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1. Introduction. The sequence {F, },>1 of Fibonacci numbers is given
by
F1:17 F2:17 Fn+2:Fn+1+F7’L7 7121

A Diophantine m-tuple is a set {ai1,...,an} of positive integers such that
a;a; + 1 is a perfect square for all i # j in {1,...,m}. In 1977, Hoggatt and
Bergum [4] pI‘OVQd that {an,F2n+2,F2n+4,4F2n+1F2n+2F2n+3} is a Dio-
phantine quadruple. In 1999, Dujella [2] proved that if d is a positive inte-
ger such that {Fby,, Fonto, Fonta,d} is a Diophantine quadruple, then d =
4Fon 11 Fon10Fo, 3. Here, we take this one step further, by fixing a positive
integer n and looking at positive integers k such that {Fb,, Font2, F} is a
Diophantine triple. Our result is the following.

THEOREM 1. If {Fby, Fonto, Fr} is a Diophantine triple, then k €
{2n +4,2n — 2}, except when n = 2, in which case we have the additional
solution k = 1.

Note that the exception k =1 in case n = 2 is not truly an exception: it
appears merely due to the fact that F; = F.

2. Intersection of two sequences. For any fixed positive integer n,
assume that there exist positive integers k, x,y such that

(1) FonFy+1=2%  FopoF+1=y%
Eliminating Fj, we deduce the norm form equation
(2) Fop -y — Fonga - 2 = Fap — Fanyo.
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Since Fy,, < Fopyo < 4F,, by [5, Theorem 8], we have

YV Fon + 2/ Fonta = (£V Fan + V/Fony2) (Fans1 + V/FanFans2)?,  j > 0.
Define
Vi + Uj\/ FonFonta = (Fant1 + / FonFonya)’.

Then we obtain

(3) x=ux;=V;+ FUj.
Substituting into the first equation of , we get
(4) Fy = £2V;U; + (Fap + Fang2)U} .
This is the main equation to be solved. Let

(5) O = 22VU; + (Fon + Fony2)U2 for j=1,2,....
Therefore, we have to solve the equation

(6) C](-i) =F

for some positive integers j and k. Notice that the above equation has solu-

tions

(7) C£+) == F2n+4 and Cfi) == FQn_Q,

which are the ones appearing in the statement of Theorem [I] We need
to show that there are no other solutions (except when n = 2, for which

C’Y) = Fy9_9 = Fy = F}). So, we shall assume that j > 2 in order to get a
contradiction.

Let
1++5 . 1-+5
= and o= .
2 2
We use the well-known Binet formula
af —ah
8 Fp=—+-— or a > 1.
(8) k 7 >
We set
ﬁn — F2n+1 =+ F22n+1 — 1,
and also
B+ Ba? B — B’
(9) ‘/] = 2 ? U] = 2 :
2V, —1

Technically, V; and U; depend on n, but we shall assume that n is fixed
throughout the argument. Define
1 F F
(10) A& = £ 2n2+ 42
2VF3 . —1 AF5 - 1)
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Formula leads to

2j —2j 2j —2j
+) . — Bn A
(11) o =g On P (Fop + Fopyo)  ———5——
7 2VF2,, —1 T AR - )
- Fs, + F: -
— B2 (F) _ T2n T 2042 525 (F)
By 2FE,, — 1) + B2
Therefore, by and (11), equation @ becomes
j Fon + Fopyo Y of — ak
12 2% (£)  F2n n 25~ (F) — iy
(12) B 2L, — 1) + 6. 7

3. A linear form in three logarithms
LEMMA 1. We have

(i) 1.46a72" < 4P < 1.660~27;

(i) 0.08a72" < 747 < 0.13a72".

Proof. From the definition of %(Li), we deduce

@ _ 1 1
13 2 n o = +
(13) K VEy  VFopgo
= 51/4a_"< ! + ! )
V1I=1/a*"  ay/1—1/aintd

The Taylor series of (1 —x)~1/2 is

L 4 sat Sa 4 2ad g
= —r4 -zt —x’+ -
1—x 2 8 16 ’
which implies
1 1 T
1+ = 1+ —— f 0,1).
+52< 1—x< +2(1—x) orxz € (0,1)
Therefore,
1 1 1 1
(14) 1+ =< + <11+ -—.

a  J1-1/a"  ay/1—1/ain+? a
Using and , we get
1 2y

1:|:& < 51/dg

1
<1l1l+-—.
o

Straightforward calculations give the results (i) and (ii) in the lemma. m

Now, we define the following linear form in three logarithms:
(15) A :=2jlog B, — kloga + log(v/5 - ’y,(f)).

The next result determines an upper bound for A.

59
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LEMMA 2. Ifj > 2, then 0 < A < 6683, 2.

Proof. Using equation , we have
2 (5 _ @ _ Font Pona  paj )
tVE 2Fg,, -1 T T

Suppose first that 42 fy}f < a¥/y/5. Then

2j —2j
Vo _ B B

ok T 0

Bl

and
1 1 1 Fon+ Fopyo

<ot =
Fonio 2Fy,  2F5,49 2(F22n+1 -1

—2j,(F) | &
< B4 +
B NG
imply
1 A 1
(16) <6 (24 5 )

Inequality and Lemma (1| give

o . 1 _

VF) F o< BY < Fopis (772“ + 5(_)) < Fopya(1.66072" + 2.50%),
Tn

SO

(17) Y F) Fil, < 1.66a72" +2.50°".

Inequality . implies easily that j < 2, which contradicts the assumption.

So, we have Bn fyn ) S ok / V/5. Therefore, A > 0. Moreover, as

Fop + Fonio 1 < 1
2(F3, 1 — 1) 5237 Fo, sz 521~

and the rightmost quantity above is < 1/2, we deduce that A < 6605, 2

Here, we have used the fact that

(18) |A] < 2|e? —1| whenever |ed —1]<1/2. u

57126, 207 1) < < 3367

For any non-zero algebraic number v of degree d over Q whose minimal
polynomial over Z is a H?ZI(X —~1), we denote by

d
1 .
h(vy) = p (log a+ ; log max(1, |7(J) |))
its absolute logarithmic height. We need the following result due to Mat-
veev [3].
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LEMMA 3. Let A be a linear form in logarithms of multiplicatively in-
dependent totally real algebraic numbers aq,...,an with rational integer
coefficients by,...,by (by # 0). Let h(cj) denote the absolute logarithmic
height of o for 1 < j < N. Define the numbers D, A; (1 < j < N)
and E by D := [Q(au,...,an) : Q], A; := max{Dh(a;), |loga,l|}, E =
max{1, max{|b;|A;/An;1 < j < N}}. Then

log |A| > —C(N)CoWyD?2,
where

C(N) = —° (N 4+ 2)(2N -+ 3)(4e(N + 1)V,

N-1)
Co := log(e**NTTN53D?1og(eD)),
Wy = log(1.5eEDlog(eD)), 2=A;---Apn.

In order to apply Lemma (3| to the linear form in three logarithms
A =2jlog B, — kloga +log(v/5 - 7{H),

we take
N=3, D=4, b =2j, b=—-k b3g=1,

and
ar=0n, ox=a, az=V5-y".

We need to justify that ai,ae, a3 are multiplicatively independent. But
note that as € Q(v/5) and al,a§ € Q(/F2,F5,42). Let us show that
F5, Fop 49 is neither a square nor 5 times a square. Indeed, otherwise, since
ng(FQn,an+2) = L'gcd(2n,2n+2) = F = 1, one of an or F2n+2 would be
a square. It is well-known that the only squares in the Fibonacci sequence
are 1 and 144, leading to n = 1,5, 6, but none of FyFy, FigFio, FoF4 is a
square or 5 times a square. Thus, if we write Fo, Fop 0 = du? for an integer
u and a square-free integer d, then d > 1 and d # 5. So, if oy, as, a3 are
multiplicatively dependent, then «; and ag are multiplicatively dependent
(because no power of ag of a non-zero integer exponent is in Q(v/d)). Since
a1 is a unit in Q(v/d), we deduce that a3 = 5(7,(}))2 is a unit, which is false
since the norm of 5(%(?[))2 is

4
25(7 (N2 = 2o
" " 256F§nF24n+2 7

and the above fraction is not an integer for any n > 1.
One can see that

h(ar) = h(By) = %log Brn and h(a2) = h(a) = %loga.
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+) (=)

As v,y 7 are conjugate and are roots of the quadratic polynomial
16F227LF227L+2X2 - 8(F22nF2n+2 + F2nF22n+2)X + (F2n+2 - F2n)2,

and furthermore

1 1 2
£) < ()] = ( ) <1
I E | < P = Tﬂ% T

we get
1
h(y()) < 5 10g(16F5, 3, 15) = l0g(4F2n Fant2) < log(4/5) + (4n +2) loga,
where we have used the fact that F, < of/v/5 for £ € {2n,2n + 2}. This
implies
h(as) = (\f 1) < h(VB) + h(x()
<3 log5 +log(4/5) + (4n + 2) log &
= log(4/V5) + (4n + 2)loga < 4(n + 1) log o,
where we have used the inequality 4/v/5 < a2. We set
Ay =2log By, Az =2loga, As=16(n+1)loga.

Relabeling the three numbers for the purpose of computing F (so making
the substitution as <+ as), we see that we can take

271
E:max{ﬂogﬁn

1 <4y 1).
OB S+ 1)k b < 40+ 1)

For the last inequality above we have used, on the one hand, the fact that
a2 < Fy <ol for all £ > 1 to deduce that

Bn < 2Fopyi1 < 2% < o2FD),
because a? > 2, and on the other hand the fact that for n > 2 we have

ol < 20772 <2F, < AUV, + 2(Fap + Fany2)U?

(Vi +Ujv FonFoni2)? = (Font1 + v/ FonFany2)¥

(2a2n)2j < a4j(n+1)’
while for n = 1 we have k < 6 by a result of Robbins [9].
By Lemmas 2] and [3] we get
8
C3) = 5;3+2)(6+ 3)(4%e)* < 6.45 - 108,

Co = log(e3173%542 10g(4e)) < 30,
Wy = log(1.5 - 4eE'log(4e)) < log(1565(n + 1)),
2 = (2logB)(2loga)(16(n + 1) log o),
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SO
27 log B, — log 66 < — log |A|
< (6.45 - 10%) - 30 - 4% 1og (1565 (n + 1))(21log B,)(21log a)(16(n + 1) log o),

which leads to
j < 2.3-102(n +1)log(1565(n + 1)).

We record what we have obtained:

PROPOSITION 1. If equation has a positive integer solution (j,k)
with j > 1, then

(19) j < 2.3-102(n +1)log(1565(n + 1)).

4. A linear form in two logarithms. From @, when j = 1, one can
see that equation has the solutions

(20) k:{Qn—Q forC:CéJr;,
2n+4 for C=0C)".
This leads us to define
(21) Ay = 2log B, — ((2n +1) £ 3)log a + log(V/5 - 7).
LEMMA 4. We have |Ag| < 668,72

Proof. For n = 1, this can be checked directly. Assume that n > 2.

Substituting into , we have

27(i) B (2n+1)+3 FQn + F2n+2 B 5_2 - w
If Bn% < @+ 13/\[ then a— 2n+1)¢3/\[ < 1/(55 ) and Lence
o (@nt+1)E3)5-1/2 g~ 2/ 1< B2 % +a—(2n+1 3 /\/5
ﬁn')/n
W 4 1/(595) 2075 + 31, 25a4”
1) = JoRs

This inequality together with 3, > 2 + /3 and 3, > a?" gives
‘ ((2n+1):t3 1/2/8 2/,_)/(:‘:) 1’ < 32 86;2
On the other hand, if 827\ > a(2"+D*3/\/5 then
a(CrtDED5-1/25=2 1 () _ 1| 1/(2F5n) +1/(2F2n42)
< 8.78,7%.

1
< 5
FQn/anVn
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In both cases,

Since n > 2, we have 3, > 5+ /24, so 32 > 66, and inequality implies
| Ao| < 663,2 via (18). =

Let K :=(2j —1)(2n+1) — k£ 3 and

(23) Ay = Kloga — (5 —1)log(5/4).
LEMMA 5. We have |Ay] < (65 + 192)a=4772,
Proof. We know that

(24)  Bu=Fons1 + VF2, 1 —1=2F1 —

1
Foni1+VF3 4 —1
1
=2F%11 <1 - )
2Fop11(Font1 + VF5 g — 1)

and

2 1
2F2n+1 — (a2n+1 _ d2n+1) — 704277,4’1 (1 + ) .

2
ﬁ V5 adn+2
We define

1 1
= <1 21 (Fangs + VER, — 1)) <1 * a4"+2>
From the above, we deduce that
log By, = log(2/V/5) + (2n + 1) log a + log 6,,.
Using and , we have
A=ANg=(27—2)log B, —(k—(2n+1) F3)loga
=(2j —2)log 55 +(25—-2)2n+1)log«
+ (25 —2)logdy, — (k— (2n+1) F3)loga
= (2§ —2)logd, + Kloga — (5 — 1) log(5/4).
The above calculation and the definition of Ay give
AN =A—ANy—(2j —2)logdy.

One can see that Lemmas [2 4] and the inequalities

[log 0, | <

1 1
10g<1— >‘+ log<1+>'
2Fsn11(Foni1 + Vs q — 1) afnt?

1.2 1 3
< + <
4An—+2 4An—+2
2Pt (Fons1 + VF3, —1) o aind
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imply
) 132 6(7—1)
(25) |A1| < |A]+ [Ao] + (25 — 2) log b, | < 7 + VT
Clearly,
1
ﬁn:FZn—i-l(l"" 1_F,2>ZF27L+1(1+\/§/2)
2n+1
> a®" (14 /3/2)/V5,
SO
1 2 2 92 An+2
(26) ﬁ3>a4n+2( +\5/§/ ) S 043 _

From and , we get the desired conclusion. =
At this point, we recall the following result of Laurent [7].

LEMMA 6. Lety; > 1 and~y2 > 1 be two real multiplicatively independent
algebraic numbers, by, b € Z not both 0 and

A = bylogys — by log .
Let D := [Q(y1,72) : Q]. Let

logv;| 1 . b
h¢>max{h(%~),’ %’Y",D} jori=1,2, > il fPl

Then

11\2
log|A| > —17.9D* (max{log v +0.38, 3507 2} hiha.

To apply Lemma [6] to A1, we set
D=2 vy =5/4, ~m=a, b=j5-1, b =K.
The conditions of the lemma are fulfilled for our choices of parameters.
Furthermore, we can take hy = log5, hy = 1/2. By Lemma [5, we have
(j — 1) log(5/4) + (65 + 192)a—4n—2
log
<047(j — 1)+ 0.75 + 22.3 < 1.25 + 22.

K <

So, we can take
K |t |ba

¥ =138 469> (j—1 — -
8 +69> 0=+ 5105 = Dhy T Dy

Therefore, Lemma [6] yields

(27) log |A;| > —17.9 - 81log 5 - (max{log(1.38j + 6.9) 4 0.38,15})2.
From Lemma [ we get

(28) log|A1| < —(4n + 2) log o + log (65 + 192).
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Combining the two bounds and on log |A1|, we have
(29)  n < 120(max{log(1.38] + 6.9) + 0.38,15})% + 0.6 log(6; + 192).

If
log(1.38; + 6.9) + 0.38 < 15,

then
§ < 1619963 and n < 120-15% 4 0.61log(6 - 1619963 + 192) < 27010.
Otherwise,
(30) n < 120(log(1.385 + 6.9) + 0.38) + 0.6log (65 + 192).
Substituting inequality into Proposition [1, we have
(31) j <2.3-10"(120(log(1.38; + 6.9) + 0.38)* + 0.6 log(6; + 192) + 1)
x log (1565 (120(log(1.385+6.9)+0.38)*+0.6 log(65 + 192)+1)).

A straightforward calculation gives j < 4 - 10'°, which together with
implies n < 252158. Therefore, we get the following result.

LEMMA 7. If equation has a positive integer solution (j, k) with j>1,
then
j<4-10" and n < 252158.

5. Better bounds on j and n. From Lemma [5 we have
|Kloga — (j — 1)log(5/4)| < (65 + 192)a~ 42
Hence,

log(5/4) K - 67 + 192

32 — .
(32) log o j—1 (j — Da*"t2log «

Assume first that

67 + 192 1
33 .
(33) (7 — Da*t2loga < 2(j —1)2
Then
log(5/4) K 1
log o j—1 2(5 —1)%

This implies, by a criterion of Legendre, that K/(j — 1) is a convergent in
the simple continued fraction expansion of log(5/4)/log a. We know that
log(5/4
1080/4) _ 10 96.9.1,1,3,7.1,8,1,1,22,2.1,1,4.3,1,2,1,1,1,1,4,
log
1,12,6,1,1,4,1,8,2,1,49,1,10,6,1,1,3,1,1,1,5,22,1,.. ].
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The denominator of the 46th convergent

25158053660121411107
54253653513327093513

is greater than the upper bound 4 - 10 on j. The 45th convergent
4460457560349832575
9619031832089360168

provides the lower bound

(34) os(5/4) _ K | 9.1075,

log v j—1
From and , we get
1.9-107% < 6+ 192 < 2040 4" 2(loga) 7L,

(7 — Da*t2log a

which implies that n < 49. It is known (see [0]) that if p, /g, is the rth such
convergent of log(5/4)/log a, then

log(5/4) _ pr 1
loga  g| " (ar41 +2)g’
where a,41 is the (r+1)st partial quotient of log(5/4)/(log ). We thus have
. 1 6/ + 192
) win{ i | < e
Since max{a,4+1 : 2 < r <45} = agg = 49, from we get
o2 < 51(5 — 1)(65 + 192)(log ) L.

All this was when inequality holds. On the other hand, if does
not hold, then

for 2 < r < 45.

atm 2 < 2(j — 1)(65 +192)(log ) .
Both possibilities give
a2 < 51(5 — 1)(65 + 192)(log o)~ < 6365 (5 + 32) < 2098852
Therefore, we deduce the following result.

PROPOSITION 2. If equation has a positive integer solution (j,k)
with j > 1, then

(36) n < 1.04logj + 4.7.

This bound is better than that in . Combining Propositions [1| and
we get

j <2.3-10"(1.04log j + 5.7)log(1565(1.04log j + 5.7)),

which implies that j < 510!, Using Proposition [2, we get the following
result.
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LEMMA 8. If equation has a positive integer solution (j, k) with j >1,
then
j<5-10" and n<43.

6. The Baker—Davenport reduction method. In order to deal with
the remaining cases, for 1 < n < 42 we used a Diophantine approxima-
tion algorithm called the Baker—Davenport reduction method. The following
lemma is a slight modification of the original version of the Baker—Davenport
reduction method (see [3, Lemma 5a)).

LEMMA 9. Assume that k and p are real numbers and M is a positive
integer. Let P/Q be the convergent of the continued fraction expansion of k
such that Q > 6M and let

n=[lpQll = M- |[~Q,

where || - || denotes the distance from the nearest integer. If n > 0, then
there is no solution of the inequality

0<jr—k+pu<AB™
i integers j and k with

log(AQ/n) <<
log B
As
0 < 2jlog Bn — kloga + log(V/5 - 7)) < 663, %,

we apply Lemma [9] with

__2logf, _log(vE-u) 66
’ N log o ’ ~loga’

B=p% M=5-10".
log o

The program was developed in PARI/GP running with 200 digits. For the
computations, if the first convergent such that ¢ > 6 M does not satisfy the
condition 77 > 0, then we use the next convergent until we find the one that
satisfies the conditions. In one minute all the computations were done. In
all cases, we obtained j < 17. From Proposition [2, we deduce that n < 8.
We set M = 17 to check again in the range 1 < n < 7. The second run of
the reduction method yields j < 6 and then n < 6. So we have the following
result.

LEMMA 10. If equation has a positive integer solution (j, k) with
j > 1, then
j<6 and n <6.

We are now ready to prove Theorem
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7. The proof of Theorem For 1 <n <6, 2 <5 <6, we compute

all Cj(i). None of them is a Fibonacci number. This means that equation
has no positive integer solution (j, k) with j > 2. When j = 1, we have

O = 2ViUL + (Bon + Fonsa)UR = 2Fop1 + Foy + Fonto = Fansg
forn > 1, and
C}_) = =2V Uy + (Fop + Fons2)Uf = —2Fou11 + Fop + Fopyo = Fopo

for n = 1,2. Since F; = F5 = 1, the additional solutions come from the
triple {F17F47F6} = {FQaF47F6} = {1’3a8}

8. Final remark. We close by offering the following conjectures.

CONJECTURE 1. There are no four positive integers p, q, m, n such that
{F}, Fy, Fi, F,} is a Diophantine quadruple.

CONJECTURE 2. If there exist three positive integers p < q < r such that
{Fy, F,, F,} is a Diophantine triple, then (p,q,7) = (2n,2n + 2,2n + 4) for
some n > 1 with the additional exception (p,q,r) = (1,4,6).
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