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Generic orbits and type isolation in the Gurarij space
by
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Abstract. We study the question of when the space of embeddings of a separable
Banach space E into the separable Gurarij space G admits a generic orbit under the
action of the linear isometry group of G. The question is recast in model-theoretic terms,
namely type isolation and the existence of prime models. We characterise isolated types
over E using tools from convex analysis. We show that if the set of isolated types over F
is dense, then a dense G5 orbit exists, and otherwise all orbits are meagre. We then study
some (families of) examples with respect to this dichotomy. We also point out that the
class of Gurarij spaces is the class of models of an No-categorical theory with quantifier
elimination, and calculate the density character of the space of types over E, answering a
question of Avilés et al.
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Introduction. In 1966, Gurarij [Gur66| defined what came to be known
as the (separable) Gurarij space, and proved that it is almost isometrically
unique. The isometric uniqueness of the Gurarij space was proved in 1976
by Lusky [Lus76]. In the same paper, Lusky points out that his arguments
could be modified to prove also the isometric uniqueness of the separable
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Gurarij space equipped with a distinguished smooth unit vector (namely,
a unit that admits a unique norming linear functional, see Definition [3.1]
below). In other words, if G denotes the separable Gurarij space, then the
set of smooth unit vectors in G forms an orbit under the action of the linear
isometry group Aut(G). By Mazur [Maz33|, this orbit is moreover a dense
G5 subset of the unit sphere.

These facts are strongly reminiscent of familiar model-theoretic phenom-
ena, and, as we show in this paper, are indeed special cases thereof. It was
observed some time ago by the second author that the uniqueness of the
Gurarij space can be accounted for by it being the unique separable model
of an Ng-categorical theory, which moreover eliminates quantifiers. Similarly,
the Gurarij space is atomic over a vector if and only if the latter is smooth,
so Lusky’s second uniqueness result is a special case of the uniqueness of the
prime model.

These observations serve as a starting point for the present paper, whose
goals are threefold:

e Make the observations above precise, and generalise them to unique-
ness results over a subset other than the empty set or a singleton—in
other words, study uniqueness and primeness of the Gurarij space over
a subspace E of dimension possibly greater than one. As we shall see,
this requires us to (define and) characterise when types over E are
isolated.

e Present in a manner accessible to non-logicians, and without making
use of formal logic, some tools and techniques of model theory: types,
type spaces, type isolation, the Tarski—Vaught Criterion, the Omitting
Types Theorem, atomic models, and the primeness and uniqueness of
atomic models.

e Present to model-theorists, who are familiar with the tools mentioned
in the previous item in the context of classical logic, how these tools
adapt to the metric setting.

In Section (1| we recall the definition of (quantifier-free) types and type
spaces over a Banach space E, and study their properties. The topometric
structure of the type space, a fundamental notion of metric model theory,
is defined there, as well as (topometrically) isolated types, which are among
the main objects of study of this paper.

In Section [2] we start studying Gurarij spaces. At the technical level,
we define and study Gurarij (and other) spaces that are atomic over a fixed
separable parameter space F, and prove the Omitting Types Theorem (The-
orem . We prove appropriate generalisations of homogeneity and univer-
sality properties of the Gurarij space to homogeneity and universality over E.
In particular, we show that the prime Gurarij spaces over E are those Gu-
rarij spaces that are separable and atomic over E (see Corollary . If
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a prime Gurarij space over F exists then it is unique, up to an isometric
isomorphism over E, and is denoted G[E]|. When G[E] exists, the set of em-
beddings of E in G over which G is prime forms a dense G5 orbit among all
embeddings of F; otherwise, all orbits are meagre. We also give the standard
model-theoretic criterion for the existence of G[E], namely that the isolated
types over E are dense.

While this (re-)development of model-theoretic tools is carried out in
a fairly specific context, we present arguments that would be valid in the
general case; these are sometimes followed by separate results that improve
the general ones in the specific context of the Gurarij space. The few results
that do make explicit use of formal logic (essentially, Proposition and
Theorem serve mostly as parenthetical remarks required for the sake of
completeness, and are not used in any way in other parts of the paper.

At this point we move on to the questions of when G[E] exists and
how to characterise isolated types in a fashion suitable to the Banach space
context. In Section [3| we consider the special case where dim E = 1, giv-
ing a model-theoretic account of Lusky’s result about smooth points in G.
Before considering the general case, we introduce an essential tool in Sec-
tion |4} namely the presentation of 1-types as convex Katétov functions (as
per [Benl4]), and the Legendre—Fenchel transformation of those. In Section [f]
we characterise isolated 1-types in terms of their Legendre—Fenchel conju-
gate, which allows us to give in Section [f] some sufficient conditions for the
existence of G[E] for finite-dimensional spaces E (e.g., smooth, polyhedral,
or of dimension < 3—see Theorem , as well as examples when G[E] does
not exist. The question of a satisfactory necessary and sufficient condition
on E for the existence of G[E] remains an open problem.

We conclude in Section [7] with a “counting types” result, showing that
the space of types over E is metrically separable if and only if E is finite-
dimensional and polyhedral. This allows us to answer a question of Avilés
et al. JACCT11].

Throughout, E, F' and so on denote vector spaces over the real numbers—
normed spaces, most of the time, although the Legendre—Fenchel duality
in Section [ is stated for general locally convex spaces. An embedding (or
isomorphism, automorphism) of normed spaces is always isometric.

The topological dual of a normed space F will be denoted E*. We shall
often use the notation B(FE) for the closed unit ball of £, and 0B(E) for the
unit sphere (which, regardless of topology, is the boundary of B(FE) in the
sense of convex geometry), and similarly for £ instead of E.

1. Quantifier-free types in Banach spaces. Before we start, let us
state the following basic amalgamation result, which we shall use many times,
quite often implicitly.
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Fact 1.1. For any three Banach spaces Ey, Fy and Fi, and isometric
embeddings f;: Fy — F;, there is a fourth Banach space Ey and isometric
embeddings g;: F; — E71 such that gofo = g1f1.

Proof. Equip the direct sum Fy @& F; with the seminorm |v + u| =
infy,ep, ||v+ fow| + ||lu — fiw||, divide by the kernel and complete. m

We can now define the fundamental objects of study of this section and,
to a large extent, the entire paper.

DEFINITION 1.2. Let E be a Banach space and X a sequence of distinct
symbols (indexed by an arbitrary set I) that we call variables. We let E(X) =
E® @, x Rr, and define Sx(E) to consist of all seminorms on E(X) that
extend the norm on F, calling it the space of types in X over E. We denote
members of Sx(F) by &, ¢ and so on, and the corresponding seminorms by
II¥, -] and so on.

When X = {z;}ic; we may also write E(I) = E © P, Rz; instead
of E(X), and similarly for S;(E), whose members are called I-types.

DEFINITION 1.3. Given a Banach space extension £ C F and an
I-sequence a = {a;}ic; € F, we define the type of a over E, in symbols
¢ = tp(a/E) € S;(E), to be the seminorm ||b + > Az IS = [|b 4+ - Nas |,
and say that @ realises &. When a sequence b generates E, we may also write
tp(a/b) for tp(a/E).

Conversely, given a type £ € S;(E), we define the Banach space generated
by &, in symbols E[¢], as the space obtained from (E(I),]-||¢) by dividing
by the kernel and completing, together with the distinguished generators
{mi}ier C E[E].

REMARK 1.4. A model-theorist will recognise types as we define them
here as quantifier-free types, which do not, in general, capture “all the perti-
nent information”. However, by Fact they do capture a maximal existen-
tial type. Moreover, it follows from Lemma below (and more specifically,
from the assertion that 7mz: Sz ,(0) — Sz(0) is open) that being an existen-
tially closed Banach space is an elementary property, so the theory of Banach
spaces admits a model companion. Then Fact can be understood to say
that the model companion eliminates quantifiers, so quantifier-free types
and types are in practice the same—see Proposition [1.21] As we shall see
later, the model companion is separably categorical, and its unique separable
model is G, the separable Gurarij space.

DEFINITION 1.5. We equip S;(E) with a topological structure as well
as with a metric structure, which may be distinct. The topology on S;(FE) is
the least one in which, for every member z € E(I), the map &: & — ||z
is continuous. Given &,( € S;(FE), we define the distance d(&, () to be the
infimum, over all F extending E and over all realisations @ and b of ¢ and (,
respectively, of sup; ||a; — b;]].
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It is fairly clear that:

(i) The distance on S;(F) refines the topology.

(ii) While the distance need not agree with the topology (we shall see
that unless the parameter space E is trivial and [ is finite, they are
in fact distinct), it is lower semicontinuous.

In other words, S;(FE), equipped with this double structure, is a topometric
space in the sense of [Ben08b].

LEMMA 1.6. Let E,F be Banach spaces, I an index set, and consider
tuples a = (a;)icr € El b e F! and £ € RL. Also let RY) denote the set
of all I-tuples in which all but finitely many entries vanish. The following
conditions are equivalent:

(i) There exists a seminorm ||| on EGF, extending the respective norms
of E and F, such that for each i € I one has ||a; — b;|| < &;.
(ii) For all 7 € R,

HZWCM - HZn’bi < Irilei.

Proof. One direction is trivial. To prove the other, for c+d € E&® F set

le+d|" = inf (Hc—Zmai +Hd+ani —1—2\7“@-]6@').

FeR)
This is easily checked to be a seminorm, with [|c[|" < ||¢|| for ¢ € E. Now, for

c € E and 7 € RY) we have
+Z‘T’i’€i > HC— ZT‘,‘ai + HZT‘Z‘CLZ'

HC - Zriai + HZ Tibz‘
Therefore ||c|" = ||c||, and similarly ||d||" = ||d|| for d € F. =

PROPOSITION 1.7. Let &,¢ € Si(E), and let E(I); consist of all
a+ Y Niz; € E(I) (where a € E and all but finitely many of the \; van-
ish) such that Y |\;| = 1. Then

d(§,¢) = sup ||z] — fl=]].

z€E(I)1

> lell-

Moreover, the infimum in the definition of distance between types is attained.
Proof. Immediate from Lemma .

CONVENTION 1.8. When referring to the topological or metric struc-
ture of S;(E), we shall follow the convention that unqualified terms from
the vocabulary of general topology (open, compact, and so on) apply to
the topological structure, while terms specific to metric spaces (bounded,
complete, and so on) refer to the metric structure.

Excluded from this convention is the notion of isolation which will be de-
fined in a manner that takes into account both the topology and the distance.
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While this convention may seem confusing at first, it is quite convenient,
as in the following.

LEMMA 1.9.

(i) The space S;(E) is Hausdorff, and every closed and bounded set
thereof is compact.

(ii) The distance on S;(E) is lower semicontinuous. In particular, the
closure of a bounded set is bounded.

(iii) Assume that I is finite, say I = n = {0,1,...,n — 1} € N. Then
every bounded set in S, (E) is contained in an open bounded set. It
follows that the space Sy, (E) is locally compact, and that a compact
subset is necessarily (closed and) bounded.

(iv) A subset X C S, (F) is closed if and only if its intersection with
every compact set s compact.

Proof. For the first item, clearly S;(F) is Hausdorff. If X C S;(F) is
bounded, then for every z € E(I) there exists M, such that ||z||* < M, for
all £ € X. We can therefore identify X with a subset of Y =[], [0, M,], and
if X is closed in Sy(E), then it is closed in Y and therefore compact.

The second item follows from Proposition|1.7] and the third is immediate.

For the fourth item, assume that X C S,,(E) is not closed, let £ € X \ X
and let U be a bounded neighbourhood of ¢; then U N X is not compact. =

When [ is infinite, the distance on S;(F) is somewhat badly behaved: it
can be infinite, and parts of Lemma may fail. Using it will become even
more problematic for finer notions considered below, such as type isolation.
Henceforth we shall only consider the distance between types when [ is finite.

DEFINITION 1.10. Let m < n. The variable restriction map m: S, (E) —
Sm(E) is the natural one induced by the inclusion FE(zg,...,%m—1)
C E(zg,...,Tn_1), namely Hy||7r£ = ||y\|§ for y € E(zo,...,Tm-1)-

LEMMA 1.11. Let m <mn, and let m: S, (E) — Sy (E) denote the variable
restriction map. Then for all £ € S, (E) and ¢ € S;,(E) we have d(7€,() =
d(&, m71C¢). Moreover there exists p € w1 such that d(7&,¢) = d(&,p) and
llz:]|° = ||z:|| for all m < i < n. In particular, the map T is metrically open.

Proof. The inequality d(7¢,¢) < d(&, 7 1¢) is immediate. For the oppo-
site inequality, assume that d(7&, () < r. By definition, there exist an exten-
sion F' O E and realisations @ of ¢ and b of ¢ in F such that ||a; — b;|| < 7
for ¢ < m. By Fact possibly upon extending F', there is ¢ € F™~™ such
that tp(ac) = £. Then p = tp(bé/E) is as desired for both the main asser-
tion and the “moreover” part. It follows that 7B(&,r) O B(w§,r), so 7 is
metrically open. m
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DEFINITION 1.12. We say that a type £ € S,,(F) is isolated if the distance
and the topology agree at &, i.e., every metric neighbourhood of £ is also a
topological one.

This is the definition of isolation in a topometric space, taking into ac-
count both the metric structure and the topological structure. Ordinary
topological spaces can be viewed as topometric spaces by equipping them
with the discrete 0/1 distance, in which case the notion of isolation as defined
here coincides with the usual one.

Many results regarding ordinary topological spaces still hold, when trans-
lated correctly, with the topometric definitions. For example, the fact that
a dense set must contain all isolated points becomes the following. Notice
that in Lemma below we prove that the set of isolated types is itself
metrically closed.

LEMMA 1.13. Let E be a Banach space, and D C S, (F) a dense, met-
rically closed set. Then D contains all isolated types.

Proof. If ¢ is isolated, then all metric neighbourhoods of £, which are
also topological neighbourhoods, must intersect D. =

For reasons that will become clearer in Section [2] one of our main goals
in this paper is to characterise isolated types. We start with the easiest
situation.

PROPOSITION 1.14. Let 0 denote the trivial Banach space. Then every
type in Sy (0) is isolated. In other words, the distance on S,(0) agrees with
the topology.

Proof. Given N € N, let Xy C 0(n); be the finite set consisting of all
> Aix; where Y |\;| =1 and each JA; is of the form k/N. For £ € S,,(0), let
Ue,n be its neighbourhood consisting of all ¢ such that

Vee Xy |zl|f = 1/N < ||z]|¢ < ||=|¢ +1/N.

This means in particular that ||z;[|¢ < ||z;]|¢ + 1 for all i < n, and now
an easy calculation together with Proposition [I.7] implies that there exists
a constant C'(§) such that for all N, U y is contained in the ball of radius
C(§)/N around &, which is what we had to show. =

This already allows us to construct the following useful tool of variable
change in a type.

DEFINITION 1.15.
(i) Given a linear map ¢: E(y) — FE(Z) extending idg, we define a
pull-back map ¢*: Sz(E) — Sz(E), or ¢*: S,,(E) — Si(E), by
ol = [lpw]®,  w € E(y).
For A C Sy(E) we define p, A = (¢*)71(A) C Sz(E).
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(ii) Given a tuple z in E(Z), of the same length as y, define ¢:
E(y) — E(z) to be the unique linear map extending idg and sending
yi to z;. We then write £[; = @&, so

“a+z>\iyi . HCH-Z)\m

(In this notation E, ¥ and § are assumed to be known from the
context.)

3

LEMMA 1.16. For a fized tuple y € E(Z)™, possibly with repetitions, the
restriction map Sp(E) — Sm(E), & = £y, is continuous and Lipschitz (here
n = |z|). If y are linearly independent over E, then this map is also topolog-
ically and metrically open. Moreover, the metric openness is “Lipschitz” as
well, in the sense that there exists a constant C = C(y) such that for all &
and all r > 0 we have

B(&,r)ly 2 B(&ly, Cr).

Proof. Continuity and the Lipschitz condition are easy. We therefore as-
sume that ¢ are linearly independent over F, in which case we may also view
them as formal unknowns. This gives rise to an inclusion map E(y) — E(Z),
and § — &[; may be viewed as a map Sz(E) — Sz(£). In the special case
where y generate E(z) over F we have E(Z) = E(y), and the Lipschitz map
Sy(E) — Sz(E), § = &l;, is the inverse of & — {[; giving the “moreover”
part. In the special case where y; = x; for ¢ < m, the “moreover” part follows
from Lemma In the general case, we may complete g to a basis for E(Z)
over E, and the “moreover” part follows as a composition of the two special
cases.

For topological openness, we proceed as follows. In the case where E = 0,
this follows from metric openness and Proposition [I.14] Let us now consider
the case where E is finite-dimensional. We fix a basis b for E and a cor-
responding tuple of variables w. We may then identify E(Z) with 0(w, Z),
and thus y with its image in 0(w, 7). We already know that -[; ;: Sz z(0) —
Sw,5(0) is open. In addition, we have a commutative diagram

SID,‘«E (O) ’fu?,g

Sw(0)
and the map -[;: Sz(E) — Sy(E) is homeomorphic to the fibre of the hori-

zontal arrow over tp(b) € Sg(0), so it is open as well. The infinite-dimensional
case follows from the finite-dimensional one, since any basic open set in Sz (F)

can be defined using finitely many parameters in E. u
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We leave it to the reader to check that if 4 are not linearly independent
over E, then -[; is not metrically open, and a fortiori not topologically so
(consider for example -[, ,: S1(0) — S2(0)).

LEMMA 1.17. Let U C S, (E) be open and r > 0. Then B(U,r) =
{£:d(&,U) <r} CS,(E) is open as well.

Proof. Let & and g be two n-tuples of variables. Let us identify S,,(F)
with Sz(E), and let W C Sz ;(E) consist of all £ such that ||z; —y;]|¢ < r for
i <n. Then W is open, and by Lemma sois V.= (Wn(l;)""0))l,
C Sy(E). Identifying Sy(E) with S, (E) as well, we get V = B(U,r). »

LEMMA 1.18. Let E be a Banach space.

(i) A type in S, (E) is isolated if and only if all its metric neighbourhoods
have non-empty interior.
(ii) The set of isolated types in S, (E) is metrically closed.

Proof. The first assertion follows easily from Lemmall.17] and the second
from the first. =

Another basic operation one can consider on types is the restriction of
parameters Sp(F') — S, (E) when £ C F.

LEMMA 1.19. Let E C F be an isometric inclusion of Banach spaces.
Then the natural type restriction map 0: Sy (F) — S,(E) is continuous,
closed, and satisfies 0B(&,r) = B(0&,r). In particular, 0 is both topologically
and metrically a quotient map.

Proof. Tt is clear that # is continuous. To see that it is closed we use
LemmalI.9] Indeed, since closed sets are exactly those that intersect compact
sets on compact sets, it will be enough to show that if K C S,,(F) is compact,
then so is 7' K, which follows from the characterisation of compact sets as
closed and bounded.

It is clear that 6B(&,r) C B(0E,r). Conversely, if {y € S,(F), then
Fact yields ¢ € 071¢y with d(&,¢) < d(F€, (), which proves that 0B(€,r)
= B(#¢,r). m

We also deduce that the theory 7" of (unit balls of ) Banach spaces admits
a model completion T, namely a companion with quantifier elimination,
whose types are exactly those defined above. Moreover, as we shall see in the
following section, the models of T* are exactly the Gurarij spaces. Since this
is somewhat of an aside with respect to the rest of this paper, we shall allow
ourselves to be brief, and assume that the reader is familiar with continuous
first order logic (see [BUIL0, BBHUOS]), and, for the part regarding Banach
spaces as unbounded metric structures, also with unbounded continuous logic
(see |[Ben08al).
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LEMMA 1.20. Let T be an inductive theory in continuous first order logic,
and forn € N let S%f(T) denote the space of quantifier-free types consistent
with T, equipped with the natural logic topology. Assume first that any two
models of T amalgamate over a common substructure, and second that for
every n the variable restriction map ngﬂ(T) — S%f(T) is open. Then T
admits a model completion, namely a companion that eliminates quantifiers.
(In fact, an approzimate amalgamation property for models of T over a
common finitely generated substructure suffices.)

Proof. Let ¢(Z,y) be a quantifier-free formula inducing a continuous

function ¢: S?fH(T ) — R (which has compact range, by compactness of

S?LfH(T)). Let 7: S?LfH(T) — S%f(T) denote the variable restriction map,

and define p: S%f(T ) = R as the infimum over the fibre:

p(q) = inf{g(p) : mp = q}.
Since 7 is continuous (automatically) and open (by hypothesis), p is con-
tinuous as well, and can therefore be expressed as a uniform limit of z/;n:
S%f(T) — R, where t,,(Z) are quantifier-free formulae, say ||p — ¢ < 27"
for all n. One can now express the condition that sup; |1, (Z) — infy ¢(Z,y)|
< 27" for all n by a set of sentences.

Let T* consist of T' together with all sentences constructed as above, for
all possible quantifier-free formulae ¢(Z,y). Then every existentially closed
model of T is easily checked to be a model of T* (using our amalgama-
tion hypothesis), so 7' and T™ are companions. Moreover, by induction on
quantifiers, every formula is equivalent modulo 7™ to a uniform limit of
quantifier-free formulae, so T™ eliminates quantifiers. m

PROPOSITION 1.21. Consider Banach spaces either as metric structures
i unbounded continuous logic, or as bounded metric structures via their
closed unit balls, as explained, say, in [Ben09|. Then (in either approach)
the theory of the class of Banach spaces is inductive, and admits a model
completion T which is moreover complete and Ng-categorical.

When the entire Banach space is viewed as a structure, then the types
over a subspace are as per Definitions[1.2] and[L.3] and if one only considers
the unit ball, then the space of I-types over B(E) is S7'(E) = {¢ € Sy(E) :
llz;]|¢ < 1 for all i € I}.

Proof. Let us consider the theory T of unit balls of Banach spaces. It is
clearly inductive, and it is fairly easy to check that the space of quantifier-
free I-types over a unit ball B(F) is the space SISI(E) defined in the state-
ment. By the “moreover” part of Lemma the variable restriction
SE}FI(E) — SSY(E) is metrically open. For E = 0 this implies in partic-
ular that Srﬂ-l(o) — S=1(0) is topologically open, but the latter is just
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ngH(T ) — SI(T). This, together with Fact fulfils the hypotheses of
Lemma . By quantifier elimination, S,(T%) = SI¥(T) = S$51(0), so
in particular, So(7%) is a singleton, hence T™* is complete. Finally, 7™ is
No-categorical by the Ryll-Nardzewski Theorem and the fact that all types
over the trivial space are isolated (see [BUQT]).

The case of Banach spaces as unbounded structures follows via the bi-
interpretability of the whole Banach space with its unit ball. =

2. The Gurarij space

DEFINITION 2.1. We recall from, say, Lusky [Lus76] that a Gurarij space
is a Banach space G having the property that for any € > 0, finite-dimen-
sional Banach space £ C F| and isometric embedding ¢: F — G, there is
a linear map ¢: F — G extending ¢ such that in addition, for all x € F,
(L =e)llzl <[] < (1 +e)l2]-

Some authors add the requirement that a Gurarij space be separable, but
from our point of view it seems more elegant to consider separability as a
separate property.

LEMMA 2.2. Let F be a Banach space. Then the following are equivalent:

(i) The space F is a Gurarij space.
(ii) For every n, the set of realised types tp(a/F), as a varies over F™,
is dense in S, (F).

(iii) Same as forn =1.

Proof. (1)=-(iii). Let U C S1(F') be open and ¢ € U. We may assume
that U is defined by a finite set of conditions of the form |[|a; +riz| — 1| <,
where ||a; + rz]| = 1. Let E C F be the subspace generated by the a;,
and let £’ = E + Rx be the extension of E generated by the restriction of £
to E. By hypothesis, there is a linear embedding 1: E' — F extending the
identity such that (1 — ¢)[ly|| < [|[vy]] < (1 +¢)|ly|| for all y € E’, and in
particular for y = a; + r;x, so tp(yz/F) € U.

(iii)=-(ii). We prove this by induction on n, the case n = 0 being tau-
tologically true. For the induction step, let ) # U C Sz ,(F') be open, and
let V= Ul; C Sz(F). By Lemma V' is open, and by the induction
hypothesis there are b € F™ such that tp(b/F) € V. Now, consider the map
0:S,(F) — Sz, (F) sending tp(a/F) to tp(b,a/F). It is continuous (in fact,
it is a topological embedding), so () # 61U C S1(F) is open. By hypothesis,
there is ¢ € F such that tp(c/F) € 01U, i.e., such that tp(b,c/F) € U, as
desired.

(ii)=-(i). Let F C F’ be finite-dimensional, with £ C F, and let € > 0.
Let @ be a basis for £, and let @, b be a basis for £, say |a| = n and |b| = m.
For N € N, let Uy C S;,,(F) be defined by the (finitely many) conditions
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of the form || ) s;a; + > rjz;|| € (1 —¢,1 4 ¢€), where s; and r; are of the
form k/N and || ) s;a; + > r;jbj|| € (1 —€,1+ ¢). By hypothesis there is a
tuple ¢ € F™ such that tp(¢/F) € Uy, and we may define ¢: E' — F as
being the identity on F and sending b to ¢. For N large enough, it follows
from the construction that if y € E’, ||y|| = 1, then ‘Hd)y” - 1} < 2e, which
is good enough. =

Model-theorists may find the second and third conditions of Lemma [2.2
reminiscent of a topological formulation of the Tarski-Vaught Criterion:
a metrically closed subset A of a structure is an elementary substructure
if and only if the set of types over A realised in A is dense. Indeed:

THEOREM 2.3. Let T* be the model completion of the theory of Ba-
nach spaces, as per Proposition [1.21} Then its models are exactly the Gu-
rarij spaces. In particular, since T™ is Ng-categorical, there exists a unique
separable Gurarij space (up to isometric isomorphism).

Proof. Let E be a Banach space, and embed it in a model F' E T*. Then,
first, by quantifier elimination, F is a model of T* if and only if £ < F.
Second, by the topological Tarski—Vaught Criterion evoked above, F < F
if and only if the set of types over E, in the sense of Th(F) = T, realised
in F/, is dense.

By Proposition the space of types over E (in the sense of 7% =
Th(E)) is SS!(E) as defined there. By a dilation argument, the set of types
realised in E is dense in S;(E) if and only if the set of types realised in B(F)
is dense in Slgl(E), and we conclude by Lemma [2.2| (or, if one works with the
whole space as an unbounded structure, the same holds without the dilation
argument). m

As mentioned in the introduction, the isometric uniqueness of the sepa-
rable Gurarij space was originally proved by Lusky [Lus76], using the Lazar—
Lindenstrauss matrix representation of L' pre-duals. The same was recently
reproved by Kubi§ and Solecki [KS13| using more elementary methods. Upon
careful reading, their argument essentially consists of showing that the sep-
arable Gurarij space is the Fraissé limit of the class of finite-dimensional
Banach spaces. The first author points this out in [Benl5| as an application
of a general development of Fraissé theory for metric structures (yielding
yet another uniqueness proof). From this point onward we shall leave con-
tinuous logic aside, and work entirely within the formalism of type spaces
as introduced in Section [I] As we shall see, uniqueness and existence of the
separable Gurarij space also follow as easy corollaries from later results that
do not depend explicitly on any form of formal logic (Corollary and

Lemma [2.11)).
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DEFINITION 2.4. Let F C F be Banach spaces. We say that F' is atomic
over F if the type over E of every finite tuple in F' is isolated.

By Proposition [1.14] every Banach space is atomic over 0.

THEOREM 2.5. Let E C Fy C Fy be Banach spaces with dim Fy/E finite
and Fy separable and atomic over E. Also let G O E be a Gurarij space,
and let p: Fy — G be an isometric embedding extending idg. Then for every
€ > 0 there exists an isometric embedding : F1 — G extending idg with
|1 g — @l < e. In particular, any separable Banach space atomic over E
embeds isometrically over E in any Gurarij space containing E.

Proof. 1t is enough to prove this in the case where dim Fy/Fy = 1. We
may then choose a basis a € Fanr1 for Fy over E such that in addition
ag, - .., an—1 generate Fy. By hypothesis, £ = tp(a/FE) € Sp4+1(F) is isolated.
Let p: Sp41(G) — Sp41(E) be the parameter restriction map, and let K =
p~1(€), observing that for any ¢ > 0, we find that B(K,s) = p~'B(£,¢)
is a neighbourhood of K. Given r > 0, we construct a sequence of tuples
¢, € Gl each of which realises a type in B(&,27%r), as follows.

For k =0, let V C S,,41(G) be the set of seminorms defined by ||x; —pa;||
< r for i < n, which is open and intersects K. Then V N B(K,r)° # ()
(where -° denotes topological interior), and we choose ¢y to realise some
type there. Given ¢, we let Uy, C S,,+1(G) be the set of seminorms defined
by ||lzi — ckil| < 27Fr for i < n, which is again open and intersects K, and
we choose €41 to realise a type in Uy N B(K,27" 1r)°.

We obtain a Cauchy sequence (&) converging to some ¢ € G™™!, whose
type tp(¢/E), being the metric limit of tp(¢g/E), must be £. Then the linear
map ¢ : F1 — G that extends idg by a; — ¢; is an isometric embedding.

Finally, reading through our construction, we have ||pa; — ¢;|| < 3r for
all i < n, and choosing 7 small enough, we conclude that ||¢)[g — | is as
small as desired. =

In particular, any two separable Gurarij spaces atomic over F embed in
one another, but we can do better.

THEOREM 2.6. Let G; be separable Gurarij spaces atomic over E for
i=0,1, and let E C F C Go with dim F/E finite. Also let ¢: F — Gy be
an isometric embedding extending idg. Then for any € > 0 there exists an
isometric isomorphism ¢: Go = Gy extending idg with [|[]p — ¢l < e. In
particular, any two separable Gurarij spaces atomic over E are isometrically
isomorphic over E.

Proof. Follows from Theorem 2.5 by a back-and-forth argument. Indeed,
by induction on n, using Theorem [2.5] we construct finite-dimensional sub-
spaces E C F,, C Gy and E C F] C Gy, as well as isometric embeddings
on: F, = Go and ¢, : F) < G1 extending idg, such that:
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() Fo=F and gp =g

(11) Fn - Fn—i—l; Fy/z c F;L+1

(iit) @n(Fy) C Fy, and ¢, (F},) € Foy1.

(iv) [|hen —idR, [| + ens190), —idpy || < 27" te.

v) UF=G1, UF, = Go.

Once the construction is complete, we have

len = entall < llen = ens10henll + lonr19hen — el < 27" el]l.
It follows that the sequence (¢,) converges in norm to an isometric em-
bedding ¢: |J F,, — Gy, which extends uniquely to G; < Gy. We obtain
V' Gog < Gq as a limit of ¢/, similarly. Then v extends idg, 1’ = ¢!, and
Il r — ¢l < e, as desired. m

Since every Banach space is atomic over 0, we obtain the uniqueness and
universality of the separable Gurarij space.

COROLLARY 2.7. Any two separable Gurarij spaces are isometrically iso-
morphic, and every separable Banach space embeds isometrically in any Gu-
rarij space (separable or not).

We also deduce that the Gurarij space is approzimately homogeneous:

COROLLARY 2.8. Let G be a separable Gurarij space, let F' C G be finite-
dimensional, and let o: F — G be an isometric embedding. Then there exists
an isometric automorphism 1 € Aut(G) such that || g — ¢|| is arbitrarily
small. Moreover, if E C F is such that G is atomic over E, and ¢|p = id,
then we may require that g = id as well.

NOTATION 2.9. We shall denote by G the unique separable Gurarij space.
Similarly, for a separable Banach space E, we let G[E]| denote the unique
atomic separable Gurarij space over E, if such an extension of E exists.
Observe that since all types over 0 are isolated, G = G[0].

Let E be a separable Banach space. Let Emb(E, G) denote the space of
linear isometric embeddings E < G, on which Aut(G) acts by composition.
Say that p € Emb(F, G) is an atomic embedding if G is atomic over pF.

COROLLARY 2.10. Let E be a separable Banach space. Equip Emb(E, G)
and Aut(G) with the topology of pointwise convergence (the strong operator
topology).

(i) The space Emb(E, G) is Polish, the action Aut(G) ~ Emb(E, G)
s continuous and all its orbits are dense.

(ii) If G[E] euwists, then the set of atomic embeddings ¢ € Emb(E, G)

is a dense G orbit under this action.

(iii) If G[E] does not ezist, then there are no atomic embeddings and all

orbits are meagre.
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Proof. The first item is easy and left to the reader (density is by Corol-
lary .

It follows from Theorem that the set Z C Emb(E,G) of atomic
embeddings forms a single orbit under Aut(G). By definition, Z # ) if and
only if G[E] exists. Let ., C S, (F) denote the set of isolated types. For
r > 0, we know that B(.%,,r) is a neighbourhood of .%,, so there exists an
open set Uy, such that ., C U, , C B(#,,r) (in fact one can show that
B(.%,,7) is open, but we shall not require this). For each b € G", we define
Vi, € Emb(E, G) to consist of all ¢ such that tp(b/@E) € @U, .. It is easy
to see that since Uy, is open, so is V3 .. Since the set of isolated types is
metrically closed, we have

Z= (1 Vo= (1 View
n, beG™, r>0 n,beGy, k
where Gg C G is any countable dense subset. Thus, if Z # (), then it is a
dense G orbit.

Consider now a non-atomic embedding ¢ € Emb(F, G). Non-atomicity
means that G realises some non-isolated type in S, (¢ F), which we may
write as &, where 1 is applied to the parameters of &, and £ € S, (FE) is
non-isolated. By Lemma for r > 0 small enough, the closed metric ball
B(&,r) is (topologically) closed with empty interior. For b € G™, let V; C
Emb(E, G) consist of all ¢ such that tp(b/pE) ¢ B(p€,r). Reasoning as
above shows that each Vj is a dense open set, and the set of ¢ € Emb(E, G)
such that G omits € is co-meagre. Since this set is also disjoint from the
orbit of v, we are done. m

We now turn to a criterion for the existence of G[E]. Say that a type
¢ € Sn(F) is a Guraryj type if E[€], the generated space in the sense of
Definition [I.3] is a Gurarij space. By an abuse of notation, we shall use
X = {x;}ien to denote both the set of variables and the set of distinguished
generators of E[¢].

LEMMA 2.11. Let E be a separable Banach space. Then the set of Gurarij
types over E is co-meagre in Sy(E). Moreover, there ezists a dense G set
7Z C SN(E) such that if some & € Z generates F' = EI¢], then F is Gurarij
and the set of generators {x;}ien C F is dense. In particular, the separable
Gurarij space G exists.

Proof. For k € N, let {Wj , }men be a countable basis for the topology
of S;(F), which exists since E is separable.

Whenever I C J we shall use 7y 7: Sj(E) — S;(E) to denote the variable
restriction map, namely, tp((a;)ics/E) — tp((a;)icr/E), which is an open
map by Lemma |1.16| Thus, for example, {ﬂ&i(ka) : k,m € N} is a basis
of open sets for Sy(E).
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Let us fix some n € N, introduce yet another formal variable y, and consi-
der an openset U C S, 11(E) = Saq,..zn_1,y(E). Let F = Sy (E) N\ mp41.0(U),
which is closed. For each k € N, let ¢} : SN(E) — Sp+1(E) be the variable
change map given by sending x; to x; for ¢ < n and y to xj, as per Def-
inition namely, tp(aog,ai,.../E) — tp(aog,...,an—1,ar/E). We then
define

—WNn UU SDk

This is the union of an open and a closed set in a second-countable compact
space, so it is Gg. _

First, we claim that if & > n then my(U) = Si(E). Indeed, we have a
commutative diagram

Sk(E)
TN, k Tk,n
Sn(E) T Sn(E)
<pz Tn+1,n
Sn+1 (E)

Given any type £ € Si(F) there are two possibilities:

o If mp,(€) € F then my . (€) C my b (F) C U,s0¢e 7rN7k(ﬁ).

o Ifmp,,,(€) ¢ F then there exists ¢ € U such that Tnt1,n(C) = TEn (&) = X,
say. Amalgamating F[¢] with E[(] over E[ ], as per Fact [1.1] we obtain
a normed space F O E, a tuple b € F¥ such that tp(b/E) = £, and
c € F such that tp(bg,...,b,_1,¢) = (. Let p = tp(b,c,c,c,.../E)
€ Sn(E). Then ¢ (p) = ¢, and again { = myx(p) € mnk(U).

Second, we claim that U is dense in Sn(E). Indeed, consider a basic
open set W&E(ka) # (0. Since 7y x(U) = Sip(E) 2O Wy, we have () #
TFN k(Wk) N U

Lastly, we claim that the desired set is

Z = m Wn—i—l,m - SN(E)
n,m

It is indeed a dense G set. Let £ € Z, let F' = E[{] be the generated space,
and b = (bi)ien be the generators. Then it will suffice to show that for any
open ) # U C Sq(F) there exists k such that tp(by/F) € U: this clearly
implies that b is dense in F, and by Lemma [2.2) . F is Gurarij. Let us fix
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some p € U, which we may always write as tp(c/F) where ¢ lies in some
F'DF.

We define 0: S1(F) — Sxy(E) to be the map sending tp(a/F) to
tp(b,a/E), as in the proof of Lemmam (working over E instead of 0). This
is a topological embedding, so we may write U = ~Y(W) with W C Sx ,(E)
open and 0(p) = tp(b,c/E) € W, and possibly shrinking W (and U), we
may assume that W is defined using only finitely many variables, say Z,y =
ZQ,---,Tn_1,y. In other words, we may assume that W = W;(;Vi,y(WrrkFl,m)
for some m, so wxyzy © 0(p) = tp(bo,...,bp—1,¢/E) € Wyy1m. Thus p
provides us with a witness that

71'N,n(é-) - tp(b07 ceey bn—l/E) € 7Tn+1,n(Wn+1,n)-

On the other hand, we have { € Z C W, 1 1, so there must exist some k
such that

WXy,jy o H(tp(bk‘/F)) = tp(b07 ceey bnfly bk’/E) = 502(5) S Wn+1,m-
We conclude that tp(bg/F) € (xyzy©0) ' (Watim) =U. m

THEOREM 2.12 (Omitting Types Theorem for Gurarij spaces). Let E
be a separable Banach space, and assume we are given, for each n € N,
a metrically open and topologically meagre set X, C S, (E). Then there
exists a separable Gurarij space G O E such that in addition, for every n,
no type in X, is realised in G (we then say that G omits all X,,). Moreover,
the set of Gurarij types that generate such spaces is co-meagre.

Proof. Let Z C Sn(FE) be the set produced by Lemma For each n,
let [N]" = {s C N: |s| = n}. Any s € [N]" can be enumerated uniquely as
an increasing sequence {ko, ..., kn—1}, and we then define [s]: E(n) — E(N)
by x; — xp, for i < n. Then [s]*: Sy(E) — Sp(E) is continuous and open,
so [s], X, C Sn(E) is meagre. Since everything is countable,

Zv=2~ () [shXn
n, s€[N]™

is co-meagre as well. All we need to show is that if £ € Z; generates G, then
G omits X,. Indeed, assume that some & € X, is realised in G, say by a.
Since X, is metrically open, there exists > 0 such that B(§,r) C X,,. Since
the sequence {z;} is dense in G, and G has no isolated points, there exists
an increasing sequence ko < --- < kp_1 such that ||y, — a;|| < r. But then
tp(x/E) € Xy, so € € [k]. X, contradicting the choice of £. m

Say that a Gurarij space G is prime over a separable subspace E if it
embeds isometrically over E in every Gurarij space containing F.
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COROLLARY 2.13 (Criterion for primeness over E). Let G be a Gurarij
space, and E C G a separable subspace. Then the following are equivalent:

(i) The space G is prime over E.
(ii) The space G is separable and atomic over E, namely, G = G[E].

Proof. If G = G[E], then it is prime over E by Theorem [2.5| For the
other direction, assume that G is prime over E. Since F is separable, it
embeds (by Theorem in a separable Gurarij space, so G must be sepa-
rable as well. Finally, assume towards a contradiction that G realises some
non-isolated type £. By Lemma there exists 7 > 0 such that the closed
metric ball B(£, ) has empty interior. Since the distance is lower semicontin-
uous, the closed metric ball is topologically closed, and is therefore meagre,
as is the open ball B(&,r). By Theorem there exists a separable Gu-
rarij space G O F that omits B(£,r). Thus G cannot embed over F in G,
a contradiction. m

PROPOSITION 2.14. Let E be a separable Banach space. Then G[E] ex-
ists if and only if, for each n, the set of isolated types in S, (E) is dense.

Proof. For a given n, let .#, be the set of isolated types in S, (F), and
assume that it is dense. Then B(.#,,r) contains a dense open set, and
Nyso B(Fn,r) = 7, is co-meagre. By Lemma we have .9, = .7,
s0 Sp(E) \ ., is meagre and metrically open. Therefore, by Theorem [2.12]
if .#, is dense for all n, then an atomic separable Gurarij space over E exists.

Conversely, assume that G[E] exists. Then the set of n-types over E
realised in G[E] is dense (by Lemma[2.2), and they are all isolated. =

Model-theorists will recognise Proposition [2.14] as the usual criterion for
the existence of an atomic model, and as such it is in no way particular to
Banach spaces. In the specific context of Banach spaces, however, it can be

improved, yielding Theorem
LEMMA 2.15. For a type £ € Sz(E) the following are equivalent:

(i) The type & is isolated.
(ii) The type &l is isolated for every y € E(z)™ (and every m).
(iii) The type &1, is isolated for every y € E(Z).

Proof. (i)=(ii). When g are linearly independent over E, this follows
from Lemma Hence, for the general case, it is enough to consider the
situation where g, of length m, extends the original tuple of variables Z,
of length n. For j < m let us write y; = a; + Y., Aijxi. Given r > 0,
there exists by hypothesis an open set U such that £ € U C B(,r), and
let V = (:];)7'U C Sy(E). Intersecting V with the open sets defined by
lyj — >ien Nijyi — ajll < 7 we obtain an open set V' with £[,; € V' C
B(&l,1") for some r’ = 7'(r,y) that goes to zero with r.
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(ii)=(iii). Immediate.

(iii)=-(iii). We repeat the proof of Proposition (in fact, that result
is merely a special case of the present one, alongside the fact that types in
S1(0) are trivially isolated). Indeed, for each N there exists by hypothesis a
neighbourhood Uy 3 & consisting of ¢ such that

Using Proposition [I.7] we conclude as for Proposition [I.14] =

THEOREM 2.16. The following are equivalent for a separable Banach
space E:

(i) The space G[E] emists.
(ii) For each n, the set of isolated types in Sy, (F) is dense.
(iii) The set of isolated types in S1(E) is dense.

Proof. We only need to show that if the set of isolated 1-types is dense,
then G[E] exists. Indeed, proceeding as in the proof of Proposition m
we find a separable Gurarij space G D F that only realises isolated 1-types
over E. By Lemma G is atomic over E. »

3. Isolated types over one-dimensional spaces. Recall that one of
the goals of this paper is to characterise isolated types over arbitrary E. We
start with the next-easiest case after £ = 0, namely when dim £ = 1. Even
though this case will be fully subsumed in the general case, it is technically
significantly simpler and deserves some specific comments, so we chose to
treat it separately.

DEFINITION 3.1. A norming linear functional for v € E ~\ {0} is a con-
tinuous linear functional A € E* such that ||A|| = 1 and \v = ||v]|.

By the Hahn—Banach Theorem, a norming linear functional always exists.
We say that v is smooth in E if the norming linear functional is unique.

PROPOSITION 3.2. Let E be a Banach space, and let v € E~{0}. Then
FE is atomic over v if and only if v is smooth in E.

Proof. By Lemma we may assume that F = (v,u) and show that
tp(u/v) is isolated if and only if v is smooth in E. Assume first that for some

s, >0 and D € R we have
lv £ su|| < ||v]| £ sD + se.
It follows by the triangle inequality that
[ol| £tD —te < |lv £tul| < |jv|]|£tD +te, 0<t<s,
or equivalently,

| £rv+ul| —r|v| FD|<e, r>s"
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If v is smooth, let A be the unique norming functional, and let D = Au.
Then for any £ > 0 there exists s as above. Hence { = tp(u/v) satisfies
the open condition ||v £ sz| < ||[v|| £ sD + se, which in turn implies that
|[|7v — ul| — [|rv — 2||| < 2¢ for all |r| > s~'. Finitely many additional open
conditions can ensure that the same holds for all r, yielding an open set
& €U C B(¢, 3¢), showing that ¢ is isolated.

Conversely, if v is not smooth, then there are norming functionals A*,

where D~ = A u < DT = ATu. Any neighbourhood of ¢ contains
an open set U that is defined by finitely many conditions having the form
|[|riv + || — ||Iriv + ul|| < e. We can construct a Banach space E’ generated

by {v,w}, with ||v|| as in F, such that {( = tp(w/v) € U and v is smooth
in E’, with the unique norming functional being defined by pw = D~. This
means that for r large enough we have

|rv +wl|| =~ r|v||+ D~ <|rv+u||+ D" — DT,

so d(&,¢) > Dt — D~. Therefore B(§, DY — D™) is not a topological neigh-
bourhood of £, and £ is not isolated.

We provided a fairly elementary argument for the “only if” part of Propo-
sition [3.2l The machinery developed above provides us with a conceptually
different argument, which in a sense we find preferable. First, let us recall
that by Mazur [Maz33| Satz 2|, the set of smooth points in the unit sphere
of a separable Banach space is a dense G5. Assume now that E is atomic
over v, and without loss of generality, say that ||v]| = 1, and let u € G be
smooth of norm one. By Theorem there exists an isometric embedding
of E in G sending v to u, so v must be smooth.

We obtain the following result of Lusky [Lus76].

COROLLARY 3.3. The smooth points in the unit sphere of G form a
single dense Gg orbit under isometric automorphisms.

Proof. Immediate from Proposition [3.2] and Theorem [2.6] =

COROLLARY 3.4. The distance strictly refines the topology on S, (F) for
every F # 0.

Proof. Tt follows from Lemma that if £ C F, and the topology and
distance agreed on S, (F), then they would also agree on S, (£), and every
type in S, (E) would be isolated. However, by Proposition not all types
over a 1-dimensional F are isolated. =

4. The Legendre—Fenchel transformation of 1-types. In this sec-
tion we recall and develop a few technical tools that will be used later in
order to characterise isolated types over arbitrary E. We start with the
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Legendre—Fenchel transformation. This being a duality construction, it will
be convenient for us to put F and its dual £* on a more equal footing.

Recall that a locally convex topology on a vector space (for our purposes,
only over R) is a vector space topology admitting a basis of convex neigh-
bourhoods for 0. Examples of such topologies include the norm topology on
a normed space F, as well as the weak topology w on FE and the weak*
topology w* on E*. Moreover, (E,w) and (E*,w*) are one another’s dual in
the locally convex category, yielding the desired symmetry.

CONVENTION 4.1. In the rest of the paper, unless a more restrictive
hypothesis is stated, E will denote a locally convex topological vector space
over R. Its topological dual E* is the space of continuous linear functionals,
always equipped with the weak® topology, the least topology in which the
map U: A — Av is continuous for each v € E.

This applies in particular when F is a normed space: we may refer to the
dual norm via the sets B(E*) and 0B(E™), or the corresponding properties
Al < 1 and ||A|| = 1, but the topology on E* is always taken to be the
weak™ topology, so B(E™*) is compact for any normed E.

The weak™ topology is again locally convex, and the bi-dual E** is canon-
ically identified, as a set, with E' (which would not always be true if for a
normed space E we calculated E** with respect to the dual norm on E*).
This induces the weak topology on E, which may be weaker than the original
one, but gives rise to the same dual E* (= E***). The Hahn—Banach Theo-
rem tells us that the weak topology on E agrees with the original one when
it comes to closed convex sets. In other words, both topologies give rise to
the same notion of a closed convex function (defined below), which, for our
purposes, is good enough.

FacT 4.2 (Hahn-Banach Theorem; see Brezis [Bre83|). A closed convex
subset of E (a locally convexr vector space) is the intersection of the closed
half-spaces that contain it, and is therefore weakly closed (a half-space of E
is a set of the form {v: v < r} where A € E* and r € R).

DEFINITION 4.3. Following Rockafellar [Roc70], a proper convex function
on E is a convex function f: E — R U {oco} that is not identically occ.
It is closed if it is lower semicontinuous (equivalently, by Fact lower
semicontinuous in the weak topology). We then define its domain dom f =
{veFE: f(v)<oo}. A closed conver function is either a proper one or one
of the constant functions f = oo (an improper one).

For an arbitrary function f: E — [—o00, 00| we define f*: E* — [—00, o0

by
1 (A) = supPo — f(v)).
veEE

If f is closed convex we call f* its conjugate.
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FacT 4.4. For any f: E — [—00,00] the function f* is closed convez.
If f is closed and convex, then f = f** under the canonical identification
E = E*, and f* is proper if and only if f is. Moreover, if g is another
closed convex function, then ||f — g|| = || f* — g*||, where ||| denotes the
supremum norm, possibly infinite, and we agree that |+too F oo| = 0.

Proof. For the finite-dimensional case, see Rockafellar [Roc70), Section 12].
The general case is proved essentially in the same fashion, using Fact [£.2]
The “moreover” part is easy to check directly. m

LEMMA 4.5. Let X C E and suppose f: X — R U {oo} is not iden-
tically oco. Assume moreover that whenever x € X can be expressed as
a limit of convexr combinations Zi<ék tgiTk,i, where xp,; € X, we have
fz) < liminfy >,y frif(zki). Then extending f by oo outside X, we
find that f* us a proper closed convex function on E* and f = f**[x.

Proof. Let epi f = {(v,s) : f(v) < s} C X xR C E xR, the epigraph
of f,let Y =co(epi f) C E x R be the closed convex hull and define g(v) =
inf{t : (v,t) € Y} € RU{oco}. Then g is a closed proper convex function,
g < f, and the hypothesis implies that g agrees with f on X. Now g* > f*,
so f* is in particular proper (it is automatically closed and convex), and
g=g" < f** < f. Therefore f**[x = f. =

We recall that if X C F is convex, then X is defined as the set of all
v such that, for some affine line L, v is one of two distinct boundary points
of LN X in L. The relative interior, sometimes denoted ri(X), is defined as
X\ 0X: the set of all v € X such that for every affine line L going through v,
LN X either is a single point or contains v in its interior relative to L. When
X generates a finite-dimensional affine subspace, this agrees with the usual
topological notions as calculated in that space.

LEMMA 4.6. Let E be finite-dimensional and let X C E be a compact
convex subset. Let f: X — R be closed and convex, and assume that fl5x
1s continuous. Then f is continuous.

Proof. We need to show that if 2, — = in X and f(x,) = o € [—00, 9],
then f(z) = a. Since f is closed, f(z) < «, and let us assume that f(z) < a.
We may then assume that f(x,) > f(z)+ ¢ for some € > 0 and all n. Then
the ray R, = x, + RZ%(x,, — z) intersects X at a single point, call it
Yn = Tpn + Sp(xy — x), and we may further assume that y,, — y, where y is
necessarily also on the boundary. Notice that x, = (spx + yn)/(sn + 1), so
by convexity f(yn) > (5n -+ 1)f(2n) — 5nf () > F() + (50 + 1) > f(x) +c.
Since f is continuous on the boundary, we must have y # z. But then
lyn — || is bounded away from zero, so s, — oo, hence f is unbounded
on the boundary, even though 90X is compact and f is continuous there,
a contradiction. m
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The relevance of convex conjugation to our context comes from the follow-
ing alternative characterisation of 1-types over a normed space F, introduced
in [Benl4] (see also Katétov [Kat88| and Uspenskij [Usp08]). From now on,
FE denotes a normed space.

DEFINITION 4.7. Let X be an arbitrary metric space. A Katétov func-
tion on X is a function f: X — R satisfying f(z) < f(y) + d(z,y) and
d(z,y) < f(x) + f(y) for all z,y € X. The space of Katétov functions
on X is denoted K(X). As with type spaces, we equip K (X) with a double
structure, the topology of pointwise convergence and the distance of uniform
convergence (i.e., the supremum distance). With this topology and distance,
K(X) is a topometric space (that is, the distance refines the topology, and
is lower semicontinuous).

If X is a normed space, or a convex subset thereof, we let K (X) denote
the space of convexr Katétov functions on X, with the induced topometric
structure.

FacT 4.8. Let £ € Sy(E) be a 1-type over a normed space E, and let
fela) = ||z — al|* for a € E. Then:

(i) The map & — fe defines a bijection between S1(E) and Kc(E), whose
verse is given by

oz — al|® = { el “o
lalfe(a/a), o #0.

(i1) This bijection is a topological homeomorphism and a metric isometry.

Proof. The first item is [Benl4) Lemma 1.2|. For the second, that the
bijection is homeomorphic (in the respective topologies of pointwise con-
vergence) follows easily from the characterisation of the inverse, while the
isometry is exactly Proposition for 1-types. m

Consequently, from now on we shall identify K¢ (FE) with Si(E).

Fact 4.9. Let X CY be metric spaces, and for f € K(X) andy € Y
define
f(y) = inf [f(z) + d(z,y)].

reX
Then f € K(Y) extends f, and the induced embedding K(X) C K(Y)
is isometric. When Y = E is a normed space, X C FE is convexr and

f € Ko(X), the extension f is convez as well, inducing an isometric em-

bedding Ko(X) C Ko(E).

Proof. The first assertion goes back to Katétov [Kat88|, and the second
is [Benl4, Lemma 1.3(i)]. =

QUESTION 4.10. If X C F is convex and compact (or totally bounded),
then the topology and distance agree on K¢ (X), and it follows that the
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inclusion K¢ (X) C K¢ (F) is also continuous, and therefore homeomorphic
(since the restriction map is always continuous). At the other extreme, if
X = FE, then the inclusion is homeomorphic as well. What about general
convex X C E7?

A closed proper convex function f: E — RU{oo} is essentially the same
thing as a closed convex function f: X — R, with convex domain X, such
that liminf,_, f(v) = oo for all u € X \ X. Indeed, we can get one from the
other by restricting to the finite domain in one direction, or by extending
by oo in the other. A special case of the second form is when X C F is closed
and convex and f € K¢ (X). If X is merely convex, every f € K¢ (X), being
1-Lipschitz, admits a unique extension to f € Ko (X), so requiring X to be
closed is not truly a constraint.

DEFINITION 4.11. Let f: E'— RU{oo} be a proper closed convex func-
tion, and let A € E*.

e We shall say that f (or more precisely, f*) satisfies the antipode in-
equality at X if f*(\) + f*(=X) <0.
o It satisfies the antipode identity at X if f*(A) + f*(=\) =0.

LEMMA 4.12. Let X C E be closed and convex and let f € Ko(X). Then:

(i) The domain dom f* contains B(E™*), and if A € dom f* with | A|| > 1,
then
fr(A) = sup [Av = f(v)].
veEIX
In particular, if X = E (so 0X = 0), then dom f* is exactly the
closed unit ball.
(i) If X is bounded and ||A[| =1, then f*(X) = sup,cax[Av — f(v)].
(iii) Let f € Ko(E) be as per Fact . Then

~ * < ~

Foo= {0 = )= sup o )

oo, [AlI>1, IxI<t
In addition, if v ¢ X, then f(v) = supj=1/Av — f*(A)].

(iv) When X = E, we have f € Kc(E) = S1(E). For A € 0B(E"),
the least possible value of a morm-preserving extension of A at a
realisation of f is f*(\).

(v) Let g: E — R U {oo} be any closed proper convex function. Then
g € Kco(F) if and only if dom g* = B(E™) and the antipode inequal-
ity g*(A) + g*(—=A) < 0 holds for all X € OB(E*), or equivalently,
for all X € B(E™).

(vi) Assume g € Ko(E) is such that the antipode identity g*(\) +g* (=)
= 0 holds at some X\ € B(E*). Then g* is continuous at A.
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Proof. For (), first let ||A|| < 1, and let u € X be fixed. Then for all
v e X we have f(u) + |lul]| > |[v—ul]| = f(v) + |lu|]| > Av — f(v), so that
F*(N) < f(u) + |Ju|| < co. Now let ||A|| > 1, say Aw > ||w||, and assume that
A € dom f*. Then for each v € dom f, the ray {v 4+ aw : @ > 0} cannot be
contained in X (or else f*(\) = oco) and therefore intersects the boundary,
say at v’. In this case Av — f(v) < A’ — f(v'), proving our assertion. When
H)\H = 1 but X is assumed to be bounded, for every v € X we can ﬁnd
v e 0X with Av = f(v) < M — f(v') +¢ for € arbitrarily small, whence

For , we already know that dom f * is exactly the closed unit ball. In
addltlon f < f implies f* > f*, and if IAll < 1, then for every v € E and
uec X,

Av = f(v) = v — inf [f(u) + v — ul]] < sup[hu — f(u)] = f*(N),
ue ueX

whereby f*(\) < f*(\). This gives us the first identity, and then Fact
gives the second one. Now assume that v ¢ X, so by Fact there exists
€ OB(E*) such that ply < wpv. For any A € B(E*) there exists @ > 0
such that [|A 4+ apl| = 1. Then f*(X+ ap) < f*(A) + apw, or equivalently,
A — f*(A) < (A+ap)v — f*(A+ ap), whence f(v) = supjyj=1[Av — f*(N)].

Item is immediate. For (v]), we have already seen that if g € Ko(E),
then dom g* = B(E*), and the previous item implies that g*(\) + ¢*(—=\) <0
for A € 0B(E™). Conversely, assume that dom g* = B(E*) and the antipode
inequality holds. Then g = g** is necessarily 1-Lipschitz, so dom g = E. For
distinct v,u € E, let A € 0B(E*) norm v — u. Then

gW) +g(u) = v —g*(A) = Au—g"(=A) = Mv —u) = |lv —ul,

as desired.

For (vi), let A\ = A. Then g*(\o) < —g*(—Aq) by the antipode inequality
and g*(\) = —g*(—A) by hypothesis. Since g* is lower semicontinuous,

g"(A) <liminf g*(Ay) < limsup g*(Aq) < limsup —g*(—Aq)
= —liminf g*(=Aa) < —g" (=) = g"(\).

Therefore lim g*(A\y) = g*(\), as desired. =

REMARK 4.13. Let F' C E be normed spaces and let g € K¢ (F'). Since
F' is convex in E, there may be some ambiguity about g*, so let g}. denote
the conjugate as a convex function on F, and let g7 denote the conjugate
of the extension by infinity to E*. Also let § € K¢ (E) denote the canonical
extension of g. Then g3 (A\) = g5 (A[p) for A € E*, and by Lemma ,

if [|A]] < 1, then this is further equal to §*(\). Therefore, in what interests
us, this ambiguity can never lead to any form of confusion.

We obtain a characterisation of the realised types.
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LEMMA 4.14. Let E be a Banach space, f € Kco(E). Then the following
are equivalent:

(i) The type f is realised in E, i.e., there exists v € E such that f(x) =
|lx — | forallz € E.
(ii) The conjugate f* satisfies the antipode identity throughout B(E™).
(iii) The conjugate f* satisfies the antipode identity at some A €
B(E*) \ 0B(E™).

(i) £+(0) = 0.

Proof. (i)=(ii). We have f*(\) = Av.

(ii)=(iii). Clear.

(iii)=(iv). Assume f*(0) # 0. Then necessarily f*(0) < 0 and X # 0.
Let a = ||A] < 1 and g = A a, so A = ap + (1 — «)0. By convexity,
af*(p) +af*(—p)+2(1 —a)f*(0) > f*(A) + f*(=X) = 0, contradicting the
antipode inequality at p.

(iv)=-(i). We have 0 = f*(0) = —inf f. Since f is Katétov, any sequence
vg such that f(vg) — 0 must be Cauchy, say with limit v. It follows that
f(v) =0, and consequently f is realised by v. =

5. Characterising isolated types over arbitrary spaces. In [Benl4]
a special kind of “well behaved” convex Katétov functions is distinguished.
These will play a crucial role here as well, and admit a natural characterisa-
tion in terms of their conjugates.

DEFINITION 5.1. We say that a function f € K¢(FE) is local if there are
fr € Ko(Xk), where each X, C F is convex and compact, such that fo—f
uniformly. The set of local functions in K¢ (FE) was denoted in [Benl4]
by Kcpo(E).

LEMMA 5.2. Let E be a normed space, and let f € Kco(E). Then f is
local if and only if f* is continuous on B(E™).

Proof. First let X C E be compact and let g € Ko(X). If X C
Ui<n B(visr), then g*(A\) — ¢g*(n) < 2r||A — pl| + max;(A — p)v;, whence
it follows that g* is continuous on every bounded subset of E*, and in par-
ticular on B(E™). Since a uniform limit of continuous functions is continuous,
if f is local, then f* is continuous on B(E*).

Conversely, assume that f* is continuous on B(E*). Since R is second-
countable, there exists a separable subspace F' C F such that, for A € B(E™),
the value of f*()) only depends on Al . In this case, the map f’: B(F*) — R,
p— f*(u'), where i’ is any norm-preserving extension of y, is continuous. By
Fact there exists a proper closed convex function g: F' — R U {oco} such
that g* = f’. By Lemma [4.12] we then have g € K¢ (F) and by Remark [4.13]

we have f* = g*, so f = §. We may therefore assume that F is separable,



Generic orbits and type isolation in the Gurarij space 73

and choose an increasing sequence of compact convex subsets X C E such
that |J X% is dense in E (take closed balls of increasing radius, of subspaces
of increasing finite dimension). For each k let fr = flx,. Then e \o f
pointwise, and for A € B(E™*) we have

N = Sgp[kv — f(v)] = SJIE[AU — fr(v)] = Sup Fr (),

ie., ff 7/ f* pointwise on B(E*). Since each f;! is lower semicontinuous and
f* is continuous, and B(E*) is compact, this implies that f; — f* uniformly
on B(E*), so fr — f uniformly, and f is local. =

A second ingredient is the following.

DEFINITION 5.3. Let E be a normed space and let r > 0. We say that
f € K¢(E) is 0-r-extreme (where 9 could be pronounced boundary) if for
every g € Kg(E) whenever g < f (ie., ¢° > f*) we have ¢g* < f*+r
on OB(E*). If r = 0 we omit it and say that f is 0-extreme.

Notice that Definition [5.3] would remain unchanged if we replaced the
requirement that ¢g* > f* on B(E*) with ¢* > f* on 0 B(E™*). Indeed, assume
Definition holds of f and ¢g* > f* on OB(E*). Then h/ = max(f*, g*)
agrees with ¢* on OB(E*), and is therefore of the form h* for some h €
K¢(E), by Lemma , so Definition applies to h and yields ¢g* =
h* < f*4r on OB(E*).

LEMMA 5.4. Let f,g € Kco(E) with f 0-r-extreme and g < f. Then g
is 0-r-extreme as well. Assume furthermore that f = fA[;( for some convex
X C E. Then outside X we have g > f —r.

Proof. By hypothesis we have ¢g* > f*, and we clearly obtain the first
assertion, as well as g*(A) < f*(X) +r for [[A| = 1. By Lemma [.12|(ii), if
v ¢ X, then

fw) = sup [Av— f*(A)] < sup [ —g" (V)] +7r <g(v) +r,
[[All=1 [All=1
as claimed. =

LEMMA 5.5. Let E be a normed space, let f € Ko(E) be 0-r-extreme,
and let § > 0. Then f + 6 is O-(r + 20)-extreme.

Proof. Assume not, so let g € K¢ (F) satisfy g < f+6 (i.e., g* > f*—0),
and let A € OB(E*) be such that ¢g*(A) > f*(\) +r + J. By Fact there
exists a closed convex h on F such that h* = max(f*, (¢*—9)). For p € B(E*)
we have f*(u) + f*(—p) < 0, g"(1) =0+ g"(—p) =0 < =20 < 0 and
fr () + 9" (=) =6 < g% (1) + f*(—p) < 0. Thus A*(p) + h*(—p) <0, and
since the domain of A* is the unit ball, h € K¢ (F). Now, h* > f* implies
h < f, while on the other hand h*(\) > ¢*(\) — & > f*(\) + r, witnessing
that f is not J-r-extreme. m
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LEMMA 5.6. Let E be a normed space, let f € Kc(E) be O-r-extreme
and local, and let ' > r. Then f admits a neighbourhood f € W C Ka(E)
such that diam W < r’ and every g € W is O-r'-extreme.

Proof. Let 6 > 0 be small enough. By locality, there exists a compact
convex set X C F such that f+6 > f' = fly. Let W C K¢ (F) consist of
all g such that |f —g| < § on X. Since X is compact and Katétov functions
are 1-Lipschitz, W is open, and we claim that it is as desired.

If g € W, then g < f' < f+ 4. By Lemma 5.5 f + 6 is 0-(r + 26)-
extreme. By Lemma so are f' and g, and since f' = ]7’\[; we have
g>f'—r—25 > f—r—26 outside X. Since g > f—§ inside X, we conclude
that f —r — 20 < g < f + § throughout, which is enough. =

THEOREM 5.7. Let f € Kco(FE). Then f is isolated if and only if it is
both local and O-extreme.

Proof. One implication follows directly from Lemma [5.6] so assume that
f is isolated. We can then construct a sequence of neighbourhoods Wy, of f
such that diam Wy, — 0, each defined using finitely many parameters. We let
X}, be the (compact) convex hull of these parameters and fr = f[x,. Then
fi € Wy, so fr — f uniformly and f is local.

It remains to show that f is J-extreme, so let g € K¢ (FE) satisfy g < f.
Let W be a neighbourhood of f of small diameter, say ¢ € W if and
only if |g(v;) — f(v;)] < e for some v, i < n. We know that f(v) =
sup|aj<1[Av — f*(A)], and since a closed convex function in dimension one
is continuous on its domain, in fact f(v) = supj<q[Av — f*(A)]. Therefore,
for each i < n we may choose \; € E%, such that f(v;) —e < Njv; — f*(\i)
< f(vi). Let ¢ = max(g, maxj<n(A;i — f*(N;))). Since ||\;|| < 1 for each 4,
we see that ¢’ agrees with g outside some ball. On the other hand, ¢'(v;) >
f(v;) —eand ¢ < f, so ¢’ € W. Therefore |f — g| < diam W outside some
ball. Since diam W can be taken arbitrarily small, lim, | oo [f (2) —g(7)] = 0.
It follows that f* = ¢* on OB(E*). m

Before stating a few more corollaries, let us recall some definitions and
facts.

DEFINITION 5.8. Let E be a locally convex space and let X C FE be
convex.

(i) A convex subset F' C X is called a face of X if a member of F'
cannot be expressed as a proper convex combination of two points
in X that are not both in F. A proper face, i.e., a face F' # X, is
always contained in the relative boundary 9.X.



Generic orbits and type isolation in the Gurarij space 75

(ii) A face consisting of a single point is called an eztreme point. We
shall denote the set of extreme points of X by £(X). We shall also
denote by & (X) the set of v € £(X) such that Av = sup Al y for
some A € E* \ {0}.

By the Krein—Milman Theorem [Bou81, Chapitre II, §7, Théoréme 1],
if X is compact and convex, then X = ¢o(£(X)). In addition, by [Bou&1),
Chapitre II, §7, Proposition 2|, if v € £(X), then the family of sets {u € X :
Au > 1}, where A € E* and Av > r € R, forms a basis of neighbour-
hoods for v in X. Since every such neighbourhood contains a member of
Eo(X) (any extreme point of {u € X : Au = sup Ay} will do), we have
E(X) C &(X). In the special case where X = B(E*), the set & (B(E*))
consists exactly of those A\ € £(B(E*)) for which some vector v # 0 is
normed by .

COROLLARY 5.9. Let E be a Banach space, f € Kco(FE) isolated. Let
F, ={\ € B(E*) : v = 1} where ||v|| = 1. Then f*[p, is the greatest closed
conver function less than A — —f*(\), i.e.,

f*(N) =sup inf [(A—p)u— f*(—p)] for A € F,.
ucE HEFy

In particular, the antipode identity f*(\) + f*(—A) = 0 holds at every A in
E(B(E™)).

Proof. For uw € FF and a > 0 define
hu(A) = Inf [(A=pu = F=p)l huald) = oo =1) + ha(A).

Since F), is closed, applying Fact [£.4) we have
) = sup inf [(A— p)u+ F5()] < sup hu(N).
ucE heFy ueE

For the converse inequality it will suffice to show that f* > h, on F},. Notice
that h, is linear and continuous, and in addition for every A € F,, we have
h(A)+f*(=X) <0. Fixing ¢ > 0, we find an open set V' O F,, such that h(\)+
f*(=A) <efor all A\ € VN B(E*). By compactness of B(E*) \V, we know
that A — Av is bounded there below some r < 1. We may therefore assume
that V.= {\: Av > r}, and that » > 0, so VN =V = (). For « large enough
we have hy o(A) < inf f* for all A € B(E*) \ V. Having fixed such an «, for
A € B(E*) NV we have hyo(X) —e+ f*(=A) < hy(A) + f*(=X) —e <0.
It follows that max(f*, h, o — €) satisfies the antipode inequality, and is
therefore of the form g* for some g € K¢ (FE). But then g < f, so ¢* = f* on
OB(FE*) and in particular on F,. Thus f* > h, o — € = hy — € on F,. Since
€ was arbitrary, f* > h, on F,, as desired.

It follows that the antipode identity holds on E(B(E*)). By continuity
of f*, it holds throughout £(B(E*)). u
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Thus, isolated types satisfy the antipode identity at some boundary
points (and recall that by Lemma the antipode identity at a non-
boundary point amounts to the type being realised). When dim E' = 1 we
recover the characterisation of isolated types given in Section

COROLLARY 5.10. Assume dim E = 1 and let 0B(E*) = {£A}. Then
a type f € Ko(FE) is isolated if and only if it satisfies the antipode identity
at A. By Lemma , this is equivalent to: any vector v € E is smooth
in the generated extension E|[f].

Proof. 1If f is isolated then the antipode identity holds at A by Corol-
lary Conversely, if the antipode identity holds at 4+, that is, on the
entire boundary, then f is 0-extreme. Since, in dimension one, every closed
convex function is continuous, f is isolated. =

6. Existence and non-existence results. This section consists of ex-
amples of various cases where densely many isolated types are known to exist
or not to exist. We do not have a full characterisation of separable spaces
such that isolated types over E are dense.

DEFINITION 6.1. Let E be a Banach space. We say that f € K¢ (F) is
strongly 0-extreme if

(i) The antipode identity f*(\) + f*(—A) =0 holds on E(B(E™)).
(ii) The values of f* on 0B(E*) are maximal given the values of f* at
the extreme points and the fact that f* is convex.

Clearly, a strongly d-extreme type is in particular d-extreme.
LEMMA 6.2. Let E be a normed space.

(i) Then the set of strongly 0-extreme f € Ko (F) is dense.

(ii) Assume moreover that dimE < oo and [*[ypg+) 18 continuous
whenever f € Kc(E) is strongly 0-extreme. Then the isolated types
over E are dense and G[E| exists.

Proof. In order to show that the strongly 0-extreme types are dense, let

U be open and f € U. We may assume that U consists of all g € K¢ (FE)

such that |g(vi) — f(vi)| < € for i < n. Let X = co(v; : i < n) C E, and

replacing f with f[yx we may assume that f is local, i.e., f* is continuous.

For each i < n fix \; € B(E*) such that f(v;) + f*(\i) < \jv; + €, and we
may require ||\;|| < 1. Define

f*N) = (=N

2 , A€ &E(B(EY)),

fo0— : (B(E")

(), A=A\
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Then f satisfies the hypotheses of Lemma and is therefore the restriction
of g*: B(E*) — R for some g € K¢(F). We have ¢g* > f* ie, g < f, and
g(vi) = Aivi — g" (M) = Nvi — f*(Ni) > f(vi)) — e, 50 g € U. Also, g* is
strongly 0-extreme by construction.

Assume now that E is as in the second item. By Lemmal[d.6] if f € K¢(E)
is strongly d-extreme then f* is continuous, so f is isolated by Theorem [5.7}
It follows that the isolated types are dense in K¢ (E) = Si(E), so G[E]

exists by Theorem 2.16 =

REMARK 6.3. Over a reflexive Banach space E, every isolated type is
strongly 0-extreme, by Corollary and the fact that every A € 0B(E*)
norms some v # 0.

THEOREM 6.4. Let E be a normed space of finite dimension. Then the
isolated types in Ko (FE) are dense if either of the following holds:

(1) Ewvery face of B(E*) of dimension at most dim E — 2 is a simplex.
This holds in particular whenever dim E < 3. Special cases of this
include:

(a) Ewvery proper face of B(E™) is a simplex. This holds in particular
whenever dim E < 2. In this case G is atomic over E C G if
and only if every A € E* admits a unique extension to G of the
same norm.

(b) The space E is smooth, i.e., every v € E is smooth. In this
case G is atomic over E C G if and only if every v € E is
smooth in G.

(ii) The space E is polyhedral.

Proof. In each case we apply Lemma [6.2] so we assume throughout that
f € Kc(E) is strongly 0-extreme.

In the first case, let n = dim E and let X C 0B(E*) be the union of all
faces of 0B(E™) that are simplexes. Then 0 B(E*)~\ X consists of the relative
interiors of some faces of dimension n — 1, so X is closed. On each face that
is a simplex, f* is affine, and since it satisfies the antipode identity at the
extreme points, it satisfies it throughout X. By Lemma , f* as a
function on B(E*), is continuous at every A € X. It follows by Lemma
that the restriction of f* to any face (be it a simplex or not) is continuous.
Thus, if \y € OB(E*) and Ay — A, then either A belongs to the relative
interior of some face of dimension n — 1, or else it belongs to X, and in any
case f*(Ag) = f*(N).

In the first special case, X = 0B(E*) and the characterisation of G[E]
follows from Lemma . The second special case is clear.

If E is polyhedral, one proves by induction on m, using Lemma that
f* is continuous on each face of dimension m, and therefore on the union of
all such faces. For m = n— 1, this means that f* is continuous on 0B(E™*). m
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Notice that Proposition [3.2]fits all cases mentioned in Theorem [6.4] More
generally, the case where F = lo,(n), namely R" equipped with the supre-
mum norm, fits cases @ and . We next use this to show that there
are infinitely many distinct orbits in the action of Aut(G) ~ dB(G) (pre-
viously we only knew there were at least two, since there are both smooth
and non-smooth points).

COROLLARY 6.5. For each n € N there exists v € OB(G) such that
N(v) =U{X € 0B(G*) : Av = 1} is a simplex of dimension n. Consequently,
the action Aut(G) ~ OB(G) admits infinitely many distinct orbits.

Proof. By Theorem [6.4] (i) (&), G[€oo (n+1))] exists, and for v = (1,1,...)
€ l(n+ 1), the set N(v) is a simplex of dimension n.

Say that two convex sets are isomorphic if there exists a homeomorphism
between them respecting convex combinations. Then the isomorphism type
of N(v) is invariant under the action of Aut(G), proving the existence of
distinct orbits. m

Let us now give some examples in which the conclusion of Theorem [6.4]
fails. This will show that while the theorem is not necessarily optimal, none
of the hypotheses can be simply done away with.

EXAMPLE 6.6. We construct an example of a space E of dimension 4 such
that G[E] does not exist. Let By = {£1}* CR* By = {(,%,0,0) : 22+y? = 2
and z,y # 1} and B = co(BoUBj). Then B is a compact symmetric convex
neighbourhood of 0, so we may take E* = R* with B(E*) = B. Moreover,
the set of extreme points in B is exactly By U Bj. It follows by Corollary
that if f € K¢ (F) is isolated, then f* satisfies the antipode identity also at
the four points (£1,+1,0,0) (which are not extreme).

Let us construct a special f € K¢(FE) by constructing f*. At a point
(x,y,z,w) € By we let f*(z,y,z,w) = xyz, on By we let f* vanish, and then
define f* on B as the generated closed convex function. This function satisfies
the antipode inequality and therefore is indeed of the form f* for some
f € Kc(E). In addition, a direct calculation reveals that f*(£1,+1,0,0)
= —1.

Fix £ > 0 (¢ = 1/2 will do). At each point A € By there is some vy € E
such that f*(A) < Avy— f(va)+e. Let U C Ko (F) consist of all g such that
lg(vyn) — f(va)| < € for all A € By. Then U is a neighbourhood of f, and if
g € U, then at A € By we have

g (A) = Ay —g(vx) > Aoy — f(vx) —e > f5(A) = 2,
and therefore

G (N) < —g(=A) < =f*(—=A) + 2 = f*(\) + 2.
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Thus ¢* < f* 4+ 2¢ throughout the unit cube, in particular g* (%1,
< 2e—1. Thus, for e = 1/2 or less, the antipode identity fails at (£1,
for every g € U, so U contains no isolated points.

+1,0,0)
+1,0,0)

If we want counter-examples consisting of smooth spaces, we need to
move to infinite dimension. In fact, we obtain a plethora of examples over
which there are no isolated types other than the obvious ones.

PROPOSITION 6.7. Let E be a Banach space such that E(B(E*)) ¢
OB(E*). Then the only isolated types over E are the realised ones. This
holds in particular when E = co and E* = {1, or E = {,, and E* = {, with
1 <pq, 1/p+1/q =1, since \; — 0, where \; consists of a single 1 at
position © and 0 elsewhere.

Proof. Indeed, let f € K¢ (E) be isolated. By Corollary f* satisfies
the antipode identity on £(B(E*)) and therefore (by continuity of f*) at
some non-boundary point. By Lemma f is realised. =

Over E = G the isolated types are again exactly the realised ones, but
in this specific case they are dense and G[E] = E.

QUESTION 6.8. Is there any infinite-dimensional F other than G over
which the isolated types are dense? Is there any infinite-dimensional E over
which there are unrealised isolated types? Specifically, what happens in the
case £ = {1, E* = {,, to which Proposition [6.7] does not apply?

7. Counting types. We conclude with a calculation of the size of the
type space over a separable Banach space E. By “size” we mean here the
metric density character (since the cardinal [S,(E)| is the continuum as
soon as n > 0 and E # 0).

THEOREM 7.1. Let E be a separable Banach space.

(i) If E is finite-dimensional and polyhedral, then S, (E) is metrically
separable.

(ii) Otherwise, S, (E) has metric density character equal to the contin-
uum for every n > 1.

Proof. Assume first that F is finite-dimensional and polyhedral. Then
by Melleray [Mel07, remarks following Corollary 4.6, the space K(E) is
separable, and a fortiori so is S1(F) = K¢ (FE). The passage from 1-types to
n-types is done as in the proof of Lemma [2.15] and is left to the reader,

Now assume that F is not both finite-dimensional and polyhedral. Then
by Lindenstrauss [Lin64, Theorem 7.7| there exists a sequence {v,} C F
such that for any n % m and any choice of signs,

[vn £ Om|| < ol + [[om] = 1.
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Embed E (isometrically) in £, and for a sequence & € {£1}Y, consider
the family of closed balls B(g,vp, |[vs]| — 1/2). By hypothesis, any two such
balls intersect in a non-empty set, and therefore there exists v € £, that
belongs to them all. In other words, there exists { = tp(v/E) € S1(F)
such that ||z — g,v,|% < ||vall — 1/2. If & # &, then d(&:,&2) > 1, so
the density character of S;(E) is at least the continuum. The same holds a
fortiori for S, (E), n > 1. m

REMARK 7.2. Lindenstrauss’s argument is quite elementary, and yields
a quick proof for Theorem that does not depend on the machinery
developed in earlier sections. An argument closer to the spirit of the present
paper can also be given.

Let = be the set of lower semicontinuous functions fo: E(B(E*)) - R
that satisfy in addition fo(A)+fo(—A) < 0. Then F is not a finite-dimensional
polyhedral space if and only if £(B(E*)) is infinite, in which case = has
density character continuum. If fo € = and f = f; as in Lemma [4.5] then
[ lesEry) = foand f*(A) + f*(=A) < 0 throughout B(E™), so f € Kc(E)
and we are done. Notice that this argument has the advantage of treating the
two cases of “finite-dimensional, non-polyhedral” and “infinite-dimensional”
in the same manner, while the proof of [Lin64, Theorem 7.7| treats them
separately, with the second one being significantly more involved.

Theorem answers Problem 2 of Avilés et al. JACCT11) Section 4]
in the negative (and we thank Wiestaw Kubi§ for having pointed this out
to us). They say that a Banach space G is of universal disposition for finite-
dimensional spaces if it satisfies a strengthening of Definition with
being an isometry.

COROLLARY 7.3. The density character of any space of universal dispo-
sition for finite-dimensional spaces is at least the continuum. In other words,
the answer to |JACCT11) Section 4, Problem 2| is negative.

Proof. Assume that G is of universal disposition for finite-dimensional
spaces. Then the Euclidean plane F embeds isometrically in GG, and all types
over I/ are realised in GG, so the density character of G must be at least the
metric density character of S7(FE), namely the continuum. =

On the other hand, say that a Gurarij space G is strongly Ni-homo-
geneous if the following stronger version of Corollary [2.8 holds in G:

For every separable FF C G and isometric embedding ¢ :
F — @ there exists an isometric automorphism ¢ € Aut(QG)
extending ¢.

Clearly, a strongly 8;-homogeneous Gurarij space is of universal disposition
for finite-dimensional (and even separable) spaces. Moreover, there does exist
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such a space of density character the continuum. This is merely a special
case of a general model-theoretic result: for any cardinal x and structure
M of density character < 2%, in a language of cardinal < k, there exists
an elementary extension M’ = M of density character still < 2%, which is
moreover x-saturated and strongly xT-homogeneous. Apply this to M = G
and kK = Ny.

Acknowledgments. Research supported by the Institut Universitaire
de France, by ANR project GruPoLoCo (ANR-11-JS01-008) and by a grant
from the Simons Foundation (#202251 to the second author). Part of the
work was carried out during the Universality and Homogeneity programme
at the Hausdorff Institute of the University of Bonn (Fall 2013).

References

[ACCT11] A. Avilés, F. Cabello Sanchez, J. M. F. Castillo, M. Gonzalez, and Y. Moreno,
Banach spaces of universal disposition, J. Funct. Anal. 261 (2011), 2347-2361.

[Ben08a) 1. Ben Yaacov, Continuous first order logic for unbounded metric structures,
J. Math. Logic 8 (2008), 197-223.

[BenO08b| I. Ben Yaacov, Topometric spaces and perturbations of metric structures,
Logic Anal. 1 (2008), 235-272.

[Ben09| I. Ben Yaacov, Modular functionals and perturbations of Nakano spaces,
J. Logic Anal. 1 (2009), paper 1, 42 pp.

[Ben14] I. Ben Yaacov, The linear isometry group of the Gurarij space is universal,
Proc. Amer. Math. Soc. 142 (2014), 2459-2467.

[Benl5| I. Ben Yaacov, Fraissé limits of metric structures, J. Symbolic Logic 80

(2015), 100-115.

[BBHUO8| I. Ben Yaacov, A. Berenstein, C. W. Henson, and A. Usvyatsov, Model theory
for metric structures, in: Model Theory with Applications to Algebra and
Analysis, Vol. 2, London Math. Soc. Lecture Note Ser. 350, Cambridge Univ.
Press, Cambridge, 2008, 315-427.

[BUO7| I. Ben Yaacov and A. Usvyatsov, On d-finiteness in continuous structures,
Fund. Math. 194 (2007), 67-88.

[BU10| I. Ben Yaacov and A. Usvyatsov, Continuous first order logic and local sta-
bility, Trans. Amer. Math. Soc. 362 (2010), 5213-5259.

[Bou81] N. Bourbaki, Espaces vectoriels topologiques. Chapitres 1 & 5, Eléments de
mathématique, new ed., Masson, Paris, 1981.

[Bre83] H. Brezis, Analyse fonctionnelle. Théorie et applications, Collection Mathé-
matiques Appliquées pour la Maitrise, Masson, Paris, 1983.

[Gur66] V. 1. Gurarij, Spaces of universal placement, isotropic spaces and a problem of

Mazur on rotations of Banach spaces, Sibirsk. Mat. Zh. 7 (1966), 1002-1013
(in Russian).

[Kat88] M. Katétov, On universal metric spaces, in: General Topology and Its Relations
to Modern Analysis and Algebra, VI (Praha, 1986), Res. Exp. Math. 16,
Heldermann, Berlin, 1988, 323-330.

|[KS13| W. Kubi$ and S. Solecki, A proof of uniqueness of the Gurarii space, Israel
J. Math. 195 (2013), 449-456.


http://dx.doi.org/10.1016/j.jfa.2011.06.011
http://dx.doi.org/10.1142/S0219061308000737
http://dx.doi.org/10.1007/s11813-008-0009-x
http://dx.doi.org/10.4115/jla.2009.1.1
http://dx.doi.org/10.1090/S0002-9939-2014-11956-3
http://dx.doi.org/10.1017/jsl.2014.71
http://dx.doi.org/10.4064/fm194-1-4
http://dx.doi.org/10.1090/S0002-9947-10-04837-3
http://dx.doi.org/10.1007/s11856-012-0134-9

82 1. Ben Yaacov and C. W. Henson

[Lin64] J. Lindenstrauss, Extension of compact operators, Mem. Amer. Math. Soc. 48
(1964).

[Lus76] W. Lusky, The Gurarij spaces are unique, Arch. Math. (Basel) 27 (1976),
627-635.

[Maz33] S. Mazur, Uber konvere Mengen in linearen normierten Rdumen, Studia
Math. 4 (1933), 70-84.

[Mel07] J. Melleray, On the geometry of Urysohn’s universal metric space, Topology
Appl. 154 (2007), 384-403.

[Roc70] R. T. Rockafellar, Convex Analysis, Princeton Math. Ser. 28, Princeton Univ.
Press, Princeton, NJ, 1970.

[Usp0g| V. V. Uspenskij, On subgroups of minimal topological groups, Topology Appl.
155 (2008), 1580-1606.

Itai Ben Yaacov C. Ward Henson

Université Claude Bernard — Lyon 1 University of Ilinois at Urbana-Champaign

Institut Camille Jordan Urbana, IL 61801, U.S.A.

CNRS UMR 5208 URL: http://www.math.uiuc.edu/ henson/

43 boulevard du 11 novembre 1918
69622 Villeurbanne Cedex, France
URL: http://math.univ-lyonl.fr/“begnac/


http://dx.doi.org/10.1007/BF01224730
http://dx.doi.org/10.1016/j.topol.2006.05.005
http://dx.doi.org/10.1016/j.topol.2008.03.001

	Introduction
	1 Quantifier-free types in Banach spaces
	2 The Gurarij space
	3 Isolated types over one-dimensional spaces
	4 The Legendre–Fenchel transformation of 1-types
	5 Characterising isolated types over arbitrary spaces
	6 Existence and non-existence results
	7 Counting types
	References

