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1. Introduction. In this article we shall construct various examples of
generalized number systems in order to compare three major conditions for
the validity of the prime number theorem (PNT) in the setting of Beurling’s
theory of generalized primes.

Beurling’s abstract formulation of the PNT is as follows [I 2]. A set
of generalized primes is simply a sequence P = {pj}32, of real numbers
tending to infinity with the only requirement that 1 < p; < py < ---
Its associated set of generalized integers is the non-decreasing sequence
1 =ng < ng < ng < - arising as all possible finite products of the
generalized primes (occurring in {n4}72, as many times as they can be rep-
resented by pf! ...pg™ with v; < vj;1). Consider the counting functions of
the generalized integers and primes,

(1.1) N(z)=Np(z)= Y _ 1 and =(z)=mp(z)= Y 1,

np<w E<x

where one takes multiplicities into account. Beurling’s problem is then to
determine asymptotic requirements on N, as minimal as possible, which
ensure the PNT in the form

(1.2) 7(z)

x

~ gz’ T — 00.
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Three chief conditions on N are the following. The first was found by
Beurling in his seminal work [2]. He showed that

x

(1.3) N(m)—ax—i—O( >, T — 00,

log” x
where a > 0 and vy > 3/2, suffices for the PNT to hold. A significant
extension to this result was achieved by Kahane [I1I]. He proved, giving a
positive answer to a long-standing conjecture by Bateman and Diamond [I],
that the L?-hypothesis

o0
(1.4) |

1
for some a > 0, implies the PNT. We refer to the recent article [19] by
Zhang for a detailed account of Kahane’s proof of the Bateman—Diamond
conjecture (see also the expository article [6]). Another condition yet for the
PNT has recently been provided by Schlage-Puchta and Vindas [14], who
have shown that

(1.5) N(z) :ax+0<

(N(t) —at)logt
t

2 dt
— < 00,
t

X

) © 2o

with @ > 0 and v > 3/2 is also sufficient to ensure the PNT. The symbol
(C) stands for the Cesaro sense [7] and explicitly means that there is some
(possibly large) m € N such that the following average estimate holds:

(1.6) §W<1—t>mdt:0< a > z — 0.

; t x log”

It is obvious that Beurling’s condition is a particular instance
of both and . Furthermore, Kahane’s PNT also covers an ear-
lier extension of Beurling’s PNT by Diamond [3]. However, as pointed out
in [I4], 19], the relation between and is less clear.

Our main goal in this paper is to compare and . We shall
construct a family of sets of generalized primes fulfilling the conditions stated
in the following theorem:

log” x

THEOREM 1.1. Let 1 < oo < 3/2. There exists a generalized prime num-
ber system P, whose generalized integer counting function Np, satisfies (for
some aq > 0)

xT

(1.7) Np, (x) :aax—f—O(

but violates (1.4)), namely,

(1.8) OSO (NP, (t) —taat) logt

1

) (C), form=1,2,...,

log" x

2@_
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Moreover, these generalized primes satisfy the PNT with remainder

(1.9) wp, () = — +0( a )

- log x log® x

Our method for establishing Theorem is first to construct examples of
continuous generalized number systems with the desired properties. For this,
we shall translate in Section [2| the conditions and into analytic
properties of zeta functions. Our continuous examples are actually inspired
by the one Beurling gave in [2] to show that his theorem is sharp, that is, an
example that satisfies for v = 3/2 but for which the PNT fails.
Concretely, in Section [3| we study the zeta functions (¢ associated to the
family of absolutely continuous Riemann prime counting functions

xX
(1.10) o g(x) = |

1
Ifa=1in , this reduces to the example of Beurling, whose associated
zeta function is (c1(s) = (14 1/(s — 1)?)!/2. In case a > 1, explicit formu-
las for the zeta function of are no longer available, which makes its
analysis considerably more involved than that of Beurling’s example. In the
absence of an explicit formula, our method rather relies on studying qualita-
tive properties of the zeta function, which will be obtained in Theorem
via the Fourier analysis of certain related singular oscillatory integrals. As
we show, the condition 1 < o < 3/2 from Theorem is connected with
the asymptotic behavior of the derivative of (¢ (s) on Res = 1.

The next step in our construction for the proof of Theorem is to
select a discrete set P, of generalized primes whose prime counting function
mp, is sufficiently close to (1.10). We follow here a discretization idea of
Diamond, which he applied in [5] to produce a discrete example showing
the sharpness of Beurling’s theorem. We prove in Section [4] that the set of
generalized primes

(1.11) Po=A{pr}i21,  pr= g (k)
satisfies all the requirements from Theorem

Note that Diamond’s example from [0] is precisely the case a = 1
of @ . However, it should also be noticed that the analysis of our ex-
ample @ that we carry out in Section [4| is completely different from
that in [5]. Our arguments rely on suitable bounds for the associated zeta
functions and their derivatives. Moreover, our ideas lead to more accurate
asymptotic information on the generalized integer counting function of Di-
amond’s example. We give a proof of the following theorem in Section

THEOREM 1.2. Let Py be the set (1.11)) of generalized primes correspond-
ing to a = 1. There are constants c, {d;}32,, and {0;}52, such that Np,

1 _ o
cos(log™ u) du. > 1.
log u
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has asymptotic expansion

cos(logz + 0;)

" 00
1.12 Np,(z) ~ cx + d; .
( ) P1( ) 10g3/2 - ZO J log/ 2

= cx + dy

xcos(logm+90)+0< x ) oo
log5/2:£ ’ ’

with ¢ > 0 and do # 0, while the PNT does not hold for P;.

log3/ 2y

We mention that Theorem not only shows the sharpness of v > 3/2
in Beurling’s condition for the PNT, but also that of v > 3/2 in .
In addition, implies that all the Riesz means of the relative error
(Np,(z) — cx)/x satisfy

xT

Np, (t) — ct t\"
SPl()C<1_> dt:gi<”“”2>, z—o0,m=0,12,....
; t x log3/ z

Observe also that Theorem in particular shows that the PNT by Schlage-
Puchta and Vindas is a proper generalization of Beurling’s result. They gave
an example in [I4, Sect. 6] to support this result, but their proof contains
a few mistakes (there are gaps in the proof of [14, Lemma 6], and the proof
of [14, Eq. (6.4)] turns out to be incorrect). The last section of this article
will be devoted to correcting these mistakes; we prove there:

THEOREM 1.3. There exists a set P* of generalized primes such that
Np-(2) = z 4+ 2(z/log?? z), but Np-(z) = z 4+ O(x/log®>~¢ x) in Cesiro
sense for arbitrary € > 0. Furthermore, for this number system we have
mp(z) = z/log x + O(x/log?/3~¢ ).

1.1. Notation. We will often make use of standard Schwartz distri-
bution calculus. See the textbooks [9, [I7] for the theory of distributions
and [7, 13] for asymptotic analysis of generalized functions. The standard
test function spaces are denoted as usual by D(R) and S(R), while D'(R)
and §’(R) stand for their topological duals, the spaces of distributions and
tempered distributions. We fix the constants in the Fourier transform as
o(t) = § e " ¢(x) dz. Naturally, the Fourier transform is well defined on
S'(R) via duality. If f € S’(R) has support in [0, 00), its Laplace transform
is L{f;s} = (f(u),e "), Res > 0, and its Fourier transform f is the dis-
tributional boundary value of £{f;s} on Res = 0. We use the notation H
for the Heaviside function, which is the characteristic function of (0, c0).

2. Auxiliary lemmas. We begin by defining some other helpful num-
ber-theoretic functions. As usual, the zeta function is indispensable for
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studying the prime number theorem in this context,
o0
(2.1) ((s) = | 27" dN(a).
-
Besides the usual prime counting function w, we will also work with the
Riemann prime counting function,
€0

(2.2) (x) =Y "2,

n

n=1

and we have the following link between IT and (:

o
(2.3) C(s) = exp(S z dﬂ(m)).
-

We will consider an even broader definition of generalized primes [2],
which also takes into account ‘continuous’ number systems. So, in this sense
a generalized prime number system is merely a non-decreasing function I7
that vanishes for < 1, where we assume that the integral involved in
is absolutely convergent in the half-plane Re s > 1. We normalize IT in such
a way that it is right continuous. Clearly, the zeta function ¢ from
can always be represented as ([2.1) with a unique non-decreasing function
N if we impose that N is right continuous; in fact, N is determined by
dN = exp*(dII), where the exponential is taken with respect to the multi-
plicative convolution of measures [4]. The function 7 need not make sense
in this framework. Note also that if IV satisfies any of the three conditions
7, then N(x) ~ az; consequently, if two of those conditions are
simultaneously satisfied, the constant a should be the same. We remark as
well that all the three PNT discussed in the introduction are valid in this
more general setting.

In the rest of this section we connect and with the boundary
behavior of {(s) on the line Re s = 1.

2.1. A sufficient condition for the Cesaro behavior. The follow-
ing Tauberian lemma gives sufficient conditions on the zeta function for N
to have the Cesaro behavior with v = n € N. The proof of this re-
sult makes use of the notion of the quasiasymptotic behavior of Schwartz
distributions; for it, we use the notation of [I3], Sect. 2.12, p. 160] (see also
[14, p. 304])).

LEMMA 2.1. Let n € N. Suppose that the function F(s) = ((s)—a/(s—1)
can be extended to the closed half-plane Re s > 1 as an n times continuously
differentiable function. If for every 0 < j < n the functions FU)(1+it) have
at most polynomial growth with respect to the variable t, then N satisfies the
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Cesaro estimate

(2.4) N(z) = aw—l—O(

T

) (C), z— o0

Proof. We define a function R with support in [0,00) in such a way
that N(x) = axH(xz — 1) + zR(logz) (H is the Heaviside function). By the
Wiener—-Ikehara theorem (cf. [12], [I8]), the assumptions imply N(z) ~ ax.
This ensures that R € S'(R). A quick computation shows that F(s) =
a+ sL{R;s — 1} for Res > 1. Let ¢ € S(R). We obtain

(Ru-+ ), () = 5 (), 6(-0)e™)

log" x

o0

1 F it) —a - .
27 o1+ o+t
1 T F+it)—a, 4

= — | =T Attt qt.
o &O T e

By using integration by parts n times, we can bound this last term as

n ; ) i
(=1 S(F(lﬂt)_“&(—t)) e dt =O0(h™), h— oco.

2 1+ it inhn

The last step is justified because all the derivatives of F'(1+it) have at most
polynomial growth and any test function in S(R) decreases faster than any
inverse power of [t|. We thus find that {* R(u + h)p(u)du = O(h™™).
Assuming that ¢ € D(R) and writing h = log A and ¢(z) = e*¢(e"), we
obtain the quasiasymptotic behavior

(2.5) R(log(\z)) = o( !

logn)\>7 A — oo, in D/(0,00),
which explicitly means that

oo
1
§ R(log(A\x))p(z) dz = O(log”)\)’ A — 0,
for every ¢ € D(0,00). Using [15, Thm. 4.1], we find that the quasiasymp-
totic behavior (2.5) in D’(0,00) is equivalent to the same quasiasymptotic
behavior in D'(R), and, from the structural theorem for quasiasymptotic
boundedness [I3, Thm. 2.42, p. 163] (see also [15},[16]), we obtain the Cesaro

behavior (2.4). m

2.2. Kahane’s condition in terms of (. Note first that Kahane’s
condition (|1.4)) can be written as

N(z) :ax+&E(log:c), x> 1,
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where E € L%(R). We set E(u) = 0 for u < 0. Notice that E(u)/u is right
continuous at every point, as follows directly from its definition, and in
particular it is integrable near u = 0.

In the rest of this subsection we consider a generalized number system
which satisfies Kahane’s condition with a > 0. Since N(x) ~ ax, the
abscissa of convergence of ¢ is 1. Furthermore, ((1 + it) always makes sense
as a tempered distribution (the Fourier transform of the tempered measure
e "dN(e")). With these ingredients we can compute the zeta function. We
obtain

(2.6) C(s) = sil +a+sG(s), Res>1,
with .
E(u
G(s) = (S) 6(31)UL) du.
The function G admits a continuous and bounded extension to fe s = 1:
G(l+it) = Te—imM du.
5 u

Indeed, since E(u)u~! € LY(R) N L3(R), its Fourier transform G(1 + it) is
in C(R) N L*°(R) N L?(R). Furthermore,
G'(1+4it) = —E(t) € L*(R).
These observations lead to the following lemma. Recall that H is the

Heaviside function, so that H(|t| — 1) below is the characteristic function of
(_007 _1) U (17 OO)

LEMMA 2.2. Kahane’s condition (1.4) holds if and only if the boundary
value distribution of (((s) —a/(s —1)) on Res =1 satisfies

(2.7 Slew-5) e
and
(2.8) (M) H(lt| - 1) € L*(R).

Naturally, the derivative in (2.8)) is taken in the distributional sense with
respect to the variable .

Proof. We have already seen that Kahane’s condition holds if and only
if G'(1 +it) € L3(R), and that (2.7) and ({2.8) are necessary for it. Assume
these two conditions hold. Note that (2.7) is sufficient for G(1 + it) € C(R),

while (2.8) and ({2.6]) imply
G(1+it) =O(\/|t|) for |t| > 1,
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because

casipid || () fau < e,

1< u|<[t]

by Holder’s inequality. So, we may take the continuity of G(1 + it) and
the bound G(1 + it) = O(+/|t]) for granted in the rest of the proof. In view
of (2.6)), the function involved in is precisely G(1+it)+(1+it)G'(1+1it);
therefore, yields G'(1+it) € L2 (R). It remains to show that G’(1+it)
is square integrable on R\ [—1, 1]. For |¢| > 1, appealing again to the defining
equation , we have

t

MG/(l—f—it) = < 03 12

t
= (Y o) e w1,

which now gives G’(1 +it) € L?(R). m

§(1+it)>/+ 2a a+ G(1 +it)

Our strategy in the next two sections to show Theorem is to exhibit
examples of generalized number systems which fail to meet the conditions
of Lemma [2:2 but satisfy those of Lemma 2.1}

3. Continuous examples. We shall now study the family of absolutely
continuous Riemann prime counting functions ((1.10). For ease of writing,
we drop « from the notation and we simply write

(31) HC( ) HCa

xr

1 — cos(l
S cos(log™ u) du. > 1.
1

log u

The number-theoretic functions associated with this example will also have
the subscript C, that is, we denote them as Ng and (¢. As pointed out in
the Introduction, when o« = 1 we recover the example of Beurling. For this
reason, it is clear that & = 1 will not yield an example for Theorem
as the prime number theorem is not even fulfilled and hence neither holds
the Cesaro behavior for No with n > 3/2. We therefore assume in
this section that o > 1. Now we calculate the function (¢ of our continuous
number system via formula :

dzx

Tdlo(x T1 = cos(log® z
S C():S (log” x)

s . z¥log x

log (o (s) =

S 1 —cosu® o (s=Du g,
0
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0 —(s—1)u o0 @
=F.p. S C - F.p. S COSY —(s=Du gy,
0 w 0 w

=—log(s—1)—v—K(s), Res>1,

where v = 0.57721 ... is (from now on in this article) the Euler-Mascheroni
constant,

(3.2) K(s) :=F.p. S COZU ey Re s> 1,
0

and F.p. stands for the Hadamard finite part of a divergent integral [7,
Sect. 2.4]. Summarizing, we have found that

eiﬁfefK(S)

(33) o) = =

It is clear that we must investigate the properties of the function K
in order to make further progress in understanding the zeta function (¢
of . The next theorem is of independent interest; it reveals a number of
useful analytic properties of the singular integral .

THEOREM 3.1. Let o > 1. The function K defined by (3.2)) for Res > 1
has the ensuing properties:

e s > 1.

(a) K can be extended to the whole complex plane as an entire function.

(b) K(1) = —/a.

(¢) On the line Re s = 1 the function K and its derivatives have asymp-
totic behavior

(34) K +it) = —loglt| — v — “ sen(t) + 0<|tl|a) + o<1>,

2 7D
(3.5)  K'(1+it)

= Aq1lt] e exp(—z’ sgn(t) <Ba’t’a/(a1) B Z)) O<|t1|)7

and, form=2,3,...,

(3.6)  KU(1+it)

m—a/ m—3a/2
—1

= Aot T exp(—isgn(t) (Batya/<a—1> - D) +O(t] "<

)7

as |t| — oo, where

1/2—m m

_ o —a/(a—1) — (_1\", "a= o0
(3.7) Bs=(a—1)a and Aqm = (—1)"a o1 a1y’

form=1,23,....
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Proof. We shall obtain all the claimed properties of K from those of the
analytic function
X e—lzu
F(z):=F.p. S —e" du, Smz<0.
U
0

The two functions are obviously linked via the relation
F(z)+ F(-2)
— 5

We need a (continuous) Littlewood—Paley partition of unity [I0, Sect. 8.5].
So, pick an even function ¢ € D(R) with the following properties: supp ¢ C
(—1,1) and ¢(x) =1 for x € [—-1/2,1/2]. Set ¥(z) = —x¢'(x), an even test
function with support in (—1,1/2]U[1/2,1), so that we have the decompo-
sition

(3.8) K(1+iz) =

1
d
1:¢<w>+§w<ysc>;y, reR.
0

This leads to the continuous Littlewood—Paley decomposition

(3.9) F(z)=0(2) +v(z), Smz<D0,
where
T plwei == ; dy
0(z) = F.p. S ——du, wv(z)= S(ﬁ(y,z)—,
u Y
0 0
and

T vty

u

Dy, z) = du, Smz<0.

0

The formula for v still makes sense for z = ¢ € R if it is interpreted in the
sense of tempered distributions, the integral with respect to y then being
understood as a weak integral in S’'(R). Observe that 6(z) and @(y, z) are
entire functions of z, as follows at once from the well-known Paley—Wiener—
Schwartz theorem [I7]. The asymptotic behavior of 6 and its derivatives on
the real axis can be computed directly from the Estrada—Kanwal general-
ization of Erdélyi’s asymptotic formula [7, p. 148]; indeed, employing only
one term from that asymptotic formula, we obtain

’ 1
0() = ~log |~ 7~ = sem(t) + 0(|ﬂ>

mmap:“”mm“4ﬂ+o( ! )

tm |t‘a+m

(3.10)

form=1,2,..., as |t| = oc.
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We now study the integral Sé d(y, 2)y~* dy. If we consider z = t + io,we
can write (t # 0)

7Dy, 2)
—-m A\ a— T a— ift|o/ (=1 (g _sgn(t)z)+olt|/ (@ Dg
(i) @D | gy (1 Dyl —sgn @2 ol Ve g
0

where py,(z) = 2™ 2)(z) for m € N. We need to establish some asymptotic
estimates for the above integrals

o)

(B11) Tyt ) = § pun(H]/ D)t/ s 0 g,
0
We shall show that for each n € N,
(3.12)
O(y"t™) if t > 0 and t¥/(@ Dy > 291/ (@1,
Im(y,t;0) =
O(yre—l=1(=1) if t > 0 and t'/(@" Dy < 1/2,
and

O@y"[t|™™) if t <0 and [¢t|'/(>=Dy > 1,

(3.13) Jm(y,t;0) =
Oyt~ V(=) if t < 0 and |t|/(@ Dy < 1,

where all big O-constants only depend on «, n, and the L°°-norms of the
derivatives of p;,,. Notice that the estimates (3.12)) and ({3.13]) yield, uniformly
for z in compacts of C,

07D (y, 2)| = On(y" ™™ if y|t|/ (@D < 1/2,

for any n, which proves that the integrals Sé O d(y, z)y~! dy are absolutely
convergent in the space of entire functions, and thus v(z) is entire. In par-
ticular, F(z) is an entire function, hence so is K (s) because of (3.8). Fur-
thermore, using , one obtains at once

(3.14) o™ (1) = O(jt|™) ast— —oc, ¥n € N.

In order to prove 1D in the range t'/(@=Yy > 201/(=1)  we rewrite
B11) as

0 1/(a—1)
pm(t yx) , jtor/ (0=1) g ()
In(y,t;0) = \ ———————¢'(x)e' I de,
" (S) g'(x)
where g(z) = 2% — x — ioxz/t. The estimate (3.12) for /@Dy >
201/(@=1) follows by integrating by parts n times and noticing that
lg/(x)] > 1—2""2>0for z € (0,a'/(®=1)/2). In fact, integrating by parts
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once gives

+ > —a/(a—
Inttir) < 1= 20 B esec
(2a1/(a—1))
X S (yt Dol (yt D) + | pa(y tl/(“_l)fff)!)dw
0
<yt

because p(yt'/(@=Vz) vanishes for z > (2a!/(®=1)~1 and we have t—/(a=1)
< (2a/(@=1)=1yt=1 In the general case, we iterate this procedure n times
to obtain J,,(y,t;0) = O(y™t™") where the O-constant only depends on «
and || pm || oo ®)s |00l oo (m) s - o || (&) On the other hand, if t1/(2=Vy
< 1/2, we integrate by parts n tlmes in the integral

1

1 pm(x) iy~ f,
Jin(y, t; W@ g
(ya 70) tl/ a— 1 152 f/ (.CC) f (.’IJ)€ Zz,

where f,(z) = 2% — y* 'tz — iocy® 'z. The second part of (3.12)) holds be-
cause |f,(x)] > Re f}(x) > (o —1)2'7* and the derivatives of f, of order
> 2 are bounded on (1/2,1); once again the O-constant only depends on «

and || pmll oo (), o7l Lo (®) - Hp ”Loo . The estimate (3.13) is proved
in a similar fashion.

We now obtain the asymptotic behavior of v(t) and its derivatives as
t — oco. Employing (3.12]) we have, for each n € N,

2(a/t)1/ (=)
v () = (=) Ty, 50) dy + Ot

t—l/(a—l)/2
2q1/(a=1) 00
_ (_i)mtm/(afl) S y ™ S pm(yx)eit&/(ﬂ—l)(;pﬂfz) dx dy-f—O(tin)
1/2 0

as t — 0o. The asymptotic expansion of S pm(yz)e it®/(«"D(2%=2) g2 can be
derived directly from the stationary phase principle (cf. [9 Thm. 7.7.5]).
The only critical point of 2® — z lies at z = a~1/(@=1 g0 the stationary
phase principle leads, after a routine computation, to

| pm (yz)ett™ TV @ =) gy
0
_ At T@T gmilam (/@) 7 1))y L o TS
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as t — oo, uniformly for y € (1/2,2a"(@=1), where

2
Ay = \/al/(al)(a _ 1)

and the big O-constant depends only on «, m, and the derivatives of order
< 2 of 9. Observe also that

2ql/(a=1) 1

[ ey ok | 0 gy o2,
1/2 1/2 Y
Hence,
(3.15)
U(m) (t) = (—i)ma 1{12:1mtm(;11/2 e_i(a—l)(t/a)a/(afl) % n O(tm;ial/z)

as t — 0o. The asymptotic estimates (3.4)—(3.6) with constants (3.7) follow
by combining (3.8]), (3.10)), (3.14), and (3.15)). Thus, the proofs of (a) and (c)

are complete.
It remains to establish (b). Notice that K (1) = Re F'(0) because of (3.8]).
On the other hand, applying the Cauchy theorem to

for the contours C = [¢,7] U {& = re® : 9 € [0,7/(2)]} U {€ = 2™/ .
x € e, r]yU{€ =ce” 9 €[0,7/(2a)]}, one deduces that

o0 e,iucx
F(0) =F.p. | du
U
0
00 eima w/(2a) A -
=Fp. | dr+ lim i | =" dy
o x e—0t
1 . ) )
:—F.p.ge dm—kl—wz—l—l—z—ﬂ.-
«o 0 2c a2«

The previous theorem and (3.3)) imply that (¢ is analytic in C\ {1} and
actually has a simple pole at s = 1 with residue
Res,—1(c(s) = e~ 171/,

Thus, in view of Theorem (c)7 the function N¢ fulfills the hypotheses of
Lemma with @ = exp(—v(1 — 1/a)) for every n. Furthermore, is
also satisfied, as (¢(s) — a/(s — 1) is entire. Since we are interested in vio-
lating Kahane’s condition, we must investigate . The Leibniz rule for
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differentiation gives

(Cc(1t+ it)>/H(|t| _

e—K(l—l—it)—'yKl(l + ’Lt) 2€—K(1+it)—’y ‘
= <— 2 + 3 )zH(\t\ —1).
Using (3.4) we see that the absolute value of the second term is asymptotic
to (2/t?)H(|t| — 1) € L*(R). Employing Lemma and (3.4)) once again,
we find that Kahane’s condition for No becomes equivalent to
K'(1+1it
1+t
The asymptotic behavior of t~1K'(1 +it) is given by (3.5):
K'(1+ it 2-3a/2 1
s ) o 1)

as [t| — oo. The second term above is L? for [t| > 1, while the first term is L?
only for a > 3/2. We summarize our results in the following proposition,
which shows that our continuous number system satisfies the properties

stated in Theorem As usual, we set

(|t| = 1) € L*(R).

xT

Li(z) = |

2
PROPOSITION 3.2. Let o« > 1. The functions N and Ilo satisfy

dt
logt

Ne(z) :er(ll/a)+O< i > (C) forn=1,2,...,
log" x
and
(3.16) o(z) = Li(x) +o<logﬂx>.
Moreover,
OSO (Ne(z) — ze 7=V log 2|2 da C
x x

1
if and only if 1 < a < 3/2.
Proof. We only need to prove (3.16)). This follows from a calculation:

¢ (x) - Li(z) = — | cos(log®w) O(1)

log u

N

1 u . @
_ - S oz d(sin(log® u)) + O(1)
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:1”§sinl(1o§au) u_:ism(lig:u) du+0<1 i )
oy loghu > 10g" T u 0g" T
~0l(72)
log® x
because - -
L (loe®
SW@«S L O(WE) <€ —
log® u log® u log® x

and similarly the second integral has growth order < z/log®™ z. =

4. Discrete examples: Proof of Theorem We now discretize
the family of continuous examples from the previous section. Let o > 1. We

recall that the functions of the continuous example were
x

1 — cos(log® u e Te~
(@) = | F =0T gy ang (o) = T
1

where K is the entire function studied in Theorem Our set P, of gen-
eralized primes is defined as in the introduction, namely, its rth prime p, is
I L.

We shall now establish Theorem for P,. Throughout this section,
7, ¢, N,and IT (cf. ) stand for the number-theoretic functions associated
to P,. We omit the subscript P, not to overload the notation. As an easy
consequence of the definition we obtain 0 < II¢(x)—7(z) < 1. By combining
this observation with , we see at once that 7 satisfies the PNT
(4.1) m(z) = Li(z) + O <x)

log® x

log u

where the only requirement is o > 1.

This shows that the asymptotic formula from Theorem holds
for 1 < a < 2. Naturally, implies that our set P, of generalized primes
satisfies a version of Mertens’ second theorem, which we state in the next
lemma because we shall need it below. The proof is a simple application of
integration by parts, the relation 7(z) = II¢(x) + O(1), and the explicit
formula for IIo; we therefore omit it. Notice that the asymptotic estimate
is even valid for 0 < a < 1, with the obvious extension of the definition of
P, for these parameters.

LEMMA 4.1. Let o > 0. The generalized prime number system P, satis-
fies the Mertens type asymptotic estimate

1 1
Z — zloglogx+M+O<a>
log™ x

pr<x T
for some constant M = M,,.
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We now concentrate on showing ([1.7)) and (1.8)). We will prove that they
hold with the constant

(4.2) I exp(—f)/(l - ;) + ogjx—l d(IT — Hc)(x)>.

We express the zeta function of this prime number system in terms of (¢.
We find

o0
(43) ((s) = Cols)exp( | &7 d(1T — Ho)(w)).

1
Note that {°2~5d(II — II¢)(z) is analytic on the half-plane Res > 1/2
because II(z) — Ic(x) = I(z) — n(z) + w(z) — Ho(z) = O(zY/?) + O(1).
Employing Theorem we see that, when a > 1, ( is also analytic in
Re s > 1/2 except at s = 1, and that

Ress=1((s) = aq,

where a,, is given by (4.2)). Hence, the hypothesis ([2.7) from Lemma is
satisfied with a,, for all a > 1 We also mention that P, satisfies the Riemann
hypothesis in the form ((s) # 0 for Res > 1/2, s ;é 1. (This follows from
the factorizations . ., and Theorem |3 -

As we are interested in the growth behavior of C on the line e s = 1, we
will try to control the term {[°z™1~*# d(II — II¢)(z). The following lemma
gives a useful bound for it, and this section will mostly be dedicated to its
proof.

LEMMA 4.2. Let o > 1. The discrete prime number system P, satisfies

OSO cos(tlog x)

)éree | a1t agm - UC)(Q;)‘ - ’ d(IT — I1c)(z)| = O(log log |¢]).
1

x

The same bound holds for the imaginary part, and the proof is exactly
the same. We first give a Hoheisel-Ingham type estimate for the gaps be-
tween consecutive primes from P,.

LEMMA 4.3. Let o > 1. Then pry1 — pr < p3/3 log p, for sufficiently
large r.

Proof. Set d = pz/ 3 log p,.. It suffices to show that for p, sufficiently large

we have T
Pr
1-— log®
S cos(log® u) du>1,
; log u

which is certainly implied by Sprer(l —cos(log®w)) du > 2logp,. If p, <u <
pr + d, then
adlog®tu _ d

lo a< +d> log® >
(s e U >
& 1) % NS At dja) T s,
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Since cost < 1—t2/3 for [t| < 7 /4, this implies that among the four intervals

[pr,pr +d/4], ..., [pr +3d/4, pr + d] there is one, which we call I, such that
d2
cos(log®u) <1— 502

for all w € I. The integrand in question is non-negative for all u, so we may
restrict the range of integration to I and obtain
d d? - log? p,

S(l—cos(logo‘u))du > 752 300
I

Hence our claim follows. =

> 2log pr.

Proof of Lemma[{.3 First we are going to change the integration mea-
sure:

OSO cos(tlog x) OSO cos(tlog x)

d(Il — m)(x)

41T — 1) (x)| <

x T

1 1

n S cos(tlog x) d(r — 116) ()|,

T
1

We can estimate the first integral as follows:
T
< | =d1 - 7)(z) < 0,

X
1

S cos(tlog x) (T — 7)(x)

X
1

where we have used the fact that d(II — ) is a positive measure and
I (x) — w(x) = O(z'/?). To estimate the second integral, we split it into
integrals over [p,, py41). Such an interval contributes

d(m — ) (x)

S cos(tlog x)
x

[pr 7pr+1)

)

prxﬂ cos(tlogpr)  cos(tlogx)
Dbr x

> dIlc ()

Pr
since Sg "' dllc(z) = 1. The above can be further estimated by

Pri1
S <cos(t10gpr) _ COS(thgx)) dIlc(x)

or DPr x
< pTSH cos(tlogpr)  cos(tlogx) Al ()
Dbr yZs
Pr
Pr+4+1

cos(tlogz)  cos(tlogz)

Pr x

)

pr

dllc(x).
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The second of these integrals is bounded by

DPr+1 1 1 Pral — D p2/3+s
S (‘ )dﬂc<x>= P R
Dr DPr+1

Pr DrDr+1 Df

by Lemma [4.3] and after summation on r this gives a contribution which is
finite and does not depend on ¢t. We now bound the other integral. By the
mean value theorem, we have

pTSJrl cos(tlog p,) B cos(tlog x) dITe(x)
Dr DPr
Dr
t1 —t] t 2/3+e t 1
< | Og Pr4-1 ngr| < Hlog(1+pr ) < 4‘/3’_5 <=7
Dbr Dr Dr Dr Dy

for p, > |t|'3 and p, sufficiently large. As the sum over finitely many small
pr is O(1), the latter condition is inessential. After summation on r we see
that these integrals deliver a finite contribution which does not depend on t.
Finally, it remains to bound the integrals for p, < [t|'3. Here we apply

Corollary

S

pr<[tt3 pr

1

c@) < Y =

pr<iepa T
= O(loglog|t|). =

With the same techniques the following bounds can also be established:

(4.4) | e 7" log" w d(IT — Io)(x) = O(log" [t]), n=1,2,....
1
We have set the ground for the remaining part of the proof of Theo-
rem With the above bounds it is clear that (1 + it),{’(1 + it),
¢"(1+it),... have at most polynomial growth. By Lemma [2.1] the counting
function N of this discrete prime number system has Cesaro behavior (|1.7))
with the constant whenever a > 1. For Kahane’s condition we calcu-
late (¢(1+it)t~!)" by the Leibniz rule. All the terms involved are L? except
possibly for

cos(tlogp,)  cos(tlogx)
Pr Pr

e KT K1 + it) exp((;" 2~ 1" d(I1T — 1) (2))
t2 '
Using the fact that there exists an m € N such that @

(4.5)

‘exp(& z g (T — Hc)(m))‘ > for [t| > 1,

1
m
! log™ [t]

(*) The proof of Lemma shows that m = 2 suffices.
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and applying Theorem [3.1], exactly as in the discussion of Section [3| we
find that (4.5) is not L? when 1 < a < 3/2. Lemma yields ([1.8)) for
1 < a < 3/2, and so Theorem has been established for F,.

REMARK 4.4. If o > 3/2 then P, does satisfy Kahane’s condition, as also
follows from the above argument. In contrast to Proposition whether
Kahane’s condition holds true or false for Py/5 is an open question.

5. On the examples of Diamond and Beurling. Proof of Theo-
rem In the previous section we extracted a discrete example from a
continuous one by applying Diamond’s discretization procedure used in [5]
to show the sharpness of Beurling’s PNT. However, our technique used to
prove that our family of discrete examples have the desired properties from
Theorem was quite different (Diamond’s technique is based on opera-
tional calculus for the multiplicative convolution of measures).

In this section we show how our method can also be applied to provide
an alternative analysis of the Diamond—Beurling examples for the sharpness
of the condition v = 3/2 in Beurling’s theorem. In fact, our technique be-
low leads to a more precise asymptotic formula for the generalized integer
counting function of Diamond’s example. So, the goal of this section is to
prove Theorem

We recall that Beurling’s example provided in [2] is the Riemann prime
counting function

X
1 —cos(l
o S cos(log u) du.
1
corresponding to the case « = 1 in ([1.10)). Its associated zeta function is

Cca(s) = <1 + (1)2> v = eXp(OSO x dﬂal(:n)).

s—1
1

Diamond’s example P; is then the case a = 1 of (1.11]). We immediately get

x V2 T z
1. - 1- Y2 cos(logz — = .
c1(z) log:n< 5 cos<0gx 4>) +O<log2x>’

and since 7p, (z) = I 1 (z) + O(1),

(5.1) oy (z) = 10; (1 — \f cos <log:z - D) + o(bgg;x),

whence neither Ilc 1 nor mp, satisfy the PNT.

To study N¢,;1 and Np,, we need a number of properties of their zeta
functions on e s = 1. We control (1 completely. On this line (¢ is an-
alytic except for a simple pole at s = 1 with residue 1, and two branch
singularities at s = 1 +¢ and s = 1 — 7, where (¢,; is still continuous. Writ-

log u
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ing ¢oa(s) = (s — 1 —i)Y/2(s =1 +4)/%(s — 1)1, we have around 1+ the
expansions

(5.2)  Coals) =1 —i)(s—1—i)/2+ Za’f §yH12,
ls—1—1] <1,

(5.3)  Coa(s)=(1+d)(s—14+0)2+ Zak(s — 14 4)kH/2,
h=t |s — 14| <1,

where explicitly aj, = (1 — 4)i* Zf 0 (1/2)(—1/2)j. On the other hand, the
function (" 2~*d(IIp, — I¢,1)(x) is analytic on the half-plane Re s > 1/2,
where IIp, is the Riemann generalized prime counting function associated
to P;. So,

(5.0 ca@>=(r+@jzp)wim%?xﬂduna—naouo,

and we find that (p, shares some analytic properties with (¢ 1, namely, it
has a simple pole at s = 1 with residue

(55)  c:=Res,_1(p,(s) = exp(g e~V d(Ip, — qu)(x)> >0,
1

and two branch singularities at s = 1 4+ . We also have the expansions at
s =1=71,

(5:6)  Cr(s) = bols — 1— i)+ 3 be(s — 1 — i)+172,

h=t s —1—i < 1/2,
(5.7)  Cp(s) =bo(s —1+0)2+ bi(s — L44)F1/2,
k=t s — 141 <1/2,

where by = (1 — i) exp({;” o *"d(lIp, — IIc,1)(z)) # 0 and the rest of
the constants b; come from and the Taylor expansion of the function
exp(§g @ 5 d(Ilp, — Iy )(x)) at s = 1+

We shall deduce a full asymptotic series for Np, () and N¢ 1 (z) simul-
taneously from the ensuing general result.

THEOREM 5.1. Let N be non-decreasing and vanishing for x < 1 with
zeta function ((s) = {2 75 dN(z) convergent for Re s > 1. Suppose there

are constants a,r1, ...,y € [0,00) and 01,...,0, € [0,27) such that
(5.8)
G(s) =((s) (s —1— i) V2 prje” 9'(3—14—1')]'*1/2)
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admits a C™-extension to the line Res =1 and
IGU(1 +it)] = O(|t|*T™7),  |t| » 00, j=0,1,...,n,
for B> 0. Then

n . 1 ,
N(z) =az+ 2 Z rjcosloge + ;) —i—O( * ), T — 00.

log'/? o I(—j+1/2)log x log"/(1+8) &
Proof. Set
n x*jfl/Q
T(x) := ae” + 2¢* Z(rj cos(6;) cos(z) — r; sin(6;) sin(z)) m

j=1

and define R(z) := e *(N(e*) —T(x)). The tempered distributions x?fl/Q
are those defined in [7, Sect. 2.4], i.e., the extension to [0, c0) of the singular
functions =/ ~Y/2H(x) at « = 0 via Hadamard finite part regularization. By
the classical Wiener-Ikehara theorem we know that N(z) ~ ax, and this
implies R(z) = o(1). We have to show that R(z) = O(z~"/(1+P)) as 2 — .
Since E{cos(x)x;]_l/z; s} = (I(=j+1/2)/2)[(s =)~ Y2 4 (s+14)7~1/?] and
Lisin(z)z’ "8} = (D(—) + 1/2)/(20)[(s — )72 — (s + 8)171/2], we
have sC{R;s — 1} = G(s) — a. Letting Re s — 11, we deduce that R(t) =
(1+it)"Y(G(1 +it) — a) in S'(R).

We now derive a useful relation for R. Notice that there exists a B such
that |T7(z)| < Be® for > 1. Applying the mean value theorem to 7" and
using the fact that N is non-decreasing, we obtain
N(e®) —T(x) e*

e’ ey
if r <y <z+ min{R(x)/(2B),log(4/3)} and R(x) > 0.
R(z) R(z)

—R(y) = ——; 5

We now estimate R if R(x) > 0. The case R(x) < 0 can be treated
similarly. We choose an ¢ < min{R(z)/(2B),log(4/3)} and a test function
¢ € D(0,1) such that ¢ > 0 and {*_¢(y)dy = 1. Using the inequality
derived for R and the estimates on the derivatives of G, we obtain

R(y) > Rlz)

- By—=z)>

4
Similarly,

if R(z) <0 and = + <y<uz.

2w

R(z) < ggR(y 4 x)qﬁ(i) dy = % | Ryt d(—et) dt
0 —0o0
S o e COERRY

n o0

=0z "y (?) | (@ [e)o=ttn=dend|gln=d) (—et)|dt = O(1)a~ "7,

j=0 —oo
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where we have used Parseval’s relation in the distributional sense. If we
choose 5 = R(x)/(2B), we get R(x) = O(z~/(1+#)). A similar reasoning
gives the result for R(x) < 0. This concludes the proof of Theorem n

We can apply this theorem directly to N¢. Indeed, employing (5.2))
and (5.3)), one concludes that

. o : |
(5.9) Ne(z) ~x — x sin(log z) L_" Z . cos(logz + ;)
0

VTlog? 2z log®? xS log’

z sin(log ) < x >
=z — +0 , T — 00,
Vlog®? log®/? z

for some constants ¢; and ¥;.

To show that Np, has a similar asymptotic series, we need to look at the
growth of (p, on Ne s = 1. This can be achieved with the aid of Lemma
and the bounds . In fact, if we combine those estimates with ,
we see at once that CI(Jn)(l +it) = O(log™*2|t|) for |t| > 2. This and the
expansions and allow us to apply Theorem to conclude that
Np, () has an asymptotic series as * — oo, where the constant c is

given by (5.5)) and

do = 7 <§ ws(l;’g””) d(ITp, — nc,l)(x)> >0,
P T sin(log z) J B
0=75 | —— dlIp — Hca)(2).

1
The proof of Theorem [1.2] is now complete.

REMARK 5.2. The asymptotic formula N¢ 1 (z) = 2+ O(z/log? z) was
first obtained by Beurling [2] via the Perron inversion formula and contour
integration. The asymptotic expansion already appears in Diamond’s
paper [5]. He refined Beurling’s computation and also deduced from ([5.9)
the first order approximation Np, (z) = cz + O(z/log®? z) via convolution
techniques. On the other hand, the asymptotic formula is new, and
our proof, in contrast to those of Diamond and Beurling, avoids any use of
information about the zeta functions on Re s < 1.

6. Proof of Theorem In this section we amend the arguments
from [14] and show that the number system constructed in [I4], Sect. 6] does
satisfy the requirements from Theorem This generalized prime number

() Since R(z) = o(1), we may assume that R(x)/(2B) < log(4/3) for z large enough.
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system is denoted here by P* and is constructed by removing and doubling
suitable blocks of ordinary rational primes. Throughout this section we write
m = 7wp~ and N = Np«, once again not to overload the notation. For com-
pleteness, some parts of this section overlap with [I14]. What differs here from
[14, Sect. 6] is the crucial [14, Lemma 6.3] and the proof of [I4, Prop. 6.2],
which require substantially new technical work.

For the construction of our set of generalized primes, we begin by select-
ing a sequence of integers x;, where x1 is chosen so large that for all z > x;
the interval [z,z 4 x/log"/? z] contains more than z/(2log/®z) ordinary
rational prime numbers and z;,; = [2V%]. One has i = O(loglogz;), and
thus we may assume that ¢ < logl/6 ;.

We associate to each x; four disjoint intervals I; 1, ..., [; 4. We start with
Ii,Q = [$i, x; + a:i/logl/?’
ing at x; + x;/log"/® ; which contains as many (ordinary rational) prime
numbers as [; 2. It is important to notice that I; » and I; 3 each have at least

x;] and define I; 3 as the contiguous interval start-

x;/(2 log*/3 x;) ordinary rational prime numbers. Therefore, the length of
I; 3 is also at most O(x,-/logl/?’ x;), in view of the classical PNT. We now
choose I; 1 and I; 4 so that they have the properties of the following lemma,
whose proof was given in [14].

LEMMA 6.1. There are intervals I;1 and I; 4 such that I; 1 has upper
bound x;, I; 4 has lower bound equal to the upper bound of I; 3, and I;1 and
I; 4 contain the same number of (ordinary rational) primes, and

16 ) )

v=1 pEIVJUIV’;), pEIV’QUIVA

In addition, the lengths of I;1 and I; 4 are O(ixi/logl/?’ x;) and each of them

4/3

contains O(iz;/log™° ;) (ordinary rational) primes.

We define ;. to be the least integer in Iy ;, and xzr the largest integer
in Iy 4. It follows that a:k/logl/?’ T < :L'z —x, = O(k:ﬁk/logl/?’ xy). Since
k< logl/6 xy, we have a:;f < 2z, and z, > 271z, for sufficiently large k.
We may thus assume that these properties hold for all k.

The sequence P* = {p, }>2, of generalized primes is then constructed as
follows. We use the term ‘prime number’ for the ordinary rational primes
and ‘prime element’ for the elements of P*. Take one prime element p for
each prime number p which is not in any of the intervals I; ;. If 7 is even,
take no prime elements in I; 2 U I; 4 and two prime elements p for all prime
numbers p which are in one of the intervals I; 1, I; 3. If ¢ is odd, take no prime
elements in /; 1 UI; 3 and two prime elements for all prime numbers p which
belong to one of the intervals I; 2, I; 4. As previously mentioned, we simplify
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the notation and write m(z) = wp«(z) and N(x) = Np«(zx) for the counting
functions of P* and its associated generalized integer counting function. The
rest of the section is dedicated to proving that N and 7 have the properties
stated in Proposition We actually show something stronger:

PROPOSITION 6.2. We have N(z) = & + 2(z/log?? x); however, for an
arbitrary € > 0,

x
N(x) =z + O(log5/3_€x> (C, 1),
i.e., its first order Cesaro mean N has asymptotics
=, TN B T

For this system,

T xloglog x
m(x) = og 7 —|—O< 10g4/3x )

The asymptotic bound for the prime counting function 7 of our gen-
eralized prime set P* follows immediately from the definition of P* and
the classical prime number theorem. The non-trivial part in the proof of
Proposition is to establish the asymptotic formulas for N and N.

To progress further, we introduce a family of generalized prime number
systems approximating P*. We define the generalized prime set P; by ap-
plying the same construction used for P*, but only taking the intervals I; ;
with ¢ < k into account; furthermore, we write Ni(x) = Np: (x).

We first try to control the growth Ni(z) on suitable large intervals. For
this we will use the theory of integers without large prime factors [8]. This
theory studies the function

U(z,y)=#{1 <n<z:P(n) <y},

where P(n) denotes the largest prime factor of n, with the convention
P(1) = 1. This function is well studied [8] and we will only use the simple
estimate [8, (1.4)]

(6.2) U (z,y) < we” 1082/ 2l0gY) o0 g

A weaker version of the following lemma was stated in [14], but the proof
given there contains a mistake. Furthermore, the range of validity for the
estimates in [I14, Lemma 6.3] appears to be too weak to lead to a proof of
the Cesaro estimate . We correct the error in the proof and show the
assertions in a broader range.
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LEMMA 6.3. Let n > 1. If exp(log"zy) < x < exp(miﬁ), then

(6.3) Ni(z) =2+ 0 <10g5/3 x)
and
o ¢ N (1) B T
(6.4) Ni(z) ._§ kt dt_x+0<log5/3x>,

for all sufficiently large k.

Proof. Let f(n) be the number of representations of n as a finite product
of elements of P;. Note that Ni(z) =), .. f(n). On setting f(1) =1, the
function f(n) becomes multiplicative and we have

a—+1

a+1
1

We also introduce the multiplicative function g(n) =

if 320 <k:pelyiUlygs,
it 320 < k:p € Iy U4,
if 20 +1<k:p€ 11U 2413,
if 320+ 1<k:p€lpt12Ulsi14,

otherwise.

> gin #(n/d) f(d). The

values of g at powers of prime numbers are easily seen to be

()

Denote by Hj the set of

1 if f(p) =2
-1 if f(p) =0and a =1,
0 otherwise.

all integers all of whose prime divisors are in

Uig i 1i.j» and for each integer n, let ng, be the largest divisor of n belonging

to Hi. We have

=2, 2 fms=

> Yatm = X gtm)| 2]

meH nlzx meH nlx meH
”Hk:m m|n
g(m) g(m)
=z
> - r > +O|7—lkm[1 2])),
meH, meH,
d>x
and since
(-1t (—1)¢
g ) (1-3)
1— - 1— - ,
SO () T (e
k ? pEL, IUIZ 3 pEI'L,2UI7,,4
we obtain

Ni(z) =z + O(x
Tk

ZM~

meEH
d>zx

) +O(|He N [1,2]|) — =
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The first error term is negligible because x < exp(xi/ 5). To estimate the re-
maining two terms we use the function ¥. Any element of Hj has only prime
divisors below 2x. Using this observation and employing the estimate ,
we find that

R
Hi N [12]] < x 7o) log
o (s R

<

log®/3 z
x
< log®/3 2 for exp(8log?z) <z < exp(ziﬁ).
og”” x

Similarly, we can extend the bound to a broader region:
_ 1
H N (1 2]] < & 2o log ay

. (log¥/3 ;)2 lo(21) TToeEm0)
3 X

< o .
x
< 1057 1 for exp(log” x1,) < z < exp(8log? z}),
g’ x

which is valid for all sufficiently large k. For the other term,

o

g9(d) 11
3 d‘f > o= | ar2mn)
deH P(d)<2zy, i
d>z d>x
w(t,2 v (z,2 Tw(t,2
— lim (ta l‘k) . (l‘, :Ek) _,_S (ta QTk) dt.
t—00 t T t2

T

The limit term equals 0 because it is O(t~1/2108(2%x) Jog 22;.) by (6.2)). The
second term is negligible because it is a negative term in a positive result.
It remains to bound the integral:

o0 o0

o(t,2 S PR . ~ TTox(ze)
S (;gxk) dt < S ¢ 2Tosm) log 2ay dt < @ 2970 log?
T T
L oo o) < 2 < oxn(a??
< s because exp(log” z;) <z < exp(zy’"),
og”” x

where the last inequality is deduced in the same way as above. This concludes

the proof of (6.3]).

We now address the Cesaro estimate. Using the estimates already found
for Ni(z), we find
x o0

Nk(x)—:L":O<x) +0<§Wdt> +o<§ | %Sfx‘f)dsdt>.

5/3
log/a: 13
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We bound the double integral in the given range; the other term can be
treated similarly. We obtain

ﬁo M ds dt < ﬁos I log(2ey,) ds di
1t

1t
T

1
= | t7oCmT 2108 (2,) it
1

1— L 3 x
L x 2eeCep) log®(2x) = O<>,
(21) log‘r’/3 T

where again the last step is shown by considering the regions exp(8log? z;) <
x < exp(x2/5) and exp(log” 1) < x < exp(8log® x1) separately. m

Proof of Proposition . We choose 1 smaller than 5/53{2

The 2-estimate for N (z) follows almost immediately from |D Fora <,
we have N (z) = Ni(z) with the exception of the missing and doubled primes

in Lemma

from [;  ;, 2} ,]. Observe that, because x4 = Lexp(acllc/4 log2)],

- 3/5
[xk+17$;§+1] C [exp(log” xk),exp(xk/ ).

Since we changed more than x/(4log?32) primes when z is the upper
bound of either the interval ;411 or Iy412, we deduce from Lemma
that |N(z) — x| becomes as large as z/(8log?/? z) infinitely often as 2 — cc.
It remains to show . We bound the Cesaro means of IV in the range

T, <x <z, ,. Westart by observing that N(z) = Ny (z) within this range,
SO 1) gives 1) for exp(log” z) <z < x; ;. Assume now that

z, < x < exp(log”xy).
Lemma implies that

= xNk_l(t) < T >
Nip_1(z)=\———dt=a2+0| —+— |,
k-1(2) § log?/3

because, by construction of the sequence, the interval [z, ,exp(log” zy)]

3/5

is contained in [exp(log” zx_1),exp(x)"")]. Therefore, it suffices to prove
that

dt

(6.5) Ni(z) = Np_1(z) = S Ni(t) _tNk—l(t)

Ty
has growth order O(z/log®37¢z) in the interval [z, exp(log” x1)]. Note

that only the intervals v - ({1 U--- U I} 4) contribute to the integral (6.5)
with v a generalized integer from the number system generated by P;;. Only
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v < x/z, deliver a contribution. There are at most O(z/x, ) = O(x/xy)
such integers. The contribution of one such generalized integer is

+
k T at k2
o )T ol )
log*/3 zy, _t log®/® zy,
l/xk

where we have used the fact that the length of Iy ; is O(kxzy, log_l/3 Tp), as
derived in Lemma [6.1]} In total, the integral is bounded by

T k2 kx T
o(5)o (o) - olmns) =) -
T log®’° xj, log T log x

Acknowledgments. G. Debruyne gratefully acknowledges support by
Ghent University, through a BOF Ph.D. grant. The work of J. Vindas was
supported by the Research Foundation—Flanders, through the FWO-grant
number 1520515N.

References

[1] P.T. Bateman and H. G. Diamond, Asymptotic distribution of Beurling’s general-
ized prime numbers, in: Studies in Number Theory, Math. Assoc. Amer., Prentice-
Hall, Englewood Cliffs, NJ, 1969, 152-210.

[2] A. Beurling, Analyse de la loi asymptotique de la distribution des nombres premiers
généralisés, Acta Math. 68 (1937), 255-291.

[3] H. G. Diamond, The prime number theorem for Beurling’s generalized numbers,
J. Number Theory 1 (1969), 200-207.

[4] H. G. Diamond, Asymptotic distribution of Beurling’s generalized integers, Illinois
J. Math. 14 (1970), 12-28.

[5] H. G. Diamond, A set of generalized numbers showing Beurling’s theorem to be
sharp, Ilinois J. Math. 14 (1970), 29-34.

[6] H.G.Diamond, Two results on Beurling generalized numbers, Publ. Math. Debrecen
79 (2011), 401-409.

[7] R. Estrada and R. P. Kanwal, A Distributional Approach to Asymptotics. Theory
and Applications, 2nd ed., Birkh&user, Boston, 2002.

[8] A. Hildebrand and G. Tenenbaum, Integers without large prime factors, J. Théor.
Nombres Bordeaux 5 (1993), 411-484.

[9] L.Hormander, The Analysis of Linear Partial Differential Operators. I. Distribution
Theory and Fourier Analysis, 2nd ed., Grundlehren Math. Wiss., 256, Springer,
Berlin, 1990.

[10] L. Hormander, Lectures on Nonlinear Hyperbolic Differential Equations, Math.
Appl. 26, Springer, Berlin, 1997.

[11]] J.-P. Kahane, Sur les nombres premiers généralisés de Beurling. Preuve d’une con-
jecture de Bateman et Diamond, J. Théor. Nombres Bordeaux 9 (1997), 251-266.

[12] J. Korevaar, Tauberian Theory. A Century of Developments, Grundlehren Math.
Wiss. 329, Springer, Berlin, 2004.

[13] S. Pilipovi¢, B. Stankovié¢ and J. Vindas, Asymptotic Behavior of Generalized Func-
tions, Ser. Anal. Appl. Comput. 5, World Sci., Hackensack, NJ, 2012.


http://dx.doi.org/10.1007/BF02546666
http://dx.doi.org/10.1016/0022-314X(69)90038-9
http://dx.doi.org/10.5802/jtnb.101
http://dx.doi.org/10.5802/jtnb.201

[14]
(15]

[16]

(17]
(18]

(19]

Beurling’s generalized prime numbers 129

J.-C. Schlage-Puchta and J. Vindas, The prime number theorem for Beurling’s gen-
eralized numbers. New cases, Acta Arith. 153 (2012), 299-324.

J. Vindas, Structural theorems for quasiasymptotics of distributions at infinity, Publ.
Inst. Math. (Beograd) (N.S.) 84 (2008), 159-174.

J. Vindas, The structure of quasiasymptotics of Schwartz distributions, in: Linear
and Non-Linear Theory of Generalized Functions and its Applications, Banach Cen-
ter Publ. 88, Inst. Math., Polish Acad. Sci., Warszawa, 2010, 297-314.

V. S. Vladimirov, Methods of the Theory of Generalized Functions, Taylor & Francis,
London, 2002.

W.-B. Zhang, Wiener—Ikehara theorems and the Beurling generalized primes, Mo-
natsh. Math. 174 (2014), 627-652.

W.-B. Zhang, A proof of a conjecture of Bateman and Diamond on Beurling gen-
eralized primes, Monatsh. Math. 176 (2015), 637-656.

Gregory Debruyne, Jasson Vindas Jan-Christoph Schlage-Puchta
Department of Mathematics Institut fiir Mathematik
Ghent University Universitat Rostock
Krijgslaan 281 Gebouw S22 18051 Rostock, Germany
B 9000 Gent, Belgium E-mail: jan-christoph.schlage-puchta@uni-rostock.de

E-mail: gdbruyne@cage.UGent.be

jvindas@cage.UGent.be


http://dx.doi.org/10.4064/aa153-3-5
http://dx.doi.org/10.2298/PIM0898159V
http://dx.doi.org/10.1007/s00605-013-0597-8
http://dx.doi.org/10.1007/s00605-014-0681-8




	1 Introduction
	1.1 Notation

	2 Auxiliary lemmas
	2.1 A sufficient condition for the Cesàro behavior
	2.2 Kahane's condition in terms of 

	3 Continuous examples
	4 Discrete examples: Proof of Theorem 1.1
	5 On the examples of Diamond and Beurling. Proof of Theorem 1.2
	6 Proof of Theorem 1.3
	References

