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Polynomials meeting Ax’s bound
by

XIANG-DONG Hou (Tampa, FL)

1. Introduction. Let I, be the finite field with ¢ = p™ elements, where
p = charF,. Let f € F;[Xy,...,X,] with degf = d > 0 and let Z(f) =
{(z1,...,2n) € Fy : f(21,...,2n) = 0}. AX’s theorem [A] states that

(1) (12 = m( | 5] 1)

where v}, denotes the p-adic valuation. Ax’s theorem is a strengthening of a
result by Warning [War]. Further back along this line were a conjecture by
Artin on the existence of nonzero roots of a homogeneous polynomial f €
F,[X1,...,X,] with n > deg f and Chevalley’s proof of Artin’s conjecture
(see [Chl).

The main ingredient of the original proof of Ax’s theorem is the Stickel-
berger congruence of Gauss sums. A different proof based on the same idea
but without using Gauss sums and the Stickelberger congruence was given
by Ward [Wa].

Ax’s theorem has been extended to several polynomials by N. Katz [Kal.
Assume that f; € Fy[Xy,...,X,], 1 < i < r, are such that deg f; = d; > 0
and d1 = mMaxj<i<r di. Then

n—dl—---—dr-‘

(1.2) Vp(|Z(fl)m"'ﬂZ(f7")|) Zm’V dy

The original proof of Katz’s theorem relied on sophisticated tools. A sim-
pler proof was given by Wan [W1l, W2|] using a method similar to Ax’s.
A more elementary proof of Katz’s theorem for prime fields was found by
Wilson [Wi]. Sun [J] further extended Katz’s theorem to prime fields along
the line of Wilson’s approach.
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Delsarte and McEliece [DM] studied functions from a finite abelian group
AtoF,, where gcd(|Al, ¢) = 1. Such functions were treated as elements of the
group algebra F,[A]. Instead of polynomials in Fy[ X, ..., X,] with a given
degree, functions f : A — F, that belong to an ideal of F,[A] were consid-
ered. (In coding theory, an ideal of F,[A] is called an abelian code.) A lower
bound for v,(|Z(f)|), established in [DM], implies Ax’s theorem when A is
the cyclic group of order ¢" — 1. In [K] D. Katz generalized the result of
[DM] to a lower bound for v,(|Z(f1) N---NZ(fr)]), fi,..., fr € Fg[A], and
when A is the cyclic group of order ¢ — 1, the generalized bound gives the
theorem of N. Katz.

Although not obvious, actually follows from , which was proved
by the present author [HJ.

The bounds in and are both sharp (see [Al [Ka]). Therefore,
improvements of these bounds are possible only under additional assump-
tions. For such improvements, see Cao [C], Cao and Sun [CS], and O. Moreno
and C. Moreno [MM].

Focusing on , we note that another way to “improve” the bound is
to find the next term in the p-adic expansion of |Z(f)|. In this paper, we
will find an expression E(f) € F, such that

(1.3) 1Z(f)] = ¢"™TE(f) (mod pm{Im/dl=D+1y,

Therefore,

w(1Z()]) = m(m - 1) i

if and only if E(f) = 0. The expression E(f) is a homogeneous polynomial
over [F), in the coefficients of f; it is not explicit in general. However, in several
special but nontrivial cases, F(f) can be made explicit. By exploiting this
fact, we obtain several explicit formulas for the number of codewords in a
Reed—Muller code with weight divisible by a power of p. More precisely, let
R,(d,n) denote the g-ary Reed-Muller code {f € Fq[X1,...,X,] : deg f <d,
deng f<qg-—1,1<j < n}, where deg is the total degree and deng is
the degree in X, and let Ny(d, n;t) be the number of codewords of Ry(d,n)
with weight divisible by p’, where p = char F,. We find explicit formulas for
Ngy(d,n;t) in the following cases: (i) ¢ = 2™, n even, d = n/2, t = m + 1,
(i)g=2,n/2<d<n-2t=2;(ili) q=3",d=n,t=1; (iv) ¢ = 3,
n<d<2n,t=1.

In fact, for a finite abelian group A and f € F,[A], Delsarte and McEliece
found a formula for the next term in the p-adic expansion of |Z(f)| (see
[DM,, (4.29)]). From that formula with A = Z/(¢" — 1)Z, one can derive an
expression for the “next term” in Ax’s theorem. The formula for the “next
term” in [DM], including the case A = Z/(¢" — 1)Z, involves the Fourier
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transform of f which takes values in an extension of ;. In comparison, the
expression E(f) determined in of the present paper is considerably
simpler.

In Section 2, we determine the expression E(f) in (1.3)). The method is
a refinement of the original proof of Ax’s theorem and relies on a careful
analysis of the Stickelberger congruence of Gauss sums. Applications to
Reed—Muller codes are discussed in Section 3.

Throughout the paper, for u,v € Z", the relations u = v (mod k) and
u < v are understood componentwise. We define
0 1
(1.4) A, = :

nxn

2. p-adic expansion of |Z(f)|

2.1. Gauss sum and Stickelberger congruence. Facts gathered in
this subsection can be found in any textbook on algebraic number theory,
e.g., Lang [Ll Ch.IV, §3].

For an integer k > 0, let ¢, = €*>™/*. The ring of integers of a num-
ber field F' is denoted by op. Let p be a rational prime, m > 0 and
g = p™. Let p be a prime of og,_,) lying above p. Then p is unrami-
fied over p and OQ _y/p = Fy. The Teichmiiller set T = {0} U ((4-1) =
{0, Cg Loee- ,(3 1} forms a system of coset representatives of p in og,_ 1)
that is, Fy = oq(¢,_,)/P = {t +p : t € T}. The Teichmiiller character x, is
a multlphcatlve Character of F, of order ¢ — 1 defined by

XFFQZOQ(qul)/p—)T, t+pr—t, tel.

For each a € Z, the Gauss sum of xy is

a age Trg/p(tt+p)
g(Xp) = § >Xp (t)CP v € OQ(Cp(q—l)).
t€<<q71

Let p be the unique prime of 0Q(Cpq lying above p. Then g is totally

1)
ramified over p with ramification index e(p|p) =p — 1.

For an integer a > 0 with base p expansion a = ag+aijp+---,0 < a; <
p — 1, define s(a) = ap + a1 +--- and y(a) = aglay!---. The Stzckelberger

congruence states that for 1 <a < g — 2,

904 -1
= mod ).
G- @ ~ @) ")
2.2. p-adic expansion of |Z(f)|. For u = (u1,...,uy) € N let |u| =
up+t- - Fuy. lf & = (1, ..., z,) is an n-tuple of elements from a commutative

(2.1)
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ring, we define % = z* -+ - zli". Let Uy = {u € N" : |u| < d} and consider
F=) auX" €FyXy,..., X,
uely

where X = (Xi,...,X,). We write >_,, and [[,, for >,y and [[,cp,
respectively. By [Al (5")], we have

22 qz(n= Y (ITed)([Tew) Do =it
:Uq—{0,++ ,g—1} u teTn+1

where o, € T is such that

(23) Ay, = Qg + P,
and
1 ifi =0,
7 ifi=q—1,
(24) C; = q— 1
1

By (2.1), we have v,(c;) = s(i) for all 0 < i < ¢ — 1. From the proof in
[Al §3], we know that

(2.5) vo(ITeiw) Do =« @0) = mp—1) Fﬂ

teTntl

for all ¢ : Uy — {0,...,q — 1}, where v,, is the p-adic valuation. In fact,

(2.5) implies (1.1)) immediately. In what follows, we will reprove (2.5)), and
we will focus on those i for which equality holds in ([2.5)).

When ), i(u)(1,u) # (0,...,0) (mod g — 1),
Z 2w i@(lu) _
teTntl
When ", i(u)(1,u) = (0,...,0),
LHS of 2) > vo(¢"™") = m(p — 1)(n +1) > m(p - 1) Hﬂ

Therefore, we assume that ), i(u)(1,u) = (0,...,0) (mod ¢ —1) but i # 0
(i(u) # 0 for at least one u € Uy). Let k be the number of nonzero compo-
nents of ), i(u)u. Then

(2.6) Z 2w i) = (g _ )kHlgn—k

teTn+1
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M e e —n(([Te ) )
S s(i) + mlp - i)

(2.7) s mip— )| S +m(p— 1)(n— k)
o] 0

(2.8) > m(p— 1) % .

In the above, inequality ([2.8)) is straightforward; inequality (2.7) was proved
in [A] and will be explained below. First, we have

Fact 2.1. When d > 2, equality holds in (2.8) if and only if either
(i) k=n, or (ii) k=n—1and d|n—1.

Next, we determine necessary and sufficient conditions for equality to

hold in (2.7). We have
d) i(u Z YNu| > k(g —1).
u

Since ), i(u) =0 (mod g — 1), we have

(2.9 Sitw = (-5 |

u
1

)

Fora € {0,1,...,q—1} with base p expansion a = ag+a1p+- - +am—1p™"
0<a; <p—1, define
T(a) =aGm-1+app+- -+ am72pm—1‘

Then remains true with z(u) replaced by 7(i(u)). Therefore,

~1 g—1
(2.10) m(q—1) [ 1 > (i(u =1 > s(i(w)),

h=0 u
ie.,

(2.5) Z stitw) = mip - 1) .

u

which is the same as
FacT 2.2. Equalzty holds in (2.5") if and only if

(2.11) > i(w)? = (p-1) [ﬂ forall0<j<m-—1,

u

where (i(w)©, ... i(w)™V) are the base p digits of i(u).
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Proof. First note that equality holds in (2.5') if and only if
k
(2.12) Zr q‘”M for all 0 < h <m — 1.

We prove that (| is equivalent to (2.12)).
(=) Assume that (2.11]) holds. Then for each 0 < h < m — 1 we have
m—1

S iu) = 7 (nfz'(u>(”pj) => 4_ i(w)D " (p?)
“ mu_l - . . k m—1
= Y (T i) ) = - | 5] 3 0)
=0 u 7=0

(<) Assume that holds. Since
(i(u)) = (7" (i(w)) = pri T (iw)) — (7 (i(w) "V (g - 1)
= pr"H(i(w)) — i(w) ™M (g - 1),
where m — h is taken modulo m, we have

(1) [ ] S 7)) = X ) — i) g )

u

=plg—1) Fﬂ —(g=1)> i(w)m ",

u

ie.,

S itw ™ = (p-1)[ |«

u

We assume that d > 2 (to avoid trivial situations).

DEFINITION 2.3. Let Z be the set of functions i : Uy — {0,...,q¢ — 1}
such that

e each component of ), i(u)u is a positive multiple of ¢ — 1;
o > i(uw)9) = (p—1)[n/d] forall 0 < j <m— 1.

If d | n—1, let Z be the set of functions i : Uy — {0,...,q — 1} such that

e one of the components of ), i(u)u is 0 and the other components are
all positive multiples of ¢ — 1;
e > i(w)) =(p—1)(n—1)/dforall0<j<m—1.

If dtn — 1, define 7/ = 0.
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By Facts and equality holds in (2.5)) if and only if i € ZUZ'.

Therefore by (2.2) and (2.6)),

(2.13)  qlZ(f)]
— ( @(u))( Cifu ) 2w i) (16q ¢lm/d] )
zeIuI' u teT"+1
5 ) ([T o=
> (ITow) (L «u)q—w
€L uw
We know that
(Gp — 1))

(mod (¢, —1)*0Vg).

(2.14) itw = )

(Indeed, ([2.14) is obvious when i(u) = 0, and follows from and (2.1))
when 1 < i(u) < ¢g—1. When i(u) = ¢ — 1, (2.14) is easily Verlﬁed directly.)
Also note that

p—1 ‘ p—1 C;j -1
(2.15) r=I1¢-0=G-" ] 2=
j=1 =1°F

= ((p— 1)p_1(p — 1! (mod ¢, — 1))
= —({ — 1P (mod ¢, — 1)P).
Now combining f gives

. _ 1y n/d]
(216)  alz()l =Y (TTeu™) G Hl)v(i(U)) (g — 1)+

i€l u

_1)( D([n/d]-1)
2 (I vy I &

—qfn/rﬂ( yrtm n/d][ ZH au ZH azu) ]

—1)"q (mod ¢™1p)

i€l i€l u
(mod q["/‘” ©).
Let
(2.17)  E(f) = (—1)rFmin/d] [_ZH ol +(—1)mZHO‘ﬁU)]
iz w ) i i) 7
and write as

(2.18) Z(f)| = qfn/aﬂ—lg(f) (mod q[n/(ﬂ_%)‘
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Since £(f) € Q(¢4-1), gives

(2.19) 1Z(f)] = ¢"™/E(f) (mod ¢/ 1p).
Since |Z(f)| € Z, there exists N € Z such that
(2.20) E(f)=N (mod D).
Taking the images of both sides of (| in og(¢,_,)/P = Fy, we have
(2.21) E(f) = N <m F,),
where
yrtmin/d agu m azu)
(2.22)  E(f) = (—1)"F [/1[ ;1;[ S Z;,l;[v(i(m)]’

In fact, E(f) € F, because of (2.21].

To summarize, we have the following theorem.

THEOREM 2.4. Let n>1,d > 2, and
F= auX" €Fy[Xy,..., Xy,
uely
where X = (X1,...,X,). We have

(2.23) 1Z(f)| = q(n/ﬂﬂ—lE(f) (mod q[n/cﬂ—lp

)
where E(f) is given in (2.22)). In particular, vp(|Z(f)|) > m([n/d] —1) +1
if and only if E(f)=0.

REMARK 2.5. E(f) is a homogeneous polynomial of degree (¢ —1)[n/d]
over [F,, in the coefficients of f. In general, this expression is not explicit
because Z and 7’ are not. In the next section, we explore several special
cases where FE(f) can be made explicit.

3. Applications to Reed—Muller codes

3.1. Reed—Muller codes. For a prime power ¢ = p"* and integers n, d
with n > 0 and 0 < d < n(qg — 1), the g-ary Reed-Muller code R4(d,n) is
defined as
(3.1)

Rq(d7n) = {f € Fq[Xla”'aXTb] : degf S d7 deng f S q— 17 1 S] S 'I’l}
(For convenience, we define R,(—1,n) = {0}.) It is known [DK| Result 1]
that

(3.2) dime, Ry(d,n) = 3 (<1)] (?) <d - qrz + ")

i<ld/q]
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For each f € Ry(d,n), its (Hamming) weight is |f| = ¢" — |Z(f)|. The
weight enumerator of R,(d,n) is not known except in the following special
cases:

(i) d<2ord>n(qg—1)—3. (For d = 2 and q = 2, see [MS, Ch. 15, §2J;
for d =2 and q general, use the well known classification of quadratic
forms over F,. For d > n(q — 1) — 3, note that the dual of R,(d,n)
is Rq(d',n), where ' =n(¢g—1)—1—-d <2))

(ii) ¢ =2 and n < 8 [KTA| [SITK].

(iii) ¢=2, n =09, d =3 [SKF.

For t > 0, let

Ny(d,n;t) = ‘{f € Ry(d,n) s vp(|f]) = t}}

Ax’s theorem implies that Ny(d,n;t) = |Ry(d,n)| for t < m([n/d] —1). We
will use Theorem to determine Ny(d,n;t) with t = m([n/d] —1) 4+ 1 in
several cases; such formulas provide new information concerning the weight
enumerators of the Reed—Muller codes involved. The cases we consider share
a common assumption that (p — 1)[n/d] = 2, that is, p = 2 and [n/d] = 2,
or p =3 and [n/d] = 1. Under this assumption, for each i € Z (Defini-
tion ,

(3.3) Zi(u)(j) =2 forall0<j<m-—1.

u

3.2. The case ¢ = 2™ and d = n/2. Assume that ¢ = 2™, n > 4 is
even,and d = n/2. Let f = ZueUn/Q ay X" € Fy[Xy,...,X,]. Sinced { n—1,
7' = () in Definition 2.3] Hence

(3.4) B(f)= (-1 S ] e

i€l uw
If ¢ € Z, then
m—1 ' m—1
> i(w)=> > i(w)VY =2 2 =2(¢-1)
uelUy u  j=0 7=0
Since
n
n(g-1)< > i)l < 5 D i(u) =n(g - 1),
’LLEUn/g UEUn/Q

we have |u| = n/2 for all u € U,, /o with i(u) > 0 and we have

(3.5) > i(wu=(g—1,...,¢—1).

lu|=n/2



74 X. Hou

LeMMA 3.1. ¢ € Z if and only if there exist uj,v; € {0,1}", 0 < j
< m — 1, with |uj| = |v;| = n/2, u; +v; = (1,...,1), such that for all
56 i(uj)(j) = i(vj)(j) =1,

| (W0 =0 if we Uy {ujv;}.
Proof. (=) By Definition

(3.7) > iw) =2 forall0<j<m-—1L
|u|=n/2
Choose uy—1,Vm—1 € Uy /o with |Um—1| = |[vm—1| = n/2 and i(um_l)(mfl)

= i(Vyy_1)™ Y = 1. Since
@™ =11, ) = ) i(w)u > (1) U1+ i(Vm1)Om
|ul=n/2
> 2m_l(um—l + Um—l)a
it follows that wp,—1 + v;m-1 < (1,...,1), that is, wy,—1,vm-1 € {0,1}"
and w1 + V-1 = (1,...,1). For any u € U, ), with |u| = n/2 and

U F# U1, U1, we have i(uw)™~D =0 by [3.7).
Now

> Z NPy = (2™ —1)(1,...,1) —2"71(1,...,1)

[ul=n/2 j=0
= (2" - 1)(1,...,1).

By the same argument, there exist w,,—2,vpym—o € {0,1}" with |uy,_o| =
|lvm—2| = n/2 and wpym—o + vVym—2 = (1,...,1) such that i(um,— 2)(m 2) =
i(Vm—2)™? =1 and i(u)™ 2 = 0 for all u with |u| = n/2 and u #
Uy—2, Vim—2. Continuing this way, we get uj,v;, 0 < j < m — 1, with the
desired property.

(<) Foreach 0 <j<m—1,

YW =i(uy)Y +i(v)Y = 2= (p—1)[n/d].

Also, ’
m—1 m—1
Zz(u)u = Z( Z(U)O)Q])U = 2 (u; + vj)
u u  j=0 7=0
m—1
:( 2?)(1, L) =(g-1(@1,...,1)
7=0

Hencei € Z. n
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It follows from Lemma [B.1] that

(3.8)
Z H aiEU) = Z Ay Aoy (au1av1 )2 T (aum—la’llm—l )2m—1
i€ u {uo,v0},...{Um—1,0m—1}

uj,v;€{0,1}", Juj|=|v;|=n/2
u;j+v;=(1,...,1)

= ( Z (s Oy

>1+2+,._+2m1

{u,v}
wwe{0,1}, |ul=|v|=n/2
utv=(1,...,1)

Combining Theorem (3.4) and (3.8)) gives the following corollary.
COROLLARY 3.2. Let ¢q =2" and n > 4 be even. Let

f= Z X% €T [Xy,. .., X,].
'U/EUn/Q

Then vo(|Z(f)|) > m + 1 if and only if
(3.9) > Aty = 0.

{u,v}
u,ve{0,1}", lu|=|v|=n/2
utv=(1,...,1)

Replacing each a,, in (3.9) by an indeterminate Y,,, we obtain a quadratic
form

Q= Z Yu Yy
{u,v}
u,ve{0,1}", |u|=|v|=n/2
utv=(1,...,1)

in N = (n72) indeterminates over IF,. Order the indeterminates in a row
Y = (Yo : u € {0,1}", |u| = n/2) such that the indices v and u¢ :=
(1,...,1) — w appear in positions symmetric with respect to the center of
the row. Then

Q = YAY?,
where
. [0 AN/2]
0 0 lIyxn

and Ay, is defined in (1.4). By [LN, Theorem 6.32], the number of roots
of @ in IFfIV is

(3.10) A+ (g — 1)z VL
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COROLLARY 3.3. Let ¢ =2" and n > 4 be even. Then

(3.11)  Ny(n/2,n; m+1)
— (q(n72)_1 4 (q _ l)q%(n72)_1)qdiqu RQ("/Z”)_(;/B)’

where

(3.12) dims, Rg(n/2,n) = Y (~1) (?) (3”/2” qj).

J<In/2q]

Proof. (3.11)) follows from Corollary and (3.10)), while (3.12]) follows
from (3.2)). m

In the remaining three subsections, arguments and computations are
similar to those in Subsection Therefore, a fair amount of details is
omitted.

3.3. The case ¢ =2 and n/2 < d <n— 2. Assume that ¢ =2, n >4,
and n/2 <d<mn-—2.Let f=)" ay X" € Fo[Xy,...,X,]. ThenZ =0
and

uelUy

i(u)

E( — n+IZH 'u(,

i€l u

Moreover, i € Z if and only if there exist ug,vo € UyN{0,1}" with u+v =
(1,...,1) such that

i(ug) =i(vg) =1, i(u)=0forall ue Uy {ug,vo}.

Consequently,
ai u)
> G = > Gug@
. uo Vo *
i€l u v(i(w)) {uo,v0

u0,v0€{0,1}", |uol,|vo|€[n—d,d]
u0+v02(17"'71)

Thus v2(|Z(f)]) > 2 if and only if (ay : v € {0,1}", |u| € [n —d,d]) is a
root of the quadratic form

Q= > Yy Y.
{u,v}
u,ve{O,l}”, |’U.|,|’U|€[7“L*d,d]
utv>(1,...,1)

Order the indeterminates of @ in a row ¥ = (Y, : w € {0,1}", |u| €
[n — d,d]) in such a way that |u| is increasing and the indices u and u® :=
(1,...,1) — u appear in positions symmetric with respect to the center of
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the row. Then
Q=YAYT,

where

*
L Jd NxN

(The unmarked entries of A are all 0.) There exists P € GL(N,F3) such
that

PAPT = [0 AN/Q].
0 0

Therefore the number of roots of @ in Fév is 2N—1 4 923N-1 ILN, Theo-
rem 6.32].

COROLLARY 3.4. Forn >4 and n/2 <d<n-—2,
No(d, n;2) = 2(6)+=+(@)=1 4 92" 7'=1,

3.4. The case ¢ = 3™ and d = n. Assume that ¢ = 3™, n > 2,
and d = n. Let f =3 p auX"™ € Fy[Xq,...,Xp]. Then 7' = (. More-
over, i € Z if and only if there exist uw;,v; € {0,1,2}", 0 < j < m — 1,
with |u;| = |vj| = n and uw; + v; = (2,...,2) such that for all 0 < j
<m—1,

i(’LLj)(j) =9 if u; = vy,
i(w)®) =0 if we Uy \ {uy,v;}.
We have
1434--43m1
B =0t Y aua) |

{u,v}
u,v€{0,1,2}, [u|=[v|=n
utv=(2,...,2)
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78
Thus v3(|Z(f)|) > 1 if and only if (a, : uw € {0,1,2}", |u| = n) is a root of
the quadratic form
Q = Z Yo Y.
{u,v}
u,v€{0,1,2}, |u|=|v|=n
utv=(2,...,2)
(Yo : u € {0,1,2}", |u| = n)

Order the indeterminates of () in a row Y =
€:=(2,...,2) — u appear in positions sym-

such that the indices u and u
metric with respect to the center of the row. Then

Q=YAYT,

- x= 2 O65)

j<n/2
~1 [LN|, Theorem 6.27].

where
0 At/

0 0 :|N><N

|

The number of roots of () in JF(]]V is q
COROLLARY 3.5. Let ¢ =3" and n > 2. Then
dimp, Rq(n,n)—1

Ng(n,n;1) =g
where
: i(n\ [(2n—q]
dimg, Ry(n,n) = | Z (—1)/ <]> ( . >
i<In/ql

3.5. The case ¢ = 3 and n < d < 2n. Assume that ¢ = 3, n > 2,
ay X" € Fy[Xy,...,X,]. Then 7/ = 0.
= Vo

and n < d < 2n. Let f = ZuEUd
Moreover, i € Z if and only if there exist ug,vo € {0,1,2}" with ug

,2) such that

(mod 2) and up + vo > (2,
i(uo) = i(vo) =1 if ug # vo,
i(ug) = if ug = vy,
i(u) =0 if uwe U\ {uo,vo}.
We have
E(f) = (_1)n+m+l Z gy Ay
{u,v}

wwel0,1,2)", [ulJo|e[2n—d.d
u=v (mod 2), u+v>(2,...,2)

Thus v3(|Z(f)]) > 1 if and only if (a, : w € {0,1,2}", |u| € 2n —d,d]) is a

root of the quadratic form
Q= Z YuYo.
{u,v}
u,ve{0,1,2}", |ul,|v|€[2n—d,d]
u=v (mod 2), u+v>(2,...,2)
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Order the indeterminates of @ in a row Y = (Y, : w € {0,1,2}", |u| €
[2n — d, d]) in such a way that |u| is increasing and the indices u and u® :=
(2,...,2) — u appear in positions symmetric with respect to the center of
the row. Then

Q=YAYT,
where
*

A= 1 ,

L *- NxN
d

N= Y [{uec{0,1,2}":|u|=j}|

j=2n—d

There exists P € GL(V,F3) such that
PAPT = [0 A<N+1)/2].
0 0
Hence the number of roots of @ in F} is 3¥~1 [LN| Theorem 6.27].
COROLLARY 3.6. Letn>2 and n <d < 2n. Then
Ng(d, n; 1) — 3dim]F3 Rg,(d,n)—l7

where p
(n —-3j+n
i — 1\
it 5 (7))
J<ld/3]
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