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Fourier coefficients of theta functions at
cusps other than infinity
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JosepH HUNDLEY (Buffalo, NY) and QiAo ZHANG (Fort Worth, TX)

1. Introduction. In this paper, we use the adelic theory to study the
Fourier coefficients of twisted theta functions at different cusps, and in par-
ticular prove a conjecture of Goldfeld and Gunnells on their absolute values.

1.1. Fourier coefficients of integral-weight automorphic forms.
The theory of Fourier expansions of automorphic forms at various cusps goes
back to |[Ro66] and [Ma83|. In sharp contrast to the rich theory for Fourier
coefficients at infinity, the known results for the Fourier coefficients at finite
cusps are very limited. For example, as far as we know, the problem of ex-
tending the Deligne bound on the Fourier coefficients to cusps other than
infinity, with effective constants, is still unsolved. Using Fricke involutions,
Asai [As76] gives an explicit formula of these Fourier coefficients for new-
forms of I'h(N) when N is squarefree. This result was later generalized by
Kojima [Ko79| to the case of N = 4q for some prime ¢, and Asai’s reasoning
may be applied to any cusp which is related to infinity by a Fricke involution.
A general explicit formula in terms of the corresponding adelic Whittaker
function was presented in [GHI11l Vol. 1]. In the works of Goldfeld, Hundley
and Lee [GHL15|, [Hul4] this description was used to address the question
of multiplicativity at finite cusps.

The Fourier coefficients at cusps other than infinity are also of interest
from the representation-theoretic point of view. Recall from [AL70] that for
the sequence of p-power Fourier coefficients at infinity of a newform, there
are essentially three possibilities, corresponding to whether the level N of
the newform satisfies p? | N, p|| N or p { N. As described in [Ca73], these
correspond to different possibilities for the local component at p of the corre-
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sponding automorphic representation. If p? { N, then the isomorphism class
of this representation of GL(2,Q)) is completely determined by the level,
character, and if p f N, the eigenvalue of the Hecke operator T),. On the
other hand, if p? | N, then a wide range of representations is possible. Some
of these possibilities can be distinguished from one another using Fourier
coefficients at infinity of the original newform and all of its twists, but dis-
tinct supercuspidal representations cannot be distinguished in this way (see
IBHO6), Proposition 27.2]). On the other hand, given the Fourier coefficients
of a modular form at all the cusps, one can compute all values of the Whit-
taker function attached to the corresponding adelic automorphic form, hence
each local Whittaker function [GHI11, Vol. 1, Theorem 4.13.3]. As the rep-
resentation generated by the local Whittaker function at p is a model for
the local constituent of the automorphic representation, this is, in principle,
enough information to determine the representation completely. It would
be interesting to see whether this heuristic argument can be made into an
effective algorithm.

A first few steps in using adelic methods to study Fourier coefficients
at various cusps were taken in [GHL15|, [Hul4], where the multiplicative
relations satisfied by these coefficients were studied. A next natural problem
is to advance from integral weight to half-integral weight automorphic forms,
and this is one of the motivations for our work. In this paper, we focus on
the simplest and most fundamental types of such automorphic forms: theta
functions. Because of a connection between such functions and the Weil
representation, we are able to obtain formulae which are much more explicit
and amenable to computer implementation (for example) than the formulae
obtained in the integer-weight case. In this regard, our results are much
stronger than a simple generalization of the formula presented in |[GHI11l
Vol. 1].

1.2. Theta functions and their Fourier coefficients. The theory of
theta functions has a long history, going back to Jacobi, and has a broad
range of applications throughout various branches of mathematics (see, for
example, [Mu07]).

In number theory, theta functions may be used to study representation
numbers of quadratic forms (see [Iw97, Chapter 11]), or to shed light on
the Shimura correspondence between modular forms of integral weights and
those of half-integral weights (see [ShmT73| [Shn75|, [KS93| and [Wa81]).
Moreover, in 1976, Serre and Stark [SS77| answered a question of Shimura,
by showing that theta functions actually span the space of all modular forms
of weight 1/2 for IH(N).

An important development in the theory of theta functions was their
interpretation in terms of a representation of the metaplectic group. This
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point of view goes back to [We64]. It leads naturally to a vast generalization
of the Shimura correspondence, known as the theta correspondence, as well
as a local analogue in the representation theory of groups over local fields.
(See the survey article [Pr98| and its references.) For GL(2), the theory was
significantly explicated by [GeT76|, using explicit results of [Ku69]. The results
of Serre and Stark were explained from this point of view by Gelbart and
Piatetski-Shapiro [GPS80].

In this paper, we study the Fourier coefficients of modular forms of
weight 1/2. Let I" be a discrete group; for simplicity, we may assume that
—1 e I'. Let f(z) be a modular form of weight 1/2 with respect to I". Then

SLo(R) acts on f(z) via the weight-1/2 slash operator ‘11{/021, as defined in

Section To define the Fourier coefficients of f(z) at a cusp a, one must
choose a suitable “scaling” matrix, namely a matrix o, € SL(2,R) which
maps oo to a and conjugates the stabilizer of a in I' to the stabilizer of co
in SL(2,7Z). It is known that the function f’?/(;lo'a has a Fourier expansion
supported on some additive shift of the integers:

Hol S mi(n+kK)z
f11p0a(2) = > Ap(oa,n + k)
n=0

for some constant k = k7, € QN[0, 1), called the cusp parameter of f(z) at a
and actually depending only on the multiplier system of f(z). We refer to the
above coefficients A¢(oq,n + k) as the Fourier coefficients of f at a, defined
relative to oq. We note that the values of A¢(o,n + x) depend on the choice
of o, as addressed by Lemma [2.10] but their absolute values |Af(o,n + &),
especially their nonvanishing property, are independent of this choice.

More specifically, we will investigate the Fourier coefficients of theta func-
tions. Each theta function which we consider is a modular form of weight 1/2
for the group I'h(IV) for a suitable value of N. Their multiplier systems are
described in [Iw97], and it is not difficult to check that the resulting cusp pa-
rameters are trivial at all cusps. Our investigation was prompted and guided
by some numerical computations and conjectures of Dorian Goldfeld and
Paul Gunnells.

Let x12 = (Q) be the primitive Dirichlet character modulo 12. Then the
twisted modular theta function

o0
Oria(2) = D X1a(n)e>
n=—oo

is a modular form of weight 1/2 and level 576. Goldfeld and Gunnells com-
puted the Fourier coefficients of 6,,,, and discovered that (for suitable scaling
matrices) the sequence of its Fourier coefficients at every finite cusp was sim-
ply a scalar multiple of the sequence of the Fourier coeflicients at infinity.
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For the cusps which can be transported to infinity by a Fricke involution,
this is expected, in view of the results of [As76] (see also [Ko79]). For the
other cusps, the result is more surprising.

Goldfeld and Gunnells also considered the Fourier coefficients of the theta
functions of higher levels. Motivated by their numerical computations, they
proposed the following conjecture.

CONJECTURE 1.1 (Goldfeld-Gunnells). Let x12 be the primitive Dirich-
let character modulo 12 defined above, let x5 be the unique nontrivial even
Dirichlet character modulo 5, and consider the modular form

o0

Oroniz(2) = D X5(n)xaz(n)e?

n=-—00
of weight 1/2 and level 14400. Let a = u/w € Q with u,w € Z relatively
prime to each other and w|14400, and let o, € SL(2,R) be any scaling
matriz for a. Then:
(1) TN (0a,n) =0 unless n is a perfect square relatively prime to 12;
(2) if 51w or 5% |w, then
2 if ged(60,n) =1,
|A9><5X12 (Uu’ TL2)’ - ; .
0 if ged(60,n) > 1;
(3) if 5||w and ged(12,n) = 1, then Ay, .
the image of n? in Z/5Z; more precisely,

(0q,n?)| depends only on

2 if 5
|A9x5X12 (Ua,n2)| = {4Z Z 5;(:7 (if u/w = +1/5 (mod 5)),
Ay, (0a;n%)| = {2b Z.f 5{n. (if u/w==£2/5 (mod 5)),
X5X12 4a Zf 5 ‘ n

where

10 — 2v/5)/5
a= isinll—ﬂ' = ( )/ ~ 0.52573,
V5 5 2

10 4+ 2v/5)/5
b= lsinz—w = ( )/ ~ 0.85065.
V5 5 2

REMARK 1.2. As we discussed before, the fact that [Ag,_ (04,n?)| is
independent of the choice of o, is an easy consequence of Lemma [2.10

This conjecture was further extended by Gunnells. Let p > 5 be a prime
and X, (mod p) a nontrivial even character. Then he proposed analogous
conjectures about [4g (0q,n?)|. In particular, in the delicate case that
p || w, he predicted that the full sequence (|4q,,, (0, n?)|)e_; is determined
by a subsequence of length (p + 1)/2. As a ranges over all the finite cusps,
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Gunnells predicts that only p — 1 distinct sequences should appear, each
consisting of zeros of explicit integer polynomials. These p — 1 sequences
come in two classes. For each class there is an element corresponding to zero,
and then a cycle of (p — 1)/2 other values. As n runs through the nonzero
squares modulo p, the sequence (|4g,,, (04,m?)|) runs through this cycle.
It may start at any point in the cycle, and this accounts for the total of p—1
possibilities.

The desire to understand and to prove the conjecture of Goldfeld and
Gunnells forms another motivation for our present paper. In particular, we
explain their observations as special cases of our main theorem.

1.3. Main results and discussion of the Goldfeld—Gunnells con-
jecture. In this paper, we consider the theta functions twisted by certain
Dirichlet characters, and use the adelic method to study their Fourier co-
efficients at cusps other than infinity. This work is motivated both by the
previous results about integral weight modular forms, and by the computa-
tions and conjectures of Goldfeld and Gunnells on theta functions. Our main
result, in its crudest form, is as follows (a detailed description can be found
in Section .

THEOREM 1.3. Let M > 1 and let xps (mod M) be an even Dirichlet
character. Assume that either M itself or M /2 is a squarefree integer. Let
a be a finite cusp, and let o4 € SL(2,R) be any scaling matriz for a. Then

Oy ar ‘11{/021%(2) is a linear combination of the twisted theta functions

{0y, (2) - d| M, xq is a Dirichlet character modulo d}.

In particular, if A9><M (0q,n) be the nth Fourier coefficient of 0, at a with
respect to the scaling matriz o4, then A@XM (0q,n) = 0 unless n is a perfect
square.

In the rest of this section, we illustrate how our results can be used
to explain the computations of Goldfeld and Gunnells and to prove their
conjecture.

For the twisted theta function 6,,,, Goldfeld and Gunnells’ observation,
that (for suitable scaling matrices) the sequence of its Fourier coefficients
at every finite cusp was simply a scalar multiple of the sequence of the
Fourier coefficients at infinity, suggests an adelic explanation. More precisely,
it indicates that the theta function 0,,, may correspond to an element of the
WEeil representation which is fixed, up to scalars, by a group which acts
transitively on the cusps. In Example we prove this with an explicit
description of this scalar factor.

For the theta function 6y,,,, of higher twists, in Example we again
produce a group which acts transitively on the cusps. It no longer fixes the
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one-dimensional space spanned by our element of the Weil representation.
Instead, it fixes a finite-dimensional space containing it, and this permits us
to obtain explicit results concerning the Fourier coefficients at all the cusps.

For illustration, we consider the special case that p = 5 and explicitly
establish the relevant conclusions in Conjecture As in Conjecture
X5 is the unique primitive Dirichlet character modulo 5, and

[e.@]
Oyonia(2) = Y xs(m)xaz(n)e?™*
n=—oo

is a modular form of weight 1/2 and level 14400. Since the weight-1/2 slash
operator (see Section does not define a right action of SL(2,RR) but of
its double cover éi(2,]R), it turns out to be more convenient to work with
not 15(14400) but

F(120):<1 120) SL(2,Z)<1 1/120>.

As a conjugate of SL(2,7Z) this group obviously acts transitively on the
cusps, and it is easily verified that it provides a scaling matrix for every cusp
relative to I5(14400). Now, let V' be the three-dimensional complex vector
space spanned by 0, y,.,, GXOX ., and GS;)Q, where Xg is the principal Dirichlet
character modulo 5, and

- Tinlz
952)2( ) = 012(2) — engm (2) = Z X12(n)e2 .

Then Theorem [7.7| constructs a map M : I'129) — GL(3,C) such that

(1.4)

Hol Hol Hol . (5) -1
[9X5X12‘1/20- 9X5X12}1/2 X12|1/2 ] [6X5x12 exoxm 9X12] : M( )
for all 0 € I'120) Ag in the case of the half-integral weight slash opera-
tor, we emphasize that M is not a homomorphism but satisfies the twisted

multiplicativity
M(o1)M(02) ~ M(0102),

where we use ~ to denote an equality between the two sides up to multi-
plication by a complex number of absolute value 1. The behavior of M is
perhaps better understood by working with a metaplectic covering group.
This point of view is presented in the body of the paper.

The formula (1.4) enables us to recover the Fourier coefficients of the
twisted theta function Ay, (o,m), provided one can compute M (e 1)
explicitly. In order to obtaln an explicit formula for M, it is helpful to work
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with one prime at a time. If p is a prime, let

1 1
K(120) — < >SL 2,7 < )
P 120 (2. 2) 1/120

Clearly, "120) < KI(,HO) for each p. In Section {4 we explicitly construct the
local component M, : KZ(,IQO) — GL(3,C) at every prime p; in particular,

these local maps satisfy the twisted multiplicativity
My(01)Mp(o2) ~ My(o103).

As we specialize the computations therein to this particular situation, we
can show that M, is trivial unless p = 2, 3,5, and that the images of M> and
M3 are both the scalar matrices in GL(3,C) of absolute value 1. Hence, as
we combine this observation with the product decomposition of the map M

in Section we have M ~ Ms : Kéuo) — GL(3,C).

We now describe briefly how these results may be used to verify the
Goldfeld-Gunnells conjecture regarding 6,.,,,. As a scaling matrix for the
cusp a = u/w, where u,w € Z with ged(u,w) =1 and w | 14400, we choose

(120u/t r/120>
Oq =
CT\120w/t s
where we write ¢t = ged(w, 120) and choose r, s € Z so that 120us — rw = t.

If 25| w, then in K| E()120) we have the decomposition

yt <1 —rt/(1144()0u)) <—t/(120u) _mu/t)

'<_5 1/5) <1 w/(125u)> (_5 1/5>;

if 25 w, then in Ké120)’

yl (1 —st/(1120w)> <_5 1/5) (24w/t t/24w> (1 —’ui/w)

In either case, we may apply direct computations via the twisted multiplica-
tivity and Example [£.24] For convenience, write

rt :
_ { —Tmoow i 25w,
Vg =

—7128&” if 25 4 w,

and choose a € R so that €' = e5(v,), where e, : Q, — C* is the usual
additive character as defined in (4.2]).
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In the simple case that either 5{ w or 25| w, we have

cosa  * %
M(o,") ~ |isina * x|,

0 * ok

so (1.4)) implies that

9X5X12}1/2 ~ (cos )5y, + i(sina)f

Agyyypa(oam n%) ~ 2x12(n) (x5(n) cos a + ix5(n)sina).

XgX12’

Hence
’A9x5x127a(0-ﬂ7n)| = 2|X5 X12 |\/(m
B {2 if ged(60,n) =1,
~ L0 if ged(60,n) > 1.
The case 5 || w is more complicated Write v = —27u/w, and as above

choose B € R so that e’ = e5(v/,). Then direct computatlon gives

(sinasin B)/vV5 — x5(24w/t) cosacos B * *
M(ogt) ~ | —i(cosasin B)/v/5 — ixs(24w/t) sinacos B * * |,
4i(sin B)//5 % %

o (|1.4) implies that
Hol sin o sin 3 24w
9X5X12 }1/2 T — X5 T COS (x COS ﬁ 9X5X12

[ cos asin 24w\ .
—i <\/55 + X5 <t> sin o cos B) Onglz

4isin B s
+ 70;32.

For 5|n, we have
8isin 8
2
A9X5X12 (Ua’n ) ~ \/g Xl?(”)?

Ao (00 %)] = 8"(\1}( Bhaz(ml g, g — Wh(?‘)\

For 5 { n, we have

sin a sin 8

Astxu (04, n2) ~ 2 <\/5 — X5 <Z§w> COS (v COS B) X5(n)x12(n)

[ cos asin 24w .
_ 21<\/5ﬁ + x5 (t) sin « cos 5) x12(n),
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. . 2
N sin o sin 3 24w
[Apy, vy, (0a; n7)] = 2|x12(n)] <<\/5 — X5 (t cos a cos f3

n Cosasinﬁ+ 24w\ . 5 2\ 1/2
_— —— | sina cos
\/g X5 t
- 2
sin
= 2|x12(n)[/ 5B+COSQ,3
2mu

1 ., 27u
= Q\Xlg(n)\\/5 sin? v + cos? —.

w
Hence, if ged(n, 12) = 1, then in the case u/w = £1/5 (mod 5) we have

1gip2 2r 227 _ 4 gpndr
A (0a,n%)| = 2\/55111 5 +cos? 5 = Zesin if 5¢n,
Ox5x12 \ 7@ 8 27

JEsin g if 5|n,

while in the case u/w = +2/5 (mod 5) we have

9 2,/Lsin? 4T 4 cos? 4z = AWl iy 2m 54y
|A (0q,n7)| = 5 5 5 V5 5 ’
Oxsxaa \ 00 8 sin4r if 5|n

V5 5 ’

This verifies the Goldfeld-Gunnells Conjecture[I.T]for the Fourier coefficients
of Oxsx12-

1.4. Organization of the paper. In Section [2] we review the classi-
cal theory of the theta functions which we shall study. In Sections [3] and [4]
we develop the relevant theory of local metaplectic groups and Weil repre-
sentations, including the explicit formulae which are crucial for our aims in
this paper. In Section [5| we review the relevant notions regarding the global
metaplectic group. In Section [6] we define adelic theta functions correspond-
ing to the classical counterparts reviewed in Section [2] The main theorems
are proved in Section [7}

It may be noted that in this paper we have restricted attention to theta se-
ries attached to even Dirichlet characters whose conductors are either square-
free or equal to four times an odd squarefree number. However, it seems that
the method extends to other characters in a natural way. We hope to return
to this in future work.

2. The classical theory

2.1. The scaling matrices. Let H denote the upper half-plane. We
shall make use of the classical action of SL(2,R) on H by fractional linear
transformations:

b b
(“ >'z=““”+b ((“ >€SL(2,R),z€H>.
c d cz+d c d
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Let a be a cusp for IH(N). Write I, for the stabilizer of a in I'h(N).
Choose v € SL(2,Z) with yoo = a. Then

caen=(( ) )

Moreover, v~ I'yy contains (_1 _1). It follows that

w0 L))

for a unique positive integer mq, called the width of a (relative to IH(N)).

Note that the matrix
1 mg\ _;
Ga =7 1 Y

is independent of the choice of «, as the elements (1 "{“) and (1 _71”“) are
not conjugate in SL(2,R). Hence I'y = (—1, gq)-
Now choose o € SL(2,R) such that

()
o-00 =4, o 1 0 = Ga-

Following [Iw97], we refer to o as a “scaling matrix” for a. Clearly, o is unique
up to an element of the centralizer of ((1) 1 ) in SL(2,R), which is the subgroup

{(8 Zt> :se{il},teR}.

If a = 0o, then mq = 1, ga = (1 1), and one can take o to be the identity

matrix.

If a=u/w e Q, then

N N —uw  u?
Ma= — v, ga=1Io+ — o .

" ged(w?, N)’ ged(w?, N) \ —w? ww

As for the scaling matrix, a common choice is
0_ <W/W )
‘ wy/N/gcd(w?, N) 1/(uy/N/ged(w?,N)))’
If N = M?, this simplifies to
uM /ged(w, M
21) % = <wM//icd((w,M)) gcd(w,M)/(uM))

This choice, however, is not suitable for our purpose. Instead, we would like
to have our scaling matrix in a particular conjugate of SL(2,Z).



Fourier coefficients of theta functions 351

For any integer M, let

(2.2) r) .- (1 M) SL(2,Z)<1 1/M>.

LEMMA 2.3. Let M > 1, and let a = u/w € Q be a cusp for [o(M?).
Then there exists a scaling matriz o of a that lies in I'M) . Explicitly, choose
r', s € 7Z with

uMs' —r'w = ged(M, w),

and write t = ged(M, w); then we may take the scaling matriz

#4) o= (1 M) (uﬂt Z) (1 1/M> - (Lﬂi//i TZ:M) & 9.

Proof. This follows from direct computations. =

REMARK 2.5. To illustrate the relation between the usual choice of scal-
ing matrices and our choice, we have
0 <1 r’t/(Mzu)>
Oq = 0y .
1
In particular, the condition o € I'™) determines / uniquely modulo uM/t,
so the quantity 7't/(M?u) is uniquely determined modulo 1/M.

LEMMA 2.6. Under the notation in Lemma [2.3], we have the decomposi-
tions

() g )
(2.8) aa‘l:(l _’"/t/iMzu)) <—t/(uM) _UM/t>

'<—M UM) (1 w/(ZMQU (—M UM)'

Proof. This follows from direct computations. =

REMARK 2.9. Let p| M and

KM = (1 M) SL(2,ZP)<1 1/M>.

The merit of the above lemma is that it gives an explicit decomposition of
o~! within the group K]gM). More precisely, if v,(w) < v,(M), then each
matrix in (2.7) is an element of K;M), while if v,(w) = 2 and v,(M) =1,
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each matrix in (2.8)) is an element of Kng). Here and throughout, v, denotes
the p-adic valuation.

2.2. The slash operators. We define the map j : SL(2,R) x H — H

b
y J<<Z Z>,2>:cz+d <<Z Z)eSL(Q,R),zeH).

It satisfies the cocycle condition

J(v2,2) = 3 (11,72 - 2)(72, 2)-
We also define j(7, z) = j(v, 2)/|7(7, 2)|. Observe that

) y1/2 a:y_l/2 cosf) —sinf\ . [ (cosf —sinf\ . 0
j 172 ) il = . il =e
Y sinf  cos#f sinf  cosf
for all x,y,0 € R with y > 0.
For g € SL(2,R) and f : H — C, define

(19 (2) = 39,2 2f(g- ). (F1ao) () =i, 2) 2 1(g - 2).

Here, the square roots are defined to be the principal value, having an
argument in (—m/2,7/2). If pu(f) is the function defined by [u(f)](z) =
f(2)Im(2)'/4, then for every g € SL(2,R) we have

Hol M
f|1/029 = u(f ‘1/;a

Observe that although j and j are cocycles, their square roots are not,

because of the discontinuity of the principal value.

2.3. Modular forms of weight 1/2. Let f be a modular form of weight
1/2 and multiplier ¥ for I'h(NV), as in [Iw97, §§2.6, 2.7]. Thus for every
v=(2%) € IL(N) we have

i =000 (§ et
where (5) denotes the quadratic residue symbol as defined in [Shm73| and
1 ifd=1 (mod 4),
= {z if d = 3 (mod 4).
At every cusp a, let K = Kfq be the unique (rational) solution in [0,1) to
the equation €™ = 1(g,). Then the function e_%i”“f«azflll{/ogaa is periodic
of period 1 (see [Iw97, p. 43]), and the Fourier coefficients of f at a relative

to o are the coefficients A¢(o,n + K¢ q) in its Fourier expansion:

(190)(2) = 3 Ag(oem + rpq)eitns:,
n=0
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LEMMA 2.10. We have

€ €
Af<a< ),n—i—nf’a) = Af(a,n—{—nf’a)ﬁ( ),
5 5
Lt 2mi(n+Krq)t
Aflo ) Nt kKpa | =Af(o,n+Krq)e Fra)?

Proof. This is obvious; for example, the latter comes immediately from

— Lt 2mi(n+Kfq)z _ HOI Lt
S T

= (F[\p0) 4+ = 3 Aployn+ rpa)e?m a0,y

n=0

2.4. The classical theta functions. Let x (mod M) be an even Dirich-
let character. Then the classical twisted theta function (cf. [Iw97, §10.5])

o0

(2.11) Oy(2) = Y x(n)eFF (2 e )

n=—oo

is a cusp form of weight 1/2 and level 4M?, and we have

Cc

00(72) = x@xeldeg e+ )P0 ) (3= (1) e raar))
In other words,
’Hol

1/27 (2) = x(d)xc(d)eg 0y (2) (v € To(4M?)).

In this paper, we consider the special cases that either M or M/2 is a
squarefree integer, and study the Fourier coefficients of 6, at different cusps.
The main result is Theorem [Z.7

3. Local metaplectic groups

3.1. Local metaplectic groups. Let Q, be one of the completions
of Q. Thus Q, = Q = R or Q, is the p-adic numbers Q,, for some prime p.
The Hilbert symbol on @, will be denoted by (, ),. As in [Ge76], we define
the cocycle

By : SL(2,Q,) x SL(2,Q,) — {£1},
(91,92) = (2(91), 2(g2)) , (—z(g1)x(g2), x(g9192)) ,5(g1)5(g2) s(9192),
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a b\ f[c ifc #0,
! c d) \d ife=0,
S(a b) B { (¢,d)y if v <00, ed# 0 and ord(c) is odd,

c d

In particular, in the Borel subgroup it simplifies to

(7 82 ) -

and over SL(2,R) it simplifies to
(3.1) Boo(91592) = (2(91), 2(92)) . (—2(91)2(92), 2(9192)) . -

We may then define a double cover of SL(2,Q,), denoted é\Ij(Q, Q,) and
consisting of the set SL(2,Q,) x {£1} equipped with the operation
(3.2) (91,€1)(92, C2) := (9192, Bu(g1, 92)C1¢2).

The function pr : éi(Z,Qv) — SL(2,Q,) given by pr(g,() = ¢ is a homo-
morphism.

where

1 otherwise.

3.2. Generators for SL(2,Z,) and its preimage
LEMMA 3.3. The group K, = SL(2,Z,) is generated by

R (O |

Proof. Write H), for the subgroup of SL(2,Z,) generated by (3.4). Then

H,, contains (}C 1) for each z. Since

S [ [ G [ G S G

for all x € Zlf, it follows that H, contains all the diagonal elements, and
hence all the upper- and lower-triangular elements, of K.

Now consider an arbitrary element (‘; Z) of K. Note that either c or d
is a unit. If d is a unit, then b/d and bc/d are both in Z,, and we have

(=)0 ) em

If ¢ is a unit, then a/c and d/c are both in Z,, and we have

¢ 9-( e
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3.3. The real metaplectic group. In our study of the real metaplectic
group SL(2,R), the basic tools are the metaplectic analogue of the classical
Iwasawa decomposition and the corresponding slash operator. Recall that

SL(2,R) = BT (R) x SO5(R),
where

yl/2 g1/
B+(R):{< y_1/2> :yE(O,oo),:r:ER}ﬁSL(ZR).

Hence our discussion starts with the metaplectic preimage of SO2(R).
For 0 € R define
cosf —sind -
Ko = ( . > € SO2(R) < SL(2,R), kg = (r20,¢(0)),
sind cosf

where (¢ is the unique function R — {£1} which is periodic modulo 27 and

satisfies 1 i —n/2<6< )2
- /2,
0= { L1 ifn/2<0 < 3m/2.
LEMMA 3.5. The function 6 — kg is a homomorphism.
Proof. Using , one checks that
C(01+02)
C(61)¢(62)

BOO(K/20917K'292) - _1 -~
on a case-by-case basis. =
We denote by K the set of the images Kg.

REMARK 3.6. If we define /z’ for z€ C* so that Arg(\/z") € [—m/2,7/2)
for all z € C*, then the function S* — S! x {41} defined by

e — Fg > (€27, ¢(9))

is the restriction of the map
z = | 2% .
z

Observe that 4/z’ is the principal value of the square root of z except when
z € (—00,0).

Next we discuss the metaplectic phenomena over BT (R).

LEMMA 3.7. The cocycle Boo is trivial on BT (R) x SL(2,R) and on
SL(2,R) x BT(R).
Proof. Let

-1/2

a b yt/? oy "
g = <c d> € SL(2,R), go= ( y1/2> € BT(R).
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Then

_( * * > _< * * >
990 = ey 2 (cx +d)y2) 909 = ey V2 dy1/2)

In particular,
2(90) =y'* >0, x(g09) = x(g0)x(9), senx(ggo) = sgnz(g).
Hence by definition,

Bos(9, 90) = (x(9), 2(90)) .. (—2(9)z(g0), (990)) .. = (—x(9),2(990)) . = 1,
Boo(90,9) = (2(90), 2(9)) . (—x(90)x(9), 2(909)) ., = (—x(9), z(g)) = 1.
REMARK 3.8. By the lemma, we have the injective homomorphism
BT(R) <> SL(2,R), b (b,1),
which splits the covering map. We henceforth identify B*(R) with its image

in SL(2,R).

Now we are ready to introduce the Iwasawa decomposition over SAI:(Q, R).

LEMMA 3.9. Each element 32 of SAIJJ(Q, R) has a unique expression as
g = br withbe BT(R) and k € K.

Proof. This follows immediately from Lemma and the analogous
statement for SL(2,R). m
__ Based on the above lemma, we are able to define the functions b :
SL(2,R) — BT (R) and 6 : SL(2,R) — R/27Z by

9="b@)Feg (3 €SLER)).
LEMMA 3.10. For z =z + iy € H, define
1/2 -1/2
_ (Y Ty +
bz_< _1/2)63 (R).
)
Then N
b(g) = bpr@)z

Proof. Clearly g-z := pr(g)-z is an action of §f4(2, R) on H. The stabilizer
of i is the preimage of SO2(R), which is K. Hence ¢ -7 = b(g) - i. And for
each 2z € H, the matrix b, can be described as the unique element of B*(R)
mapping ¢ to z. =

In what follows, we shall continue to use the action of é\ﬂ(Q, R) on H by
Gz =pi(g) 2.

COROLLARY 3.11. For any § € SL(2,R) and z € H, there exists 0(j, z) €
R/277Z such that g - b, = bg..Kg,)- In particular, we have the metaplectic

Twasawa decomposition g = bg.;Kg(g)-
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Specifically, (g, z) = 6(gb.), where the latter is defined using the Iwa-
sawa decomposition as above. It is immediate from the definitions that the
function 6 : SL(2,R) x H — R/27Z is a cocycle, i.e.,

0(9192,2) = 0(g1, 92 - 2) + 0(go, 2).

Lastly, we discuss the slash operator of SL( ,R) on the functions over H.

Define j : é\i( R) x H — S by )(g, z) = 619(97 2). Clearly, j is a cocycle,
since 6 is.

LEMMA 3.12. The cocycle T@, z) is always a square root of i(pr(g), z):

i(9,2)” = i(pr(g), 2).
Proof. Write gb, = bg..Rg(g)- Then pr(g)b, = bg..k2(,2)- But
e j(pr(9)b=,1)
r yR) = T N
j(pr(9), 2) ..0)

and j(b,,1) = 1, so we get

i(pr(9), 2) = i(pr(9)bs, i) = €20 = (g, 2)". =
Clearly ;(ﬁ, z) is the principal value of the square root of j(pr(g), z) if and
only if 6(g,2) € (—7/2,7/2).
For f: H — C, we now define the slash operator
(F79)(2) =3 2) " flg-2) =i(@2) " f(pr(3) - 2) (G € SL(2,R)).
LEMMA 3.13. The slash operator ‘N gives a well-defined right action of
SL(2,R) on the space of all functions H — C.

Proof. This follows immediately from the fact that?is a cocycle. m

LEMMA 3.14. Let f : H — C and g € SL(2,R). Then
(3.15) (F7(a: 1) = (f1})59)-

Proof. Clearly 7((g, 1),z) is the principal value of the square root of
i(g, z) if and only if 6((g,1), 2) € (—n/2,7/2), which in turn is equivalent to
Now in SL(2,R) we have
(g) 1)bz = (ga 1)(b27 1) = (gb27 1)7

so by definition ¢(6((g,1), 2)) = 1. This confirms that j((g, 1), z) is the prin-
cipal value of the square root of j(g, z). Hence

(F7(9: 1)) =3((9:1),2) (g 2) = i(g,2) 2 f (g 2) = (f[ ') m
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EXAMPLE 3.16. Let x (mod M) be an even Dirichlet character, and
consider the classical twisted theta function 6, as defined in ([2.11). Define
Gyaa(a: +iy) = y1/46x(ac +iy).
Then for v € IH(4M?),
03 (v2) = X(d)xe(d)ey iy, 2) 20312 (2).
Hence
aa|™ aa|Maa - aa
(02" (. D) (2) = (03]} )5 7) (2) = x(d)xe(d)eg 032 (2).

4. Local Weil representations

4.1. Local Weil representation. The Bruhat-Schwartz space of Q,
will be denoted S(Qy). It is the Schwartz space when v = oo, and the space
of all locally constant compactly supported functions when v is a prime.
Following [GPS80] we consider the family of representations %+ of SL(2, Q,)
on §(Qy), indexed by the nontrivial characters 1, of Q,, and defined by

{rwv (( o ;) , 1> go (2) = (1) (),

[W <<1 f;) , 1> gp (2) = (ba?) (),

[ (12, Q)] = ¢ - o,
where the Fourier transform is given by
Pla) = a(th) | o(y)(22y) dy,
Qv

dy is the standard Haar measure over Q,, «(?,) is the normalization factor
such that 3(x) = ¢(~2), Yu.(x) = ¥(az), and

elol & if v = 0o and Yoo () = 2™
Y(Yva) = 1_1)111 a(y.q) S Py (ay?)dy if v is a prime.

P Zyp

REMARK 4.1. The constant y(1,,) is an eighth root of unity. This is
obvious when v = oo, and a result of Weil otherwise (cf. [GeT6, p. 36]).

(*) Note that the formula for y(t).,q) in [GeT6] p. 36] contains a typo.
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Now we would like to explicitly describe the local Weil representation
with respect to the additive character

(12) e = {7

€_2Wi{$}p if v = P,

if v = o0,

where, for every prime p, we denote by
00 —1
{'}p : Qp - Q, Z anp” Z anp”,
n=—N n=—N

the “p-adic fractional part” of Q,.
PROPOSITION 4.3. Let a € Q). Then
aeva) = 2]}/2.

Proof. 1If v is a finite place, say at p, then as the test function we take
¢(z) = 1z,(x). By definition we have

P(x) = a(ep,a) S ep(2awy) dy = a(¢p,a>ﬂ(2a)*12p (z),
Zp
SO

~ ale. )2
o(z) = oz(ep,a)2 S ep(2axy) dy = M]lz ().

P
(2a)~17,, |2alp
s 1/2
Hence by definition, a(epq) = |2alp’”.

Now consider the case v = 0o. As the test function we take p(x) = e_”2;

then

o0

@(aj) = Ol(eoo,a) S e—wy2+47mmy dy — O[(€C>O7(l)e—él7rzz2x27
—00
T 2
5(37) = a(e )2 S 6*47Ta2y2+4a71'ixy dy = m g2
- 00,a —
| [2a]
—00

Hence again a(esoq) = |2a]"/2.
Next we evaluate y(ep,q)-

PROPOSITION 4.4. Let a € Z,~ {0}, say with the decomposition a = ap”
for some r € Z and o € Z;. Then

1+i / 2\ .
€ al|l — ? :2;
s
V(epa) = Ep <—a> if p>3and 2tr,
p
1 if p>3and2|r,
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where the factor e_, and the Kronecker symbols involving o are evaluated
with respect to some o € Z such that |a — o[, is sufficiently small.

Proof. For m > 1 we have

V(€pa) = a(€p,a) S ep(ayz) dy

p—mzp
= 2al}? | e(—{ay?},)dy = 2" | e[ - w1,
- P y P y_ P p me y
P~ "Ly Zp p

2
m—r ay
B |2\;1,/2p . S e<{p2mr} > W
Zp P

2
_ ay
=222 Y e(—pzm_r>

yEZp /p2m—er

2
B ay
=22 Pm 6(—p2m_r>-

YyEZL/p2>M—"7

To evaluate the inner quadratic Gauss sum, we quote the following famous
result of Gauss:

ec<a)ﬁ if24ec,

< an? ¢
T;)e(C) B e t(1+ Z)(Z)\ﬁ if a is odd and 4| ¢,
0 if ¢ =2 (mod 4).
We start with the case p = 2. Since we have assumed m > 1, the

quadratic Gauss sum becomes

2 2m—r
§ : ay -1 . 2 m—r/2
e<_22mr> :g—a(l"i_l)( — o >2 /

YEZL)22m =TT,
2 T
=L (149) <> om=T/2,

Hence
144

eaa) = Lt (2]

Now we assume that p # 2. Then the above result on quadratic Gauss
sums shows that

r
— —«
7(6177@) = €p2m7'r (2’”’1,1”) = Ep2'mfr <> .
p p
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Since p? = 1 (mod 4), we have

(1 ifp=1(mod4)or2|r,
Eprmer T8 T if p=3 (mod 4) and 21 7.

Hence
<—a> if p=1 (mod 4) and 21 r,

€pa) = —
epa) z( a) if p=3 (mod 4) and 217,
1 i£2(r -

4.2. The real Weil representation. In this section, we consider the
real Weil representation of SL(2,R).

LEMMA 4.5. Let ¢°_(z) = e~2™". Then
re(Ro)g =05 (0 €R).

Proof. We recall that

fo= (a0 = (g ) c0)).

sin20  cos 26

It is straightforward to verify that the lemma is valid if 0 is n7/2 for some
n € Z, so we may assume henceforth that sin 26 # 0.

By direct computations we have
20 —1 20
(A ) )G 57))
1) —sin26)’ -1 ) 1)
( <cos 20 —sin 20) >
= , €|,
sin20  cos 26
where for simplicity we write € = sgnsin 260. Let

rw=r=((* =) ot

. cos20 5\ o B ) '
_eoo(sin29x )¢w(x)—exp( 2m2*(1 — i cot 20)).
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Then

oo (ot (o) = —ec(o)re ( §§£)>T“”<(mf9 )
(LA e
:_f«mﬁw<(15§%)<@§e i) ()@

£¢(9) 2 Yew)? 7 x
S0 2ot 20 -

]sin 29|1/2 ¢ (x € )7(600,—1/sin 29) d sin 20
_ ¢(9) e(2+5)7ri/4+27rix2 cot 29}-\ 7z

’sjn 20|1/2 sin 260

e¢(0) e*ETI’i/4+27T’L'I2 cot 29}-\(_ x >

N |sin 20|1/2 sin 260

Now recall that if ¢, (z) = e=2™*" for some z € C with Rez > 0, then
~ 1 o2
o) = e
In our case, we have
sin2f —icos20 1 o4 ni

=1+1icot20 = =
: Treo sin 26 |sin 20|e ’

and, according to our convention,

L (sin20)2(1 +icot20), 7= O ioemiia
z

\/|sin 26|

J/c\(gj) _ C(Q)\sm 26|1/2€5m'/4—i6‘e—27rm2(sin29)2(1+icot20).

SO

Hence
€oo [~ 0 _ C(O) —emi/4+2mix? cot 20 7 x
T (Ro) Poo(w) = |sin 20|1/26 f sin 20

—i96—27ra:2 —if 0 (:1:). .

=e =e Yy

4.3. The nonarchimedean Weil representation. I. We denote the
characteristic function of Z;, by ¢j.
LEMMA 4.6. If p> 2 and a € Z,;, then r*»<(SL(2,Z,)) fizes ¢,.

Proof. By Lemma [3.3] it suffices to check the assertion on the elements
of the set (3.4), which is straightforward. m
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Take a nontrivial character p : Z; — C*, and define
¢52M’]lz§ :Q, — C.
PROPOSITION 4.7. Let p > 2, and let
f=min{m >1:p(1+p"Z,) = 1}.

A AN 1 2)7(p)
(8 )bt = ET g g,

Then

where

pf-1 ;
)= X wlien ().
i=1 p
(p,1)=1
Proof. One may decompose ¢y as a linear combination of characteristic

functions:

pf—1
W= i)z,
(p%l:l
Then
f—1
0 1 g
Tep< , 0> pf Z i)ep(2iy) 1, pr(y)
1
(par=1
e
=7 > u(@)ep(iy)L-rz, (),

(pl;;:l:l
where we have applied our previous results that
V(ep) =1,  ale) =1.
Obviously the right-hand side vanishes if y ¢ p~/ Zy. Moreover, if y ¢ pf Ly,
then i — e, (iy) is constant on 1+ p/~1Z, which causes the sum against u

to vanish. Thus the support of rep(f)l (1)).¢§ is precisely p—f Z, . Further,
a change of variables in ¢ shows that

0 1 0
/r-ep . M / — / _174617( > 14
<1 0) Py (wy') = ') L o) W)
It follows that the function

0 1 y
|_)T€P . 120
Y <—1 0) p<pf>
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is a scalar multiple of gbﬁ_l, and the scalar is easily seen to be the value at
P 2T (n)/pf. -
COROLLARY 4.8. With notation as before,

(3 7))

Proof. By definition,

w((7) 0 (5 8)) === ()

so in é\i(Q,Qp) we have

(€ ) -G 7D G))

Hence it follows immediately from Proposition and the definition of r¢»
on diagonal elements that

(G D)= G (0 ) ()

_<—ﬁfﬂmwﬂm¢ﬂ{_
p ) pfPy(e, 1)
Note that y factors through (Z,/p/Z,)* = (Z/p’Z)*, and that 7(p) is

the Gauss sum of the (primitive) Dirichlet character mod pf which it induces.

—1
Therefore, the quotient L)T(% is a root of unity.
v(e, ,—£)P

4.4. The nonarchimedean Weil representation. II. Let p be a
prime, M > 1, and

1 1
M) ._
K} >,_< M) SL(2,Zp)< M1>'
(M)

Note that K, depends only on the p-adic valuation of M. By Lemma
(M) .
the group K, "’ is generated by

e A0 ) eem)

In addition, let I?I(,M) denote the preimage of KI(JM) in @(2, Qp)-
In this section, for each prime p and for suitable values of M, we study
a finite-dimensional subspace of S(Q)) which is invariant under the action

of IN(I(,M). Specifically, when p = 2 we consider I~(§4) and I~(§8), and when
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p > 2 we consider IN([(,p ). Our discussions and conclusions change dramatically
according to whether p > 3 or p = 2. Hence we will consider these two cases
separately.

In order to work explicitly we introduce some notation from elemen-
tary linear algebra. If V is a complex vector space of finite dimension n,
B = (B1,...,0n) is an ordered basis for V, and v is a vector in V', then we
write [v]p for the coordinate vector of v relative to B. Thus

Tl n
bp=1|:] < inﬁi:v.
i=1
L
By identifying B with the row vector [$1 ... [(,], we may write this suc-
cinctly as B - [v]g = v. Similarly, if 7 : V' — V is a linear operator, then
[T]p € Mat,x,,(C) is the matrix satisfying
[T}B[U]B = [TU]B (U S V)

4.4.1. An injection. Take a prime p and a positive integer m. Using the
canonical isomorphism Z,/p™Z, = 7/p™Z, we may regard every function
¢o over Z/p™Z as a function over Z, which is constant on p™Z,-cosets. We
may then extend ¢g to a function over QQ, by setting it equal to zero on
Qp \ Z,. This defines an injection
(4.9) tym : Map(Z/p™Z,C) — S(Qp)
with image

{0 € S(Qp) : supp(¢) C Zp, ¢(z +p"Zp) = ()}

4.4.2. The case p > 3. In this section, we let p > 3 and study the action
of the local Weil representations of KI(;p ) on the p-dimensional complex vector
space
(4.10) Vo = {0 € S(Qp) : supp(¢) C Zp, ¢(x + pZyp) = ¢(x)},
which is the image of the map ¢, defined as in (4.9)). Obviously, we have a
natural decomposition into the subspaces of odd and even functions

_y+ -
Vo=V oV,
where

Vi={oeV,:0(—z)=¢(x)}, V, ={o€V,:o(—z)=—o(x)}
To construct bases for VpJr and V,,~, we fix g, € Z whose image in (Z/pZ)*
generates this cyclic group. For every 1 < j < p — 1 define the character

Ut (Z/pL)* = C*, gy e<pi1>.
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We then let ¢p"’ = 1,(¢ ;) € S(Q,). In particular,

el — =1z, — Lz,

Then V;r has the ordered basis

B;_ = ( Jlfpgv gpA’ AR ¢$p,p—1’ ]lpr)
of cardinality (p +1)/2, and V,~ has the ordered basis

- Yp1  Up, Yp,p—
B, = (gp"" s bp""s o ")

of cardinality (p — 1)/2.

THEOREM 4.11. The action of the local Weil representation r,° of the
7-(P)

group Ky preserves the vector spaces VZD* and V= respectively. More pre-
cisely, write

¢p72(1) %;,4(1) o wp,p—l(l)
¢p,2(2) 1/’10,4(2) T wp,pfl(Q) 0
(4.12) Cf = : : : A
%),2(%) Vpa (pT) e Upp1 (%) 0
0 0 s 0 1
1/’17,1(1) ¢p73(1) T wpm—?(l)
(4.13) Cy = wp’%@) wp,B'(2) o wp’p?@) :
7/’1971(%) Up,3 (pT) e Upp— 2(pT)

and for every v € Ky

oy () ="Myl ¢ () =" Wyl -

p p

Let a € Z; and b € Zy. Then

(4.14) g;<1 b{”) — () cf
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%(%) "
(4.15) o (1 b{p> _ (Cp*)fl ep(p)'. C;,
er((554)°2)
Vp2(a)
Ypala)
(4.16) of <a 1/a> = :
Upp—1(a)
1
Yp,1(a)
a Vp3(a
(4.17) gp< 1/a> = 3 ) ;
Vpp—2(a)

T(@Z)p,p—B)w;;fB (2)

1/ 1 .
(4.18) of <_p g ) R Rt

-1 1
p—11
T(Ypp—2) 1;_,;_2(2)
_ 1/p 1 :
(4.19) o, = E
-p ep\/P ,
T(¢p1)Y,1(2)
REMARK 4.20. Let
(421) By = (dp™h, 0™, by P G P ),
which is a natural ordering on the union B, U Bl‘f , and hence an ordered
basis for V. Then for every v € Kjﬁp ) we write

op(7) =

(@p (7) > = [r7 (Vv ],

or (7)

Proof of Theorem 4.11. To prove the identities (4.14)) and (4.15)), we may
construct alternative bases for Vpi. For every 1 <i < (p—1)/2, let
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1  ifxeZyand x =1 (mod p),
IL3(@19—”(:, r— 4§ £l ifzeZ,and x = —i (mod p),
0 otherwise.
Also, we write

ﬂ@:]lpzpi(@p—)(c, I'—){
Then V;‘ and V; have the bases

Af={1+t 1+ ... 1t 1 A = ]l
P {7 [2] a @} and ={ }

respectively, and C; and C, are the corresponding change-of-basis matrices,
that is,

1 ifx€Zyand 2 =0 (mod p),

0 otherwise.

(pl

C+ [”]BJF = [U]A+7 Ci [U]B* = MA*-
Now and - ) follow immediately from the definitions of rp and

]l@, and Il
The 1dent1tles (4.16) and (4.17) follow immediately from the definitions

of 7,7 and the elements of B,, along with the fact that for a € Z,' we have

lal, = v(ep) = v(epa) = 1.

To prove ) and -7 note that ij Ypp—1—j for 1 <j<p—1.
Therefore, by Corollary [4.§ we have

N, =1
R
4 p ) pY Y(€p,1/p)
Further, direct calculation shows that

V(ep1/p) = ép <1>

p

(L ””) w- (‘;) e

Then (4.18) and (4.19) follow. The rest of the conclusion follows from these
(p)
. n

explicit results, since the elements studied generate K

and that

EXAMPLE 4.22. Consider the case p = 3. Then 131 is the unique non-
trivial character modulo 3 and is odd, so g5 is a 1 x 1 matrix and so can be
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identified as a scalar function with

03 (1 bf’) = ez(?) (b € Zs),

(4.23) o (a 1/@) =1s1(a) (a€Z)),

R

ExXAMPLE 4.24. Let p =5 and

coss(2mx) = %(65(.%') +es5(—x)), sins(2mz) = %(65(33) —es(—x)),

where e, : Q, = C* is the usual additive character as defined in (4.2)). Take
g5 = 2 as a generator of (Z/5Z)*. Then 15 2 is the unique primitive Dirichlet
character modulo 5. By Theorem [4.11] we have

coss(2mb/5)  isins(2wb/5) 0

Q;(l b/5> = | isins(27b/5) coss(27b/5) O (b € Zs),
1 0 . 1
a xs(a)
% < 1/a> - 1 (a € Z5),
1
1/5 !

#(, )=l s s

4/v/5  1/v/5

4.4.3. The case p = 2. In this section, we study the action of the lo-
cal Weil representation of SLy(Q2) on three finite-dimensional subspaces of
S(Q2). We show that each is fixed by a conjugate of the preimage of SLa(Z,).
First consider the two-dimensional space
(4.25)

Vo =V5" ={¢: Q2 — C:supp(¢) C Za, p(x +2y) = d(x) Va,y € Lo},

with ordered basis By = B; = (]lZQX, 12z,). For consistency, we also define
V,  to be the set of odd elements of V5, i.e., the zero subspace {0}.

THEOREM 4.26. The action of the local Weil representation r5* of Kgl)

preserves the vector space V;. More precisely, for every v € K§4) write

05 (1) =[5 (Ml
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g((l bi4>> _ <62(b/4) 1) bez),
Q2+<<a 1/a>> = —ic_oly (a€Z),
(L) -5000)

Proof. The proof is analogous to that of Theorem so we omit the
details.

Then

Next, consider the four-dimensional complex vector space
(4.27) Vi={p € S(Qa):supp(¢) C Zy, p(x +4Z2) = ¢(2)} =V, @V,
where

Vii={oeViro(-a) =o(2)}, Vi ={beVi:g(-2)=—9¢(x)}
with ordered bases

Bf = (65", 1a14z,, Lataz,), By = (65™")
respectively, where
o (Z/AL2) — {£1}, 3= (-1 (j=1,2),

and qﬁém’j = 14(1)2,j) is the image under the injection forp=m = 2.

THEOREM 4.28. The action of the local Weil representation rs?® of Kég)
preserves the vector spaces Vr and V~ respectively. More precisely, for every

v E Kég) write
o) =I5l lar e () =My s,

Then
QI<(1 b{8>>= o ea(b/2) 1 (b € Zy),
g;f(<a 1/@)) = e oIy (a€ZY),

0 -1 1

()= (> 1)
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(M) —aws wez)

(4.29) ” ((a 1/a>> — —ic_aho1(a) (a€ZY),

()

REMARK 4.30. Let
(431) B4 = (¢¢2,17¢W2,2’ 12+4Zga ]1422)7

a natural ordering of B, U BZ and hence an ordered basis for V4. Then for

;

every vy € I~(§8) we write

04(7) =

24 (7) _ e
( ezf m) = 12 () vl .

Proof of Theorm 4.28. The proof is analogous to that of Theorem
so we omit the details. »

5. Global metaplectic group and Weil representation

5.1. Global metaplectic group. If g = {g,}v, h = {hy}», € SL(2,A),
then f,(gy, hy) = 1 for all but finitely many v (see [Ge76l Proposition 2.8]).
Set

B(th) = Hﬁv(gvahv)'

Here v runs over the places on Q. Then §E(2, A) is defined as SL(2, A) x {£1}
equipped with the product

(915C1)(92: C2) == (9192, B(91,92)¢1¢2),

where g1, g2 € SL(2,A) and (1, (2 € {£1}. For each v, we have the embedding
iy : SL(2,Q,) < SL(2,A). The definition is that, for g, € SL(2,Q,) and w
a place of QQ, the component i,(gy)w of iy(gy) at w is g, if v = w, and the
identity matrix Is otherwise. Now, for all w, the cocycle §,, is trivial on
{I1} x SL(2,Q,) and SL(2,Q,) x {I2}, which implies that the restriction
of the global cocycle 5 to the image of SL(2,Q,) x SL(2,Q,) in SL(2,A) is
precisely the local cocycle 3,. It follows that i, extends to an embedding
iy : SL(2,Q,) < SL(2,A) defined by

(9,¢) = (in(9),¢) (9 € SL(2,Qy), ¢ € {£1}).
We shall also make use of the embedding

f;diag : SL(Q,@) — S\E(ZA), s (idiag('y)v SA(’Y))
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as described in [GeT76l p. 23|, where

SA = Hsva

v

and igiag : SL(2,Q) < SL(2,A) is the diagonal embedding. We also let
i6(7) = oo (7" idiag(7) € SL(2,A) (v € SL(2,Q)).

Observe that /’Zf is not a homomorphism. Rather, it satisfies
(51) ;f(pyl)f;f(fy?) :/’Zf<7172) ' (127600(72_17’71_1)) (71772 € SL(QO))

Indeed, 7¢(71) commutes with iog(72) since either one or the other of them
has the identity matrix at each place. Hence

it(n)it(72) = it (1)ico (V3 ' Didiag(12) = foo (73 ", 1)it (11)idiag (12)
= oo (131 Dico (97 1 1) idiag (71 idiag (12)
= loo(V2 1 Boo (V2 Y1) idiag (1172)
= oo (72 "1 s Didiag (1172) (T2, Boo (72 111 ))-
Notice that
it(y) = (i1(7), Bo(Y 150 (7)) (v € SL(2,Q)),
where ¢ : SL(2,Q) — SL(2,A) is the diagonal embedding at the finite

places only. By [Ge76, Proposition 2.8], the restriction of i, to SL(2,Z,) is
a homomorphism for p > 2 (cf. [Ge76, p. 19]). It follows that the inclusion

is: [] SL(2,Qy) x [] SL(2,Z,) < SL(2,A)
veS pES
extends to a homomorphism
ig: [] SL(2,Qu) x J] SL(2.Z,) < SL(2,A)
ves p¢sS

for any finite set S of places of Q which contains {2, 00}. The kernel of this
homomorphism is

keris = {(I.2u)ues % (I2)ygs : [J e0=1}.
vES
Moreover,
SL(2,A) = |_Jimig,
S
with the union ranging over finite sets S of places of Q which contain {2, co}.

5.2. Global Weil representation. The adelic Bruhat—Schwartz space
S(A) consists of all finite linear combinations of functions [[, ¢,, where ¢,
is in S(Qy) for all v, and ), = ¢, is the characteristic function of Z, for all
but finitely many primes p.
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For any finite set .S of places of QQ, the injection

Q) v = R vs @ X ¢y

veSs veSsS pES

sends @), g S(Qy) to a subspace of S(A). The action of éi(Q, Qy) on S(Qy)
induces an action on S(A) for all v. Moreover, the action of {I3} X {ili
4.6

SL(2,Q,) is the same (scalar multiplication) for all v. By Lemma
SL(2,Zy) fixes ¢p for all but finitely many p. To be precise, if

Y({xy}) H ey(axy)

for some a € Q*, then SL(2,7Z,) fixes qﬁ; for all p > 2 such that a € Z;;.

Take S a finite set of places containing co and all primes p such that
SL(2,Zj) does not fix ¢5, and let SL(2,A)g denote the subgroup of SL(2, A)
consisting of elements (g,¢) with g = (g») € SL(2,A) and ¢ € {1} such
that g, € SL(2,Z,) for p ¢ S. Notice that SL(2,A) is the union of the
subgroups SL(2, A)g thus defined. Further, the formula

[Tg(ls((gm CU)UES X kp’ 1 péS |:® Py ® ® pr]

veS pE¢S
® (9o, Cv Py @ ® <Z>p
pES

gives a well-defined action of §Ii(2, A)g on S(A). Taken together, these for-

mulae give a well-defined action r¥ of éi(ZA) on S(A). In particular, let
v € SL(2,Q) and ¢ =[], ¢» € S(A). Choose a finite set S of places includ-
ing oo such that ¢, = ¢3 and v € SL(2,Z,) for every p ¢ S. Then we have
the decomposition

(5:2) r(5(0))6 = 54 (NP (v7) b0+ (T2 1:0) - (T1 95):

pES pES

6. The adelic theta functions. For any ¢ € S(A) and any additive
character ¥ : Q\A — C, define

Ol 8) = D_r(@)-¢1(€).
£eQ
It follows from [GeT76, Proposition 2.33] that
(6.1)
Ol (i aing(1)9) = Oha(#:9) (9 € S(A), g €SL(2,A), 7 € SL(2,Q)).

The function @:fd is then an intertwining map from the representation r%
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to the representation of éi(2, A) on automorphic forms by right translation,
namely
(6.2) 0L (¢:3152) = OLy(r¥(G2)-0351) (1,92 € SL(2,A), ¢ € S(A)).
We now construct an adelic theta function corresponding to the classical
theta functions 6, as defined in (2.11]).
The first step is to define an element in S(A) corresponding to the Dirich-
let character x. It will be useful to carry out this construction not only for
even Dirichlet characters, but for all even periodic arithmetic functions. First,

let f:7Z/MZ — C be an even function which is factorizable, in the sense
that one may write f as

(6.3) fm) = I[ fo(m

p|M

where f, is a function over Z/p»)Z and v,(M) is the p-adic valuation
of M, i.e., the integer such that p?»(M) || M. Then we write qﬁgp = Lupn) (fp)
as the function over Q, induced by f,.

REMARK 6.4. Recall that ¢!, was previously defined for u a character
of Z). Thus, if x : (Z/pZ)* — C* is a character, then ¢y can be defined
either by viewing x as a character of Z; and using the earlier definition, or
by extending x by zero to a multiplicative function Z/p"™Z — C and using
the above definition. However, one readily checks that the two definitions
are consistent with one another.

Recall that ,
o —27u o
¢oo(u) =€ ) ¢p = ]]'Zp'
Now define
oo ifv=ocorviM,
¢l = { foooeo
¢’ fv=p|M,

{xv}v H Qbf xv ({IEU}U € A)

This is an element of the adelic Bruhathchwartz space S(A). Notice that the
individual factors f,, in the factorization are not uniquely determined.
(Each is determined only up to a nonzero scalar.) Nevertheless, ¢/ is uniquely
determined by f. Also, the mapping f — ¢f is linear in fp for each p. Hence
it extends linearly to the vector space of all even functions Z/M7Z — C
(which is spanned by factorizable elements).

REMARK 6.5. This construction may be understood conceptually as fol-
lows: the set
(6.6) U Map(Z/MZ,C)
MEZ, M>0



Fourier coefficients of theta functions 375

is canonically identified with C’OO(Z, C), where A= [1,Zp is the profinite
completion of Z. This, in turn, is canonically identified with the set

{6 €S sup(o) < []2,},

where A¢ denotes the finite adéles. Constructing an injection S(Af) — S(A)
is as simple as deciding what to put at oo, and here we have chosen ¢g.
However, [Iw97, Section 10.5] suggests that an embedding using ¢2 is only
the correct choice for even Dirichlet characters. This is the motivation for
restricting to the even elements of the set .

Next, for every even arithmetic function f we define its associated holo-
morphic theta function

0p(z) = D f(n)e*™ ™= (zeH),

n=—0oo

and its Maass form version Hi\/[aa(z) = y'/40;(2). Obviously 6 has a linear
dependence upon f. Notice that if f is a Dirichlet character, this recovers
the previous definition, and that for general f, the function 6 is a linear
combination of theta functions attached to Dirichlet characters. Notice also

that F0)  ifn=o0,
Ag;(Iz,n) = ¢ 2f(m) if n =m? for some m # 0,
0 if n is not a square.

LEMMA 6.7. Let z € H, and let e = [], e, € Hom(Q \ A,C*) with e,
as in (4.2). Let M be a positive integer, and f an even arithmetic function
with period M. Then

2a(¢7 oo (b2, 1)) = 07%(2).
Proof. It suffices to prove the identity in the special case when f is fac-

torizable, since both sides are linear in f and factorizable functions span the
space of even arithmetic function with period M. For y > 0, we write

Ao =r (5" ))ow.

Then by definition

i S ) ) o

_ @{(10(((1) f),1>¢5)]<5>:Zew@é)qﬁgj(s).

£eQ
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Now

o) =r=(("" - /2))¢z;<xoo> Tefta

=y oL (v o) - [] 8 (wp), = y'/He 2o H op (xp),

p
SO

O%(¢7 3100 (b2, 1)) = ¥/~ eaa(€€%)) (6)
1350

_ y1/4 ZeQWW{Q —2my&? H¢f

£€Q
For every & € QQ, direct computations show that

0 ifé&¢ 7,
fle) =
I Lo ez
Hence

zd((;sf;/;oo(bz, 1)) = y1/4 Z f(n)€277ixn272ﬂ-yn2

nel

_ y1/4zf 27rm (z+iy) _ eMaa(x +iy). .
neL

THEOREM 6.8. We have
O%4(¢ 1100 (Go0)) = (03] 79) (1) (oo € SL(2,R)).
Proof. Let goo € §E(2, R). Then in Corollary we have shown the

Iwasawa decomposition
Joo = <y1/2 xy_ll/f)%e = batiyRe
Yy
for some x € R, y > 0 and # € R. In particular, T(Z]OO, i) = ¢, Hence
fa(@5100(G0)) = D[ (ioa(Go0)) 7 1(€) = D (ioo (b)) (Re)d7](€)
I350) £eQ

= ¢S [ (oo (bosin)) 71(€) = € PO (¢ oo (batiy))
£eQ

= e 9Y (1 + dy) = 1(Foo, 1) TOY (Goc - 1)
= (0} Go0) (4). =
COROLLARY 6.9. If~ € SL(2,Q) then
(01215 7) (2) = 58(1)Boe (1,7 )O% (it (771)) -0 e (b, 1))



Fourier coefficients of theta functions 377

Proof. By (13.15] -, we have
(0715 (2) = (07 (1. 1) (2) = 0% (i (702, 1).

But ©F, is invariant on the left by 7diag(’y_1), as shown in (6.1), so the
right-hand side is equal to

Osa(¢3it(v ™ ino (b2, 1)) = O (¢ ice (b2, V)ie(v)).
Applying (6.2]) completes the proof. =

7. Fourier coefficients of classical theta functions. In this section,
let M be an even positive integer such that M /2 is squarefree, and choose

(7.1) e:{p:p|M} — {£} such that H e(p) = +.
p|M

(The motivation for the restriction of € comes from [Iw97, Section 10.5].)
Pointwise multiplication gives an isomorphism between S(A) and the

restricted tensor product ®; S(Qy), by which we identify the two spaces.

Recall that we defined vector spaces Vo, V , V),  for all primes p in (4.10)

and ([4.25)), and V4, V", V, in . Thus, we have defined Vv( ()M) for each
prime p dividing M. Now we define

Siy = ®V;v(f()M) ® ®¢3 C S(A)

pIM vtM

and define I"'®M) as in Section Then it follows from Theorems
and the decomposition ([5.2) that
sa(v B (Y NI ( ) )0 €Sy (e M, g € Siy),
Moreover, if ¢ is a pure tensor, then so is sa (7 ™1)Boo (71, 7)7¢ (it (1), 1).0.
Next, let Fas be the set of arithmetic functions with period M, which
can be identified with Map(Z/MZ,C). Then it follows from the Chinese Re-
mainder Theorem that pointwise multiplication is an isomorphism between

Qpiar Fpepin) and Fay. Let Fi; and F;; denote the subspaces of Fy; consist-
ing of even and odd elements respectively, and let Fj, denote the subspace

spanned by {Hp‘ vl fp € .7:67&5 % - Then we have a linear isomorphism
Fir — Sy, such that each pure tensor f = ]_[p fp € Fj; corresponds to

¢ = Q) e (f) ® Q) &5 € Si-
p|M M

It follows that there exists a map p§; : reM) F5; — Fy such that
— —_ e/ — € -1 €
a0 Bao ™ A (ir(y ), 160 = O (f € By, y € TOMD),
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By Corollary [6.9] this implies

aa|Maa €
0} |1/2 =0 (-1.p) (f € Fyy, v € DM,

Therefore
Ag;(v,n) = Ao 1, (T2,n) = P(r ™ ().
Now, for ¢ = @), v € S(A), let ¢ = @), dp € S(A¢) be its finite part. Then
it follows immediately from the definitions that f (n) = qb{ (i¢(n)). Thus
A@f (77”) = 8&(771)500( )f}/) H[ ( ) ) vap(M)(fp)](n)'
p|M

Next, recall that for each prime p and both signs e, in Theorems [4.11
and [4.28 we fixed an ordered basis B¢ - op(a0) for V¢ ep(A) and defined Q (M) (7)

= [ |V e - Thus

op (M)~ 2 o (M)
-1
(75" (7, 1)vap<M>(fp)](n) = Bppan () €pan (V) - lpwon (s, o) -

Here we think of BEU Lo as a row vector of Schwartz functions, or as a
row-vector-valued functlon and for h € V ) we denote by [h]pe the
pvp(M)
coordinate (column) vector of h with respect to the basis prp( M)
Finally, let B;Up( ay denote the preimage of B;vp( ay under the linear iso-
morphism ¢_,, ). Thus it is an ordered basis for F¢ and, in the notation
P p (M) p”p(M)

of Section [4.4] it is given by

(V2,2 T2z], p=2,v,(M)=1, €=+,

@, p:2’vp(M):176:_a

. (V2,2 1244z 14z], p=2,vp(M) =2, =+,

(7.2) prp(M) = [¢2,1} p= 2, Up(M) _ 27 S
[Vp2 Ypa - Ypp-1 Lpz], p#2, €=+,
[Vp1 Yp3 - Upp—2l, pF2e=—.

Combining all of this, we obtain

THEOREM 7.3. Let M > 1 be an even positive integer such that M/2 is
squarefree, and let € be as given mn . Take f € Fy andy € M) Thep

_ e( ) —1
L - ; v p® ’ €
Ag;(v,n) = sa(y” /Boo '7 HB p(M) p(M)('V ) [fp]B (p)
p|M pre (0

REMARK 7.4. In the key special case when f is a Dirichlet character
X (mod M), we write x = Hp Xp- For each p, x, is one of the characters
Yp,j for some 1 < j < p —1, as defined in Section e(p) = xp(—1), and
[Xplgew s the standard basis vector ef;/a7.

vp (M)
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REMARK 7.5. Suppose that M; is odd and squarefree, and ¢; is a function
{p| M1} —{=£} with [], 5, e1(p)=+. Define M =2M; and e : {p| M} — {=}
by €(2) = + and by €(p) = e1(p) for p # 2. Then F); is a subspace of Fj,.
Combining this remark with the previous one we may apply the theorem
to Dirichlet characters modulo M; as well. Note, however, that the space

16\/111 is not preserved by I'CM) or M) owing to the fact that ¢ is not
fixed by I~(§2n) for any n. Hence our analysis of the theta function attached
to a Dirichlet character modulo M; must necessarily involve theta functions
attached to arithmetic functions which are only periodic modulo M. This is
the reason for the restriction to even M.

EXAMPLE 7.6. Let p > 5 be a prime, x, (mod p) an even Dirichlet
character, and x = x12Xxp. Then for o € I (249) we have

Ap, (0,17) = 2x12(n)s2(0 " )s3(a™ " )sp(a™)
-0y (0715 (07 ) By (n)ey (07 )X -

Alternatively, for every n > 0 choose i(n) > 1 such that i(n) = (p+1)/2
if p|n and that otherwise i(n) is the unique element of {1,...,(p — 1)/2}
satisfying i(n)? = n? (mod p). Let €i(n) be the p-dimensional column vector
whose only nonzero entry is the i(n)th and equals to one, and let C;r be as

defined in . Then
Ay, (0, n2) = 2X12(n)sz(a_l)s?,(a_l)sp(a_l)
05 (07 o5 (07 eimy Cp 0y (07 )] -
This formula readily explains the observations made by Gunnells, as dis-
cussed following Conjecture [1.1

7.1. Explicit action on vector-valued forms. In this section we give
another formulation of our results. To do so, we briefly recall the Kronecker
product of matrices and its connection with tensor product operators. If A
and B are matrices of sizes m x n and p X ¢, then the Kronecker product
A ® B is the mp x ng matrix C defined by

Qigbkl = Cp(i—1)+k,q(—1)+1s
where a;;, denotes the 7,j entry of the matrix A, and by, c,s are defined
likewise for B and C. If we think of matrices as representing operators with
respect to ordered bases, then the Kronecker product corresponds to taking
the tensor product of operators, combined with a choice of how to combine
ordered bases of two spaces to form an ordered basis of the tensor product.
Explicitly, if B = (v1,...,v,) and C = (wy,...,wy,) are ordered bases for
two spaces V and W, while T" and L are linear endomorphisms of V' and W
respectively, then [Tz ® [L]¢ is the matrix of T ®@ W € End(V ® W) with
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respect to the ordered basis
(V] @ Wi, ..., V] @ Wy, V2 @ Wy U3 @ Wiy v oy Up @ W,y ey Uy @ W)

Clearly, A® B is not, in general, equal to B® A. One may think of A® B and
B® A as two matrices obtained by writing the same operator in two different
sets of coordinates, obtained from two distinct orderings of the same basis. In
particular, they are conjugate by a permutation matrix. Clearly, this extends
to products of arbitrary length, and it is a routine check that the Kronecker
product is associative.

Now, fix an even positive integer M with M /2 squarefree. Recall that
pointwise multiplication defines an isomorphism ®p| M ]:pup(w — Furr. We
use this isomorphism to identify the two spaces. We also identify Fj, with
Qs f;(p), for each € : {p| M} — {£1}. Recall B;UP(M) from (7.2), and
define prp(M) to be the preimage of prp(M) under Lyop(M) - Then we obtain
bases

M= {®¢p Cop € B;EJZ)(M)’ VP|M},

p|M
By = {®¢p by € B uyon, vp|M}
p|M

for F3, and F)s respectively, and the convention employed in defining the
Kronecker product (combined with the natural order on the primes p | M)
determines orders on Bjs and B, . Note that By, contains all the Dirichlet
characters modulo M (as well as some other elements). Number the elements

By ={&m1,---, &} Also, we define

H
On = (9EM,1’ s GSM,M)'

Further, we write

oM = ® Q,op(M) (Kronecker product).

pIM
THEOREM 7.7. Let v € M) Then
— M _ > B
GMMaa‘l/za’Y =sa(Y 1) Boo(v, v 0N o (v ).

REMARK 7.8. We could also fix € : {p| M} — {£}, attach a vector-
valued theta function to BS,, and prove an analogous result involving the

Kronecker product 05, = ®p| M Q;E}I; )(M). The matrix gps is a block matrix

with block ¢, for each € : {p| M} — {£1}. (We permit the degenerate case
of a 0x 0 block when v2(M) = 1 and €(2) = —.) The tuple By, is obtained by
concatenating the tuples By, € : {p| M} — {£1}, in a certain order. This is

then inherited by ;. We remark that a certain proportion of the functions
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&, will lie in subspaces attached to the functions e : {p| M} — {£} with
[1,a € = —- For such 4, we have ¢, , = 0.

Proof of Theorem Each element £ of By, factors as Hp &p with
& : Z/pZ — C for each p and §, = 1 if p { M. Hence & corresponds
to ¢ = @3, - Hp gb};” € Su. The individual factors £, are unique up to
shifting nonzero scalars among them, and the function ¢¢ is uely deter-

mined by £. Further, = 1z, for all p { M. By Corollary m
& € Bjs we have

Maa‘ll\/;;a _ SA('}/il)Boo(’%’Y 1 <¢OOH 71 1 ) Zoo(’yb ))

for every

If pt M, then 95 p» = 1z, and ~~! acts on it trivially. Hence
M M _
aa‘l/;a - SA l)ﬁoo(’)/,’)/ 1)

: (q1¢)a1 (7L 1)65) )5 (202) )

Now, g,(y71) is, by definition, the matrix of 7,*(y~1,1) acting on V}, with
respect to the ordered basis B). It then follows from the definition of the
Kronecker product that gps(7~1) is the matrix of r¢(ig(y~1),1) acting on
Sy with respect to the basis Bjs, and the result follows from the linearity
of O =

THEOREM 7.9. Let x (mod M) be an even Dirichlet character and
o e M) Thep Ay, (o,n) =0 unless n > 0 is a perfect square. Further, let
the M -dimensional column vector [x|pr be the coordinate of x with respect
to the basis Bys. Then

Aawn%:{%ﬂ Db, 0 ™) Bar(n) - exe(0™) - Iy i n> 1,
o sa(07)Boo(0,07 ") By (0) - om(0™h) - [X]m if n=0.
Proof. Since

— aa _ R R _
Y N G N G VRV G
we have
aa|Maa aa|Maa _ . _
oM Vot = (Bar [15%0) - lar = sa (0 ) Boolon 0 Bar - oar (o) [

As we compare the mth Fourier coefficients on both sides, we have
Ag (0,m) = sa4(0)Boo(0,07 ") (Ag, (T2, m))eenyy - 0nr(0™ ) - [X]ar
Now by the definition of 0,
0 if m is not a perfect square,
Ag(Iz,n) = ¢ 2¢(n)  if m = n? for some n > 1,
€0) ifm=0.
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Hence Ag (0,m) = 0 unless m = n? for some n > 0, and we have the
required formula for 4y (o,n?). =

EXAMPLE 7.10. Let x12 = (2) be the primitive Dirichlet character mod-

ulo 12. Define o, and o3 asin (4.29) and (4.23)) respectively. By Theorem

we have
Hol _ o o
9X12 ‘1/20 = SA(’Y)BOO(’Y 17’7)04 (O’ 1)93 (0‘ 1)0X12 (J c F(24))

In particular, let a = u/w be a cusp of IH(576). Then

A9x12 (Ua’ n) - {

252(05Y)s3(07 1) ey (03 Y)e5 (o05h) i m=m? > 1,

0 otherwise,

m2w7"

0,y —
A9X12 (0q,m) =€ <_24u[24,w]> Ag, (0a,n),
where we choose 7, s € Z such that 24us — wr = ged(24, w), and the scaling
matrices o) and o, are as given in (2.1)) and (2.4) respectively.
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