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1. Introduction. For a field F, K5(F') denotes the Milnor Ks-group
of F. It follows from Matsumoto’s theorem [I0] that Ky (F') is generated by
the symbols {a,b}, a,b € F*. In general, an element of Ky(F') is a product
of symbols. Therefore, expressing an element of K(F') in a simple and more
explicit form is much desired.

For a global field, Lenstra [7] proved a surprising fact that every element
of Ko(F) is not just a product of symbols, but actually a symbol. More
precisely, if G is a finite subgroup of Ky(F'), then G C {a, F*} for some
a € F*.

Moreover, for a global field F' containing (,, the nth primitive root of
unity, Tate [19] investigated the n-torsion of Ky(F'). For an abelian group A,
we use A, to denote the n-torsion of A, i.e., A, = {a € A | a"™ = 1}. Tate
proved that

(1'1> (K2(F))n = {CmF*}a

which implies that every element in (K3(F')), can be written as {(,,a},
where a € F*. At the same time, Tate conjectured that (1.1) is true for any
field containing (,. Tate’s conjecture was proved by Merkurjev and Suslin
9], [18].

Unfortunately, the condition (, € F' is too restrictive. For example, as
is well known, K5(Q) is a torsion group and it contains elements of any
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order by Dirichlet’s theorem. But, according to Tate’s result, only elements
of order 2 in K5(Q) can be expressed explicitly.

For a given n, Browkin [I] considered cyclotomic elements of Ko(F), i.e.,
elements of the form

cn(a) :i={a,Py(a)}, a,Py(a) € F*,

where @,,(z) denotes the nth cyclotomic polynomial. The advantage of cy-
clotomic elements is that one can dispense with the condition (,, € F.
Let
Gn(F) ={cp(a) € Ko(F) | a,Pp(a) € F*}.

Browkin [I] proved that G, (F) C (K2(F'))p, i.e., all the elements of G,,(F')
are n-torsion elements of K5(F'). In particular, he proved that for any field
F #TFqy,if n=1,2,3,4,6 and (, € F, then every element {(,,x} € Ky(F)
can be written in the form ¢,(a). Moreover, it is also proved in [I] that
Gn(F) = (K2(F))y for n = 3 and F = Q (for any field F' by Urbano-
wicz [20]). For n = 4, it follows from [I] for F = Q and from Qin [12] for
any field F' with ch(F') # 2 that every element of order 4 in K5(F') can be
written in the form c4(a) - v, where v € K3 (F) with v? = 1. But, in general,
as conjectured in [I], G, (F') is not a group.

BROWKIN’S CONJECTURE 1.1 ([1]). For any integer n # 1,2,3,4 or 6
and any field F, G, (F) is not a subgroup of Ko(F'), in particular, G5(Q) is
not a subgroup of K2(Q).

Qin [12], [13] proved that neither G5(Q) nor G7(Q) is a subgroup of
K>(Q) and that Gon(Q) is a group if and only if n < 2. Xu and Qin [25]
proved that Ganzm (Q) is a group if and only if n = 2 and m = 0 (see [27]
for more results). The first author of the present paper proved that for any
number field F, if n # 4,8,12 has a square factor, then G, (F) is not a
subgroup of Ko(F') (see [22], [24]). A similar result can be established for
function fields [24].

However, when n is a prime, G, (F) seems difficult to deal with, in par-
ticular when F is a number field or, in general, a global field. Xu, Sun and
Chi [29] investigated the I-torsion of Ko(F(z)), where F(z) is the rational
function field over F' and [ is a prime with [ # ch(F'), and proved that if
[ > 5 and @;(x) is irreducible in F[z|, then Browkin’s conjecture is true for
F(x). But we still do not know whether it is true for every number field.

Browkin’s conjecture implies that corresponding to Tate’s result, we
could only expect results on the “outer structure” of G, (F), that is, that
(K2(F))y is generated by something like G, (F). In fact, Lenstra [8] proved
that (K2(Q))s is generated by G5(Q); alternative proofs are given in [23]
and [2]. Du and Qin [2] also proved that (K2(Q))s is generated by Gg(Q) U
G4(Q) U G2(Q). In general, Qin proposed the following problem:
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QIN’s PROBLEM 1.2 ([14]). Forwhichn, (K2(F))p=(Gmn(F) | all m|n)?

Xu and Liu [24] even conjectured that if n = p{' ---p;*, then (K2(F)),
is generated by all G m: (F), i.e.,

(Ko (F))n = (Gp;ni (F)|1<m; <e;1<i<t).
Moreover, Qin proposed the following more general problem:
QIN’s PROBLEM 1.3 ([2]). For a given field, what is the value of
[(K2(F))n : (G (F) | all m|n)] 7

In the present paper, we turn to the “inner structure” of G, (F), in
particular, we are interested in the “inner” subgroup structure of Gy (F).
As a result, we modify Browkin’s conjecture into more precise forms.

A subgroup of Ky(F') is called cyclotomic if it is contained in G (F).
Our problems are formulated as follows.

PROBLEM 1.4. How many nontrivial cyclotomic elements are there in a
subgroup of Ko(F') generated by finitely many essentially distinct (see Sec-
tion 4) cyclotomic elements in G, (F')?

PROBLEM 1.5. When does Ko(F') contain a nontrivial cyclotomic sub-
group?

PROBLEM 1.6. How many cyclotomic subgroups are there in a subgroup
of Ko(F) generated by finitely many essentially distinct cyclotomic elements
in Gp(F)?

It follows from [I] that for F' # Fy and n = 1,2,3,4 or 6, Gy, (F) itself
is a cyclotomic subgroup of K»(F). Qin and Xu [26] 28] proved that for a
local field F', G,,(F) is a cyclotomic subgroup in most cases (see also [4]).
Moreover, we have the following conjecture.

QIN-XU’s CONJECTURE 1.7 ([28]). For any local field F, the set G, (F)
is a cyclotomic subgroup of Ko(F').

For a number field, the picture seems different. From [29], we only know
that a subgroup of Ko(F(z)) generated by a cyclotomic element contains at
least two noncyclotomic elements.

In this paper, we give a systematic study of the above three problems.
For the rational function field F'(x), we will determine the exact number
of nontrivial cyclotomic elements and of nontrivial cyclotomic subgroups in
a subgroup generated by some kind of cyclotomic elements in G(F(z)) C
Ky(F(z)), where [ is a prime with [ # ch(F).

More precisely, let &;(n; F') denote a subgroup of Ky(F(x)) generated
by n essentially distinct (see Section 4) cyclotomic elements of some kind in
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Gi(F(x)), and let ¢(&;(n; F')) and cs(B;(n; F')) denote respectively the num-
bers of nontrivial cyclotomic elements and nontrivial cyclotomic subgroups
contained in &;(n; F'). We prove the following result (see Theorem 5.17).

THEOREM 1.8. Assume that | > 5 is a prime number and F is a field
such that ®(x) is irreducible in Fx]. Let n be a positive integer satisfying

n<(l-3)/2.

(i) If ch(F) =0, then c(B;(n; F)) = 2n, and so cs(&;(n; F)) = 0.
(i) If ch(F) =p # 0, then ¢(&;(n; F)) = n(2 + |3(l,p)|), where

3(,p):={t|2<t<1-2,t=p* or —p*™ (mod l) for somem € N}.
(iii) If ch(F) =p # 0, then
cs(B)(n; F)) >0 < =3 (mod 4) and p is a primitive root of l.

In this case, cs(®(n; F')) = n, i.e., &;(n; F) contains exactly n nontrivial
cyclotomic subgroups.

(iv) Ewvery nontrivial cyclotomic subgroup of &;(n; F) is a cyclic sub-
group of order 1, i.e., every nontrivial cyclotomic subgroup has the
form &;(1; F).

We do not know how to remove the condition n < (I —3)/2 in The-
orem 1.8. We present some computations for the cases n > (I —3)/2, in
particular for n = 2,3. The results of computations agree with the above
theorem. So it seems that the condition n < (I — 3)/2 is removable.

As for the number field cases, the situation seems quite different. In the
proof of Theorem 1.8, essential use is made of the fact that F'(z) has a
nontrivial derivation. Thus the proof does not carry over to number fields.

However, we find that G,,(F) really has some “inner structure”. In fact,
it seems curious that we can construct number fields F' for which the cube
of some cyclotomic element in Ky (F') is also cyclotomic (we can do the same
for squares).

More precisely, let

foi(z)=2a"+x+1 if n =1 (mod 3),
foo@) = (" +x+1)/(2®> +x+1) ifn=2 (mod 3).

Selmer proved that f, 1, fn,2 are both irreducible (see Lemma 9.1). Then we
have (see Theorem 9.5):

THEOREM 1.9.

(i) Assume that p > 3 is a prime. Let a be a zero of fpi(x), wherei =1
or 2, and F = Q(«). Then

1# Cp(a)S = Cp(a3) € Gp(F).
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(ii) Assume that p > 3 is a prime. Let a be a zero of the irreducible
polynomial 2P + 2P~ + 2 and F = Q(«). Then

1# Cp(a)Q = Cp(042) € Gp(F).

As a consequence, we can construct a number field F' such that Ka(F')
contains a cyclotomic subgroup of order five. Moreover, we have (see Ex-
amples 9.9 and 9.10):

COROLLARY 1.10.

(i) Letay,as,as betheroots of fs2(x) =23 —2?+1 and F = Q(oy, aa, ai3).
Then (cs5(a1)), (cs(a2)), (cs(ag)) are three cyclotomic subgroups of
order five of Ko(F).

(i) Let aq,...,as be the roots of x° + x* + 2 and F = Qaa,...,as).
Then {(c5(a1)),...,{(cs(as)) are five cyclotomic subgroups of order
fwe of Ky(F).

We can also construct a quadratic field F' such that Ks(F') contains a cy-
clotomic subgroup of order five. In fact, let F = Q(+/5) and 8 = (3 + v/5)/2.
Then we can prove that (c5(f)) is a cyclotomic subgroup of Ks(F') of order
five (see Example 9.11).

A natural problem arises:

PROBLEM 1.11. For a number field F, is there always a cyclotomic sub-

group of order five in Ko(F)? How many cyclotomic subgroups of order five
are there in Ko(F)?

We do not know how to attack this problem for general number fields.
But based on numerical computations, we make the following conjecture:

CONJECTURE 1.12. There does not exist a cyclotomic subgroup of order

five in K2(Q).

As for subgroups of other orders, it seems that the answer is negative if
five is replaced by a prime greater than five:

CONJECTURE 1.13. Let F be a number field. If p > 5 is a prime, then
K5(F) contains no cyclotomic subgroups of order p.

Corresponding to this conjecture, we have the following theorem which
reflects deeper nonclosedness of the cyclotomic elements in Ko (F') (see The-
orem 10.4).

THEOREM 1.14. Assume that F is a number field and n # 1,4,8,12
is a positive integer. If there is a prime p such that p* |n, then there exist
infinitely many nontrivial cyclotomic elements a1, a9, ... ... € Gn(F) such
that

(a?) C (af,ab) -+ and (o, ab,...) N Gu(F) = {1}.
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This implies that in K5(F') there exists a subgroup generated by cyclo-
tomic elements to the power of some prime, which contains no nontrivial
cyclotomic elements. Clearly, this result is more precise than Browkin’s con-
jecture. In particular, it implies that Browkin’s conjecture is true for any
number field if n # 1,4,8,12 and n has a prime square factor, which was
proved in [24].

It seems that the above results explain why Browkin’s conjecture is dif-
ficult. The reason is that there exists an “inner structure” in G,(F), i.e.,
a partial mutiplication structure or a subgroup structure.

This paper is organized as follows. The first part, Sections 2-8, focuses
on the case of function fields. In Section 2, we discuss some basic prop-
erties related to cyclotomic polynomials; in Section 3, the definition of a
tame homomorphism and its computation are given; in Section 4, to remove
superfluous generators in a finitely generated subgroup of Ks(F'(x)), we in-
troduce the concept of ‘essentially distinct elements’; and in Section 5, our
aim is to prove Theorem 1.8. In Section 6, some computations are presented
for n > (I — 3)/2, in particular, for n = 2 or 3; in Section 7, as a preparation
for the next section, two diophantine equations are discussed; and in Sec-
tion 8, a further example is given. Then, in the second part of this paper,
we consider the number field cases. More precisely, in Section 9, Theorem
1.9 and Corollary 1.10 are proved. Finally in Section 10, Theorem 1.14 is
proved, for which Faltings’ theorem on the Mordell conjecture is used.

2. Cyclotomic polynomials. Let [ > 5 be a prime number and F
a field of characteristic # [. Throughout we assume that the cyclotomic
polynomial @;(z) is irreducible in F[z]. We denote by ¢ any root of &;(z).

Let @;(z,y) := y'~1&;(z/y). The irreducibility of &;(z) in F[z] implies
the irreducibility of &;(z,y) in F[x,y].

THEOREM 2.1. For any nonzero f(zx),g(z) € Fz] we have
deg @y(f(x), 9(x)) = (I — 1) - max(deg f(z), deg g())-
Proof. We have
(21)  d(f(2),g9(@) = f@) "+ fl@)Pglz) + -+ gla)

Let apz” and bpz® be the respective leading terms of f(z) and g(z).

If r # s, say r > s, then by (2.1) the leading term of &;(f(x),g(x)) is
(aol,r)l—l — aéflx(l—l)r‘

If » = s, then all summands in (2.1) are of the same degree, and the sum
of their leading terms is

(aoz")" ™1 + (agz")"2boa” + - + (boz") ™! = Py(ag, bo)a" .
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Moreover, ;(ag, bo) = by *®;(ag/bo) # 0, since the irreducibility of &;(z) in
F[z] implies that it cannot have a zero in F.

Thus in both cases the leading term of &;(f(z), g(x)) is of degree (I —1)r
= (I — 1) - max(deg f(z), deg g(z)). m

THEOREM 2.2. If f(x),g(x) € F[x] are relatively prime, then the degree
of every factor of i(f(x),g(x)) is divisible by | — 1.

Proof. 1t is sufficient to prove that the degree of every irreducible factor
of @;(f(x),g(z)) is divisible by [ — 1.

In F(¢)[x] we have

-1

(2.2 B1(f(@),9(x)) = [[(f(2) - Cg(x)).
j=1
Let « be a root of an irreducible factor h(z) of @l( (z),g(x)). Then it
is a root of @;(f(x),g(x)), hence, by (2.2), f(a) — (Yg(a) = 0 for some
1<j<l—1.
Therefore f(a) = 0 if and only if g(a) = 0. But f(z) and g(z) are

coprime, so f(z) and g( ) cannot have a common root. Hence f(«)g(a) # 0.
Consequently, (7 = f(a)/g(a) € F(a). Hence F(¢) C F(«). Therefore

degh(z) = (F(a) : F)) = (F(a) : F(O))(F(¢) : F) = (F(e) : F(¢))(I = 1),
since « and ¢ are roots of the polynomials h(x) and &;(z), respectively,

which are irreducible. =

COROLLARY 2.3. If max(deg f(x),degg(x)) = 1, then &;(f(x),g(x)) is
irreducible.

Proof. By Theorem 2.1, deg &;(f(x),g(x)) =1 —1, and by Theorem 2.2,
every factor of @;(f(z),g(x)) has degree divisible by [ — 1. It follows that
@(f(x),g(x)) has only one factor, so it is irreducible. m

THEOREM 2.4. Let f(x),g9(z) € Flz], (f(x),g9(x))=1 and deg f(x) > 1.
Let p be the ideal of F|x| generated by an irreducible factor of &;(f(x), g(x)).
Then for r € Z,

(f(z)/g(x))" =1 (mod p) if and only if 1]|r.
Proof. Since p is generated by an irreducible polynomial, it is a prime
ideal of F[x]. From &;(f(x),g(z)) | f(z)' —g(x)!, it follows that f(z)' = g(x)!
(mod p), and g(z) ;7é 0 (mod p), because f(x) and g(x) are relatively prime.

Hence (f(z)/g(x)) = 1 (mod p).
Ifltrand (f(z)/g(x))" =1 (mod p), then from the last two congruences
/

it follows that f(z)/g(xz) =1 (mod p), i.e., f(z) = g(x) (mod p). Hence
l

—_

@i(f(x),g9(x)) = Y fla)g(x) "V = lg(2)"" (mod p),

Jj=0
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so g(x) = 0 (mod p), which is impossible. This contradiction shows that
L.

Conversely, if [ |7, then from the congruence (f(z)/g(z))! =1 (mod p),
it follows that (f(x)/g(z))" =1 (mod p). =

Let W(F') be the group of roots of unity in F.
We say that matrices A, B € GL(2, F') are essentially distinct if

0\ /0 1\°
505 1) o) 4
0 1/\1 O
for every a € F*, p € W(F), and e =0 or 1.

Thus if A = (2%) € GL(2, F) then all matrices which are not essentially
distinct from A are

b d
a(”a M> and 0<<MC | > for all o € F*, pp € W(F).
c d a b

THEOREM 2.5. If

b b
(‘“ 1), (‘” 2) € GL(2, F)
C1 dl C2 d2

are essentially distinct, then the polynomials
Gy(a1z + bi,crz+dy)  and  Py(asx + be, cox + da)
are relatively prime.
Proof. If matrices A1 and As are essentially distinct, then so are A1 B

and Ag B for every B € GL(2, F'). Therefore, taking B = Afl we can assume
that A; = I is the identity matrix, and As = (“2 b )

co do

Assume that the corresponding polynomials @;(z) and ®;(ax + b, cx + d)
are not relatively prime. Since they are irreducible and of the same degree,
they differ by a constant factor:

Q)(x) = adi(ax +b,cx +d) for some a € F™.

Hence the corresponding linear factors differ by a constant factor, in partic-
ular

z—C(=ai((ax+b)—("(cx+d)) forsome oy € F({)"and 1 <r <1—1.
Comparing coefficients we get
l=ai(a—C("c), —C=a1(b—C("d).
Eliminating «; we obtain
—((a—C("c)=b—("d.
If r # 1,1 — 1, then 1,¢,¢", ("' are linearly independent over F, hence
a =0b=c=d =0, which is impossible.
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If r = 1, then —Ca + (?c = b — (d implies that b = ¢ = 0 and a = d.
Consequently, Ay = a(} ) is not essentially distinct from A; = 1.

If r =1—1, then —Ca + ¢ = b — ¢~'d implies that a = d = 0, b = c.
Consequently, Az = b($}) is not essentially distinct from A; = I either.

In every case we get a contradiction. Therefore the polynomials &;(z)

and @;(azx + b, cx + d) are relatively prime. =

3. Tame homomorphisms. For a nonzero prime ideal p of F[z], the
tame homomorphism

T Ko(F(z)) = (Flz]/p)”
is defined by

(3.1) To({u,0}) = (~1) @@L (mod p),

where u,v € F(z)*.
LEMMA 3.1. Let f(x), g(x) € F[z] satisfy (f(x),g(z))=1 and deg f(z)g(x)
> 0. For a nonzero prime ideal p of Fx] denote 1 := vy(P(f(x), g(x))).
(i) We have

_ [ (f/g)® # 1 (mod p) if L1ry,
TP(Cl(f/g)): {1 (Il’lOd p) if”’l”p-
(ii) In particular, if max(deg f(z),degg(z)) =1, then
sy ={ H021 God0) 9= @) o)
Proof. (i) From (f(z),g(z)) = 1 it follows that (f(z)g(z), ?;(f(x), g(z)))

= 1. Therefore for every prime ideal p of F[z] at most one of the numbers

vp(f(x)),vp(g(x)), vp(P1(f(x), g(x)) does not vanish.

Clearly,
(1) (10(29)
= {;Eg’¢l(f($),g(:c))}{f(:c),g(g;)}(ll)’

because {g(r),g(z)?} =1 and [ — 1 is even.
If vo(f(x)) > 0 and 1, = 0, then &;(f(x),g(x))
Hence, by (3.1) and (3.2),

w(e(f/9) = Bi(f (@), g(2)) @ g(2) DU @) =1 (mod p).

If vp(g(x)) > 0 and 7, = 0, then we prove similarly that 7, (c;(f(x)/g(x)))
=1 (mod p).

g(x)""! (mod p).
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If vp(f(x))=vp(g(x)) =0 and ry, = 0, then (3.2) implies 7, (c;(f(x)/g(x)))
=1 (mod p).

If r, > 0, then, by (3.1) and (3.2), we obtain 7,(q;(f(x)/g(x)))
(f(2)/g(w))™ (mod p).

Moreover, by Theorem 2.4, (f(z)/g(x))™ # 1 (mod p) if and only if
Liry.

(ii) By Corollary 2.3, the polynomial ¢;(f(x), g(z)) is irreducible. There-
fore ry = vp(?1(f(x), g(x))) = 1. It is sufficient to apply the first part of the
theorem with 7, = 1. m

4. Essentially distinct elements. Recall that
PGL(2,F) := GL(2,F)/Z,
where Z is the center of GL(2, F), that is, Z = F* - (} {). Similarly,
PSL(2,F) :=SL(2,F)/Z c PGL(2, F).
In the following, we will use (‘C‘g) to denote the image of (C d) in

PGL(2, F). Clearly, the element cl(am+b) depends only on the coset (C 2).
We will focus on the following subsets of G;(F'(z)):

GGy(F(x)) = {C’(Ziz) € Gi(F(x) ’ (Z Z) € PGL(2, F) }
i

SGY(F () = {C,CEIZ) € GGy(F(x)) ‘ <a b) € SL(2

TG|(F(x)) :={a(z+0b) € GG|(F(z)) | b e F}.

C

DEFINITION 4.1. Let

a1x + by asx + by
—_— ———— = —_— F .
“ cl(c1x—|—d1)’5 Cl<02x+d2> € GGF @)

We say that «a, 8 are essentially distinct if the matrices (‘le Zi ) and ( ‘2 Zz)
are essentially distinct.

LEMMA 4.2. Assume that ®)(x) is irreducible in F|x|. Let
a1z + by asx + by
— ey =q| —= GG (F(x)).
a=a(20E0) s —a( 20 E2) < cart)

If a = B, then
a1 +b1  agx + by

cix+d  cor+dy
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Proof. Since @;(z) is irreducible in F[z], so are ®;(a;x + b;, c;z + d;))
(1 =1,2) by Corollary 2.3. From Lemma 3.1 we have

Tp(a) = {%5—&1 (mod p) if p = (Py(ar1x + b1, c1x + dy)),
1 (mod p) otherwise;

(8) = { % # 1 (mod p) if p = (Py(azx + ba, cox + da)),
1 (mod p) otherwise.

If « = B, then 7y(a) = 7(8), so we must have (?;(a1z + b1, iz +dyp)) =
(P1(agz + be, cox +ds)) as primes. Hence for p = (P;(a1x + b1, crx+dy)) we

have

arr +b1  asx + by
= d p).
1T + d1 Cox + dQ <m0 p>

So
(alx + bl)(CQZE + dg) = (agl’ —+ bQ)(ClZE + dl) n
LEMMA 4.3. Assume that ®;(x) is irreducible in Fx]. Let
a1z + by asx + by
_ 1) g (202 F(x)).
“ Cl(cmc + d1>’ F=a <C2w + d2> € CGiF(=))
Then

a=p & (al bl) - <a2 bQ) € PGL(2, F).

c1 dp co do
In particular, if o, B € GG(F(x)) are essentially distinct, then o # 3.
Proof. «<: Clear.
=: If a = (3, then from Lemma 4.2 we have
a1z +by  asx + by

cix+d  cr+dy

So
aicy = azcy,  bide = bady, ayds + bicy = asdy + bacy.
Assume that ajcy = agc; = 0. If a3 = 0, then byc; # 0 since ai1d; — bicy

# 0, so ag = 0, therefore bocy # 0 since asds — bacy # 0. So, we can let
dl/dQ = bl/bg = Cl/CQ =U 7é 0. Then

(O b1> <0 bg> <0 bl> <0 b2>
=Uu N SO = .
C1 d1 ()] dg C1 d1 (&) dg

If ¢ = 0, the result is the same. Therefore aico = asc; # 0. Similarly,
bids = bady # 0.

Let ay/as = c1/ca = u # 0 and b1 /by = di/da = v # 0. Then from
a1ds + bico = agdy + bacy, we have (CLQdQ — bQCQ)(U — U) = 0, which leads to
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u = v since asdgy — baco # 0. Hence

<a1 b1> <a2 bz) (al b1> (az b2>
=u , SO = )
c1 di co do c1 di co da

The last statement of the lemma is obvious. =

COROLLARY 4.4. Let a = ¢i(x + b1) and § = ¢;(x + ba). Then the fol-
lowing statements are equivalent:

(i) «a and B are essentially distinct.

(i) o # 6.

(i) by # bs.

Proof. (i)=-(ii). This follows from Lemma 4.3.

(il)=(iii). Clear.

(iii)=(i). It is casy to check directly that ({ %) is essentially distinct
from ((1] bf) if and only if by # by. =

In the following, we will use &;(n; F), §;(n; F') and T;(n; F) to denote the
subgroups of Kas(F'(x)) generated by (any) n essentially distinct nontrivial
elements in GG(F(z)), SG;(F(z)) and TG(F(x)), respectively.

From Corollary 4.4, we have

LEMMA 4.5. There exist mutually different by, ..., b, € F such that
T F) = (a(z+b1),...,c(x+by)). =

In general, for a field F, a subgroup of Ks(FE) is called cyclotomic if it is
contained in G, (FE). For a subgroup H of Ky(F(x)), we write ¢(H) (resp.
cs(H)) for the number of cyclotomic elements (resp. cyclotomic subgroups)
of H.

5. The rational function field case. Assume that [ > 5 is a prime.
Let

- a;T + b; b
1 =
(5.1) 8 if[lcl(cmdi) :

where 1 <[; <l—1and n > 1. If n > 2, we assume that

i bi .
<a >€GL(27F)a 1<i<n,

¢ d;

are essentially distinct.
It is well known that

Gal(F(z)/F) = PGL(2, F)
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and PGL(2, F') acts as automorphisms on Ks(F(x)) through
o-{f(x), 9(x)} = {f(2),9(x)}" = {f(o(2)), g(o(x))}

B ar +b ar +b
N {f<ca:+d>’g<cx+d>}’
where 0 = (¢%) € PGL(2, F) with o(z) = %.

Applying an automorphism of the field F(z), we may assume that the
first factor on the right hand side of (5.1) is ¢;(z)".

The polynomials @;(a;x+b;, c;x+d;) are irreducible and by Theorem 2.5,
pairwise relatively prime, hence the ideals p; := (®;(a;x + b;, c;x + d;)) in
F[z] for i =1,...,n are prime and distinct.

We will prove some necessary conditions for 8 to be cyclotomic. First we
investigate the factorization of @;(f(x), g(z)).

THEOREM 5.1. Assume that the element B given by (5.1) is cyclotomic:
(5.2) B =alf(x)/g(x)),
where f(x),g(x) € Flz], (f(z),g(x)) = 1,deg(f(z)g(x)) = 1. Then
(i)
(5.3) By(f(2), 9(x)) = @' [] Bi(aiz + by, ciw + i)™,
i=1

where o € F*, W € Flx], and r; := vy, (P1(f(2),9(x))) satisfies 1 {r;.
We have | — 1| deg V.
(ii) Moreover,

z)\" a;x + b; L .
(5.4) <§E$§> = (cix —tdz) #Z1 (mod p;) fori=1,... n.

Proof. By Lemma 3.1(i), for every prime ideal p of F[x] we have
(5.5) m(a(f(z)/g(z))) = { (f(x)/g(x))™ £1 (mod p) ifl{ry,

1 (mod p) if 1]y,
and by Lemma 3.1(ii),

a;r + bi
(5.6) T <cl <C¢:c n dz>>

From (5.1) and (5.2) we get

6 o) - (20)

1

{m,:él(modp) if p = p;,

1 (mod p) otherwise.

where 1 < [; <[ —1.
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Applying the tame homomorphism 7, where p is any prime ideal of F'[z],
to both sides of (5.7), in view of (5.5) and (5.6) we obtain

559 w(a(LD)) 21t @ thn@).a)

< pefp,...,pn}
Hence in the representation of &;(f(x),g(x)) as the product of powers of
relatively prime polynomials, the irreducible factors &;(a;z + b;, c;z + d;)
appear with exponents r; not divisible by [, and other factors appear with
exponents divisible by [. This proves (5.3).

The divisibility [ — 1 | deg ¥ follows from Theorem 2.2, since ¥ is a factor
of @;(f(x),g(x)). Thus we have proved (i).

By (5.8), 7y, (ci(f(x)/9(x))) = (f(x)/g9(x))" # 1 (mod p;) and, by (5.6),
. (c <“a“bﬂ>> _ {IS 1 (mod p;) ifj =4,
pi l Cjx + dj - 1 (mod pz) ifj ?é i
Consequently, (5.7) implies that
f(ﬂ:‘) " _ (a;x+ b; L 4
<g(:v)> - <Ci1’ + dz> 71 (mOd pz)a

which proves (ii). m

Denote
0 := max(deg f(x),deg g(x)).
THEOREM 5.2. Let n > 2. Under the assumption of Theorem 5.1 we

have
[ <20 +1.

Proof. By Theorem 2.4, we have
F@N' [ a+ b\
<9($)> N <Cz'93 +d,~>
Therefore raising both sides of (5.4) to the power r} such that r;r} = 1

(mod 1), we get
f(.%') a; T + bi mi
= d p;),
g(x) G+ d; (mod p;)
where 1 <m; <1 —1, m; =l;7; (mod ). Hence
f(a:) CT + dz‘ I=mi
g(x) a; T+ b; (mod pi)
From p; = (®;(a;z + b;, ¢z + d;)) we deduce that
D(a;x + by, cix + d;) | f(x)(cix + di)™ — g(x)(aiz + b)™,
Bi(aix + b, ciw + di) | f(2)(aiw + 0:)' ™ — g(z)(cim + di)' ™.

1 (mod p;).

(5.9)
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Assume that for some iy both polynomials on the r.h.s. of (5.9) are nonzero.
Since deg @;(ai, = + biy, ciyx + d;iy) = 1 — 1, the divisibilities (5.9) imply that
l—lSQ—i—miO, l—lS@—i—l—mio.

Adding these inequalities we get 2(I — 1) < 26 4 [, hence | < 20 + 2, and

[ <2041, since [ is an odd prime.
To finish the proof we have to exclude the possibility that for every
i =1,...,n at least one of the polynomials on the r.h.s. of (5.9) vanishes.

Since n > 2, there is j # 4,1 < j < n. Thus it is sufficient to prove that at
most one of the polynomials

By = fz)(ciz + di)"™ — g(z)(aiz + b;)™,
F@)(aim + b)) = g(@) (cm + di) ™,
f@)(cjz+dj)"™ — g(z)(ajz + b;)™,
f@)(aje +b;)' ™" = gla)(cjz + dj)' =™

vanishes. Assume that at least two of them vanish. We consider several cases.

Fy =
Fy =
Fy =

1) Fy = F5 = 0. (For F3 = Fy = 0 we proceed similarly, replacing i by j.)
From f(z)(ciz+d;)™ = g(x)(a;x+b;)™ and (f(x), g(x)) = (aiz+b;, c;x+d;)
=1 it follows that

(5.10)  f(z) = alaix +b;)™, g(z) = al(cz+d;)™ for some o € F™.
Analogously f(z)(a;x + b)) ™™ = g(z)(c;x + d;)'~™ implies that
(5.11)  f(z) = o/ (z+di)"™, g(x) = o (azz+b;)!™™  for some o/ € F*.

From (5.10) we get max(deg f(z),degg(x)) = m,;, and (5.11) implies that
max(deg f(z),degg(x)) = | — m;. Hence m; = I — m;, so | = 2m;; this is
impossible, since [ is an odd prime.

2) Fy = F3 = 0. (For F, = Fy = 0 we proceed analogously.) As above we
get

f(x) = alaz+b;)™,  g(z) = alcz +d;)™,
f(@) =d(ajz+b;)™, g(z)=d (cjz+d;)"™,

where «, o/ € F*. Hence max(deg f(x),degg(x)) = m; = m; =: m. There-
fore
flz) <aix+bi>m B <ajx—|—bj>m
glx)  \ez+d;)  \cjz+d;)
a; T + bi . a;x + bj

cix—i-di - ij-i-dj’
where n™ =1, n € F, thus n € W(F).

hence
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(CL@ bz) (naj 77bj>
=N )
C; dz Cj dj
where € F*. This means that the matrices (‘C‘z Zi) and (Zj Z;) are not
essentially distinct. We get a contradiction, since ¢ # j.

It follows that

3) Fy = Fy = 0. (The case F» = F; = 0 is quite analogous.) As above we
get
f(ﬂf) = a(aix + bi)mi, ( (Ciﬂf + di)mi’
f(x) = (cjz+d)™, g (ajz+ by)=™,

where o,/ € F*. Hence max(deg f(x),degg(z)) = m; = | — m; =: m.
Therefore
f(l’) _ aix—i-bi m_ Cj.f‘i‘dj m
glx) (Cz‘ﬁdz‘) - (aj$+bj> 7
a;r + bi . C;T + dj
Cil'+di - ajx—i-bj’

where n™ = 1,n € F, thus n € W(F).
It follows that

C )l )00 0 2
C; di B aj bj B 0 1 1 0 Cj dj ’
where A\ € F*. This means that (‘Zz Zi) and (Zj Z; ) are not essentially dis-
tinct. We get a contradiction, since ¢ # j. =

LEMMA 5.3. Let ch(F) =p >0 and f,g € F[z]. Then:

(i) If f ¢ F[zP] and f" € F[zP], then p|r.

(ii) If (f,9) =1 and fg € F(a?], then f,g € F[z"].

(iii) F(zP)N Flz] = FaP].

Proof. (i) By assumption, (f")’ = 0 and f’ # 0. On the other hand,
(f7) =rf fr~l. Hence r =0 in F, so p|r.

(ii) We have (fg)’ = 0, hence f¢’' + f'g = 0. From (f,g) = 1 it follows
that f| f and g|¢’; then f' = ¢ =0, that is, f,g € F[zP].

(iii) This is obvious. m

LEMMA 5.4. Assume that ch(F') = p > 0. If the polynomials f, g in (5.3)
belong to F[zP], then ¥ € F[zP] and p|r; for every i. Therefore (5.3) implies
an analogous formula with xP replaced by x.

Proof. Let f(x) = fo(aP) and g(x) = go(«P), where fy, go € F[z]. Then
D(f(x),9(x)) = Di(fo(a), go(a?)) € FlaP].

9(z) = «
9(z) = «

hence
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By Lemma 5.3(ii) and (5.3), the polynomials ¥(z) and @;(a;x+b;, c;z+d;)"
belong to F[zP]. Thus ¥(x) = ¥y(aP), where ¥y € F[z].

Since @;(a;x+b;, cix+d;) ¢ F[zP], Lemma 5.3(i) yields p | r;. So r; = pro.
We have @;(a;x + b;, c;x + d;)P = @y((a;z +b;)P, (c;x + d;)P), because @iz, y)
has coefficients in Z/p.

Obviously, (a;z + b;)P = ajpzP + by, and (c;x + d;)P = cjoaP + d;o, where
a;0, bio, Cio, diop € F. Therefore @l(aix + b, c;ix + di)p = @K(aﬂf + bi)p =
&y (ajnz? 4 b, ciox? + dip). Thus (5.3) can be written in the form

By fo(2?), go(2?)) = a(«”) [ | Bi(aioa® + bio, cior? + di)"™.
i=1

Replacing zP by = we get the formula analogous to (5.3). m

THEOREM 5.5. Assume that ch(F) = p and f(x),g(x) € F|[aP]. Then
(5.3) can be written in the form

&(F@?), 5@)) = @b (@) [ Bilaa® + b, ca? + i),
=1

where f(z) = f(zP"), g(z) = §(=*") and V(z) = W (a?") with f'(z) # 0 or
g (x) #0, and 7, =r;/p" €N, a,a;,b;, ¢, d; € F.

Proof. 1If f(x),g(x) € F[zP"], but at least one of them does not belong
to F [a:pwrl], then Lemma 5.4 applied r times yields a formula analogous to
(5.3) with the r.h.s. of the form &;(f(z), §(x)), where f(z) = f(2?") and
g(z) = §(zP"). Moreover, f(z) or §(z) does not belong to F[zP], so fl(z) #0
or g(z) #0. m

Let f(z), g(z), ¥ (z) be as in Theorem 5.5, and let § := = max(deg flz),
degg(z)) and X := degW(x). Then § = p" -6 and A\ = p" - X. Note that

—_ T
ri="T; P .

THEOREM 5.6. Let n > 1. In the above notation, we have:

(i) If f'(z) #0 or ¢'(x) # 0, then

(I1—1)%n—21
nEOs T
(i) If f'(x) = g/ () = 0, then
~ (I-1)2n-2I
N (ST

(i) If n < 2(1> — 41+ 1), then degW(z) =0, i.e., ¥(z) € F*.
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Proof. (i) Assume that f’(z) # 0 or ¢/(z) # 0. Denote A\ := deg¥(z)
and 0 := deg f(z) > deg g(x). Then (5.3) implies

n

(5.12) (-—D0=I+(1-1)) .

i=1
Multiplying (5.3) by f(x) — g(z) we get
n
(513)  f(2)' = g(2)' = a(f(z) — g(2)¥(2)' [ [ Brlaiz + by, cix + di)"™.
i=1
By the well known property of differentiation, we have:
If a,b € F[z] satisfy a” | b,7 > 1, then a" 1| ¥.

Consequently, setting O(z) := ()" [[IL, Di(aix + b;, cix + d;)" "1, from
(5.13) we get

(5.14) O(x) | (f(2) = g(x)") = U(f"(x) f(2) ™" — g'(2)g(x)' ).

By (5.13),

(5.15) O(x)| f(x) — g(x)"

Hence (O(z), f(x)) = (O(x),g(x)) = 1, because (f(x),g(z)) = 1.
From

= g(@)g(x))

)l 1

F@) " (f(2)d (2) = gl@) f'(x)
and (©(x), f(z)) =1, by (5.14) and (5.15), we conclude that

(5.16) O(z) | f()g'(z) — g(z)f'(2).

Since f'(z) # 0 or ¢'(x) # 0, we get f(x)g'(x) —g(z) f'(x) # 0. Therefore
from (5.14) and (5.16) it follows that

9 @)(f(2)' = g(@)") = g(x) - (f'(2) f (=

(5.17) degO(z) = (1= DA+ (1— 1)) (r; — 1)
i=1
< deg(f(2)g'(z) — g(x)f'(z)) < 20 — 2.

Indeed, it is an easy exercise to prove that for any f(z),g(x) € F[z] sat-
isfying 0 = deg f(z) > degg(z) and f(x)¢'(z) — g(z)f' (z) # 0 we have
deg(f(z)g'(z) — g(z)f'(x)) < 26 — 2. Tt is sufficient to consider the leading
terms of f(z) and g(z).

Thus we have proved the two formulas (5.12) and (5.17) relating I, A
and 6. From (5.12) it follows that [ — 1|\, so A = (I — 1)1, where \; > 0.
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Dividing (5.12) and (5.17) by [ — 1 we get

(5.18) 0=1\+Y m,
- 2
. - E i—n< ——(0—1).
(5.19) (=1 + 2 i —n S g 1(0 1)

Since r; > 1 and 1 < i < n, we get » ., 1; > n. Consequently, (5.18) and
(5.19) imply
(5.20) 0>1IX\ +n,
2
(5.21) (-1 < l—l(H —1).
From (5.20) we get # > n, which gives the first inequality in (i).
By (5. 18) (5.19) and (5.21), we have

H—Zn (I—1)A1 + A\

2 2 21
< —_— 1 —0—-1) = — (-1
n+l_1(0 )+(1—1)2(9 ) n+(l_1)2(0 )
Hence ( )2
l—1)n—2I
< -
= (1-1)2-21

This gives the second inequality in (i).
(i) Assume that f/(x) = 0 and ¢'(x) = 0. Clearly we must have ch(F) =
p >0 and f(x),g(z) € FlzP]. By Theorem 5.5,

O (f(X),5(X)) = a@' [[ Du(@: X +bi, X + i)™,

=1
where f(z) = f(X), g(z) = §(X), X = a#" with f/(X) # 0 or §'(X) # 0.
et A = (I — 1)A;. Then similarly we have
(5.22) 0 =1\ + ZE
(5.23) (1—1) )\1—|—Zn—n %(5—1).

Since > 1 | 75 > n, (5.22) and (5.23) imply
(5.24) 0> I\ +n,

- 2 -
(5.25) -1 < l_—l(e —1).

From (5.24) we get 0 > n, which gives the first inequality in (ii).



20 K. J. Xu and C. C. Sun

By (5.22), (5.23) and (5.25), we have

~ (I-1)*n-2I
< — "\
o< (1—-1)2-21

This gives the second inequality in (ii).
(iii) If f'(x) # 0 or ¢'(x) # 0, from (5.21) and (i) we obtain
2 2(n — 1)

<— (0 —-1) < —
Al—(5—1)2(9 T

It follows that A\; < 1if n —1 < $(I> — 4l + 1). Since 3(I* — 41 + 1) is an
integer, the last inequality is equivalent to n < %(l2 — 4] + 1). This proves
A =0,s0deg¥(x) == (l—1)A\ =0.

If f'(x) =¢'(x) =0, from (5.25) and (ii) we obtain

~ 2(n—1)
S I i S
(6 1)_l2—4l—|—1

A <

R

Similarly n < 1(I* — 41 + 1) implies that X1 = 0, that is, deg¥(z) =
(l—DMp"=0. m

REMARKS 5.7. (i) The argument above is analogous to the proof of the
abc-conjecture for polynomials.

THEOREM abc (W. W. Stothers). Let a,b,c € F[z|, where ch(F) = 0 and
not all polynomials a,b,c are constant. For a nonzero polynomial h € F[z]
denote by rad(h) the number of distinct roots of h in the algebraic closure
of F. Assume that a,b, c are relatively prime and a + b = c. Then

max(deg a, degb,deg ¢) < rad(abc) — 1.
We can apply Theorem abc as follows. In the notation of (5.13) set

a:= f',b:= —g', and c := the r.h.s. of (5.13). Then max(deg a, deg b, deg c)
= deg(f') =10,rad(a) < deg f = 6,rad(b) < degg < 6, and

n
rad(c) < deg(f — g) + deg¥ + Zdeg@l(fi,gi) <O+ A+n(l-1).
i=1
Consequently, Theorem abc gives
0<30+(l—-D\+({—-1)n-1.
Considering all terms of this inequality modulo 2, we see that the last term

—1 can be replaced by —2.

Hence
2

2
- 1 < _ .
9<1 l_1>_/\1+n 1
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Now, applying the estimate A\ < ﬁ(@ — 1) following from (5.21), we get
(I—1)%n—21
< —— .
- (1-1)2-2

Thus we obtain the second inequality in Theorem 5.6(i).

(ii) When n = 1, (5.3) is trivial. In fact, we can prove the following
statement:

Assume that ' # 0 or ¢ # 0. For n = 1 formula (5.3) takes the form
@1(33) = (Pl(a:).

Proof. By Theorem 5.6(i), n = 1 implies # = 1, that is, degf = 1 >
degg. Hence f(x) = ax + b,g(x) = cx + d, where a = 1, since we always

assume that f is monic.
Therefore (5.3) takes the form

(5.26) D(f,9) = adi(x)™  for some o € F™,

since deg¥ = 0, by Theorem 5.6(iii).

Comparing the degrees of both sides of (5.26) we get r; = 1. From (5.26)
it follows that the polynomials @;(f,g) = @;(ax + b, cx + d) and aP;(x) are
not relatively prime.

Then, by Theorem 2.5, the corresponding matrices

(e a) = (o)

are not essentially distinct. Therefore ¢ = 1 implies that b = ¢ = 0 and
d = p is a root of unity. Hence

D1(f,9) = D1z, 1) = adi(z).

Comparing the leading terms we get o = 1, so the coefficients of z/~2 in
both polynomials are 1 and p. Hence p = 1, so f(z) = z,g(x) = 1, and
(5.26) takes the form @;(z) = &i(x). m

THEOREM 5.8. In the above notation, assume that 2 <n < (1> —4l+1).
Then

[ <2n+1.

Proof. Assume that f'(z) # 0 or ¢'(z) # 0. Then if § = n, Theorem 5.2
shows that [ <20+ 1=2n+ 1.

If § > n, from Theorem 5.6(iii) we get \; = 0, and then (5.18) and (5.19)
give 1 <0 —n < 2(0—1). Hence

-1 1
[<142 —— =3+2 2" <342n—1)=2n+1.
0—n 0—n
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Assume that f/(z) = ¢’(x) = 0. Then f'(z) # 0 or §'(z) # 0. If 6 = n,
Theorem 5.2 yields | < 20+1=2n+1.
If > n, from Theorem 5.6(iii) we get A; = 0; then (5.22) and (5.23)
give 1§5—n§ %(5—1) So
1< 2070
0—n

Hence I <2n -+ 1. n

COROLLARY 5.9. Assume thatl > 5 is a prime number and F is a field
such that ®(z) is irreducible in Fx]. Let n be an integer satisfying

2<n<(1-3)/2,
and let y1, ..., € GG|(F(z)) be essentially distinct. Then

[T ¢ GuF@)),
=1

where 1 <[; <l—-1,1=1,...,n.
Proof. This follows from Theorems 5.5 and 5.8. u

COROLLARY 5.10. Assume that I > 5 is a prime number and F is a
field such that @y(x) is irreducible in F[z]. Let n be an integer satisfying
2 <n < (l—3)/2. Then every cyclotomic subgroup of &;(n; F) is cyclic of
order . w

The following result gives relations between n and 6 (or 6).
THEOREM 5.11. Assume that n < (1> — 41+ 1). Then:

(i) If f'(z) #0 or g'(x) # 0, then 6 < 2n — 1.

(ii) If f'(x) = ¢'(x) =0, then 6 < 2n — 1.

Proof. 1f § > 2n — 1, then from Theorem 5.6(iii), (5.18) and (5.19),

n—1 n—1
<342 — <342 —————
=9 0—n + (2n—1)—n

which contradicts the assumption that [ > 5. Hence 6 < 2n — 1. The proof
of 0 <2n — 1 1is similar. =

=5,

REMARKS 5.12. (a) More precisely, in the case f'(x) # 0 or ¢'(z) # 0,
from the proof of Theorem 5.11 it follows that

(i) if @ = n, then [ < 2n + 1;
(i) if n <6 <2n—1, then | <342 2=1.
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In particular,
if0=n+1, then [<2n+1;
if0=n+2, then [ <n+2;
if0=2n—1, then [<5.
(b) From Theorem 5.2, we get a relation between [ and 6, namely [ <
20 + 1. Furthermore, if ch(F) = 0 and 6 > n, then from (5.18) and (5.19)
we have [ < 20 — 1. As suggested to the first author by Browkin, the last

inequality is actually a necessary condition for &;(f,g) to have a multiple
root. In fact, the following statement is true:

THEOREM (Browkin). Assume that | > 5 is a prime and ®i(x) is ir-
reducible in Flz|. If ch(F) = 0 and ®i(f,g) has a multiple root, where
ged(f,g) =1, then 1 < 20 — 1.

In particular, in the cases | = 5, 0 = 2 andl = 7, 0 = 2 or 3, the
polynomials ®5(f, g) and P7(f,g) have no multiple root, respectively.

Proof. Assume that « is a multiple root of &;(f,g); then it must be a
multiple root of f(x) — (g(x), where ¢ = (;. Then

f(Oé) - Cg(a> = 07 f,(Oé) - ggl(O‘) = Oa
SO
fla)g'(@) — f'(e)g(a) = 0.
It follows that a is a root of t(z) := f(x)g'(x) — f'(x)g(z). From (f,g) =1
and ch(F') = 0 it follows that t(x) is a nonzero polynomial of degree at most
20 — 1.

From f(a)—(g(a) = 0 we conclude that ' C F(() C F(«). As [F(a) : F]
is the degree of the minimal polynomial of o over F, and [F(«) : F] is
divisible by [F(¢) : F] =1— 1, we conclude that [ — 1 <20 — 1, i.e., [ < 26,
so [ <20 — 1 since [ is odd, as claimed. =

Now, we turn to the case of n = 1. Let [, p be different prime numbers.
Define

3(p):={t|2<t<1-2,t=p* or —p*™ (mod ) for some m € N}.

LEMMA 5.13. Assume thatl > 5 is a prime number and F' is a field such
that @;(x) is irreducible in Fx]. Let v € GG|(F(x)).

(i) If ch(F) = 0, then none of the elements v', 2 <t <1 — 2, is cyclo-
tomic. So, the only cyclotomic elements contained in () are v,y .
Hence, () is not a cyclotomic subgroup.

(ii) If ch(F) =p #0, then
1#~" e Gi(F(x)) & te{l1,l—1}U3(l,p).

So () contains exactly 2+ |3(1, p)| nontrivial cyclotomic elements.
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Proof. Clearly, it suffices to consider v = ¢;(x). Fix an integer ¢ with
2 <t <1-2. If 4 is cyclotomic, then there exist nontrivial f;,g; € F|[z]
such that

v =alfe/ge)-
By Theorem 5.1(i),
(5.27) ®y(fr, 9t) = WDy ()™
Let 0; := max(deg f;, deg g;) and A\ := deg ¥;.
(i) Assume that ch(F) = 0. Then f/(z) # 0 or g;(x) # 0. From Theorem
5.6(i) we have 6; = 1, hence A\y =0 and r, = 1.
Now, let
fe(r) = ax + b, gi(x) = e + dy.
Then (5.27) becomes
&(ayx + by, cpx + dy) = o Py(x).
Let x = (. Then there exists an ¢ satisfying 1 <47 <[ — 1 such that
atC + by
cC + dy

Easy computations show that the possible cases are only either a; = d; # 0,
by =c,=0o0r by =c; #0, a; = dy = 0. So either

=¢' so el 4+ di¢t—aiC—b, =0.

fi(x) =z, gi(z) =ar, or
fi(z) = a, 9t(x) = .
If fi(z) = ax, gt(x) = ar we get

a(@)' =B =alfi/a) = alz),
which implies ¢;(z) = 1, a contradiction; if fi(x) = ¢, g:(x) = cx, we get
a(e) = alz™) = alz)™,

so ¢;(z)*! = 1, therefore ¢;(x) = 1 since 2 < t <[ — 2, also a contradiction.

In summary, the equality (5.27) does not hold. So none of 4,2 < ¢t < 1-2,
is cyclotomic.

(ii) Assume that ch(F) = p > 0. If there exists some ¢ satisfying 2 <
t <1—2such that f{ # 0 or g; # 0, then a discussion similar to that in (i)
shows that ¢;(x)! is not cyclotomic. Hence, if {z,®;(x)} is cyclotomic for
some 2 <t <[ — 2, we must have f{ =0 and g; = 0.

Similarly to (i), we have

@(atfﬁpmt + by, P+ d) = at@l(ffpmt)-

Let P = (. Then ‘sé%sz = ¢’ for some i satisfying 1 <4 <1 —1. A com-

putation leads to either a; = d¢, by = ¢t = 0 or az = dy = 0,b; = ¢;. So we
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have either
fi(z) = az®, g(z) =ay, or fi(z)=ay, giz)=a""".

If fi(x) = aa?™", g¢(x) = ay, we have
alz)' =B =cqa?") = a(z)?

Hence [ |p?™ — ¢, that is, t € 3(I,p). If fi(z) = az, gi(x) = ayP™", then
I|p?™ +t,s0alsot € 3(I,p). Hence, for 2 < t < [—2,if ¢;(z)! is cyclotomic,
then t € 3(1,p).

On the other hand, if t € 3(I,p), then either

t=p*™" +1m’  for some integer m’, or

2my

t = —p?™ 4+ Im"” for some integer m”.
So either
a(a) = @ = a(@"™), or
—2ptey(t) = cl(:c)fpmtﬂmﬁ = cl(x)fpmt = ¢ (z7P™).
This implies that if t € 3(I,p), then ¢;(z)! € G|(F(z)).
Note that ¢;(z), ¢;(z)™' € Gy(F(z)). This proves the lemma. u
Lemma 5.13(i) can also be proved by using Remark 5.7(ii).

LEMMA 5.14. The following statements are equivalent:

(i) 13, p)|=1-3.

(ii) I =3 (mod 4) and p is a primitive root of 1.

Proof. Clearly, if p is not a primitive root of I, then the order of p?
(mod 1) is less than (I — 3)/2. So |3(1,p)| <1 —3.

When p is a primitive root of [, the set of all quadratic residues modulo [ is
2(5%)

2

Lp*ph .. op
Consider the map p*™ + —p?™. It is a bijection. If [ = 3 (mod 4), then

(7)-(7)-cr

where (Z) is the Legendre symbol. Hence, if t = —p?™ (mod [), then t is a
quadratic nonresidue (mod 1). So |3(l,p)| =1— 3.
Conversely, if I =1 (mod 4), then

_p2m _
L I et S
l l
This implies that the integers in 3(l,p) are all quadratic residues modulo .
But the number of quadratic residues is (I — 1)/2. So
3Up)<(-1)/2<1=3,

a contradiction. Hence | =3 (mod 4). =
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COROLLARY 5.15. Assume that | > 5 is a prime number and F is a
field with ch(F) = p such that @;(x) is irreducible in F[z]. For any v €
GG(F(x)), the subgroup of Ko(F(x)) generated by v is cyclotomic if and
only if L = 3 (mod 4) and p is a primitive root of L, i.e.,

(7) C Gi(F(z)), Yy € GG(F(z))

< 1 =3 (mod 4) and p is a primitive root of 1.

Proof. Clearly,

(v u{ [te3lp)} (),
which implies that
24+ 3(Lp)| = {v,y YUY [ te 3} <M =1

If | = 3 (mod 4), then from Lemma 5.14 we have 2+ |3(I,p)| =1—1, so
from Lemma 5.13(ii) we get

(1) ={Ly YUy [ te3(n)} C Gi(F(2)).
Conversely, from Lemma 5.13(ii) we have
(m S Ly Uy [te3n)} C ().

So I =3+ 13(l,p)|, that is, |3(l,p)| = | — 3. From Lemma 5.14 we deduce
that [ =3 (mod 4). m

EXAMPLE 5.16. It is easy to show that @7 (z) is irreducible in F3[x] and
3 is a primitive root of 7.

Now we arrive at the main result of this section.

THEOREM 5.17. Assume that | > 5 is a prime number and F' is a field
such that ®;(z) is irreducible in Fx]. Let n be an integer satisfying

n<(l—3)/2.

(i) If ch(F) =0, then c(B;(n; F)) = 2n, and so cs(®;
(if) If ch(F) = p # 0, then c(&(n; F)) = n(2 + |3(I, p)
(iii) If ch(F) =p # 0, then

cs(By(n; F)) >0 < 1 =3 (mod 4) and p is a primitive root of 1.

(n; F)) = 0.

).

In this case, cs(&(n; F)) = n, i.e., B(n;F) contains exactly n
nontrivial cyclotomic subgroups.

(iv) Ewvery nontrivial cyclotomic subgroup of &;(n; F') is cyclic of order,
i.e., every nontrivial cyclotomic subgroup has the form &;(1; F).

Proof. (i) follows from Corollary 5.9 and Lemma 5.13(i); (ii) follows from
Corollary 5.9 and Lemma 5.13 (ii); (iii) follows from Corollary 5.15; and (iv)
follows from (iii) and Corollary 5.10. =
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COROLLARY 5.18. Assume that | > 5 is a prime number with | = 3
(mod 4) and F is a field with ch(F') = p such that ®;(x) is irreducible in F[z].
If p is a primitive root of 1, then &;(1; F) is a cyclotomic subgroup. m

REMARK 5.19. From Theorem 5.17, we conclude immediately that
G(F(x)) is not a group, as conjectured by Browkin [1].

COROLLARY 5.20. Assume that l > 5 is a prime number. If n is a posi-
tive integer satisfying n < (I — 3)/2, then c¢(&;(n; Q)) = 2n, so cs(&;(n;Q))
=0. =

COROLLARY 5.21. Assume that | is a prime number, F is a field with
ch(F) # 1 and @i(z) is irreducible in F[z].

(i) If ch(F) =0 and 1> 5 (resp. | > 7 orl > 11), then ¢(&;(1; F)) =2
(resp. c(&(2; F)) =4 or ¢(B1(3; F)) =6 and c¢(&;(4; F)) = 8).

(ii) If ch(F) = p # 0 and Il > 5 (resp. | > 7 or 1l > 11), then
(S (L F)) = 2+ [3(Lp)| (resp. c(&i(2;F)) = 2(2 + |3(L,p)]) or
c(61(3; F)) = 3(2+ [3(L,p)l) and c(&(4; F)) = 42+ [3(1,p)[))- =

COROLLARY 5.22. Assume that | > 5 is a prime number, F is a field
with ch(F) # 1, and ®i(x) is irreducible in F[z]. Let n be a positive integer
satisfying n < (I — 3)/2.

(i) If ch(F) =0, then c¢(&(n; F)) = c(%i(n; F) = 2n.
(ii) If ch(F) =p #0, then

(Gi(n; F)) = c(Ti(n; F)) = n(2 + [3(L, p)])-

In particular, when p is a primitive root of | and | = 3 (mod 4),
then

cs(Gi(n; F)) =es(Ty(n; F)) =n. m

REMARK 5.23. The equality (5.3) is actually a diophantine equation for
X,Y, Z over the polynomial ring F'[z], i.e., it can be rewritten as

Xt -v! .
X v OCH@((MHC + by, i+ dy)% - 2,

=1

where 1 < ¢; <l —1,a € F* and a;d; — bjc; Z0 with 1 <i<n.If[ >5
is a prime number and @;(x) is irreducible in F'[z|, then from the proof of
Theorem 5.17 we know that the above diophantine equation has no solution
in Flz] if n < (I —3)/2.

Let [F, be a finite field of ¢ elements, where ¢ is a power of the prime
p > 2, and for an integer m > 0, denote

GG(Fy(x))™ :={c" : c € GGi(Fy(x))}.
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COROLLARY 5.24. Assume that 1 > 5 is a prime with | = 3 (mod 4) and
L # p, @i(x) is irreducible in Fplz], and
n:=pp+1) <Il-3.

If p is a primitive root of I, then the set Ui;io GG(Fp(x))™ of cyclotomic
elements contains at least n distinct nontrivial cyclotomic subgroups, i.e.,

there are n essentially distinct elements cl(%), 1 <i <n, such that

Gi(Fy(x)) 2 ;g GGU(F )" 2 U (a(2222)).

Proof. First, since | = 3 (mod 4) and p is a primitive root of [, we have

-1
U GGu(EFy(2))™ = U GGI(Fp(x))" C Gi(Fp(z)).
m=1 te{1,1-1}U3(l,p)

It is well known that |[PGL(2,F,)| = p(p* — 1). Hence from Lemma 4.3,
|GGi(Fp(2))] = [PGL(2,F,)| = p(p® — 1).

According to the definition, if A = (2Y) € GL(2,F,) then all matrices
which are not essentially distinct from A are

b d
(5.28) a(“a # > and a(,uc a >, for all a, p € T,
c d a b

Since p > 2, it is easy to show that the matrices of (5.28) are different
from each other, so the number of elements in each class of non-essentially
distinct elements is 2(p — 1)2. Therefore the number of classes of essentially
distinct elements is

GL(2,Fp)| _ (> =1 —p) _plp+1)

2(p—1)2 2(p—1)2 2
Let n := p(p + 1)/2. From the assumption, we have n < (I — 3)/2. So b

Theorem 5.17(iii), we can choose n essentially distinct elements cl(%),
1 <4 < n, such that the cyclic subgroups <cl (%» are different, and

. m a;xr + b;
U GG(Fy(z))t D U <cz <c,w T di> >
te{1,1—-1}U3(l,p) =1

Hence

pl cam@r= U camE@) 2 <l(j12)> .

te{1,1-1}U3(l,p) i=1
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6. The cases 5<1<2n + 1. Now, we consider the cases of n > (I — 3)/2,
ie., I <2n+ 1, which seem difficult. For n = 2 and [ = 5, we have:

THEOREM 6.1. Assume that F is a field and $5(x) is irreducible in Fx].
(i) If ch(F) =0, then c(T5(2; F)) =4, so c¢s(T5(2; F)) = 0.

(if) If ch(F) = p # 0,2, then ¢(T5(2; F)) = 2(2 4 [3(5,p))-

Proof. 1t suffices to prove

B =cs(@) - es(x +b)"= ¢ Gs(F(x)),
where b #£ 0 and 1 < [y,ly < 4.
Indeed, if 8 € G5(F(z)), then in the proof of Theorem 5.17, letting
n = 2, we find that there exist coprime polynomials f(x), g(z) € F|x], with
f(z) monic, such that
(6.1) D5(f,9) = aPs(x)*' Ps5(x + b)*?  for some o € F,

and either deg f = 2 or deg f = 3.
We consider the case deg f = 2 (the case deg f = 3 is completely similar).
In this case, e; = e2 = 1, so (6.1) becomes

(6.2) P5(f.9) = a®s5(x)P5(x +b).
Let & = ¢ := 5. Then f(¢)/g(¢) = ¢, 1 <i <4, 50 f(¢) —¢'g(¢) = 0 and
¢°7'f(¢) = 9(¢) = 0. Hence
®s(x) |2?f(x) — g(z) or @s(x)|f(x) —a?g(x).
Similarly, letting x = { — b, we get
Bs(x) | 2*f(x —b) —g(z —b) or Ps(z)| f(z—b) —a?g(z - b).
Since f(x) is monic, comparing the degrees we obtain
(6.3)
Bs(x) = 2’ f(x) — g(w) or —kaPs5(x) = f(x) — a?g(x),
Os5(z) =22f(x—b) —glz —b) or —ko®Ps(z) = f(z —b) — 22g(z — b),
where k2 is the leading coefficient of g(z).
We claim that ks # 0. Indeed, if k9 = 0, then we have either
fx) =a’g(x) or f(z—b)=a’g(x—0).
Let
fx) =22+ Lz + lo, g(z) = kox?® + kix + k.

If f(z) = 2°g(x), then f(z) = 2%, g(z) = 1, so P5(2?) = P5(x)P5(x + b).
From @5(2?) = &5(x)Ps5(—2) we get @5(—x) = @P5(x + b). Substituting
r = —( we get &5(b—() = 0. Consequently, b—¢ = ¢* for some k = 1,2, 3, 4.
This is impossible, since 1,¢ and 1,¢,¢* (k > 1) are linearly independent
over F, because the minimal polynomial of ( is of degree 4.
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If f(z —b) = 2%g(x —b), then f(z) = (z +b)%g(x), so f(z) = (z +b)?,
g(x) = 1, therefore @5((z +b)?) = &5(x)®5(x +b). Similarly, a contradiction
arises.

Now, formulas (6.3) lead to the following four cases:

(i) P5(x) = 22 f(2) — ( ) =2 f(z —b) — g(x —b). Hence 0 # 2*(f(x) -
f(z—b)) = g(x) — g(x —b). This is impossible, since deg(g(x) — g(x — b)) <
deg g(z) < )

(i) —ka®s(z) = [(x) — %g() = f(x — b) — a%(x — b). Then 0 £
f(x) — f(x —b) = 2%(g(x) — g(z — b)). This leads to a contradiction, since
deg f(z) = deg g(x) = 2 implies that we have f(x) # f(x—b), g(x) # g(x—b)
and deg(f(z) — f(z —b)) < 2.

(iii) @5(x) = 22 f(z) — g(x) and —ko®P5(x) = f(x —b) —2%g(z —b). From
the first equality it follows that f(z) = 22+x+ly and g(z) = (lp—1)2%—z—1.
Hence the second equality gives —ko =1 —1p =1 —2b = 2b(lp — 1) + 1, so
1—2b = —ky = 2b(lp — 1) + 1 = 2b(2b — 1) + 1. Since ch(F) # 2, we get
b =0, a contradiction.

(iv) @5(x) = 22f(x —b) — g(x — b) and —ko®5(z) = f(z) — 22g(z). From
the second equality it follows that f(z) = 22 — kox — ko, g(x) = koa® +
kox + ko + 1. Then the first equality implies 2b+ ko = —1, 2bky — kg = 1. So
2b + 2bky = 0, therefore ko = —1. But this implies b = 0, a contradiction.

Thus, in all the four cases we get a contradiction, so (6.2) does not hold. =

REMARK 6.2. The main result in [29] is a special case of Theorem 6.1.
The assumption ch(k) # 2 is needed in the proof of Theorem 6.1 because
for ch(F') = 2 we have

Os(z? +z, 22 + x4+ 1) = O5(2)Ps(z + 1).
Forn=3 and [ =5 or 7, we have:

THEOREM 6.3. Assume that F is a field with ch(F') # 2, &i(x) is irre-
ducible in Fx], and | =5 or 7.

(i) If ch(F) = 0, then c(%;(3; F)) = 6, so c¢s(%(3; F)) = 0.
(i) 1 ch(F) = p# 0, then o(Ty(3: F) = 32 + [3(0,p)).

Proof. Similar to the proof of Theorem 6.1, through a rather long com-
putation. =

7. Diophantine equations. To give a further example, we need the
following two lemmas.

LEMMA 7.1. The integer solutions of the diophantine equation
w2ty + (- D) ey’ - 1)+ (P —1)* =0
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are only
(07 1)7 (_11 1)7 (07 _1)¢ (17 _1)‘
In particular, if y> — 1 # 0, then the equation has no integer solutions.

Proof. Let (x,y) = (a,b) be an integer solution.
If b = 1, then b = +1 and a* + a®b = 0. It is easy to see that in these
cases the solutions are only

(0,1), (=1,1), (0,-1), (1,-1).
If b2 # 1, then rewrite the equation as
at = [(—ab) — (b* — 1)][a® + b* —1].

If @ = 0, then b> — 1 = 0, a contradiction; if b = 0, then a* —a® +1 = 0,
impossible. Hence ab # 0. Thus we should have —ab > b%> —1 > 0, so
—ab > b?. If b> 0, then b < —a; if b < 0, then —b < a. So, in either case,

at = [(—ab) — (B®=1)][a® +b>—1] < [a® = (B* = 1)][a® +b*—1] = a* — (b*—1)%.
This is impossible since b2 — 1 # 0. =

LEMMA 7.2. The equation

4 3 2/ 2 2 2 2 _
t+ry+e(y+ 1) +ayly + 1)+ (y*+1)°=0

has no real solutions.

Proof. The polynomial can be written in the form

(z* + 2Py + 2% + 2y +yh) + (2 +ay + ) + (P + 1),

The first two summands in brackets are nonnegative and the third is > 1.
Hence the value of the polynomial for x,y € Ris > 1. =

8. A further example. We continue to consider the cases of | < 2n+1.
We use 6;(2;Z) to denote the subgroup of Ko(Q(x)) generated by two
essentially distinct nontrivial elements of the form

c a1x + by c asx + by
! ar +dy ’ ! cox + doy ’

b b
<a1 1), (az 2) € SL(2,Z)
C1 d1 Co dg
satisfying the extra condition
b\ b 0 -1 10
a) (o))
c dy ¢y day 1 1 -1 1
THEOREM 8.1. We have ¢(6%(2;7Z)) = 4, hence ¢s(6%(2;Z)) = 0, i.e.,
SE(2;Z) contains no nontrivial cyclotomic subgroups.

where



32 K. J. Xu and C. C. Sun
l1 l2
5 ar1r + by asx + by
= C _— - C [ —
> cxr+ dp > cox+dy )

b b
<‘“ 1), <“2 2) € SL(2.2).
cr dy co do

We can assume 1 < [q,ly < 4.
We claim that 5 ¢ G5(Q(z)). Indeed, if 5 € G5(Q(x)), then as in the
discussions of Section 5, there exist coprime f(x), g(z) € Q[x] such that

(8.1) D5(f,9) = aPs(a1x + b1, crz + d1) Ps(agx + ba, cox + da)®?,
where o € QQ, and either deg f = 2 or deg f = 3.
CASE 1: deg f = 2. In this case, e; = e3 = 1, so (8.1) becomes
D5(f,9) = a®s(a1z + by, c1x + di)P5(agx + b, cox + da).

__ aijz+b
Let X = rtd Then

P <(a1 — ch)2f(m> (a1 — 1 X)?g (m))

= a®5(X)Ps5(az(d1 X — by) + ba(a1 — 1 X), ca(d1 X — b1) + da(a1 — a1 X)).
So, it suffices to consider
(8.2) D5(f, 9) = a®s(x)P5(ax + b, cx + d),

where ad — bc = 1 and
b 0 -1 1 0
L Y )
c d 1 1 -1 1
Noting that ¢ ¢ Q, by the action of Gal(Q(¢)/Q) we have

(8:3) f(z) = Cg(x) = ar(x = ()(az +b— I (cx + d))  with ay € Q(¢).
Let

Proof. Let

where

f(.’I)) :x2—|—l1x+l0, g(l’) = k2$2+k1x+k0,

with g, l1, ko, k1, ke € Q.
Inserting these expressions into (8.3) and comparing the coefficients, we
get

(8.4) kol — " 4 (cky — dko) I — ako(' T
4 (d — 1) 4 al' + (bky — aky )¢ +aly —b =0,
(8.5) dhoCHITE — dCHT 4 cho¢IT — bhp ¢ — clo¢? + B¢ — akoC + alg = 0.

We only consider the following cases; the other cases are similar and
easy.
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1)Ifi=1, j=2, from (8.4) and (8.5) we have

(8 6) d—Cll —akz ZCkQ, all—b:ckg,

(8.7) ck1 —dky — c = cks, a— aki+ bko = cko,
(8.8) cko —d =dko, b—aky=dko,

(8.9) clo + bka = —dks,  aly = dko.

From (8.6), we obtain (a? + ¢ + ac)ks = 1, so kg # 0; from (8.7), we get
ac + ¢ = —1; so from this equality and (8.8), we have (a + ¢)d = 1 — a?;
therefore (8.9) yields
1—a’+ab=0.
Hence ¢® + 2¢8 + 4¢* 4 3¢ + 1 = 0, impossible.
2)Ifi=1, j =3, then
ck1 — dky — c = —aky, a — aki + bky = —aks,
d— cly = —aks, cko + aly — b = —aks,
d — ckg = bka, aky — b= bko,
clyg = bko, dko + alg = —bks.
From these equalities, we have ky # 0 and
—1=(a*+ac+Aky, da®*+ac—1=0,
(ab+bc)ka =1, ¢(b+d) = —ab.
Cancelling ko, b, ¢, we obtain a® — 2a% + 4a* — 3a® + 1 = 0, impossible.
3)Ifi =1,j = 4, then
d —cly = aky = cky +a —aky +bky = aly —b—c+cky —dke =0,
clyg = bky = dko + b — akg = ckg + alp — d = 0.
Hence
a2 =ad’ky, Aki—cdko=c2—1, ko—cd=0, b*—abky=0.
Clearly ¢ # 0, and a # 0 since b*> — abky = 0. So k; = 1, therefore from
c?k1 — cdks = ¢* — 1, we obtain cdky = 1; so from cko +a — aki +bky = 0, we
have b = —c. Hence from b% —abky = 0, c?kg—cd = 0, we get b/a = ko = d/c,
that is, ad — bc = 0, a contradiction.
4)Ifi =2, j =3, then
(8.10) cky —dky =a, cko—aky+bky=a, d—aky—cli=a,
(8.11) aly—b—c=a, cko=0b, bkotcly=—b, dky—aky="5b, aly=>.
From (8.10) and (8.11), we get respectively

(* = Dky =a® +ac, da’ky=1—a*—ac—c
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So
at +ca® + (2 —1)d® + (¢ —c)a+ (2 —1)? =0.

From Lemma 7.1, we have ¢> = 1. So a(a + ¢) = 0.
If @ = 0, then b = 0 from (8.11), a contradiction. So a = —¢, hence
a? = 1. From (8.10) and (8.11), we get

b 1
- )
c d —a a -1 1
This contradicts the assumption.

5) If i = j = 2, we have

(8.12) ck1 — dky — aky = —c, aki — bk = ¢,
(8.13) a—cli+d=—c, ali—b+cky=—c,
From (8.12) and (8.13), we get respectively
(a®> + Dky =2 +ac, ky=—1—ac—a®>—c

So ¢t +ac® = —(a®> + 1)(1 +ac+ a* + ¢?), i.e
ct+ac® + *(a® + 1) + ac(a® + 1) + (a®> + 1)* = 0.
This contradicts Lemma 7.2.

6) If i = j = 3, then

(8.14) Ckl — dkg — ak‘g = Ckz, bk’Q - ak:1 — C= CkQ,
(8.15) a—clh+d=cky, aly—b=cks,
(8.16) cko — bky = dks, ako +d = —dks,

We claim that kg # 0. In fact, if ko = 0, then clearly ¢ = 0 (otherwise from
(8.14)—(8.16) we will have kg = k1 = k2 = 0), but from (8.15) this will imply
a = —d, impossible.
From (8.14) and (8.15), we have respectively
(®+ac)ky=a’>+1, (1+a®)ky=—(a®>+c*+1).
So
A tac®+ A+ 1) Facla® +1) + (> +1)2 =0.
A contradiction now arises from Lemma 7.2.
7) If i = 3, j = 2, we have
cky — dks + a = —ako, d— cly = —aks,
cky — aki + bky = —aky, ali —b—c= —ako,
b+ Ck'() = —bk‘g, Clo = bkz,
dkg — ako = —ka, alo —d= —bkg.
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From cly = bka, alp—d = —bka, we have cd = b(a+c)ks; from d—cly = —ako,
aly —b—c = —aky, we get ¢ —1 = a(a + c)ko. Hence b = —c. Clearly ¢ # 0,
since if ¢ = b = 0, then ad = 1, hence a? = 1, so from ck; — dks +a = —aks,
we get —ko + a? = —a?ko, that is, 1 = 0, a contradiction.

On the other hand, from cky — dko + a = —aks, cky — aky + bko = —aks,
we have

a®> = (1 —a® — ac — A)ko.
In view of ¢ — 1 = a(a + c)ka, we get
adla+c)= (2 —-1)(1—a®—ac—c).
So we obtain
at +adc+a*(® —1) +ac(? —1) + (2 - 1) =0.

From Lemma 7.1, we get ¢> — 1 = 0. Hence ad = 1 — ¢® = 0.
If a # 0, then d = 0. So we have

ko =1+ k2, l[) = —kQ, —ako = CkQ, al() = Ck’g.

Hence kg = —lp = ko = kg — 1, a contradiction.

Therefore a = 0. If d = 0, then clearly c¢(x) and ¢(=%) are not essentially
distinct, which contradicts the assumption.

Hence we get a =0, d # 0. So

Ck’l = dk‘g, d= Cll, k‘o =1 + ]{32, —lU = ]{72, dk‘z = Ck‘g, —d = Ck‘z.
Therefore k1 = ko # 0 since d # 0, so d = c¢. Hence
<a b> <O —c> <0 —1>
= = :t .
c d c c 1 1
This contradicts the assumption.

CASE 2: deg f = 3. In this case, e; + e3 = 3, so by symmetry, it suffices
to consider the case e; = 2, ea = 1, hence (8.1) becomes

&5(f,9) = a®s(a1x + by, c1x + d1)2q55(a293 + ba, cox + da).
Similarly to (8.2), it suffices to consider
5(f,9) = ads(x)*Ps(ax + b, cx + d),
where (¢5%) # (Y 7') € SL(2,Z). Similarly, we have
(8.17) f(2) — Cg(x) = an(e — ()2(az +b— ez +d)) with az € Q(Q).
Let
fx) =2+ b’ +hz+1ly, g(x) = ksx® + kox® + k1 + ko.
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Putting these expression into (8.17) and comparing the coefficients, we get

2cks I — 2e¢ — 2aks Y + (cko — dks) P + 2aCt + (d — cly)¢?
+ (bks — ak2)¢ + (aly — b) = 0,
Ck3C2i+j+1 . 2dk‘3Ci+j+1 _ C<2i+j _ ak3C2i+1 + 2d<i+j + 2bk3Ci+1 _ Clej_H
+ al* — 2b¢" 4 cly ¢ 4 aki1¢ — aly = 0,
dkgCPHIT — AT — by (P 4+ bC* — cko(TT + clo¢? + akoC — alg = 0.

Similarly to the proof of the case deg f = 2, we can prove that these
equalities do not hold. We omit the details.

In summary, the equality (8.1) does not hold. So f ¢ G5(Q(x)), as
claimed.

This example implies that the cases of [ < 2n 4+ 1 are more complicated
than one might expect.

QUESTION 8.2. How to remove the condition n < (I — 3)/2 in Theorem
5.17¢

9. Cubes and squares. From this section on, we turn to the number
field cases. In this section we focus on the problem: When is the cube or
square of a cyclotomic element still cyclotomic? As a result, we will construct
some cyclotomic subgroups of order 5.

First, we need some lemmas on irreducibility of polynomials.

Let

fap(z)=a"+2+1 if n =1 (mod 3),
fo2@)=a2"+x+1/22 +x+1 if n=2 (mod 3).
LEMMA 9.1 (Selmer [16]).

(i) If n # 2 (mod 3), then the polynomial f, 1(x) is irreducible in Q[x].
(ii)) If n = 2 (mod 3), then the polynomial z™ + x + 1 has a factor
2?2 +x+ 1, but fno(z) is still irreducible in Q[z]. m

LEMMA 9.2. For any integer n > 1 and any prime p, the polynomial
f(x) = 2™ + 2" + p is irreducible over Q.

Proof. Clearly we can assume that n > 2. The Newton polygon of f(x)
for the prime p has vertices (0, 1), (n—1,0), (n,0). Therefore it has two sides
with slopes 1/(n — 1) and 0, respectively.

It follows that in Qpz], f(z) = fi(z)f2(z), where deg fi = n — 1,
deg fo = 1. Any root of fi(z) generates an extension of Q, of degree n — 1,
from the value of the corresponding slope. Consequently, f1(x) is irreducible

in Qpx].
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Thus, if f(x) were reducible in Q[z], it would have factors of degrees 1
and n — 1. This is impossible since f(z) does not vanish at +1,+2, so it
does not have a root in Q.

Thus f(x) is irreducible in Q[z]. =

REMARK 9.3. (i) We can also give a more computational proof of Lemma
9.2 as follows (see [L1]). Assume that we have a decomposition

2"+ 2" +p= f(z)g(x) with deg f(z),degg(z) > 1.

Since p is a prime, we can assume that the constant term of, say, f(x) is £1.

If f(x) has a oot a of modulus 1, that is, a” +a" 1 +p = 0 with |a| = 1,
then

p=la"+a" =" ]a+1] =|a+1]

Clearly |+ 1] < 2 if a # 1. So @ = 1. But 1 is not a root of 2™ + 2"~ +p,
a contradiction.

Hence f(z) has no roots of unit modulus. This implies deg f(x) > 2 and
f(z) must have a root o with |a| < 1. So

p= ’Odn_'_anfl‘ < ’an| + ‘anfll < 2,

a contradiction again. These contradictions prove the irreducibility of the
polynomial 2" + 2"~ ! + p.

(ii) Similarly, we can prove that 2™ + 2"~ — p is also irreducible if n > 1
and p > 3 is a prime.

The following lemma is crucial in our discussions.

LEMMA 9.4 (Zsigmondy [30]). Ifa > b >0, gcd(a,b) =1 andn > 1 are
positive integers, then a™ 4 b™ has a prime factor that divides a* 4+ b* for no
positive integers k < n, with exception 23 +13. u

We can construct the cube or square of a cyclotomic element which is
also cyclotomic as follows.

THEOREM 9.5.

(i) Assume that p > 3 is a prime. Let a be a zero of f,i(x), wherei =1
or 2, and F = Q(«). Then

1# Cp(a)S = Cp(ag) € Gp(F).
(i) Assume that p > 3 be a prime. Let a be a zero of zP + 2P~ + 2 and
F =Q(«). Then

1 # ¢p()? = ep(a?) € Gy(F).
Proof. (i) Clearly a?~! # 0,1. From o? + a + 1 = 0, we have
o’ +a+1) =0,
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therefore o'+ P ! =a+1,s0 a?? + P + 1 = o? + a + 1, that is,
-1 a?-1 a? -1 o’ —1
= SO = .
aP —1 a—1" a—1 a’ —1
Hence ®,(a) = ®,(a?), and therefore
() ={a®,@p(a)} = {a®,D,(a®)} = ¢p(0”) € Gp(F).

Now, we prove that c,(a)® # 1. Since p > 3 is a prime, it suffices to

prove cp(a) # 1.
First, we simplify the formula for ¢,(c). Namely,

1—aP 1+ (a+1 a+2
e e

11—« l—-a  1-—-a

Hence

(@) = sy} = {0, S 72 — fa.a 21

since {a,1 —a} = 1. But

a2y ={2(5)2(145))

={-2,2+ a}{,2}.

Il
—N—
|
“l\ﬁ
—_
_|_
(Gl e
——
——

|
[\
B
[\
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So
p(a) ={-2,2+ a}{a,2}.

Clearly, « is a unit. Hence vp(a) = 0 for every prime ideal p. Therefore,
for every prime ideal p { 2, we get

00)  7lep(@) = (=2 @+ 2{a,2}) = (-2 (mod p).

When p =1 (mod 3), from Lemma 9.1, f,1(x) is irreducible in Q[z]. So
the minimal polynomial of o + 2 is
for(x—2) = (x—=2)P+(x—2)+1 =aP —2pzP 4. 2P Ippf o — (2P +1).
Hence Np/g(a+2) = 2P + 1.

When p = 2 (mod 3), from Lemma 9.1, f,, 2(z) is also irreducible in Q[z].
So the minimal polynomial of & + 2 is f,2(x — 2). From

(2 =2+ (x—2)+1=[( -2+ (z—2) + 1] fpa(z — 2),

we find that Np/g(a +2) = (2P +1).

Now we assume that p = 1 (mod 3); the case of p = 2 (mod 3) can be
treated in a similar way.

Suppose that we have a decomposition into prime ideals

(a+2)0F = pit - iy
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In view of Npg(a+2) = 2P + 1, we can assume that e; > 1 and m > 1. Let
pi be primes (not necessarily different) such that (p;) = p; N Z. Then

Nejg((a+2)0F) = Npjg(p1)® -+ Npjg(pm)em = pitt - pinfrz,

where f; = f(p;|pi) are the residue class degrees.
From Lemma 9.4, the number 2P +1 has a primitive prime divisor, say gq,
ie., q|2” +1but gt2? +1 for any integer 1 < d < p.
Assume that v4(2P 4+ 1) = [. Then
Npjo((a+2)0p) = Npjgla+2)Z = (2P +1)Z = ¢'aZ
for some ¢ 1 a. Therefore
qlaZ _ pilfl . .pz:rlnfmZ.

This implies that ¢ must be one of the primes p1,...,pm, say ¢ = p1. Note
that the primes p; may not be distinct. So we have

l=eifi+- - >e.
On the other hand, clearly ¢ # 3, i.e., ¢ > 5, so
5l<¢t < 2P 41,
therefore [ < p, hence e; <[ < p, that is, vy, (a +2) = e; < p. This implies
pr=gf2n ) 41,

Note that also
pri2m et .

In fact, if p; | 2vp1(a+2) _ 1 then from py |2P + 1 we get
p1| (2P 4+ 1) 4 (201(@F2) _ 1) = 2P 4 9un (a42) — 9vpy (a+2) (9p—vpy (a42) 4 1),

Since p1 = q # 2, we obtain p | 2p—vp1(@+2) 4 1 This contradicts the choice
of ¢ = p1 since vy, (v +2) # 0.
Hence from (9.1), we get

71 (ep(@)) = (=2)1 T2 £ 1 (mod py).
Therefore ¢p(a) # 1.
(ii) From o + a?~! 4+ 2 = 0, we have

1+ )@ (—a)=1+a)a? +1)=a(c? + P H+14+a=1-a
Then {a, (1 +a)?} ={-1,1+a}*{—a,1+a}?={1,1+a} =1 yields
() = o, By(a)} = {0 (1 — )By(a)} = {a, (1 + a) By (—) By ()}
— sy},
So
cp()? = {a?,Dy(a?)} = ¢p(a®) € Gp(F).
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Now, we prove c,(a) # 1. From o? +a?~ 1 +2 = 0 and (14 a)?®,(—a) =
1 — «, we have
a? -1 o +1 a+l 2
a—1 a+1 'a—1+1—a
l-a 1+« 2 143
10 a-1 ' 1-a 1-a

Pp(a) =

So

ep(a) = {0, By(a)} = {a, izﬁ} — {(=3,143a} {~1,1+a).

Clearly, o is a unit. Hence vy(a) = 0 for every prime ideal p. Therefore, for
every prime ideal p 1 2, we get
(9:2) To(ep() = ({=3,1+3a} {11+ a})
= (—3)"w(H3)(_1)w(+e) (1m0 p).
From Lemma 9.2, 2P + 2P~! 4 2 is irreducible over Q. So
Npjg(l+3a) =2(37 +1).
Suppose that we have a decomposition into prime ideals
(1+3a)O0p = p7" -y

In view of Np/g(1+3a) = 2(3F + 1), we can assume that ¢; > 1 and m > 1.
Let p; be primes (not necessarily different) such that (p;) = p; N Z. Then

Nrjo((1+30)OF) = Npjg(p1)® -+ Npjg(pm)™ = pilfl “‘p%nfm%

where f; = f(p;|p;) are the residue class degrees.
From Lemma 9.4, the number 3P+ 1 has a primitive prime divisor, say ¢,
i.e., ¢ |37 +1but gt3%+1 for any integer 1 < d < p. Clearly ¢q # 2,3.
Assume that v4(3? + 1) = [. Then

Npyo((1+30)0r) = Npjg(L +3a)Z = 2(3° + 1)Z = ¢'aZ
for some ¢ 1 a. Therefore
qlaZ _ pflnfl . 'pf;LnfmZ‘

This implies that ¢ must be one of the primes p1,...,pm, say ¢ = p1. Note
that the primes p; may not be distinct. Thus

l=eifi+ - >e1.
Let p; be a prime lying above ¢q. Then
1< vy, (1430) < 0,(3+1) <p.

This implies that
p1=qf 3vpy (1+3a) 4 1,
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Note that also
P ,‘, 3Up1(1+3a) 1.

In fact, if p; | 3vp1(1+30) _ 1 then from p; | 3P 4+ 1 we get
n | (3p+1)+(3vp1(1+3a) _ 1) _ 3p+3vp1(1+3a) _ 3Up1(1+304) (3p—vp1(1+3o¢) _‘_1).
Since p; = q # 3, we get py | 3P~v1(143%) 4 1 This contradicts the choice of
q = p1 since vy, (1 + 3a) # 0.
From p; |14 3a = (1 + a)+ 2« and p1 | ¢ # 2, we know that p; {1+ a,
ie., vy, (14+a)=0.S0
71 (ep(@)) = (=3) r UIF3) (—1)om 0] = (3) 7o (1439) £ 1 (mod py).
Therefore cp(a) # 1. m
Let S, denote the symmetric group of degree n.
LEMMA 9.6.
(i) The Galois group of zP + x + 1 is isomorphic to Sy.
(ii) The Galois group of ® — x? + 1 is isomorphic to S3.
(iii) The Galois group of x° + z* + 2 is isomorphic to Ss.

Proof. (i) follows from Lemma 9.1 and [I1], Theorem 1]; (ii) follows from
Lemma 9.1 and [I1, Theorem 2J; (iii) can be proved using GP-Pari. =

LEMMA 9.7 ([19]). Let L/F be a Galois extension of finite degree n with
G := Gal(L/F). Then the kernel of the canonical homomorphism Ks(F') —
Ko(L)% is killed by n.

COROLLARY 9.8.
(i) Let o be a zero of fri(z) = aP +x+ 1 or fso(z) = 23 — 22 + 1,
let F = Q(«) and let F be the normal closure of F'. Then for any
o € Gal(F/Q),
cp(o(@)™ # 1.

Moreover, in Ko(F') we have

[T c(o(@) = cp(~2),

oeG
i.e., the element [] . cp(o(a)) is also cyclotomic.
(i) Let o be a zero of 2P + aP~1 + 2 let F = Q(a) and let F be the
normal closure of F. Then for any o € Gal(F/Q),
ep(o(@)E3 £ 1.
Moreover, in Ko(F) we have

1 (o)) = ep(=1/3).

ceG
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Proof. (i) From Lemma 9.6(i), we have [F : F] = [F : Q|/[F 1 Q] =
1Sp|/p = (p —1)!, and from Lemma 9.7, the kernel of Ko(F) — K»(F)¢ C
K>(F) is killed by [F' : F|. As ([F': F],p) = 1, we get the injection

Gy(F) = Gy(F),

since G, (F’) is contained in the p-torsion of Ky(F') (see [I]).

A similar discussion works for f52(x), since from Lemma 9.6(ii), we have
Gal(F/Q) = S5, and so [F : F] = |Ss|/[F : Q] = 2.

Thus the first statement follows from Theorem 9.5(i) and the facts that
o(ep(@)) = ¢p(o(a)) and ¢p(a) ™! = cp(a™).

From the proof of Theorem 9.5(i), in K2(F) we have

[T er(o(@) = TT {22+ () Ho(a),2}

oceG oceG
= {2, fpa(=2)H{Np/g(a), 2}

P

={=2,2p(-2)} = p(-2).
A similar reasoning works for f5o(z).

(ii) The proof of the first statement is similar to that of (i); one uses
Lemmas 9.5(ii), 9.6(iii) and 9.7.
As for the second statement, from the proof of Theorem 9.5(i) we have

[T er(o(@)) = TT{=3,1+30(a)}{-1, 1+ o(a)}

ceG oeG
= {=3,Npjp(1+3a)} " - {-1,Np/p(l +a)}
= {3,203 + D} {-1,-1}
= {=3,8,(-3)} - {-3, -8} {-1,-1}
= cp(=3)" = ¢p(—1/3).

In the case of f,2(x), Browkin informed the first author that (c,(«)) is
a cyclotomic subgroup when p = 5. Moreover, in the following examples, we
can construct more nontrivial cyclotomic subgroups.

ExAMPLE 9.9. Let p = 5. Then it is easy to show that
fso(z) =a® —2® + 1.
Let « be a zero of f52(z) and F' = Q(«). Then from Theorem 9.5(i), we get
1# cs(a)® = cs5(a”) € G5(F).
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On the other hand,
cs(a)’ = e5(@) P = cs(@7?),  es(@) =es(a) T = es(ah).
Hence (c5(0)) C G5(F), ie., (c5(a)) is a cyclotomic subgroup.
Now, let ' be the normal closure of ' = Q(«). Then from Lemma 9.8(i),
for any o € G := Gal(F/Q), we have 1 # c5(o(a))* € G5(F), and therefore

(9-3) U (es(a(@)) € Gs(F).

oeG

-3

Let o := a1, az and a3 be the three roots of f52(z) = 2% — 22+ 1. Then
(9.3) becomes

(e5(1)) U (es(@2)) U {es(as)) € Gs(F).

CLAIM. The cyclotomic subgroups (cs(a1)), (cs(a2)), (c5(as3)) are differ-
ent from each other. Hence G5(F') contains at least three nontrivial cyclo-
tomic subgroups.

In fact, from the proof of Theorem 9.5(i), we have

C5(O{1) = {_27 2 + 041}{0[1, 2}7
and Np/g(2 + a1) = 11.

To compute the tame symbol of ¢5(c1), we need to know the prime

decomposition of the integer 11 in O.

First, we determine the prime decomposition of 11 in Op. It is easy to
show that the discriminant of f52(x) is —23, i.e.,

dF(la aq, OZ%) = d(f5,2) = _237

which is square-free. So 1,ay,af is an integral base of Op, that is, Op =
Z]oy). By the well known Kummer criterion, we have

(94) 110}7‘ = p1p2,
where p1 == (24 1), p2 := (a2 — 3y + 6) are different prime ideals in Op.
Moreover f(p2|11) = 2. Hence f(p1]|11) = 1.
Now, suppose that in Oz we have prime decompositions
P10z =P (P, p20f = BEBS.
From [F : F] = 2, we have
2=e1f(Pilpr) +e1f(Bilp1), 2= eaf(Palp2) + esf(Palp2).

Since F/F is a Galois extension, from f(p;|11) = 1, f(pa|11) = 2 we know
that

FPBilp1) = F(Bilp) =2, f(Palp2) = f(Bslp2) = 1.

Soe; =1, ¢} =0 and ez = e3 = 1, which implies that
P10z =P1, p20p = BBs.
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As in O we have the decomposition of — 3a; +6 = (2 + a2)(2 + a3), from
(9.4) we get
(9.5) 1107 = 9PB1B2Bs,
where B; = (2+;)Oz,i = 1,2, 3, are different prime ideals. Therefore (9.5)
is just the prime decomposition of 11 in O, as required.

Note that oy, ¢ = 1, 2, 3, are units. Then

—2 (mod %B;) if1<i=j <3,
(9:6) T""‘i(cf’(aj))z{l (H(lodm?f) if1<i7éj'<3.
Hence, if (c5(cv)) = (¢5(cy)), then
cs(ay) = cs(ap)t for some 1 <t < 4.
From (9.6) we have —2 = 1 (mod ;). But ‘B; is over 11, so we get —2 =1

(mod 11). This is impossible. Hence we must have (c5(a;)) # (c5(e;)) for
1 <i# 5 < 3. The claim is proved.

QUESTION. How many cyclotomic subgroups are there in G5(ﬁ’) ¢

Furthermore, from Corollary 9.8(i), we have
cs(aq)es(ag)es(ag) = {—2,11} = {2, P5(—2)}.

By Lemma 9.7, we have the injection (K2(Q))s — (K2(F))s. As in K2(Q)
the tame symbol of {—2,11} is
mm1({—2,11}) = =2 £ 1 (mod 11),
we get
cs(ar)es(az)es(as) = c5(—2) # 1.
Moreover, let F,, = F(*" Va). As @5 (z) = 5(z5" ), we get

esn (M) = Va2 (V)P = {0, 85(a)} = es(a).
So Gsn(F,) also contains the cyclotomic subgroup (cs» (" va ) ') =
(cs(a)). m
EXAMPLE 9.10. When p = 5, let a be a zero of 2° + 2* + 2, F = Q(«)
and F the normal closure of F.
As in Example 9.9, we conclude that (c5(«)) is a cyclotomic subgroup of
order 5.

Let o := aj,q9,...,as be the five roots of f(x) = 2° + 2% + 2. From
Lemma 9.4(iii), much as in Example 9.9, we have

(es(a1)) U -+~ U {es(as)) C Gs(F).
CLAM. The cyclotomic subgroups (cs(a1)), ..., (cs(as)) are different

from each other. Hence G5(F) contains at least five nontrivial cyclotomic
subgroups.
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From the proof of Theorem 9.5(ii), we have
(1+30)0p =p; -, 1<i<5,
where p; is over 61 and a; is over 2.
Now it is easy to see that the discriminant of f(x) = 2% + 2 + 2 is
d(f) = Ng (501 + 4a7) = 2 - 3253.

The integer 3253 is a prime. Hence 61 { d(f).

We claim that p;Og, p;Of are relatively prime for ¢ # j. In fact, oth-
erwise there will exist a prime 9B such that B | (1 + 3c;), B | (1 + 3a;). So
B | (i — ;) since P 1 3. Hence P|d(f). Therefore 61|d(f) = 2* - 3253,
impossible.

Hence we conclude that for different i the primes in Oz over (1 + 3a;)
but not over 2 are relatively prime.

Note that for any B; | (1 + 3c;) such that B; t 2, i.e., P;|p;, we have
PBi 1 (14 ;). Thus from (9.2) we have

—3)7uri(0+3%) (mod ;) if 1 <i=j <5,
O1) mleslay)) = {i (i)r)lod i) ot if1<i ;éj' < 2
Hence, if (c5(;)) = (c5(ej)) for some 4, j, where 1 <14 # j <5, then
cs(;) = c5(a;)’ for some 1 < ¢ < 4.
Therefore from (9.7) we get (—3)7*:(1¥3%) =1 (mod 9;), which implies
(=3)vri(1321) = 1 (mod 61).

It is easy to see that the order of —3 (mod 61) is 5, so 5| vy, (1 + 3¢;).
On the other hand, F/F is a Galois extension with [F : F] = 24, so 5 does
not divide e(*P;|p;), the ramification number of PB; over p;. Hence for any
PBi | (14 3c;) with B, 12, we have

5)(1)%(14—3041-), 1< <5,
This is a contradiction.

Thus, (¢5(aq)), .- ., (c5(as)) are different nontrivial cyclotomic subgroups

of order five in Ky(F).

A similar reasoning also works for Example 9.9.
Moreover, as in Example 9.9, from Corollary 9.8 we have

cs(an) -+ csas) = {=1/3,P5(=1/3)}.
It is easy to see that {—1/3,P5(—1/3)} = {—1,61}{3,61} ! #£ 1 € Ky(F).

We can also construct a quadratic field F' such that Ka(F') contains a
cyclotomic subgroup of order 5. This was suggested to the first author by
Browkin.
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EXAMPLE 9.11. The roots of the polynomial 2?—3z4+1=0 are (3++/5)/2.
Let 8= (3++/5)/2, and F = Q(8) = Q(v/5). Then

D5(—f) = (1 - %)
In view of {3, (1 — 8?)?} = {B%,1 - B?} = 1, we get
cs(8) = {8, (1 = B2)*®5(8)} = {B, P5(—B)®5(8)} = {8, P5(5°)}-
So
cs(B8)* = {B* @5(6%)} = e5(8%) € G5(F).

As in Example 9.9, we find that (c5(8)) is a nontrivial cyclotomic sub-
group. But we need to prove that c3(3) # 1.
In fact, note that 52 4+ 1 = 35. Thus

O5(8) = (1+5%)° = B2 + B(1 + %) = 95° — 5% + 35% = 115%,
Consequently, c5(3) = {38,118%} = {3,11}.
In Op = Z[(1 + v5)/2], we have 11 = (4 + /5)(4 — v/5). Therefore
4 ++/5 generates a prime p. From 32 — 35+ 1 =0, we get (3 —3) = 1 and
(B—1)2 = 3,50 (3—B)(B—1)2 = 1. These imply that 3,3 — 1 are both
units. So vp(11) = 1 and vp(B) = 0, and therefore

Tp(es(8)) = ({8, 11}) = B # 1 (mod p).
Now, let 3 = (3 = v/5)/2. Then similarly ¢5(3) = {8, 11}, and it is easy

to see that c5(8)cs(8) = 1. So we get (¢5(8)) = (c5(0)). =

QUESTION. Are there any nontrivial cyclotomic subgroups of order five

other than {(c5(B)) in K2(Q(\/5))?

We do not know how to construct other cyclotomic subgroups. In par-
ticular, we do not know how to construct a cyclotomic subgroup of order
seven.

10. Nonclosedness. In this section, for any number field F, we will
construct a subgroup generated by an infinite number of cyclotomic ele-
ments to the power of some prime, which contains no nontrivial cyclotomic
elements. This is more clear than what Browkin’s conjecture implies.

We need the following celebrated result.

THEOREM 10.1 (Faltings [3]). Any smooth, projective curve over a num-
ber field F' that has genus greater than 1 can have only finitely many F-
rational points. m

In the following, we will use g(C) and g(F(C)) to denote respectively
the genus of a curve C and of its function field F/(C'). We also need a genus
formula for Kummer extensions of function fields.
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Let K/k be an algebraic function field where k is the field of constants
which contains a primitive mth root of unity (with m > 1 and m relatively
prime to the characteristic of k). Suppose that u € K satisfies

u#w? forallwe K and d|m,d> 1.
Let
K' =K(y) with ¢y =
Such an extension K'/K is said to be a Kummer extension of K. We have

the following genus formula.

LEMMA 10.2 ([I7]). Let K'/K be the Kummer extension of a function
field K with y™ = u as above. If k' denotes the constant field of K', then

g(K’):1+[k,"?k]< 1+ 3 (1—>degP>

PGS

where rp = ged(m,vp(u)) and Sk is the set of places of K/k. m

LEMMA 10.3. Let F be a number field. Assume that n > 3 and p is a
prime. If either p > 5, orp = 2 but n # 3,4,5,6,8,10,12, or p = 3 but
n # 3,4,6, then there are only finitely many F'-rational points on the curve
C: ®,(x) = cy?, where c € F*.

Proof. Let C be the projective closure of C over F), i.e.,

C: Py (z,2) — eyPz?MP = 0.
Note that C is a singular curve with singular point (0 : 1 : 0). So we need
to consider the normalization of C, i.e.,
r:C —C.

As we know [B], C' is a projective smooth curve over F. It is also well known

that the genus of a projective smooth curve is equal to the genus of its
function field [6]. So

9(C") = g(F(C")).
Since 7 is a birational morphism, we have F(C') ~ F(C) ~ F(C), so
g(F(C")) = g(F(C)), therefore

9(C) = 9(F(0)).

Now, we calculate the genus g(F(C)).

First, since F' is a perfect field, the genus is unchanged under the al-
gebraic extension of F. So g(F(C)) = g(F(C)), where F is the algebraic
closure of F.

Clearly,

F(C)=F(z,y) =F(z)(y) with 3" =oy(x).
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It is easy to see that F'(z)(y)/F () is a Kummer extension. As is well known,
g(F(z)) = 0. _ _
For the Kummer extension F'(z)(y)/F(x) with

P=u=0ua@)= [ (-0,
1<i<n, (nyi)=1
where ( is the nth primitive root of unity, it is easy to show that for any
Pe Sﬁ(x), we have:

(i) if P = (x — ¢Y),1 < i < n, ged(n,i) = 1, then vp(u) = 1, so
rp = ged(p,vp(u)) = 1;
(ii) if P=(x —a), a # (", ged(n,i) = 1, then vp(u) = 0, so rp = p;

(iii) if P =00 = (1), then voo(u) = —¢(n), so re = ged(p, p(n)).
We apply Lemma 10.2 to the extension F(x)(y)/F(x). Note that F is

an algebraically closed field, so the constant field of F(x)(y) is also F and
so deg P =1 for any place P € Sf( )" Therefore

g(F(C’)):1+p|:1+;g0(n)(1;> +;<1W>].

Thus, to prove g(F(C)) > 2, it suffices to prove

(10.1) @(n)(p— 1) > p + ged(p, (n)).

Note that ¢(n) > 2 since n > 3.

For p > 5, if p(n) = 3, then ¢(n)(p —1) = 3(p—1) > 2p = p+
ged(p, o(n)); if @(n) = 2, then o(n)(p—1) = 2(p—1) > p+1 =p+
ged(p, p(n)).

For p = 2, the inequality (10.1) becomes

o(n) > 2+ ged(2, p(n)).

It is easy to see that this holds if and only if p(n) >4. Son#3,4,5,6, 8,10, 12.
For p = 3, the inequality (10.1) becomes

2p(n) > 3+ ged(3, (n)).
Obviously, this holds if and only if ¢(n) > 3. So n # 3,4, 6.

Summarizing, we have g(F(C)) > 2 under the given assumptions on

n and p. So g(él) > 2. Hence, C is a projective smooth curve of genus
> 2. Therefore, from Theorem 10.1, there are only finitely many F-rational
points on 6’; as 7 is an F-birational morphism, there are also finitely many
F-rational points on C and therefore on C, as required. =

THEOREM 10.4. Assume that F' is a number field and n # 1,4,8,12. If
there is a prime p such that p? | n, then there exist infinitely many nontrivial
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cyclotomic elements oy, g, ... € Gy (F) such that

oy C(ad,ab)y C -+ and (of,ab,....)NG,(F)={1}.

= =

Proof. Let S be a finite set of places of F' containing all archimedean
ones, and all places above p and above the primes ramified in F. Moreover,
assume that S is sufficiently large, so that the ring O g of S-integers is a
unique factorization domain. Let Pg denote the set of all the rational primes
which the finite primes in S lie above.

Let J={1,...,n/p—1}, and let N be a positive integer which is greater
than p, the rational primes ramified in F' and all the rational primes in Pg.

Note that the polynomials @, (x) and @), (x) are coprime, so there exist
g(x),h(x) € Z[z] and an integer myg such that

(10.2) 9(2)Pp(x) + h(x)®, (z) = my.

Let My = mo[] . g<n 4 with ¢ running over the rational primes. We
can choose a sufficiently large integer k1 and a rational prime p; such that
p1 | Pn(k1My) (s0 p1 1 k1 My).

Let

A {klMl if vy, (Pp(k1M1)) =1,
' klMl +p1 if 'Upl(én(klMl)) > 1.

Then it is easy to show that v, (@,(41)) = 1, i.e., p1 || Pn(A1). In fact, if
Up, (Pn(k1M1)) > 1, then from the Taylor formula,

By (k1 My + p1) = D (ki My) + (ki M)py + 300 (ki My)pi + -+ .

We must have py t @), (k1 My). Indeed, if py | D), (k1 M;), then from (10.2),
we have p; | mg. But according to the choice of M, we have mg | M, so
p1 | k1 My, a contradiction. Therefore vy, (1,(A1)) = vp, (Pr (k1M1 +p1) =1,
as claimed.

Let

/ ’
My= [l o [ @ I « II @&
qilkiMy ¢\ lkiMi+p1 @2 Pn(kiM1)  gh|Pn(kiMi+p1)

where ¢1, g2 Tun over rational primes. Then we can choose a sufficiently large
integer ko and a rational prime po such that ps | @, (k2 M), and similarly we
get As with po || @n(AQ).

Repeating this procedure, we get the following sequences of elements of

Ky(F):

(10.3) {ea(A)P |i=1,2,...}, jel,
where
kM +pi if vy, (P (R M;)) > 1,
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in which p; is a rational prime satisfying p; | @, (k;M;) (therefore p; 1 k;M;)
and
M; = H ¢ H % H 72 H -
qulkesM;—1 qulkiMi_1+pi—1 @2|Pn(kiMi—1)  q2|Pn(kiM;_1+p;_1)
Hence p; || ,(A;). Note that p; ¢ Ps for any i.

CrLAM 1. For each j € J, the elements of (10.3) are all nontrivial and
different from each other.

In fact, for each p;, we can choose a prime p; C Opg with p; |p; since
pi ¢ Ps. According to the above construction, p; is unramified in F, so from
pi || Pn(A;) and p; | ps, we have p; || P (A;), ie., vy, (Pn(A;)) = 1. So

7o, (en(Ag)P7) = AP (mod p;).
It suffices to prove Afj # 1 (mod p;). In fact, assume Afj =1 (mod p;).
Let
j=p"j1, where 0<m <wvy(n)—2and (j1,p) =1
Then
ged(n,pj) = p™ " - ged(n/p™ Y, 1) = Pt - ged(n/p*r ™, 1)
since p 1 j1.
So from A" =1 (mod p;) and A” =1 (mod p;), we have

m+1, —vp(n)
AP oednw ™0 — 4 (mod py).

Therefore A?/p =1 (mod p;).
It is easy to prove that there exists ¥, ,(z) € Z[z] such that
B (1) () = Bp(a/7).
Hence
0= B (AW (As) = B, (AP) = p (mod p;),
that is, p; | p. This is impossible since p; # p (note that p € Pg).
So we get ‘ ‘
Tp; (en(A9)7) = AP # 1 (mod py),
which implies that ¢, (A4;)P7 is nontrivial.
Next, we have p;+1 1 Miy1, o pi+1 + M;q1. Therefore, according to the
construction, pi+1 1 Ay, pit1 1 Pn(A;), I < i, hence
Tpita (Cn(Al)p]) =1 (mOd pi+1)’ vl <.
But from the above discussion, we know that
Tpira (en(Aip1)”) # 1 (mod pit1).
Hence A ‘
Cn(Al)p] 75 Cn(Aj+1)p], Vi S 7.

The claim is proved.
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CLAIM 2. There exists i1 such that c,(A;, )P ¢ Gn(F) for each j € J.

First, if there are only finitely many 4 such that ¢, (A4;)? € G,,(F), choose
a large integer Nj such that when i > Ny, ¢,(4;)? ¢ G, (F); otherwise,
choose an infinite subset I; C N such that for any i € I, we have ¢, (A;)P €
Gn(F).

Next, if there are only finitely many i € I; such that c,(A;)% € G, (F),
choose a large integer Ny > Nj (if Nj exists) such that when ¢ € I; and
i > Na, we have ¢,(4;)*® ¢ G,(F); otherwise, choose an infinite subset
I C I such that for any i € I, we have ¢, (4;)% € G, (F).

Repeating this procedure, we will finally get an infinite set I C N and a
set of integers

J:={j,...,js} with 1<j<---<js<n/p—1,
which satisfy
Cn(Ai)pj eGn(F)a iel, jed,
cal AP ¢ Gu(F), i€l jel-J.

In the above construction, if J = (), i.e., if for each j € J, the first case
holds, in other words, there are only finitely many 7 such that ¢, (4;)? €
Gy (F), then the claim is proved. Otherwise, J # (). We will prove that this
is impossible.

In fact, since ¢, (4;)” € G, (F) fori € I, j € J, we can assume that

cn(A)P) = ¢, (Byj), wherei €I, j€J, By € F*.

By the Dirichlet—-Hasse—Chevalley theorem (see [21]), the group of S-
units in Of g is finitely generated: there are fundamental S-units €1,..., &
such that every S-unit can be written in the form

Crelfl ---5?, where 1, k1, ...,k € Z.

Here ( is a generator of the group of roots of unity in /' and 0 < r < ord (.

By Lemma 10.3, the equation @, (z) = cy? has only finitely many solu-
tions with z,y € F. Hence, there are only finitely many = € F such that
&, (x) can be written in the form cy? with ¢ of the form

(10.4) (et e, 0<r<p 0<kj<p l<j<t.

Hence, we can find an integer N € I such that when i € T and i > N ,
&, (B;j) cannot be written in the form cy? with ¢ of the form (10.4). This
implies that we must have

P, (Bij) = cijaijyi;,
where c¢;; has the form (10.4), and a;; € F*\OFp g - (F*)P and y;; € F™.
Assume that

- __eij1 €ijs
aijORs = 4,51 = Ujjs -
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CramM 3. There exists ko with 1 < ko < s such that p { e;ji,, that is,
pt Y445k, (a’ij)‘

In fact, if p|e;ji for 1 <k <'s, letting e;j5 = pe,.;,,1 < k < s, we have

ijk>
!

. _ 7.]1 eijs P _ / P / *

ai;Ops = (qul SR Y = (aijoF,S) for some a;; € F,

since, according to the choice of S, O is a PID, so a UFD. Therefore

aij = uij(a;;)?  for some u;; € Of g and a;; € F*,

that is, a;; € Of g - (F*)P, a contradiction. So Claim 3 is true.

For convenience, we denote q;; := qjjk,-

From Claim 3, we conclude that if ¢ > N , then for each j € J there
exists a prime q;; such that

P 1 g;; (Pn(Bij))-
Since p € Pg, we have q;; { p.
Now, we prove that this leads to a contradiction.
On the one hand, we have
cn(Bi)"P = cp(A)" = 1.
On the other hand, if vg,,(B;;) > 0, then vy, (P,(Bi;)) = 0, a contradic-
tion; if vy, (Byj) < 0, then from vy, (@n(Bij)) = quJ(B /) - deg @, (x) and
p| deg @, (x), we have
P | vq;; (Pn(Bij)),
a contradiction again. Hence, vq,; (B;;) = 0.
Note that vq,; (Pn(Bij)) > 0, i.e., qij | Pn(B;;). Computing the tame sym-
bol, we get

n/oy _ Vi (@n(Bij))n/p
Tqi; (en(Bij)"/?) = B ’ (mod g;5).

Since ¢, (B;;)"/P = 1, we have

BZ;}” (gpn(Bij))n/p =1 (mOd qu)

From q;; | @5, (B;;) | (B]; — 1), we obtain B}, =1 (mod g;;). Hence
Bz.nj/p =1 (mod g;5),
since ged(n, vy, (Pn(Bij))n/p) = n/p. Therefore
0= B0 (Bij) W p(Bij) = Pp(BJ") = @p(1) = p (mod a5).
i.e., q;j | p, a contradiction. Thus, Claim 2 is proved.
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Now, let oy = ¢,,(A;,). Then Claim 2 implies
(f) NGu(F) = {1},

as required.

Next, we construct as.

First, from Claim 1, we can choose a sufficiently large integer N such
that when i > Nj + i1, we have ¢, (4;)? & (ay) for any j € J.

Let

Mz/ = MnN, iy 44 A; = AN1+i1+iv pg *= PNi+iy+i-

The notation is as above.

As in (10.3), we construct sequences of elements:

(10.5) {ea(Ai)P - cn(ADPT i =1,2,...}, 4,5 €],
with pj || @n (A47).
As in Claim 1, we can prove that for each fixed pair (j,5’) € J x J, the
elements of (10.5) are all nontrivial and different from each other.
Assume that for each 7, there exists a couple (j,j') € J x J such that
en( A )PP - cn (AP € G (F).

Similar to the above discussion, there exists an infinite subset I’ C N
and J' C J x J such that

Cn(Ail)pj : Cn(Ag)pj, €Gu(F), iel, (j,j) e,
cn(Ai) )P - cn(ADPT ¢ Gu(F), iel, (j,57)eIxT—J.
Now, assume that
ca(Ai)P - cn(ADY = ea(BYy), i€ X, (G.7) €T,
with le'j € F*. As above, we can prove that J' = ().
Hence, there exists i9 such that
n(Ai )P - ep(Ai )P ¢ Gu(F)  for any (j,5') € I x J.
Let ag = ¢,(A;,). Since ia > Ni + i1, we have ag ¢ (a1). So we get
(of) € (of,af), (o, af) NGu(F) = {1}.
Repeating the procedure, we can find aq, as,... € G,(F) such that
(o) C(ad,ab)y C ... and (of,ab,...)NG,(F)={1}.

The proof is complete. n
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