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Existence and uniqueness of solutions for a quasilinear
evolution equation in an Orlicz space

Zheng Zhou (Xiamen) and Fei Fang (Beijing)

Abstract. We consider the following quasilinear evolution equation in an Orlicz space:

ut = div(a(|∇u|)∇u) + f(x, t, u),

where a ∈ C1(R) and f ∈ C1(Ω × [0, T ]×R). We use the difference method to transform
the evolution problem to a sequence of elliptic problems. Then by making some uniform
estimates for these elliptic problems, we obtain the existence of global solutions for the
evolution problem. Uniqueness is also proved.

1. Introduction. LetΩ ⊂ RN be a bounded domain with Lipschitz con-
tinuous boundary ∂Ω. Consider the following quasilinear evolution equation:

(1.1)

{
ut = div(a(|∇u|)∇u) + f(x, t, u), x ∈ Ω, 0 < t < T,

u|ΓT = 0, u|t=0 = u0,

where ΓT = ∂Ω × [0, T ], a ∈ C1(R) and f ∈ C1(Ω̄ × [0, T ] × R). When
a(t) = |t|p−2, problem (1.1) is the well known evolution p-Laplace equation.
In recent years, there have been a large number of papers on the existence,
uniqueness and regularity of solutions of the evolution p-Laplace equation
(see [D, Z1, Z2] and the references therein). For the p(x, t)-Laplace equation

ut = div(|∇u|p(x,t)−2∇u) + f(x, t, u)

the authors of [AS] established the existence and uniqueness results with
the exponent p(x, t) satisfying the so-called logarithmic Hölder continuity
condition. In our main result, there is no need to assume logarithmic Hölder
continuity. Recently, the authors of [LGYC] studied the p(x, t)-Laplace equa-
tion and adopted the difference method and some new techniques to obtain
the existence and uniqueness of solutions.
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In this paper, problem (1.1) will be studied in an Orlicz–Sobolev space
setting. The corresponding elliptic problem in an Orlicz–Sobolev space has
been considered in recent years. The reader is referred to [BMR, FT, FZu,
GLMS, RR2] and the references therein for more results on the existence
and regularity of solutions.

The function P (see Section 2) is allowed to belong to a larger class,
which includes the special cases appearing in physical models, for instance:

(1) nonlinear elasticity: P (t) = (1 + t2)γ − 1, γ > 1/2;
(2) plasticity: P (t) = tα(log(1 + t))β, α > 1, β > 0;

(3) generalized Newtonian fluids: P (t) =
	t
0 s

1−α(sinh−1 s)β ds, 0≤α≤1,
β > 0.

For details, see [BAH, FL, FO, FN].

The outline of this paper is the following: In Section 2, we present some
necessary preliminary knowledge on Orlicz–Sobolev spaces, and the main
result. In Section 3, we prove the existence of weak solutions to some differ-
ence equations related to problem (1.1). Section 4 is devoted to proving the
global existence and uniqueness of solutions to problem (1.1).

2. Preliminaries and the main result. As in [CM, CGMS, FIN, TF],
we can construct an Orlicz–Sobolev space setting for problem (1.1). Let the
function

(2.1) p(t) :=

{
a(|t|)t, t 6= 0,

0, t = 0,

be an increasing homeomorphism from R onto itself (such functions are
called Young or N -functions). If we set

P (t) :=

t�

0

p(s) ds, P̃ (t) =

t�

0

p−1(s) ds,

then P and P̃ are complementary N -functions (see [AF, RR1, RR2]).

In order to construct an Orlicz–Sobolev space setting for problem (1.1),
we impose the following conditions on p(t):

a ∈ C1(0,∞), a(t) > 0 for t > 0,(p0)

2 < p− := inf
t>0

tp(t)

P (t)
≤ p+ := sup

t>0

tp(t)

P (t)
<∞,(p1)

1 < a− := inf
t>0

tp′(t)

p(t)
≤ a+ := sup

t>0

tp′(t)

p(t)
<∞.(p2)

Under condition (p1), the function P (t) satisfies the ∆2-condition, i.e.

P (2t) ≤ kP (t), t > 0,
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for some constant k > 0 (see [AF, p. 265]). Under conditions (p0) and (p1),
the Orlicz space LP coincides with the set of (equivalence of classes of)
measurable functions u : Ω → R such that

(2.2)
�

Ω

P (|u|) dx <∞.

The space LP (Ω) is a Banach space endowed with the Luxemburg norm

|u|P := inf
{
k > 0 :

�

Ω

P (|u|/k) dx < 1
}
.

We shall denote by W 1,P (Ω) the corresponding Orlicz–Sobolev space with
the norm

‖u‖W 1,P (Ω) := |u|P + |∇u|P .

We denote by W 1,P
0 (Ω) the closure of C∞0 in W 1,P (Ω).

Denote

(2.3) p−∗ =


Np−

N − p−
if N > p−,

N + p−

N
p− if N ≤ p−.

In this paper, the following equivalent norm on W 1,P
0 (Ω) will be used:

‖u‖ := inf
{
k > 0 :

�

Ω

P (|∇u|/k) dx < 1
}
.

The reader is referred to [AF, RR2] for more details on Orlicz–Sobolev
spaces. In the proofs we shall use the following results.

Lemma 2.1 (see [AF, RR2]). Under conditions (p0) and (p1), the spaces

LP (Ω), W 1,P
0 (Ω) and W 1,P (Ω) are separable and reflexive Banach spaces.

Lemma 2.2. Under conditions (p0), (p1) and (p2):

(1) if 0 < t < 1, then P (1)tp
+≤ P (t) ≤ P (1)tp

−
;

(2) if t > 1, then P (1)tp
−≤ P (t) ≤ P (1)tp

+
.

Lemma 2.3 (see [FIN]). Let ρ(u) =
	
Ω P (u) dx. Then:

(1) if |u|P < 1, then |u|p
+

P ≤ ρ(u) ≤ |u|p
−

P ;

(2) if |u|P > 1, then |u|p
−

P ≤ ρ(u) ≤ |u|p
+

P ;

(3) if 0 < t < 1, then tp
+
P (u) ≤ P (tu) ≤ tp−P (u);

(4) if t > 1, then tp
−
P (u) ≤ P (tu) ≤ tp+P (u).

Lemma 2.4 (see [GLMS, RR2]). Assume that A(t) and Ã(t) are com-
plementary N -functions. We have

(1) Young inequality: uv ≤ A(u) + Ã(v);
(2) Hölder inequality: |

	
Ω u(x)v(x) dx| ≤ 2|u|A|u|Ã;
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(3) Ã(A(u)/u) ≤ A(u);
(4) Ã∗(A∗(u)/u) ≤ A∗(u).

Remark 2.1. Since problem (1.1) has inhomogeneous nonlinearities,
Lemmas 2.1–2.4 will be used to overcome the nonhomogeneity.

Definition 2.1. A function u is said to be a weak solution of (1.1) if

• u ∈ L2(QT ), f(·, ·, u) ∈ L1(QT ), Diu ∈ LP (QT ),
• u = 0 on ∂Ω × (0, T ) in the sense of traces,

(2.4)
� �

QT

(
u
∂ϕ

∂t
− a(|∇u|)∇u · ∇ϕ+ fϕ

)
dx dt = 0

for all ϕ ∈ C∞0 (QT ) and
• u = 0 on ∂Ω × (0, T ) in the sense of traces,

(2.5) lim
t→0

�

Ω

(u(x, t)− u0(x))ψ dx = 0

for all ψ ∈ C∞0 (QT ), where QT = Ω × (0, T ).

Next we assume the following condition:

(A) f ∈ C1(Ω × [0, T ]× R) and |f(x, t, z)| ≤ C0(φ(x, t) + |z|α)

where φ ≥ 0, φ ∈ Lr(Ω × (0, T )), r > (N + p−)/p−, and C0 > 0, α ≥ 0 are
constants.

Our main result is the following.

Theorem 2.1. Let u0 ∈ L∞(Ω) ∩ W 1,P
0 (Ω), suppose (A) holds, and

assume that

(B) α < p− − 1 (or α = p− − 1 with Ω sufficiently small ),

where |Ω| denotes the Lebesgue measure of Ω. Then for any T > 0, there
exists a unique weak solution u of (1.1) in the Orlicz–Sobolev sense such
that

u ∈ L∞(QT ) ∩ L∞(0, T ;W 1,P
0 (Ω)), ut ∈ L2(Ω × (0, T )).

Remark 2.2. If the assumption in (B) that Ω is sufficiently small is
replaced by the assumption that C0 is sufficiently small in (A), then the
conclusions of Theorem 2.1 still hold.

3. Difference equation. Consider the difference equation correspond-
ing to problem (1.1):

(3.1)


1

h
(ui − ui−1) = div(a(|∇ui|)∇ui) +

1

h

(i+1)h�

ih

f(x, τ, ui) dτ, x∈Ω,

ui|∂Ω = 0, i = 1, 2, . . . ,
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Set

F i(x, u) =

u�

ui−1

(
1

h

(i+1)h�

ih

f(x, τ, s) dτ

)
ds,(3.2)

P(u) =
�

Ω

P (|∇u|) dx, ∀u ∈W 1,P
0 (Ω),(3.3)

and

ψi(u) =
�

Ω

P (|∇u|)dx−
�

Ω

F i(x, u) dx(3.4)

+
1

2h

�

Ω

(u− ui−1)2dx, i = 1, 2, . . . ,

which is the functional corresponding to (3.1), where h > 0 is a constant.

Lemma 3.1 (see [FIN, GLMS]). The functional P ∈ C1(W 1,P
0 (Ω),R) is

convex and sequentially weakly lower semicontinuous, and

P ′(u)φ =
�

Ω

p(∇u)∇φdx, ∀u, φ ∈W 1,P
0 (Ω).

Moreover, the mapping P ′ : W 1,P
0 (Ω)→W 1,P

0 (Ω)∗ is a bounded homeomor-
phism, and is of type (S+), that is,

(3.5) un ⇀ u and lim sup
n→∞

P ′(un)(un − u) ≤ 0

imply that un → u in W 1,P
0 (Ω).

Lemma 3.2. Assume (A) and (B) hold, and ui−1 ∈ Lp
−
∗ (Ω). Then the

functional ψi(u) achieves its minimum on the set

(3.6) S = W 1,P
0 (Ω).

Proof. We will show that ψi(u) satisfies the conditions which ensure the
existence of a minimum on S.

Step 1. S is weakly closed.

By Lemma 2.1, we know that W 1,P
0 (Ω) is a reflexive Banach space, and

thus by Mazur’s theorem it is weakly closed.

Step 2. ψi(u) satisfies the coerciveness conditions.

By condition (A) we have

ψi(u) ≥
�

Ω

P (|∇u|) dx− C0

�

Ω

(
1

h

(i+1)h�

ih

φ(x, τ) dτ

)
|u− ui−1| dx(3.7)

− C1

�

Ω

(|u|α+1 + |ui−1|α+1) dx+
1

2h

�

Ω

(u− ui−1)2 dx.
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We first estimate the second term on the right-hand side. Denote r1 =
(N + p−)/p− < r and r2 = (N + p−)/N . By condition (A) and Hölder’s
inequality, we obtain

I1 = C0

�

Ω

(
1

h

(i+1)h�

ih

φ(x, τ) dτ

)
|u− ui−1| dx(3.8)

≤ C0

( �

Ω

(
1

h

(i+1)h�

ih

φ(x, τ) dτ

)r1
dx

)1/r1( �

Ω

|u− ui−1|r2
)1/r2

≤ C
(

1

h

�

Ω

(i+1)h�

ih

φr1(x, τ) dτ dx

)1/r1( �
Ω

|u− ui−1|r2
)1/r2

≤ C‖u− ui−1‖Lr2 (Ω) ≤ C(‖u‖Lr2 (Ω) + ‖ui−1‖Lr2 (Ω))

Notice that r2 < p−∗ for N > p−, so by Young’s inequality we get

I1 ≤ ε‖u‖
Lp
−
∗ (Ω)

+ C‖ui−1‖
Lp
−
∗ (Ω)

+ C(ε) ≤ ε‖u‖
Lp
−
∗ (Ω)

+ C(ε).

By the imbedding inequality and Poincaré’s inequality, for all N ≥ 1,

(3.9) I1 ≤ Cε‖u‖W 1,P (Ω) + C(ε) ≤ 1

4

�

Ω

P (|∇u|) dx+ C.

Next, we estimate I2 =
	
Ω(|u|α+1 + |ui−1|α+1) dx in two cases.

(i) α < p− − 1, hence α + 1 < p− < p−∗ . By Young’s inequality and
Poincaré’s inequality, it is easy to show that

I2 = C1

�

Ω

(|u|α+1 + |ui−1|α+1) dx ≤ ε
�

Ω

|u|p− dx+ C(3.10)

≤ 1

4

�

Ω

|∇u|p− dx+ C ≤ 1

4

�

Ω

P (|∇u|) dx+ C.

(ii) α = p− − 1 and |Ω| is sufficiently small. Using Poincaré’s inequality
and Young’s inequality, we get

I2 = C1

�

Ω

(|u|p− + |ui−1|p
−

) dx ≤ C1

�

Ω

|u|p− dx+ C(3.11)

≤ 1

4

�

Ω

|∇u|p− dx+ C ≤ 1

4

�

Ω

P (|∇u|) dx+ C.

Combining the estimates (3.7)–(3.11), we get

ψi(u) ≥ 1

4

�

Ω

P (|∇u|)− C(Ω) ≥ 1

4C
|u|W 1,P (Ω) − C(Ω)→∞.

Step 3. ψi(u) is weakly lower semicontinuous.
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By Lemma 3.1, we know that
	
Ω P (|∇u|) dx is convex and weakly lower

semicontinuous. Now, consider the functional

I(u) = −
�

Ω

F i(x, u) dx+
1

2h

�

Ω

(u− ui−1)2 dx.

Since vl → v in W 1,P
0 , for any 0 < ε < p− we have vl ⇀ v in W 1,p−−ε

0 . By
the Sobolev compact imbedding theorem, we easily see that vl → v in Lp

∗
ε ,

where

p∗ε =


N(p− − ε)
N − (p− − ε)

if N > p− − ε,

N + (p− − ε)
N

(p− − ε) if N ≤ p− − ε.

For ε small enough, we have p∗ε > max{r/r − 1, 2}. Invoking (A) we may
prove that I is weakly lower semicontinuous, so the functional ψi(u) is
weakly lower semicontinuous. By the above results and a standard argu-
ment (see [B]), we know that ψi(u) achieves its minimum on S.

Lemma 3.3. Assume (A) and (B) hold and ui−1 ∈ Lp
−
∗ (Ω). Then there

exists a weak solution ui of (3.1) such that ui ∈W 1,P
0 (Ω).

Proof. For 0 < ε < 1 and η ∈ C∞0 , we have ui ± εη ∈ S, and so

g(ε) := ψi(ui + εη) ≥ ψi(ui) = g(0), g(−ε) = ψi(ui − εη) ≥ ψi(ui) = g(0).

Therefore

lim
ε→0, ε>0

g(−ε)− g(0)

−ε
≤ 0, lim

ε→0, ε>0

g(ε)− g(0)

ε
≤ 0.

Plugging in the definition of g, we get
�

Ω

1

h
(ui − ui−1)η dx

= −
�

Ω

a(|∇ui|)∇ui · ∇η dx+
�

Ω

(
1

h

(i+1)h�

ih

f(x, τ, ui) dτ

)
η dx.

Thus ui is a weak solution of (3.1).

4. Global existence of weak solutions. First, we assume that

lh ≤ T < (l + 1)h,

where l is an integer. Define uh : Ω × [0,∞)→ R such that

(4.1) uh(·, t) = ui for t ∈ [ih, (i+ 1)h), i = 0, 1, . . . , l,

where ui is a solution obtained in Lemma 3.3. We will prove that a subse-
quence of uh converges and the limiting function is a solution of (1.1).
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Denote

(4.2) ∂(−h)uh(·, t) =
1

−h
(uh(·, t− h)− uh(·, t))

=


1

h
(ui − ui−1)(·) for t ∈ [ih, (i+ 1)h), i = 0, 1, . . . , l,

0 for t ∈ [0, h),

Define

f (h)(x, t) =
1

h

(i+1)h�

ih

f(x, τ, ui(x)) dτ, t ∈ [ih, (i+ 1)h), i = 0, 1, . . . , l,(4.3)

φ(h)(x, t) =
1

h

(i+1)h�

ih

φ(x, τ) dτ, t ∈ [ih, (i+ 1)h), i = 0, 1, . . . , l,(4.4)

It can be proved easily by using Hölder’s inequality and (A) that

(A′) |fh(x, t, u)| ≤ C0(φ(h) + |uh|α).

and

(4.5)
� �

QT

(φ(h))r dx dt ≤
� �

QT

φr dx dt,

when φ ∈ Lr(QT ) with r given in (A).

In the following, we will estimate the maximum norm of the solution by
adapting the method of [LGYC, Z1].

Lemma 4.1. Let (A) and (B) hold, and u0 ∈ L∞(Ω) ∩W 1,P
0 (Ω). Then

for any integer 1 ≤ q < ∞, there is a constant C(q) > 0 independent of h
such that

‖uh‖Lq+1(QT ) ≤ C(q), ∀h > 0.

Proof. Let u+ = max{0, u} and suppose ‖u0‖L∞(Ω) ≤ k. Multiplying
(3.1) by (ui − k)q+ and integrating over Ω we get

(4.6)
1

h

�

Ω

(ui − k)
(q+1)
+ dx+ p−q

�

Ω

P (|∇ui|)(ui − k)q−1
+ dx

≤ 1

h

�

Ω

(ui − k)
(q+1)
+ dx+ q

�

Ω

a(|∇ui|)(ui − k)q−1
+ ∇ui · ∇ui dx

=
1

h

�

Ω

(ui − k)q+(ui−1 − k) dx+
�

Ω

(ui − k)q+f
(h)(x, ih) dx

≤ 1

h

�

Ω

(ui − k)q+(ui−1 − k)+ dx+
�

Ω

(ui − k)q+f
(h)(x, ih) dx.
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By Young’s inequality,

(ui − k)q+(ui−1 − k)+ ≤
q

q + 1
(ui − k)

(q+1)
+ +

1

q + 1
(ui−1 − k)

(q+1)
+ .

Invoking (4.6), we deduce that

(4.7)
�

Ω

1

h
(ui − k)

(q+1)
+ dx+ p−q(q + 1)

�

Ω

P (|∇ui|)(ui − k)q−1
+ dx

≤
�

Ω

1

h
(ui−1 − k)

(q+1)
+ dx+ (q + 1)

�

Ω

(ui − k)q+f
(h)(x, ih) dx, i = 1, . . . , l.

Summing over i in (4.7) and considering the definition of uh, we have

(4.8)
�

Ω

(uh − k)
(q+1)
+ (·, t) dx+ p−q(q + 1)

(l+1)h�

h

�

Ω

|∇uh|p−(uh − k)q−1
+ dx

≤
�

Ω

(uh − k)
(q+1)
+ (·, t) dx+ p−q(q + 1)

(l+1)h�

h

�

Ω

P (|∇uh|)(uh − k)q−1
+ dx

≤
�

Ω

(u0 − k)
(q+1)
+ dx+ (q + 1)

(l+1)h�

h

�

Ω

(uh − k)q+f
(h) dx dt

= (q + 1)

(l+1)h�

h

�

Ω

(uh − k)q+f
(h) dx dt =: (q + 1)L1,

where t ∈ [h, (l + 1)h).

Denote

µ(k) = |{(x, t) ∈ Ω × (0, (l + 1)h) : uh ≥ k}|.

By (A′), we have

L1 ≤ C0

(l+1)h�

h

�

Ω

(uh − k)q+α+ dx dt+ C0

(l+1)h�

h

�

Ω

(uh − k)q+φ
(h) dx dt.(4.9)

Since α < p−− 1, i.e., q+α < q+ p−− 1, by Hölder’s inequality, Poincaré’s
inequality and Young’s inequality we get

(4.10)

(l+1)h�

h

�

Ω

(uh − k)q+α+ dx dt

≤ C
(l+1)h�

h

( �
Ω

(uh − k)q+p
−−1

+ dx
) q+α

q+p−−1 dt
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≤ C(|Ω|)
(l+1)h�

h

( �
Ω

|∇(uh − k)
q+p−−1

p−
+ |p− dx

) q+α

q+p−−1 dt

≤ C
(l+1)h�

h

�

Ω

|∇uh|p−(uh − k)q−1
+ dx+ C(|QT |).

Similarly, by Hölder’s inequality and (A′), we have

(4.11)

(l+1)h�

h

�

Ω

(uh − k)q+φ
(h) dx dt

≤
((l+1)h�

h

�

Ω

(uh − k)qq1+ dx dt
)1/q1((l+1)h�

h

�

Ω

(φ(h))q2 dx dt
)1/q2

≤ C(|Ω|)
((l+1)h�

h

�

Ω

(uh − k)
q+p−−1+ p−

N
(q+1)

+ dx dt
)1/q1

where

q1 =
q + p− − 1 + p−

N (q + 1)

q
> 1,

q2 =
q + p− − 1 + p−

N (q + 1)

p− − 1 + p−

N (q + 1)
<
p− +N

p−
< r.

Using the imbedding theorem (see [LSU, Z1]) and Young’s inequality, we
see that

(4.12)

(l+1)h�

h

�

Ω

(uh − k)q+φ
(h) dx dt

≤ C
(

sup
t∈(h,(l+1)h)

�

Ω

(uh − k)q+1
+ dx+

(l+1)h�

h

�

Ω

∣∣∣∇(uh − k)
q+p−−1

p−−
+

∣∣∣p− dx dt)1/q1

≤ C sup
t∈(h,(l+1)h)

�

Ω

(uh − k)
(q+1)
+ (·, t) dx

+ C

(l+1)h�

h

�

Ω

∣∣∣∇(uh − k)
q+p−−1

p−−
+

∣∣∣p− dx dt+ C(|QT |)

= C sup
t∈(h,(l+1)h)

�

Ω

(uh − k)
(q+1)
+ (·, t) dx

+ C

(l+1)h�

h

�

Ω

|∇uh|p−(uh − k)q−1
+ dx+ C(|QT |).
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Choose the coefficients small enough in Young’s inequalities so that (4.9)–
(4.12) can be absorbed in (4.8). Then we get

(4.13) sup
t∈(0,(l+1)h)

�

Ω

(uh − k)
(q+1)
+ (·, t) dx ≤ C(|QT |).

If α = p− − 1 and |Ω| is sufficiently small, then by the Poincaré inequality,
in (4.10), C|Ω| → 0 as |Ω| → 0. We can also derive (4.13). Similarly, we
may prove

sup
t∈(0,(l+1)h)

�

Ω

(−uh − k)
(q+1)
+ (·, t) dx ≤ C(|QT |).

Thus ‖uh‖Lq+1(QT ) ≤ C(q), where C(q) is independent of h.

Corollary 4.1.

(4.14)

(l+1)h�

h

�

Ω

P (|∇uh|) dx dt ≤ C.

Proof. Multiplying (3.1) by (ui)
+ and integrating over Ω, taking the

same procedure as (4.6)–(4.8), we get

(4.15) sup
t∈(h,(l+1)h)

�

Ω

(uh)2
+(·, t) dx+ 2p−

(l+1)h�

h

�

Ω

P (|∇uh|) dx

≤ sup
t∈(h,(l+1)h)

�

Ω

(uh)2
+(·, t) dx+ 2

(l+1)h�

h

�

Ω

p(|∇uh|)|∇uh| dx

≤
�

Ω

(u0)2
+(·, t) dx+

(l+1)h�

h

�

Ω

(uh)+f
(h) dx dt

≤ C + C0

(l+1)h�

h

�

Ω

(φ(x, τ) + |uh|α)(uh)+ dx dt

≤ C + C0

((l+1)h�

h

�

Ω

|φ(x, τ)|r dx dt
)1/r((l+1)h�

h

�

Ω

(uh)
r
r−1
+ dx dt

) r−1
r

+ C0

(l+1)h�

h

�

Ω

|uh|α+1 dx dt ≤ C

where the last inequality holds by Lemma 4.1. Similarly, the corollary holds
for −u.

In order to obtain a uniform estimate of the maximum norm of the
solution, we need the following propositions.
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Proposition 4.1 (see [D]). Let {Yn}, n = 0, 1, 2, . . . , be a sequence of
positive numbers satisfying

Yn+1 ≤ BbnY 1+β
n

where B, b > 1 and β > 0 are given numbers. If Y0 ≤ B−1/βb−1/β2
, then Yn

converges to zero as n→∞.

Proposition 4.2 (see [D]). Let k, p ≥ 1 and consider the Banach spaces

V k,p
0 (ΩT ) ≡ L∞(0, T ;Lk(Ω)) ∩ Lp(0, T ;W 1,p

0 (Ω)),

equipped with the norm

‖u‖V k,p(ΩT ) ≡ ess sup
0<t<T

‖v(·, t)‖k,Ω + ‖Dv‖p,ΩT .

Then there exists a constant γ depending only upon N, p, k such that for
every v ∈ V k,p

0 (ΩT ),
� �

ΩT

|v(x, t)|q dx dt ≤ γq
� �

ΩT

|Dv(x, t)|p dx dt ·
(

ess sup
0<t<T

�

Ω

|v(x, t)|k dx
)p/N

,

where q = p(N + k)/N.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Then there is a
constant M1 > 0 depending only on T, |Ω|, N, p−, r, ‖u0‖L∞(QT ) such that

‖uh‖L∞(QT ) ≤M1, ∀h > 0.

Proof. Let k ≥ 1 be chosen so that ‖u0‖L∞(Ω) ≤ k, and set

Jk = sup
t∈(h,(l+1)h)

�

Ω

(uh − k)2
+(·, t) dx+

(l+1)h�

0

�

Ω

|∇(uh − k)+|p
−
dx dt.

Take q = 1 in (4.8). Then by (A′),

(4.16) Jk ≤ C1

((l+1)h�

0

�

Ω

(φ(h) + |uh|α)(uh − k)+ dx dt+ µ(k)
)
.

By Lemma 4.1 and Hölder’s inequality,

(4.17)

(l+1)h�

0

�

Ω

φ(h)(uh − k)+ dx dt ≤ C2

((l+1)h�

0

�

Ω

(uh − k)
r
r−1
+ dx dt

) r−1
r

≤ C2

[((l+1)h�

0

�

Ω

(uh − k)
r
r−1
· (r−1)(p−N+2p−)

Nr
+ dx dt

) Nr
(r−1)(p−N+2p−)

· µ(k)
1− Nr

(r−1)(p−N+2p−)

] r−1
r

= C2

((l+1)h�

0

�

Ω

(uh − k)
p−N+2p−

N
+ dx dt

) N
p−N+2p− µ(k)

r−1
r
− N
p−N+2p− .
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By Proposition 4.2 and Young’s inequality, we can derive from (4.17) that

(4.18)
((l+1)h�

0

�

Ω

(uh − k)
p−N+2p−

N
+ dx dt

) N
p−N+2p−

≤ C3γ
q
[((l+1)h�

0

�

Ω

|∇(uh−k)+|p
−
dx dt

)(
ess sup

0<t<(l+1)h

�

Ω

(uh−k)2
+ dx

)p−
N
] N
p−N+2p−

= C4

[((l+1)h�

0

�

Ω

|∇(uh − k)+|p
−
dx dt

) N
N+p−

·
(

ess sup
0<t<(l+1)h

�

Ω

(uh − k)2
+ dx

) p−

N+p−
] N+p−

p−N+2p−

≤ C4

[((l+1)h�

0

�

Ω

|∇(uh − k)+|p
−
dx dt

)
+
(

ess sup
0<t<(l+1)h

�

Ω

(uh − k)2
+ dx

)] N+p−

p−N+2p−

where γ is as in Proposition 4.2 depending on N , p−, and q = Np−+2p−

N .

Combining (4.17) and (4.18), we get

(4.19)

(l+1)h�

0

�

Ω

φ(h)(uh − k)+ dx dt ≤ C4J
N+p−

p−N+2p−
k · µ(k)

r−1
r
− N
p−N+2p− .

Also, by Lemma 4.1 and (4.17), we have

(4.20)
((l+1)h�

0

�

Ω

(uh)α(uh − k)+ dx dt
)

≤
((l+1)h�

0

�

Ω

(uh − k)
r
r−1
+ dx dt

) r−1
r ·

((l+1)h�

0

�

Ω

(uh)αr dx dt
)1/r

≤ C5

((l+1)h�

0

�

Ω

(uh − k)
r
r−1
+ dx dt

) r−1
r

≤ C6J
N+p−

p−N+2p−
k · µ(k)

r−1
r
− N
p−N+2p− .

Substituting (4.17)–(4.20) into (4.16), we obtain

Jk ≤ C7J
N+p−

p−N+2p−
k · µ(k)

r−1
r
− N
p−N+2p− + C7µ(k).

By Young’s inequality,

(4.21) Jk ≤ C8

(
µ(k)

1+
p−(r−N−2)

rN(p−−1)+rp− + µ(k)
)
.
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Notice that, for all 1 ≤ k1 ≤ k2,

(k2 − k1)µ(k2) =

(l+1)h�

0

�

D(k2)

(k2 − k1) dx dt

≤
(l+1)h�

0

�

D(k2)

(uh − k1)+ dx dt

≤
((l+1)h�

0

�

D(k2)

(uh − k1)
p−N+2N

N
+ dx dt

) N
p−N+2N · µ(k2)

1− N
p−N+2N .

That is,

(k2 − k1)µ(k2)
N

p−N+2N ≤
((l+1)h�

0

�

D(k2)

(uh − k1)
p−N+2N

N
+ dx dt

) N
p−N+2N

(4.22)

≤ C9J
N+p−

p−N+2p−
k1

≤ C10

(
µ(k1)

1+
p−(r−N−2)

rN(p−−1)+rp− + µ(k1)
) N+p−

p−N+2p− ,

where C10 is a constant depending only on N , p−, |Ω| and T .

If we take k2 = ‖u0‖L∞(Ω) + j (j > 1) and k1 = ‖u0‖L∞(Ω) + 1, then

µ(k2)
N

p−N+2N ≤ C10

j − 1

(
((T + 1)Ω)

1+
p−(r−N−2)

rN(p−−1)+rp− + (T + 1)|Ω|
) N+p−

p−N+2p− .

Hence, there exists a constant j0 > 1 depending on N, p−, |Ω|, T, r such that

µ(k2) ≤ 1 for j ≥ j0.

We take kn = M̃(2 − 2−n), n = 0, 1, 2, . . . , where M̃ ≥ ‖u0‖L∞(Ω) + j0
is a constant. Using Proposition 4.1 and following a similar procedure to
[LGYC, Z1], we may prove that

µ(kn)→ 0 as n→∞.

Thus, ‖uh‖L∞(QT ) ≤ 2M̃ =: M1.

Lemma 4.3. Let the assumptions of Lemma 4.2 hold. Then for any in-
teger 1 ≤ l̃ ≤ l, we have

(4.23)
1

2

(l̃+1)h�

0

�

Ω

|∂(−h)uh|2 dx dt+
�

Ω

P (|∇uh(x, l̃h)|) dx ≤
�

Ω

P (|∇u0|) dx.
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Proof. Since ui, ui−1 ∈ S, and ui is the minimum point of ψ(u), we have
ψ(ui) ≤ ψ(ui−1) and so

�

Ω

1

2h
|ui − ui−1|2 dx+

�

Ω

P (|∇ui|) dx

≤
�

Ω

P (|∇ui−1|) dx+
�

Ω

ui�

ui−1

(
1

h

(i+1)h�

ih

f(x, τ, s) dτ

)
ds dx, i = 1, . . . , l̃.

Summing over i, we obtain

l̃∑
i=1

�

Ω

1

2h
|ui − ui−1|2 dx+

�

Ω

P (|∇ul̃|) dx

≤
�

Ω

P (|∇u0|) dx+

l̃∑
i=1

�

Ω

ui�

ui−1

(
1

h

(i+1)h�

ih

f(x, τ, s) dτ

)
ds dx.

By (A) and Young’s inequality, we have

�

Ω

ui�

ui−1

(
1

h

(i+1)h�

ih

f(x, τ, s) dτ

)
ds dx

≤ C
�

Ω

|ui − ui−1| dx ≤
1

4h

�

Ω

|ui − ui−1|2 dx+ 4Ch.

Thus

(4.24)

l̃∑
i=1

1

4h

�

Ω

|ui − ui−1|2 dx dt+
�

Ω

P (|∇ul̃(x, l̃h)|) dx

≤
�

Ω

P (|∇u0|) dx+ 4CT.

The conclusion follows by the definition of uh.

Define a new auxiliary function:

wh(·, t)=

{
(t/h− i)ui + [1− (t/h− i)]ui−1, t ∈ [ih, (i+ 1)h), i = 1, . . . , l,

u0, t ∈ [0, h).

By Lemma 4.3, we may prove that (see [LGYC])

(4.25)

T�

0

�

Ω

|wh − uh|2 dx dt→ 0, h→ 0.

Lemma 4.4. Let the assumptions of Lemma 4.3 hold. Then there exists
a subsequence of {uh}, still denoted by {uh}, and a function u such that,
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as h→ 0,

uh → u in L2(QT ),(4.26)

∇uh w
⇀ ∇u in LP (QT ),(4.27)

∂(−h)uh
w
⇀ ∂(−h)u in L2(QT ),(4.28)

uh → u a.e. in QT .(4.29)

Proof. By Lemma 4.3 and Young’s inequality, for any t ∈ (0, (l + 1)h),( �
Ω

|∇uh(·, t)|2 dx
)p+/2

≤ C
�

Ω

|∇uh(·, t)|p+(4.30)

≤
�

Ω

P (|∇uh(·, t)|) ≤ C

for |∇uh(·, t)| < 1, and( �
Ω

|∇uh(·, t)|2 dx
)p−/2

≤ C
�

Ω

|∇uh(·, t)|p−(4.31)

≤
�

Ω

P (|∇uh(·, t)|) ≤ C.

for |∇uh(·, t)| > 1. By Poincaré’s inequality, we have

(4.32)

T�

0

�

Ω

|uh(·, t)|2 dx dt ≤ CT.

Therefore, by Lemma 3.3 there exists a subsequence of uh (not relabeled)
and a function u such that

uh
w
⇀ u in L2(QT ),(4.33)

∇uh w
⇀ ∇u in LP (QT ).(4.34)

Since

∇wh = (∇ui −∇ui−1)(t/h− i) +∇ui−1, t ∈ [ih, (i+ 1)h), i = 1, . . . , l,

by Corollary 4.1, (4.25) and the above, we know that wh and ∇wh are
uniformly bounded in L2(QT ). Since

(wh)t = ∂(−h)uh =

{
h−1(ui − ui−1), t ∈ [ih, (i+ 1)h), i = 1, . . . , l,

0, t ∈ [0, h),

by Lemma 4.3 we have (wh)t ∈ L2(QT ). Combining the above estimates, we
find that there exists a subsequence of wh (not relabeled) and a function u∗
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such that

wh → u∗ in L2(QT ),

∇wh w
⇀ ∇u∗ in L2(QT ),

∂(−h)wh
w
⇀ (u∗)t in L2(QT ).

By Lemma 3.3 and (4.25), we get u∗ = u, thus uh → u in L2(QT ), and
uh → u a.e. in QT .

Remark 4.1. We know from Lemma 4.3 that u ∈ L∞(0, T ;W 1,P
0 (Ω)).

Lemma 4.5. Let the assumptions of Lemma 4.2 hold. Then

(4.35) f (h) → f(·, ·, u) in L1(QT ) as h→ 0.

Proof. This can be proved much as in [LGYC].

Proof of Theorem 2.1. Step 1. We will prove that there exists a subse-
quence such that

(4.36) a(|∇uh|)(uh)xi
w
⇀ a(|∇u|)uxi in LP̃ (QT ).

By Lemma 4.4, we have uh ∈ LP (QT ) and ∇uh w
⇀ ∇u in LP (QT ). Hence

for any φ ∈ C∞0 (QT ),

(4.37)

T�

0

�

Ω

φa(|∇uh|)∇uh · (∇uh −∇u) dx dt

≤ cp+
T�

0

�

Ω

φ
P (|∇uh|)
|∇uh|

|∇uh −∇u| dx dt

≤ cp+

∣∣∣∣P (|∇uh|)
|∇uh|

∣∣∣∣
P̃

|∇uh −∇u|P

≤ cp+|∇uh|P |∇uh −∇u|P → 0,

and similarly

(4.38)

T�

0

�

Ω

φa(|∇u|)∇u · (∇uh −∇u) dx dt→ 0.

Notice that

(4.39)
(
a(|∇uh|)∇uh − a(|∇u|)∇u

)
· ∇(uh − u)

=

1�

0

d

ds

[
a(|s∇uh + (1− s)∇u|)(s∇uh + (1− s)∇u)

]
∇(uh − u)
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=

1�

0

[
a′(|s∇uh + (1− s)∇u|)|s∇uh + (1− s)∇u|

+ a(|s∇uh + (1− s)∇u|)
]
|∇(uh − u)|2 ds

≥ a−
1�

0

a(|s∇uh + (1− s)∇u|)|∇(uh − u)|2 ds

Combining (4.37)–(4.39), we get

(4.40) lim
h→0

T�

0

�

Ω

φ

1�

0

a(|s∇uh + (1− s)∇u|) ds |∇(uh − u)|2 dx dt = 0.

Since limh→0

	T
0

	
Ω

	1
0 a(|s∇uh + (1− s)∇u|) ds dx dt ≤ C and

(4.41) |a(|∇uh|)(uh)xi − a(|∇u|)uxi |

=

∣∣∣∣1�
0

d

ds
a(|s∇uh + (1− s)∇u|)[s(uh)xi + (1− s)uxi ] ds

∣∣∣∣
=
∣∣∣1�
0

[
a′(|s∇uh + (1− s)∇u|)|s∇uh + (1− s)∇u|

+ a(|s∇uh + (1− s)∇u|)
]
∇(uh − u) ds

∣∣∣
≤ a+

1�

0

a(|s∇uh + (1− s)∇u|) · |∇(uh − u)| ds,

we obtain

(4.42)
∣∣∣T�
0

�

Ω

φ[a(|∇uh|)(uh)xi − a(|∇u|)uxi ] dx dt
∣∣∣

≤ C
(T�

0

�

Ω

φ

1�

0

∣∣a(|s∇uh + (1− s)∇u|) ds · |∇(uh − u)
∣∣2)1/2

×
(T�

0

�

Ω

φ

1�

0

a(|s∇uh + (1− s)∇u|) ds dx dt
)1/2

→ 0.

Thus (4.36) is derived.

Step 2. For each φ ∈ C∞0 (QT ) and any constant τ̃ ∈ [0, T ], we have
φ(·, τ̃) ∈ C∞0 (Ω). Hence, by Lemma 3.2,�

Ω

∂(−h)uhφ(x, τ̃) dx =
�

Ω

a(|∇ui|)∇ui∇φ(x, τ̃) dx+
�

Ω

f (h)φ(x, τ̃) dx.

Integrating over τ̃ and invoking Lemmas 4.4 and 4.5 and Corollary 4.1 we
may prove that u is a weak solution of (1.1).
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Now we prove that u satisfies the initial condition (2.5).
For problem (3.1), taking a test function φ̃ ∈ C∞0 (Ω), we get

(4.43)
�

Ω

(ui − ui−1)φ̃ dx+

(i+1)h�

ih

�

Ω

a(|∇ui|)∇ui∇φ̃ dx

=
�

Ω

((i+1)h�

ih

f(x, τ, ui) dτ
)
φ̃ dx, i = 1, 2, . . . .

Summing over i, we obtain

�

Ω

(ul̃ − u0)φ̃ dx = −
(l̃+1)h�

h

�

Ω

a(|∇uh|)∇uh∇φ̃ dx dt(4.44)

+

(l̃+1)h�

h

�

Ω

(f(x, τ, uh)φ̃ dx dt,

where l̃ is an integer. Then by Hölder’s inequality and the boundedness of
|∇uu|P , we have

(4.45)
∣∣∣(l̃+1)h�

h

�

Ω

a(|∇uh|)∇uh∇φ̃ dx dt
∣∣∣ ≤ sup |∇φ̃|

�

Ω

a(|∇uh|)|∇uh| dx dt

= sup |∇φ̃|
�

Ω

p(|∇uh|) |∇u
h|

|∇uh|
dx dt ≤ p+ sup |∇φ̃|

�

Ω

P (|∇uh|)
|∇uh|

· 1 dx dt

≤ 2p+ sup |∇φ̃|
∣∣∣∣P (|∇uh|)
|∇uh|

∣∣∣∣
P̃

· |1|P ≤ C|∇uh|P |1|P ≤ C(l̃h)δ,

where δ > 0 is a constant depending only on p− and p+. By the differentia-
bility of f , we have

(4.46)
∣∣∣(l̃+1)h�

h

�

Ω

f(x, τ, uh)φ̃ dx dt
∣∣∣ ≤ C(l̃h).

If l̃h < 1, there exists a constant δ2 > 0 depending on p− and p+ such that�

Ω

(ui − ui−1)φ̃ dx ≤ C(l̃h)δ2 .

Thus

(4.47) sup
t∈[h,(l̃+1)h)

∣∣∣ �
Ω

(uh(x, t)− u0)φ̃ dx
∣∣∣ ≤ Ctδ2 .

For t ∈ [0, h), �

Ω

(uh(x, t)− u0)φ̃ dx = 0.

Letting h→ 0, we get (2.5).
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Step 3. Finally, we prove the uniqueness of solution. Let u, v be two
solutions of (1.1). Taking u− v as a test function, we obtain

1

2

�

Ω

(u− v)2 dx+
� �

Qt

[a(|∇u|)∇u− a(|∇v|)∇v]∇(u− v) dx dτ

=
� �

Qt

(f(x, τ, u)− f(f, τ, v))(u− v) dx dτ.

Since [a(|∇u|)∇u−a(|∇v|)∇v]∇(u−v) ≥ 0 and u, v are bounded, and since
f ∈ C1, we have �

Ω

(u− v)2 dx ≤ C
� �

Qt

(u− v)2 dx.

Obviously, Gronwall’s inequality implies that u = v.
The proof is complete.
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