |faF| = Hav b”Bf,F'

Hence, the rank |f]| is the least ordinal such that D%([a,b]) = D?H([a, b)),
and similarly for the other ranks. Later (Theorem , we will show that the
ranks |f, F'| of Denjoy integrable functions f and their indefinite integrals F'
may be an arbitrarily high countable ordinal.

Let us note that the derivatives eventually vanish for Denjoy integrable
functions and their indefinite integrals:

PROPOSITION 3.1. Let f € Denla,b], F(z) = (" f, and K € Kla,b].
Then (i) DF(K) =0, (ii) DF(K) =0, and (i) D7%(K) = 0.

(3.6)
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Proof. (i) One has D¥(K) = 0 if and only if K € (By),, i.e. if there are
K, € Kla,b] such that K = J,, K,, and fxk, € L'[a,b]. But this happens
when f € Denla,b], as we had occasion to note immediately subsequent
to .

(ii) Likewise, D¥(K) = 0 if and only if K € (Br),, i.e. if there are
L., € Kla,b] such that K = (J,, Ly, and F' € AC,(L,,). But this is just
to say that F' € ACG.(]a,b]), and so this follows immediately from the
Fundamental Theorem of Calculus for Denjoy Integrals (Theorem [1.5)).

(iii) Now, retaining the closed sets K, from part (i) and the closed sets
L, from part (ii), consider the sequence of closed sets Cy, , = K;,NLyy,. Then
K = U, m Cn,m- Further, since fxk, € L'[a,b] and F € AC.(Ly,), we have
fxcp.m € L'[a,b] and F € AC,(Cy,p,). This just says that K € (Byr)o, so
that DFp(K) = 0. u

Finally, let us close this section by noting that there are Denjoy inte-
grable functions whose derivatives vanish only at arbitrarily high countable
ordinals. As mentioned in the introduction, this result is important for the
negative parts of Theorems[1.10]and [I.6] which we prove in §5| The construc-
tion in the successor step of the following example is based on the example
discussed in |[Gor94, pp. 117-118|, although that discussion does not treat
the derivatives D%([a,b]) introduced above.

THEOREM 3.2. For every a < w1, every [a,b] and every r > 0, there ex-
ists an f € Denla,b] with ng = 0 and f(a) = f(b) = 0 such that the
function F(z) = ! f satisfies w(F,[a,b]) = r and a,b € D¥([a,b]). Hence,
for all o < wq there exists an f € Den[a b] such that the function F(a:) Sz f
satisfies a < |F| < |f, F|.

Proof. Suppose that a = 0. Let f(x) = sin(27(b — a)~(z — a)). Since
w(F,[a,b]) = (b—a)/m > 0 where F(z) = { f, to ensure that for any r >0
we can obtain w(F, [a,b]) = r, simply multiply f by an appropriate constant.

Suppose now that @« = 4+ 1. Let C' be the Cantor 1/3-set on [a,b],
let (a,b) — C = |_| o(cn,dy), let C, be the Cantor 1/3-set on [cp,dy],
and let (cn,d,) — = |_| o(€nm, dpm). Choose frm € Denlcpm, dnm]

. dnm
with an($) = Scnm fnm Sc fam = 0, fnm(cnm) = fnm(dnm) = 0 and
Crms Grm, € Dgn [¢nms dnm]), such that
2" if m<2?
w an7 C’rmudnm = n ’
( | D {2—”2—m+2 1 oifm > 2m,
Then by fixing n we have

(3'13) Z W(anv [Cnm, dnm]) = (2n — 1)2_n 427" Z g—m+2"—1 _ 1

m>0 m>2n
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Still fixing n, let f, = fom on [cum, dnm] and f, = 0 otherwise, so that f, €
Den|ey, dy,] with Sf: fn = 0 by the Step Lemma and set F,(z) = an fn-
Fixing n for the remainder of the paragraph, we claim that
W(Fy, [en,dn]) <227

For let € > 0 and let [z,y] C [cp,dy]. Since F, is continuous, choose 6 > 0
such that 0 < v —x < § implies |{" fu] < €/2, and 0 < y — v < § implies
]ngn] < €/2. Choose u,v ¢ C), such that ¢, < z < u < v < y < dy,
0<u—x<dand 0 < y—v <6 If [u,v] C [cum,dnm] then |§] fr] <
W(Fm, [Cams dnm]) < 27", and hence | §? f,| < € + 27" Otherwise, we have
ot S U < dpp < Cpm < v < dpm, and then estimating as before we get
1§ fal Se+2-27" 4| SC”’" fnl, and so it sufﬁces to show that SC”m fn=0,
which follows as above from the Step Lemma [2.1} Hence the above claim is
proved.

This of course implies that Y . w(Fp, [cn,dn]) < 30050227 < 2, and
so letting f = f,, on [cn,d,] and f = 0 otherwise, we find that f € Denla, b]
with SZ f = 0 by the Step Lemma . Now set F(z) = {’ f. To sce that
a,b € D%([a,b]), note that by hypothesis ¢y, dnm are in Dl’b;nm([cnm, dpml)s

and hence in Dg([a, b]) since

(314) D, ([cwm, dum]) = Dy ([cam: dum]) € D([a.b]).

Since a subsequence of the ¢,y converges to ¢, and a subsequence of the
dpm converges to dy,, we see that c,,d, € D? =([a,b]). Then we claim that

Cnydn € Dp(DF([a, b))

We give the argument for ¢, since the argument for d,, is similar. Indeed, if
cn ¢ Dp(D ([a b])) then there is an open U > ¢, such that F €
ACL(UN Dlﬁ;([a, b])), and hence F € AC'*(UﬂDIBJ([CL, b])). Then choose § > 0
corresponding to € = 1/2. Since U is open and intersects C, it follows that
U contains infinitely many intervals (¢g,dy) and so an interval (cg, dy) with
length dy — ¢, < 8. Applying with n = ¢, choose a finite sequence
(ce1,der)y - (conr, depr) such that er\r/{:1 W(Fom, [Com, dem]) > 1/2. But this
is a contradiction, since (cg1,dp1), ..., (conr,dens) is a U N Dg([a,b])—edged

[Cnm 7dnm]

pre-partition with 2%21 Ay — Com < dp —cp < 9. Hence the claim is proved,
which of course implies that a,b € Dp(Df,([a, b])) = D%([a,b]), since there
is a subsequence of the ¢, converging to a and likewise a subsequence of the
d,, converging to b.

Suppose that o < wy is a limit ordinal. Let a,, be an enumeration of the
ordinals less than . Let w be the midpoint of [a,b]. Choose u, N\, a™ with
ug = w and v, b~ with vy = w. Choose h : w — w such that h~!(n)
is infinite for all n. Choose f, € Denlunt1,u,) with Fo(z) = {0 f,,

Un+1
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SUn-H f =0, flunp1) = f(un) = 0, upy1,un € D h<n)([un+1’un]) and
w(Fp, [un+1,un]) = 1/n. Likewise, choose g, € Den[vn,vnﬂ] with G, (x)
= Szn 9n; Szn+1 gn =0, gn(vn) = gn(”n+1) =0, Upy1,0n € D h( )([Unavn+1])
and w(Gy, [Un,vn+1]) =1/n.

Let f = fy on [upt1,un], f = gn on [vn,vpi1] and f(a) = f(b) = 0. Since

W(EFy, [unt1, un]) = w(Gn, [Un, Unt1]) = 1/n, we claim that
b

f € Den[a,b] with Sf =0

by the Improper Integrals Lemma For, toaapply this lemma, it must be
shown that lim.\ g+ Szu J and lim, - SZJ f exist and are zero, where recall
that w is the midpoint of [a,b]. Without loss of generality, consider the
former limit. Let e > 0. Choose N such that 1/N < € and set 6 = uy — a.
Suppose that 0 < ¢ —a < 4, so that a < ¢ < uy. Let n > N be such that
a < Upt1 < ¢ < up <uy. Since w(Fy, [up41,u,]) = 1/n and S f=0,it

follows that
1
Z40< —
LTS > i P
Hence the Clalm follows by the Improper Integrals Lemma [2.2] and so we
define F(z) = f.
To show that a € D%([a,b]), it suffices to show that a € D3"([a,b])
for all n. So, fixing n and recalling that h~!(n) is infinite, choose a sequence
Up,, N\ at such that u,, € Diizk ([tng+1,Un,]). Since wy,, ED?;Z’]C ([tng+1, Un,])

and D%:k([unkﬂ,unk]) = D%[unkﬂ’u%]([unﬁl,unk]) C D% (la,b]), it fol-

lows that u,, € D" ([a,b]). Since uy,, N\, a™, it follows that a € D%"([a, b]).
Since the «;, enumerated the ordinals below the limit ordinal «, it follows
that a € D%([a,b]). An analogous argument shows that b € D%([a,b]). =

Ui41

n—1 Upn—i-1

4. Calibrating rank and entry into subspaces. In the previous sec-
tion, we defined three derivatives whose vanishing is related to how far one is
from satisfying the Fundamental Theorem of Calculus for Lebesgue Integrals
(Theorem [1.4). In we defined the sequence of subsets Den,[a, b] which
record how long it takes to define the Denjoy integral in terms of Lebesgue
integration and improper integrals. The main result of this section, Theo-
rem calibrates entry into the subsets Den,[a, b] with the vanishing of the
derivatives. From this theorem, we obtain Corollary which presents an
equivalent characterization of Denjoy integration in terms of the vanishing of
derivatives, or equivalently entry into the subsets Deny,[a, b]. This equivalent
characterization is what we use in the next subsection to obtain our main
results on the descriptive set theory complexity of Denjoy integration. We
begin with two preliminary propositions.
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PROPOSITION 4.1. Suppose f € Mla,b] and K € Kla,b|.

(i) If Dy(K) =0 then fxx € L'[a,b].
(ii) (p,q) N Dp(K) = 0 iff fxpsnk € L'la,b] for all rational [r,s] C
(p, Q)

Proof. (i) By ., if Dy(K) = 0 then for every x € K there is an open
interval (ay,b;) 2 = such that fX[a ba)nK € L'[a,b]. By the compactness
of K, there is a finite subcovering of K by such intervals (a1, b1), ..., (an,by).
Then of course fxx € L'[a,b].

(ii) The left-to-right direction follows immediately from (i), while the con-
verse follows directly from the equivalent characterization of Dy(K) in (3.8). m

PROPOSITION 4.2. Suppose F' € Cla,b] and K € Kla,b|.

(i) If Dp(K) =0 then F € AC(K).
(i) (p,q) N Dp(K) =0 iff F € AC.([r,s] N K) for all rational [r,s] C
(P, q)-

Proof. (i) By (3.9), if Dp(K) = 0 then for every z € K there is (ag, bs)
> z such that F € AC.([ag,bs] N K). By the compactness of K, there is a
finite subcovering (a1,b1),. .., (an,by) of K such that F € AC,([a;, b NK).
Let > 0 be strictly less than all the non-zero |a; —bj|, |b; —a;| for i # j. Let
€ > 0 and choose §; > 0 such that for every [a;, b;] N K-edged pre-partition
D of [a,b], if Y cppu(J) < & then Y ,cpw(F,J) < N~te. Choose 6 > 0
such that & < §; for each i as well as § < 7.

Suppose that D is a K-edged pre-partition of [a, b] with ) ;. u(J) < 0.
Note that requiring § < n implies that if some closed interval J € D is not
laj,bj] N K-edged for any j, then there are non-overlapping closed intervals
Iy, Lysuchthat J=1I;UL;and I is [a;, b)NK-edged and L is [ag, bi| N K-
edged for some ¢ # k. Let K be a K-edged pre-partition of [a,b] which
contains J where J € D is an [aj, b;] N K-edged for some j, and contains
Iy, Ly where J € D is not [a;, b;j] N K-edged for any j. Then for every J € K
there is some j such that J is [a;, bj] N K-edged. Let K; be an [a;,b;] N K-
edged pre-partition of [a,b] which consists of those J € K such that J is
laj,bj] N K-edged. Then K; is an [a;, bj] N K-edged pre-partition of [a, b]
such that ZJeICj pu(J) < d < éj, so that ZJeIC w(F,J) < N~1e. Then

DECHIED JRLTES 3) ot ZN

JeD Jek j=1 Jek,

(ii) The left-to-right direction follows immedlately from (i), while the
converse follows directly from the equivalent characterization of Dp(K)
in (3.9). =

With these preliminary propositions in place, let us now prove the main
theorem of this section.
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THEOREM 4.3. Let o < wi, f € Denla,b] and F(z) = . f. Then
D?,errl [a,b] = 0 if and only if f € Denyla, b].

Proof. The proof is by induction on «. Let o = 0. First suppose that
D?‘}l [a,b] = 0. By Proposition (1) we have f € L'[a, b] = Dengla, b]. Sec-
ond, suppose that f € Dengla,b] = L'[a,b]. By the Fundamental Theorem
of Calculus for Lebesgue Integrals (Theorem[L.4), F' € AC([a,b]), and hence
F € AC([a,b]). Then D;’f}l([a, b)) = D¢ r([a,b]) = 0.

Now let « > 0, and suppose that the result holds for all § < «. First
suppose that D;‘}l([a, b]) = (. By the previous two propositions, we know
that fXpe (at) € L'la,b] and F € AC.(D$ p(la,b])). Suppose that
(a,b) = D} p([a,b]) = L, (cn, dn). IE [/, d] € (cn,dy), then

(4'1) D?,F([Clﬂd/]) - [C/7d/] - (C’mdn) - (CL, b) - D?,F([aﬂ b])

Hence D¢ p([¢',d']) = (0. Thus there is f < a such that D?}l([c/,d’]) =10
and hence by induction hypothesis fx|- 4 € Dengla,b]. Since we are sup-
posing that f € Denla,b], it follows from the left-to-right direction of the
Improper Integrals Lemma [2.2 that fx(, 4,] € Lim(Us., Dengla, b]). Since
by definition (a,b) — D5 r([a, b)) = |,(cn,dn) and we have already es-
tablished that F' € AC.(D$ p([a,b])), it follows from Definition that
f € Step(Lim(Ug_, Dengla, b])) = Deng|a, b].

Second, suppose that f € Denyla,b] = Step(Lim(Uﬁ<a Dengla, b])).
By Definition there is a closed set K € Kla,b] with (a,b) — K =
LI, (cn, dn) such that fxx € L'[a,b], fX(c,.d.) € Lim(Us-,, Dengla, b]) and
F € AC,(K). We may assume without loss of generality that a,b € K.

Further, since fx(c,d,) € Lim(Ug, Dengla,b]), it follows from Defini-

tion that (a;0) = Uy (Cnms dam) and fX (e, .dn)X(cnmidnm) € Deng,., [a, 0]

for some Bnm < a. Let [c,,,, dpyn] = [Cny dn] N [Cnm, dnm), 50 that fxpe —ar
is in Deng,, [a, b]. By induction hypothesis, one has D??H([%W dml) =0,
and thus D$ ([chm, dpp]) = 0. Since a,b € K, it follows that

(4.2) la,0] € KU ((a,b) = K) = KU | ((cndn) N (Cam, dum))-

By intersecting both sides with D% p([a, b]), we obtain
(43) D3 p(lab) € KU (D5 p((a,b) 0 (enrda) O Cnms dm).
n,m
But since D o(E) NU C D§ x(ENU) for any open U and closed E, this
implies

(4.4) DY p([a,8]) € KU | DF p((cns dn) N (crims dnm))

n,m
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and the latter summands are all empty by the hypothesis that D¢ .([c;,,,,, 7y ])
= (); thus we obtain D} p([a,b]) C K. From this and the fact that fxx €
L'a,b] and F € AC,(K ) it follows that D} 1 ([a,b]) € Dy p(K) = 0, which
is what we wanted to establish. m

Here is then the equivalent characterizations of Denjoy integration. It
is perhaps worth noting explicitly the absence from this list of a condition
related purely to the derivative Dy; indeed, one can show that the vanishing
of this derivative does not in general suffice for being Denjoy integrable.

COROLLARY 4.4. Let f € Mla,b] and let F' € C[a,b] with F(a) = 0.
Then the following are equivalent:

(i) f € Denla,b] and F(z) = f.

(ii) There is o < wy such that f € Deng|a, b] nd F(z)=1{f.

(iii) There is o < wy such that DO‘H([ b)) =0 and F' = f a.e.
v)

(iv) There is o < wy such that DO‘H([ b)) = @ and F' = f a.e.

Proof. (i)=>(ii). Suppose that f € Den[a,b] with F(z) = {7 f. Then by
Proposition there is o < wy such that DO"H([ b]) = 0, and so by the
left-to-right dlrectlon of the previous theorem f € Deng|a, b].

(ii)=-(iii). Since f isin Deny[a, b], it is an element of Den|a, b], and hence
D?}l([a b]) = 0 by the right-to-left direction of Theorem 4.3.

(iii)=(iv). Simply note that it follows from 1} that Dg([a, b)) C
D? r([a, b]) for all ordinals f3.

]

(iv)=(i). By the remark at the beginning of §3| (pertaining to the no-
tation B,), from D% ([a,b]) = @ we can infer that there is a sequence
E, € Kla,b] such that [a,b] = |, E, and F' € AC,(E,), which is just the
definition of ACG,([a,b]). =

5. The three derivatives are Borel. In this section, we undertake
the analysis of the complexity of the notions related to the Denjoy integral
which we have defined in the previous sections. So we build towards showing
that the derivatives D¢, D, and Dy from f are Borel maps in
Propositions [5.2] and [5.4] Then, at the close of this section, we derive the
main Theorems [I.6] [I.7] and [I.10]

Let us begin by taking a brief survey of the Polish spaces with which
we shall be working. Recall that KJa,b|, the space of compact subsets of
[a,b], is a Polish space, where the topology is generated by the “miss” sets
{K € Kla,b] : KNU® = 0} and the “hit” sets {K € Kla,b] : K NU # 0},
with U C [a, b] open [Kec95|, §4.F, pp. 24 ff]. Likewise, as mentioned in §1}, the
space C|a, b] of continuous real-valued functions on [a,b] is a Polish space,
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where the topology is given by the sup-metric ||F — G|, = sup{z € [a, ] :
|F(z) — G(z)|} [Kec95l §4.E, p. 24].

The Polish space structure on M [a, b], the space of real-valued measurable
functions on [a, b] (where functions which are equal a.e. are identified), is less
widely used. It is given by the metric d(f, g) = SZ min(1,|f — g|), which has
the effect that f, — f in M|a,b] if and only if f, — f in measure, that is,
lim, p({z € [a,b] : |fn(z) — f(x)| > €}) = 0 for all € > 0. For the proof that
it is a Polish space, see [Do094), §§11-12, pp. 65-68| or [Ban87, p. 6]. Since
we are dealing with measurable functions on the interval [a, b] as opposed to
the entire real line, it follows that addition and multiplication are continuous
functions on M|a, b] [Fol99, p. 63]. Further, absolute value is continuous on
MTa,b] since if f, — f in measure, then |f,| — |f] in measure because we
have {z € [a,b] : ||fu(@)| — |f(z |‘>€}C{$€ [a,b] = |fu(x) — f(z)]
> e}. Finally, recall that if f, — f in measure, then f,, — f a.e. for some
subsequence fp, of f, [Fol99, Theorem 2.30, p. 61].

In what follows we will show that various maps are Borel, and it is
helpful in this connection to recall that if Y is second-countable metriz-
able then a necessary and sufficient condition for f : X — Y to be Borel is
for f~1(B(y,¢)) to be Borel for all y € Im(f) and all € > 0.

We begin with arguments pertaining to the derivative map K +— D (K).
PROPOSITION 5.1.

(i) The map E — xg from Kla,b] into MJa,b] is Borel.
(ii) L'[a,b] is Borel in Mla,b].

Proof. (i) It suffices to show that {D € K]a,b] : d(xp, xE) < €} is Borel.
But

b
d(xp. X&) = | [xp — x| = W(DAE) = (DU E) — (D N E),

and the maps (D,E)— DUE, (D,E) — DNE and E — pu(E) are Borel
[Kec95l pp. 27, 71 and 114].

(i) Let Cy = {f € L'[a,b] : {|f| < N} for each N > 1. Since L'[a, ]
is the union of the Cy, it suffices to show that each C is closed in M]a, b].
So suppose that f, is a sequence in Cy with f, — f in measure. Since
absolute value is continuous on M |a, b, one then has |f,| — |f| in measure.
Hence some subsequence |f,, | converges to |f| a.e. Then by Fatou’s Lemma,

SZ\f| < liminkaZ\fnk] < N, and so f isin Cy as well. m

PROPOSITION 5.2. The map (f,K) — Ds(K) is Borel from M]|a,b] x
Kla,b] to KJa,b].
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Proof. 1t suffices to show that the graph G = {(f, K, E) € M]Ja,b] x
(K[a,b]))* : E = Dg(K)} of the map is Borel. Since K, E are closed sets,
(f, K, E) € G precisely when for all rationals p < ¢ one has

(p,Q) NE =0 iff (p,q)NDsK)=0.

But the left-hand side of this biconditional is Borel in Kla, b] by definition of
the topology on K|[a, b], while the right-hand side is Borel in M|a, b] x K|[a, b]
by Propositions [4.1f(ii) and and the fact that the map (D,L) — DNL
from Kla,b] x Kla,b] to K|a,b] is Borel [Kec95l p. 71]. =

Let us turn now to the derivative K + Dp(K) and show that it too is a
Borel map. First let us note the following:

PROPOSITION 5.3. The relation F € AC.(E) is Borel on Cla,b]x K|[a, b].

Proof. Since F' is continuous, we may replace E¥ by a countable dense
subset. But maps d,, : K[a,b] — [a,b] with {d,(E) : n > 0} dense in E for
all E € Kla,b] may be chosen to be Borel [Kec95, Theorem 12.13, p. 76].
Moreover, consider the closed subset A = {(¢,d) € R x R : ¢ < d} which
is thus a Polish space, and note that the map (F,c,d) — w(F,[c,d]) from
C([a,b]) x A to R is continuous.

Let €,0 > 0 and let 0 = (n1,m1,...,ng,myg) be a finite string of natural
numbers of even length, and define X, 5, to be the set of pairs (F, E) such
that if

(5.1 dny (E) < dmy (B) < dpy (E) < diny(E) < -+ - < dy (E) < dim, (E)

then

‘ ¢
(52) S o (B) = du(E) <8 = S w(F, [dn,(E), duy(E)) < .

i=1 i=1
Since the maps E — d,(E) and (F,c,d) — w(F,[c,d]) are Borel, the set
Xe 5,0 1s Borel.

Further, F' € AC,(FE) iff for all positive rational € > 0 there is a positive

rational § > 0 such that (F,E) € X5, for all finite strings o of natural
numbers of even length. Hence the relation F' € AC,(E) is Borel. =

PROPOSITION 5.4. The map (F,K) — Dp(K) is Borel from Cla,b] x
Kla,b] to Kla,b).

Proof. It suffices to show that the graph G = {(F,K,FE) € Cla,b] x
(Kla,b))? : E = Dp(K)} is Borel. But since K, E are closed sets, (F, K, E)
is in G if and only if for all rationals p < ¢ we have

(P, NE =0 iff (p,q)NDp(K)=0.

But the left-hand side of this biconditional is Borel in K{a, b] by definition of
the topology on K [a, b], while the right-hand side is Borel in Cla, b] x K|a, b]
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by Propositions [£.2(ii) and and the fact that the map (D,L) — DN L
from Kla,b] x Kla,b] to K|[a,b] is Borel [Kec95l p. 71]. =

Now, from Propositions and and the fact that (D, E) — DUE is
continuous [Kec95, p. 27|, we conclude that the third derivative Dy r from

(3.10) is also Borel.

Since the derivatives are Borel, we can deduce the following from [Kec95|
Theorem 34.10 & p. 275]:

PROPOSITION 5.5. The following sets are coanalytic, and |K|¢, |K|F,
and | K| s r are coanalytic ranks on these sets:
(1) {(f,K) € M[a,b] x K[a,b] : Ja < wy D?‘(K) = 0},
(ii) {(F,K) € Cla,b] x K[a,b] : 3a < w1 DH(K) = 0},
(i) {(f, F,K) € MJa,b] x Cla,b] x K[a,b] : Ja < wy D?}F(K) = 0}.
Finally, before turning to the proofs of the main theorems, we need only
verify that the partial operation of a.e. differentiation is Borel too:

PROPOSITION 5.6. The class of (F, f) in C[a,b] x M|a,b] such that F' is
differentiable a.e. and F' = f is Borel.

Proof. Consider the function v : B — M]a, b] given by v(F) = F’ where
B = {F € Cla,b] : F' exists a.e.}. Let us show that B and the graph of
are Borel. To this end, let us define
E" ={(F,z) € Cla,b] x [a,b] : F'(x) exists & |F'(z)| > r},
E = U E" ={(F,z) € Cla,b] x [a,b] : F'(x) exists}.
reQ
Further, for F' € C[a,b], « € [a,b] and |h| > 0, define
F(zx+h)—-F(z
I R
Then E" is analytic, since for F' € C([a,b]) we have (F,z) € E" iff
Ll >rVee QT 36 € QT VIR € QN (0,0) [Apay(h) — L] <e

Likewise, E" is coanalytic, since (F,x) € E" iff

Vha, by = 0 [A(p gy (hn), A pe (hy,) Cauchy
& W | gy (hn) = Dy (hy,)| = 0

& (3ge QT INVn > N ]A(F’z)(hnﬂ > r+q))].

So E" is Borel and hence E too is Borel. Since E is Borel, the set {F €
C([a,b]) : w(EFr) = b — a} is Borel by [Kec95, Theorem 17.25], where Ep
denotes the projection Ep = {z € [a,b] : (F,z) € E}. But this set is
precisely B, so B too is Borel.
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Now let us show that the function v : B — M]a, b] is Borel, where again
~v(F) = F'. Tt suffices to show that for F' in B, the following set is Borel:

{G e B:u{z €la,b]: F'(z),G (x) exists & |[F'(z) — G'(z)] > r}) <r}.

But this set is equal to {G € B : u((E")r—g) < r}, which is Borel since E”
is Borel. m

Now we turn to the proof of our main theorems:

THEOREM The graph of the indefinite Denjoy integral f — Sz f,
viewed as a subset of the product space M|a,b] x C|a,b], is coanalytic but not
Borel.

Proof. Equivalently, the claim is that the set of (f, F') in M|a,b] x C|a, b]
such that f € Denla,b] and F(z) = {’ f is coanalytic but not Borel. The
coanalyticity follows immediately from Propositions and and Corol-
lary [£4] That the set is not Borel follows from the fact that if the set is
Borel then there is @ < wy such that |f, F'| < « for all f, F in the set [Kec95|
Theorem 35.23|. But this contradicts Theorem "

THEOREML.6] The set ACG.([a,b]) is coanalytic but not Borel in Cla,b].

Proof. The coanalyticity follows from Proposition [5.5] and the observa-
tion that a function F'is in ACG,([a,b]) iff [a,b] € (Br), iff there is o < wy
such that D% ([a,b]) = 0. (For the notation (Br),, see the outset of .
That the set is not Borel follows, as in the previous proof, from the fact that
if the set is Borel then there is & < wy such that |F| < « for all F in the set.
But this again contradicts Theorem [3.2] m

THEOREM The set Denla, b] of Denjoy integrable functions is a 23-
subset of the Polish space M|a,b] and is not analytic.

Proof. The set Denla,b] is X3 since it is the image of the coanalytic set
ACG.([a,b]) under the Borel function F' +— ~(F'), where v(F) = f if F'
is differentiable a.e. and F' = f a.e., and v(F) = 0 otherwise (Proposi-
tion . Suppose now that Denla, b] is analytic. Theorem shows that
F € ACG.([a,b]) iff there is f € Dena,b] such that F’ = f a.e. Since this
last condition is Borel (Proposition [5.6)), it follows that ACG.([a,b]) would
be analytic, which contradicts Theorem [I.6] =

Again, for the obvious questions about how to sharpen these results, see
the discussion in

6. Indices of subgroups and stability. In this section, we begin our
study of Denla,b] from the perspective of model theory, where we view
Denla,b] as a Q[X]-module (resp. R[X]-module) and where we interpret
the map f — X f as the indefinite integral, so that X f = Sz f- It is also
natural to consider various submodules like C|a,b] and L'[a,b], where the
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integrals are respectively the Riemann and Lebesgue integrals. Further, our
results also hold for a broad class of submodules of Den[a, b]. If X' is a subset
of an R-module M, then let (X') be the R-submodule of M generated by X.
Our results hold in particular for the submodules (Den,a,b]) of Denla, b]
(Definition [2.5).

Recall that the signature of R-modules is simply the signature of abelian
groups equipped with linear maps 7 for each element r of R. Hence, e.g., the
signature of R[X]-modules is uncountable, whereas the signature of Q[X]-
modules is countable. Likewise, since elements r of R correspond to linear
maps in an R-module M, subsets of M such as rM = {ra : a € M} and
ker(r) = {a € M : ra = 0} are definable without parameters in M.

We begin with a theorem on indices of subgroups which is important for
the derivation of Theorem [I.11] given in the next section. Recall from the
end of §2| that M is subinterval-closed if whenever f € M then fx(.q) € M
for any interval (¢, d).

THEOREM 6.1. Suppose that M is a submodule of Denla,b] which con-
tains Cla,b]. Suppose further that (i) M = Cla,b] or (ii) M is subinterval-
closed. Then [X*M : X*T1M] is infinite.

Proof. First we show this for M satisfying hypothesis (i). For each f € M
we may choose g € Cla,b] such that f = g a.e., and so M may be identified
with C[a, b]. Then for £ > 0 we have

(6.1) XM = {f € C*la,b] : Vi < k fP(a) =0}

where we stipulate XM = M and C°[a, b] = C[a, b]. Indeed, for k = 0, this
follows by the stipulation. Suppose that holds for k. To see it holds for
k+1, consider first the left-to-right containment. Suppose that f € X*+1 M.
Then f = Szg where g € X¥M C M = Cla,b]. Since this is the Riemann
integral applied to a continuous function, it follows that f is differentiable
everywhere and f’ = g. Then for i = 0, one has f®)(a) = f(a) = Sgg =0,
while for 0 < i < k+1, one has i —1 < k and f@(a) = g0~Y(a) = 0
by induction hypothesis. For the right-to-left containment of (6.1]), suppose
that f € C*1a,b] and f)(a) = 0 for all i < k+ 1. Let g = f’, which by
hypothesis is in Cla,b] = M. Then by induction hypothesis, g € X¥M C
M = Cla,b], so that from §" g = {* f' = f(x) — f(a) = f(x) we may infer
f € X*1M. Hence, in fact (6.1)) holds for all & > 0.

Now C*[a, b] is a Banach space with norm || f|lu.x = Y g<i<p |1/ |lu where
| - |l is the sup-norm on Cfa, b] [Fol99, p. 155]. From this and it fol-
lows that X*M is a closed subgroup of C* [a,b], and hence a Polish group.
Now, for all & > 0, X*M and X**t'M are homeomorphic via the map
f — X f. By induction on k > 0, we prove that X*+1 M is meager in X*M.
For k = 0, XM = XClJa,b] is meager in M = C|a,b|] since the nowhere
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differentiable functions are comeager in M and contained in M \ X M. Sup-
pose now that X**1M is meager in X*M. Since meagerness is preserved
under homeomorphisms, it follows that X**2M is meager in X*t1M, as
desired.

Hence [X*M : X*+1 )] is infinite, and indeed uncountable. For suppose
that [X*M : X**+1M] were countable. Then X*¥M = | | g, +X 1M, where
gn € XFEM. Since X*M is a Polish group and each X**1M is meager in
X*M, we infer that each g,, + X**t1M is meager in X* M. Hence, the Polish
space X*M would be a countable union of meager subsets, contradicting the
Baire Category Theorem.

Now we show the result for M satisfying hypothesis (ii). Suppose that
[X*M : X*+1M] is finite. Then X*M = | |*_, X*f;+ X*T1M, where f; € M.
Choose a continuous nowhere differentiable function g € Cfa,b] C M and a
partition [a,b] = [a1,b1] U+ U [ap, by], and let h = XK[g+ S0 fiX(aspil)>
which is in X*M since M is subinterval-closed. So, by hypothesis, there is
j € [1,n] such that h € kaj + X*+1M . Then

Xk [g + (ifix[aiybi]> — fj} =h— kaj c Xk,
=1

Hence g + (37 fiX{aip,]) — fi € XM. But this function is differentiable
a.e., and so differentiable a.e. on each [a;, b;]. But on [a;, b;], this function is
equal to g, which contradicts the choice of g. =

Let us note an immediate consequence of this theorem for the model-
theoretic complexity of Denjoy integration. The underlying vector space of
Denla, b] is model-theoretically a very well understood object and is stable
and indeed superstable. By contrast, the next corollary tells us that the
addition of the integral adds to the complexity of Den[a, b]:

COROLLARY 6.2. Suppose that M is a submodule of Den|a, b] which con-
tains Cla,b]. Suppose further that (i) M = Cla,b] or (ii) M is subinterval-
closed. Then M 1is stable but not superstable.

Proof. It is a classical result that all modules are stable [Pre88, Theo-
rem 3.1(a), p. 55]. Further, a module M is superstable if and only if there is
no infinite descending sequence of definable subgroups, each of infinite index
in its predecessor ([Pre88, Theorem 3.1(b), p. 55| or [Zie84, Theorem 2.1,
p. 156]). But the previous theorem tells us that there are such sequences of
subgroups in this case.

7. Elementary equivalence and decidability. The aim of this sec-
tion is to establish our Theorem [1.11] To do this, we must first recall some
basic facts from the model theory of modules.
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If M is a module over a ring R, then a pp-formula ¢(z1,...,z;) is a
formula of the form 3yi,...,yx Ay wi(®1,..., %, Y1,...,Yx) Where ¢; is
an atomic formula without parameters. Any subset G C M7 defined by a
pp-formula is a subgroup of M7, and the invariant sentences of Th(M) are
of the form [G: GNH]=kor [G: GNH] >k, where k >0 and G,H C M
are pp-definable subgroups of M. The following theorem then tells us that
the invariant sentences determine the complete first-order theory of the mod-
ule:

THEOREM 7.1 (pp-Elimination of Quantifiers, [Pre88, Corollaries 2.16 &
2.19, p. 37| or [Hod93, p. 655]).

(i) Ewvery set definable without parameters in an R-module M is a Bool-
ean combination of pp-definable sets.

(ii) For an R-module M, the theory Th(M) is aziomatized by the R-
module axioms and the invariant sentences of M.

The main idea of the proof of Theorem [I.11] is to isolate the invariant
sentences in the modules related to the Denjoy integral, which we do in

Corollary [7.6]
To this end, it will be helpful to briefly take note of some special cases
of pp-formulas. A pp-formula o(zy, .. » xj) is said to be basic if it can be

written as Yy 5 rpze = 0 or Jy (3 j_; rexe) + sy = 0. That is, over an
R-module M, the basic pp-formula definable sets are ker(7) or 7~ 'sM. In
this section, if 7 = (r1,...,r;) is a tuple of ring elements, we will write 7Y
to denote the inverse image of Y under the map 7 : M7 — M given by
T ZLI r¢xy. This notation ought not be confused with multiplicative
inverses in the ring. Further, if R is a PID, then every pp-formula formula is
equivalent to a finite conjunction of basic pp-formulas, and if R is countable,
then given a pp-formula one can compute from R the finite conjunction of
basic pp-formulas [Pre88|, Theorem 2.Z1, pp. 46-47]. Finally, if M is a module
over a commutative ring R, then multiplication by an element of R is a
homomorphism of M, and when the map is bijective, it is an automorphism
of M.

To calculate the pp-definable subgroups of modules related to the Den-
joy integral, we briefly recall some elements of the Riesz theory of integral
equations.

Suppose that M is a normed space. Then a compact linear operator
q : M — M is a linear operator which maps bounded sets to sets with
compact closure. The Riesz Theorem says that if M is a normed space and
q: M — M is a compact linear operator, then the map 1 4+ ¢ is surjective if
and only if 1 + ¢ is injective [Kre99, pp. 29-30]. Using this theorem we can
show:
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PROPOSITION 7.2. Suppose that p € R[X] such that X { p. Then p :
Cla,b] — Cl[a,b] is an automorphism of the R[X]-module Cl|a, b].

Proof. Tt suffices to show that it is a bijection. Since X { p, we may
without loss of generality write p = 1 + a1 X + --- 4+ a,X"*. Note that by
the Arzela—Ascoli Theorem, p — 1 is a compact linear operator. Then by the
Riesz Theorem, it suffices to show that p is injective, or what is the same,
that the only solution to p- f = 0 is f = 0. For this, it in turn suffices to show
that any solution to p- f = 0 would be a solution to a certain higher-order
differential equation which has only one solution, namely f = 0.

Indeed, suppose p - f = 0, or explicitly f + a1 Xf + -+ apX*f = 0.
First, since f is in Cla,b] and X f = Sz f, it follows that f(a) = 0. Sec-
ond, if f satisfies this equation then it is differentiable, and by differen-
tiating we obtain f’ 4+ ayf + --- + ax X*"1f = 0. Iterating this an addi-
tional k — 1 more times shows that f satisfies the initial value problem
fla) = f'(a) = -+ = fED(a) = 0 and f® +a f*D 4+ ... +apf = 0.
Then by the uniqueness theorems for this higher-order differential equation,
any solution f to this equation is equal to zero, which is what we wanted to
establish. =

The following trick of lifting the Riesz theory to Denla, b] is from [EB02,
proof of Theorem 3.10, pp. 103 ff], although Federson and Bianconi restrict
themselves to the case of Denla, b] and do not frame this in the language of
modules.

PROPOSITION 7.3. Suppose that M is a submodule of Den[a,b] which
contains Cla,b]. Suppose that p € R[X] is such that X tp. Thenp: M — M
is an automorphism of the R[X]-module M.

Proof. Again, it suffices to show that p is bijective. And again, we may
assume that p = 14+ a; X + - + a1 X*. To see that p is injective, note
that if pf = 0 then f = —a; Xf — --- — ap X*f. Since XM C Cla,b], we
have f € Cla,b] and pf = 0 in C[a,b]. But by the previous proposition,
p: Cla,b] — Cla,b] is an injection, and hence f = 0.

To see that p: M — M is a surjection, pick g € M. Since XM C Cla, b],
we have (p — 1)g € Cla,b], and hence —(p — 1)g € C|a, b]. By the previous
proposition, p : Cla,b] — Cla, b] is a surjection, and hence there is f € Cla, ]
such that pf = —(p—1)g. Then p(f +9) =g. =

In the statement below, recall the convention that p~! denotes inverse
image and not multiplicative inverse.

PROPOSITION 7.4. Suppose that M is a submodule of Den[a,b] which
contains Cla,b]. Suppose further that p,q € R[X]. Then p~qM is either
M or XM for some ¢ > 0. Further, there is a computable procedure which
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(i) given p,q € Q[X]| determines which of these occurs, and (ii) returns £ > 0
if the latter occurs.

Proof. Compute the largest k such that X* divides both p and ¢. Let
p = XFpy and ¢ = X¥qg. Then p~'gM = palqoM since pf + qg = 0 if and
only if X*(pof + qog) = 0 if and only if pof + gog = 0. Now either X | gg or
X 1 qo, and we can compute which of these occurs.

If X |qo then by definition of & we have X { pg, and so pg is an au-
tomorphism of M as a R[X]-module. Further, if X |gy then compute the
largest £ > 0 such that X*|qo. Let gy = X*q1, where X { ¢;. Then ¢ is an
automorphism of M as an R[X]-module. Consequently,

(7.1) plqM = pyteoM = py ' XM = py ' XM = XM,

where the last equality is due to the fact that automorphisms fix definable
sets. On the other hand, suppose that X 1 ¢p. Then ¢ is an automorphism
of M as an R[X]-module. Then p~tqM = palqoM = palM =M. u

PROPOSITION 7.5. Suppose that M is a submodule of Den[a,b] which
contains Cla,b]. Suppose further that p € R[X]. Thenker(p) is either 0 or M.
Further, there is a computable procedure which given p € Q[X] determines
which of these occurs.

Proof. If p is zero then ker(p) = M, and we can compute whether this
occurs. If p is non-zero, then compute the largest k such that X* divides p.
Let p = X%pg. Then ker(p) = ker(pg) since X*pof = 0 if and only if po f = 0.
Thus X 1 po , hence pg is an automorphism of M as an R[X]-module, and
so ker(pg) =0. m

COROLLARY 7.6. Suppose that M is a submodule of Denla,b] which con-
tains Cla,b]. Suppose further that (i) M = Cla,b] or (ii) M is subinterval-
closed. Suppose finally that G, H are pp-definable subgroups of M. Then
(G : GNH| =1 or|G:Gn H] infinite, and from formulas defining G
and H we can compute which of these occurs. Further, this procedure is uni-
form in such M, in that formulas for G and H will return the same values
for |G : GN HJ for all such M.

Proof. By the previous two propositions, G and H are finite conjunctions
of the subgroups 0, X*M, and M, and hence themselves are among the
subgroups 0, X“M, and M. Further by those propositions, given formulas
defining G' we can computably determine whether G' (resp. H) is 0, X*M,
or M. So there are nine possible cases to consider. The cases in which 0
occurs are trivial, and so there are really only four interesting cases. Case
one: G = M and H = M. Then [G : GN H] = 1. Case two: G = M
and H = X¥M. Then [G : G N H] is infinite by Theorem Case three:
G = X‘M and H = M. Then [G : GN H] = 1. Case four: G = XM and
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H=X*M.Then [G: GNH]=1if¢>kand [G: GN H] is infinite if £ < k
by Proposition [6.1] =

From this corollary and the fact mentioned at the outset of this section
(Theorem [7.1)) that the invariant sentences determine the complete theory
of a module, we can immediately deduce Theorem [1.11

8. Further questions. In addition to Questions[I.8HI.9/mentioned in I}
a couple of other questions are left open by our study:

QUESTION 8.1. In Theorem it was shown that Den[a,b] is a 2i-
definable non-analytic subset of M]a,b]. Can it be shown that Denla, b] is
not coanalytic? If it is not coanalytic, can it be shown that it is not AL?

QUESTION 8.2. In Theorems and certain sets are shown to
be coanalytic but not Borel. Can one show that these sets are coanalytic
complete?

QUESTION 8.3. We showed that C[a,b], L'la,b], (Denyla,b]), and
Denla, b] are elementarily equivalent as R[X]-modules (or Q[X]-modules).
Are they non-isomorphic in this signature? Obviously, the elementary equiv-
alence result all by itself—in abstraction from the non-superstability and
decidability results—would be less interesting if it turned out that they were
all isomorphic.

QUESTION 8.4. Do the non-superstability, elementary equivalence, and
decidability results from the last sections still hold if one views Cla, b,
L'[a,b], (Deny[a, b]), and Den[a, b] as R[X]- or Q[X]-modules, where alterna-
tively X f — SZ K(z,y)f(y) dy for some appropriate real-valued continuous
function K (x,y)? Note that some care has to be exercised with respect to
the choice of K, since Den|a, b] is not closed under multiplication [Swa01l
Example 14, p. 43|.
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