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Abstract. A regular equivalence between two graphs Γ, Γ ′ is a pair of uniformly
proper Lipschitz maps V Γ → V Γ ′ and V Γ ′ → V Γ . Using separation profiles we prove
that there are 2ℵ0 regular equivalence classes of expander graphs, and of finitely generated
groups with a representative which isometrically contains expanders.

1. Introduction. Over the past forty years the study of expanders has
blossomed into a rich theory touching virtually every branch of mathematics.
Many different constructions of expanders are now known, the first of which
was due to Margulis [Mar73, HLW06, Lub94, Lub12]. Despite the intense
study, surprisingly little consideration has been given to distinguishing the
large-scale geometry of families of expanders until very recently.

In this paper we will think of an ε-expander as an infinite union of distinct
finite graphs X =

⋃
n∈N Γn, with Cheeger constant h(Γn) ≥ ε > 0, where

each component is equipped with the shortest path metric. A (d, ε)-expander
is an ε-expander where every vertex has degree at most d.

We distinguish expanders by using regular maps. A map V X → V X ′

between graphs is regular if it is Lipschitz and pre-images of vertices have
uniformly bounded cardinality. This greatly generalises the geometric con-
cepts of isometric, quasi-isometric and coarse embeddings between graphs
with bounded geometry.

We define two graphs X,Y to be regularly equivalent if there exist regular
maps V X → V Y and V Y → V X. To give a few examples, the graph of the
Sierpiński triangle is regularly equivalent to a tree, Z is regularly equivalent
to N while lamplighters over finite groups, F oZ, are contained in a single reg-
ular equivalence class but countably many quasi-isometry classes [EFW13].
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The main result of the paper is the following.

Theorem 1.1. There exists a family {Xr : r ∈ R} of 2ℵ0 (d, ε)-expan-
ders such that given r 6= s there is no regular map Xr → Xs.

In fact, we will prove that given any (d, ε)-expander
⊔
n∈N Γn with un-

bounded girth there exists a set N of 2ℵ0 infinite subsets of N such that
there is no regular map

⊔
n∈M Γn →

⊔
n∈N Γn whenever M,N ∈ N and

M 6= N .

The girth of a graph Γ , denoted g(Γ ), is the length of the shortest
positive length simple cycle in Γ . We say

⊔
n∈N Γn has unbounded girth if

g(Γn)→∞ as n→∞.

Mendel and Naor [MN14, Theorem 9.1] recently produced the first ex-
ample of two expanders which are not coarsely equivalent, one of bounded
girth and another of unbounded girth. The question of distinguishing ex-
panders up to coarse equivalence is also considered by Ostrovskii [Ost13,
Theorem 5.76].

Two alternative constructions of non-coarsely-equivalent expanders have
appeared since this paper was first written. Das [Das15] proves that a box
space of SLn(Z) cannot coarsely embed into a box space of SLm(Z) whenever
n > m ≥ 3. Khukhro and Valette [KhV15], meanwhile, prove that there are
uncountably many coarse equivalence classes of expanders occurring as box
spaces of SL3(Z). This is particularly interesting in combination with the
results in this paper, as their expanders do not have unbounded girth.

By using small cancellation labellings developed by Osajda [Osa14], cer-
tain expanders of unbounded girth can be isometrically embedded into Cay-
ley graphs of finitely generated groups. We prove that this can be done in a
way which maintains the above distinctness.

Theorem 1.2. There exists a family {Gr : r ∈ R} of finitely generated
groups such that given r 6= s there is no regular map Gr → Gs.

As a result there is no coarse embedding of Gr into Gs whenever r 6= s.
A priori this greatly generalises previous results which present 2ℵ0 quasi-
isometry classes of finitely generated groups (see for instance [Gri84]).

The groups we obtain are infinitely presented graphicalC ′(1/6) small can-
cellation groups and are therefore acylindrically hyperbolic [GS14, DGO16],
and SQ-universal [Gru15]. Moreover, they do not coarsely embed into any
Hilbert space and do not satisfy the Baum–Connes conjecture with coeffi-
cients [HLS02].

Coarse embeddings into Hilbert spaces are highly sought, as Yu [Yu00]
proved that any group admitting one satisfies the Novikov and coarse Baum–
Connes conjectures, two important open questions in topology.
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Our results are obtained by computing the separation profile of graphs,
as introduced by Benjamini–Schramm–Timár [BST12].

Given a finite graph Γ with n vertices, the cut size of Γ , cut(Γ ), is the
minimal cardinality of a set of vertices S such that any connected component
of Γ \ S has at most n/2 vertices.

The separation profile sepX of a graph X evaluated at n is the maximum
of the cut sizes of all subgraphs of X with at most n vertices.

We will consider separation profiles up to a natural partial order: f � g
if there exists a constant C such that f(n) ≤ Cg(n) + C for all n.

If X,Y are graphs with uniformly bounded degree and there exists a
regular map φ : X → Y then sepX � sepY [BST12].

By other names this profile has a longer history, for instance, the Lipton–
Tarjan theorem states that the cut size of any n-vertex planar graph is
O(
√
n) [LT79]. More recently, Shchur [Shch15] proved that separation occurs

naturally as an obstruction to quasi-isometrically embedding a metric space
into a tree.

Our main tool is the result below which states that the separation profile
detects the existence of an ε-expander as a subgraph.

Theorem 1.3. Let X be a graph. Then sepX(n)/n9 0 if and only if X
contains an expander as a subgraph.

As a first step we obtain a control on finite subgraphs which should be
of independent interest.

Theorem 1.4. Let X be a graph. The Cheeger constant of any n-vertex
subgraph of X is at most 4 sepX(n)/n.

Our results also give the first continuum of different separation pro-
files; the only previously known profiles were: bounded, log(n), polynomial
(n1−1/d for each d ∈ {2, 3, . . . }) and n/log(n) [BST12].

We now adjust our viewpoint and prove a uniform upper bound on sepa-
ration for graphs with finite Assouad–Nagata dimension. Examples include
Cayley graphs of many well-studied classes of groups: polycyclic groups,
lamplighter groups, virtually special groups, mapping class groups and cer-
tain relatively hyperbolic groups (see [Hu12] and references therein).

Theorem 1.5. Let X be a graph with bounded valency and finite As-
souad–Nagata dimension. Then sepX(n) � n/log(n). If X is vertex transi-
tive and has growth at most Cnd, then sepX(n) � n(d−1)/d.

This is known to be sharp, since the separation of Zd is n(d−1)/d while
a direct product of two non-abelian free groups has separation n/log(n)
[BST12].
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From Theorems 1.4 and 1.5 we therefore deduce that for Cayley graphs
of groups with finite Assouad–Nagata dimension any n-vertex subgraph has
Cheeger constant at most C/log(n).

2. Separation and inner expansion

2.1. Expanders and sublinear separation. In this section we prove
Theorem 1.3. We start by considering finite graphs.

For completeness we recall the definition of the Cheeger constant.

Definition 2.1. Let Γ be a graph with |Γ | = n. The vertex-boundary
of a subset A ⊆ V (Γ ), denoted ∂A, is the set of all vertices in V (Γ ) \ A
which are neighbours of some vertex of A. The (vertex) Cheeger constant of
Γ is given by h(Γ ) = min{|∂A|/|A| : |A| ≤ n/2}.

Note that any graph with at most n vertices admits a cut set of size
dn/2e.

Proposition 2.2. Let Γ be a graph with |Γ | ≥ 2. Then cut(Γ ) ≥
h(Γ )|Γ |/4.

Proof. Set |Γ | = n. Let C be any cut set of Γ with |C| ≤ dn/2e, so
any connected component of Γ \ C contains at most bn/2c vertices. Define
D to be a union of connected components of Γ \ C containing between
n/4 and n/2 vertices: if no single component exists satisfying these bounds
then every component contains at most bn/4c vertices and we obtain D by
adding components in any order until the desired inequalities are achieved.
As ∂D ⊆ C, we see that |C| ≥ h(Γ )n/4. Hence, cut(Γ ) ≥ nh(Γ )/4.

This immediately implies Theorem 1.4.
For the other bound, we will require a more sensitive type of cut. We

use the notation Γ →C Γ
′ to denote that C is a subset of vertices of Γ and

that Γ ′ is some largest connected component of Γ \ C.

Definition 2.3. Let Γ be a graph with |Γ | ≥ 2. We say Γ →C Γ ′ is a
k-efficient cut if |Γ | − |Γ ′| > k|C|.

From the definition of a cut set it is clear that |Γ | > |Γ ′| > |Γ |/2
whenever k ≥ cΓ := |Γ |/cut(Γ ), so there is a unique largest component in
this case. As we are working with finite graphs, every sequence of k-efficient
cuts terminates.

Proposition 2.4. Suppose Γ has n ≥ 2 vertices and let Γ →C1 · · ·
→Cm Γm be any maximal sequence of 3cΓ /2-efficient cuts. Then |Γm| > n/2
and h(Γm) ≥ cut(Γ )/(2n).

Proof. Suppose |Γm| ≤ n/2. Then
⋃
Ci is a cut set for Γ containing at

most 2
3 cut(Γ ) points, which is a contradiction.
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Now let A ⊂ Γm with |A| ≤ 1
2 |Γm|. As Γm admits no 3cΓ /2-efficient

cuts, we know that |A| + |∂A| ≤ 3
2cΓ |∂A|. Rearranging this, we see that

|∂A| ≥ |A|/(2cΓ ), so |∂A|/|A| ≥ cut(Γ )/(2n).
This holds for all A with |A| ≤ 1

2 |Γm|, so we see that h(Γm) ≥
cut(Γ )/(2n).

We now prove Theorem 1.3 via the following two propositions.

Proposition 2.5. Let X be an infinite graph which contains some ε-
expander

⋃
Γn. Then sepX(|Γn|) ≥ ε|Γn|/4 for every n. In particular,

sepX(n)/n9 0.

Proof. This follows immediately from Proposition 2.2.

Proposition 2.6. Let X be an infinite graph and suppose sepX(n)/n
9 0. Then there exists some ε > 0 such that X contains an ε-expander⋃
Γn.

Proof. Let ε > 0 be such that sepX(n) ≥ 2εn for all n in some infinite
subset I ⊆ N. For each n ∈ I let Γ ′n be a subgraph of X with at most n
vertices such that cut(Γ ′n) ≥ 2εn.

By Proposition 2.4, each Γ ′n has a subgraph Γn with |Γn| ≥ 1
2 |Γ
′
n| and

h(Γn) ≥ ε. Moreover, |Γn| → ∞ as n→∞, so X contains an ε-expander.

Now we concentrate on graphs with uniformly bounded degree, where
the separation profile is invariant under regular equivalence. We obtain one
immediate consequence of Proposition 2.6.

Corollary 2.7. Let X be a graph of bounded degree which admits a
coarse embedding into some Lp space, where p∈ [1,∞). Then sepX(n)/n→0
as n→∞.

Using groups with relative property (T), Arzhantseva–Tessera [AT15]
produce box spaces with sublinear separation—not weakly containing ex-
panders—which do not coarsely embed into any uniformly curved Banach
space.

2.2. Separation profiles of expanders. The goal of this section is to
prove Theorem 1.1.

Let X =
⊔
n∈N Γn be a (d, ε)-expander where g(Γn+1) > |Γn| for each n

and |Γn+1|/|Γn| → ∞ as n→∞. As long as
⊔
n∈N Γn has unbounded girth,

this can always be done by passing to a subsequence.

Theorem 2.8. For any infinite subsets M,N ⊆ N with C = M \N infi-
nite, there is no regular map from X(M) =

⊔
n∈M Γn to X(N) =

⊔
n∈N Γn.

Proof. Let c ∈ C. By Proposition 2.6, sepX(M)(|Γc|) ≥ ε|Γc|/4. Now, let
Γ be a subgraph of X(N) with k ≤ |Γc| vertices. Either cut(Γ ) = 0 or there
is some d 6= c such that |Γ ∩ Γd| ≥ |Γ |/2.
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If d < c then cut(Γ ) ≤ |Γ | ≤ 2|Γd| ≤ 2|Γc−1|. However, if d > c,
then Γ ∩ Γd is a forest, so has bounded cut size, hence Γ has bounded cut
size. Thus sepX(N)(|Γc|)/|Γc| → 0 as c → ∞, so there is no regular map
X(M)→ X(N).

Theorem 1.1 follows by noticing that there is a family N of 2ℵ0 infinite
subsets of N with M \N and N \M infinite for all distinct M,N ∈ N .

2.3. Separation profiles of groups containing expanders. Os-
ajda’s construction of C ′(1/6) small cancellation labellings of collections
of finite graphs satisfying certain girth and diameter restrictions gives a
method for constructing finitely generated groups which isometrically con-
tain a family of expander graphs [Osa14].

We let Γ =
⊔
n∈N Γn be such a family, which we think of as a (d, ε)-

expander whose (oriented) edges are labelled by a finite set S. Given any
collection Λ of finite graphs with such a labelling, we define a group G(Λ)
which is generated by S and satisfies precisely the set of relations obtained
by concatenating the labels of edges on simple loops in the graphs.

By [Oll06], we know that G(Λ) is hyperbolic whenever Λ is finite and
C ′(1/6). More information on this construction—graphical small cancel-
lation theory—can be found in [Gro03] where it was introduced, and in
[Oll06, Osa14].

We require one auxiliary result on the separation of hyperbolic graphs.

Theorem 2.9. Let X be a hyperbolic graph with bounded degree. Then
there exists some k such that sepX(n) � n(k−1)/k.

Proof. If Yk is a graph of bounded degree which is quasi-isometric to
hyperbolic m-space Hm, then sepYk(n) � log(n) if m = 2 and sepYk(n) �
n(m−2)/(m−1) if m ≥ 3 [BST12].

Every hyperbolic graph X of bounded degree admits a quasi-isometric
embedding into some hyperbolic space Hm [BS00] and hence a quasi-iso-
metric embedding into some Yk. Therefore sepX(n) � n(k−1)/k.

We impose two additional conditions on the family Γ of graphs, both
satisfied by taking a suitably sparse subsequence (Γ k).

Set Γ 1 = Γ1. Firstly, we ensure that for every k, and every subset Λ ⊆
{Γ 1, . . . , Γ k}, we have sepG(Λ)(n) < n/k whenever n ≥ |Γ k+1|. Secondly,

g(Γ k+1) > 2|Γ k| for every k.

The first is possible as for each k we consider the maximal separation
of finitely many hyperbolic groups, which all have sublinear separation by
Theorem 2.9. For the second, we just use the fact that Osajda’s construction
assumes that the girth of the sequence Γn is unbounded.

Now we can prove Theorem 1.2.
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Theorem 2.10. Let A,B be infinite subsets of N with C = A\B infinite.
Define Λ(A) =

⊔
k∈A Γ

k, and similarly for Λ(B). Then there is no regular
map G(Λ(A))→ G(Λ(B)).

Proof. If k ∈ C then Γ k is an isometrically embedded subgraph of
G(Λ(A)), so sepG(Λ(A))(|Γ k|) ≥ |Γ k|ε/4, by Proposition 2.5.

Now let Γ be a connected subgraph of G(Λ(B)) with at most |Γ k| ver-
tices. Using the assumption that g(Γ k+1) > 2|Γ k|, we see that Γ isometri-
cally embeds in some G(Λ) with Λ ⊆ {Γ 1, . . . , Γ k−1}. Hence,

sepG(Λ(B))(|Γ k|) < |Γ k|/k.
As C is infinite, we deduce that sepG(Λ(A))(n) 6� sepG(Λ(B))(n).

3. Finite asymptotic dimension. In this section we give upper bounds
on the separation profile of graphs with finite asymptotic dimension. This
yields a quantitative version of the fact that such graphs do not contain
expanders.

Definition 3.1. Let X be a metric space. We say X has asymptotic
dimension at most m if there exists a function h : R+ → R+ such that for
all r > 0 we can partition X into m+1 subsets X0, . . . , Xm and each Xi into
sets Xi,j with diam(Xi,j) ≤ h(r) and such that d(Xi,j , Xi,j′) > r whenever
j 6= j′.

We say X has Assouad–Nagata dimension at most m if the above holds
with h(r) ≤ Cr for some constant C > 0.

We define the growth function of a graph X to be γX : N → N ∪ {∞}
where γ(n) is the maximal cardinality of a closed ball of radius n in X.

We now prove Theorem 1.5 as a consequence of the more general result
stated below.

Theorem 3.2. Let X be a graph with asymptotic dimension at most
m−1, let h be a non-decreasing function provided by the above definition, and
let γ(n) be the growth function of X. Then there exists a constant k = k(m)
such that

sepX(n) ≤ kn

fh(n/(2m))
,

where we define fh(n) = max{k : γ(h(k)) ≤ n}.
Proof. Let Γ be a subgraph of X containing n vertices. Then setting

r = fh(n/(2m)), we obtain a cover of X by m subsets B0, . . . , Bm−1 such
that each Bi decomposes into subsets Bi,j of diameter at most h(r) which
are r-disjoint.

It follows immediately that for some i, Γ ∩ Bi contains at least n/m
vertices; without loss of generality we assume this is true for i = 0. Now,
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each Bi,j contains at most n/(2m) vertices in Γ , so V (Γ ) meets at least two
such B0,j .

Let U be a union of sets Uj = B0,j∩Γ with between n/(4m) and n/(2m)
vertices; a greedy search will achieve this. Notice that the complement V of
the r-neighbourhood of U contains at least n/(2m) vertices of B0.

Consider the sets Cl = {v ∈ V Γ : dX(v, U) = l} with 1 ≤ l ≤ r.
It is clear that for each l, U and V are disjoint from Cl and cannot be

connected by a path in Γ \Cl. There exists an l such that |Cl| ≤ n/r by the
pigeon-hole principle. Fix such an l.

Any largest connected component Γ1 of Γ \Cl is disjoint from either U ,
V or both, so it contains at most (1− 1/(4m))n vertices. If |Γ1| ≤ n/2 then
we are done.

If not, then applying the above procedure to Γ1 we can remove another
set C ′l′ of at most n/r vertices; a largest connected component Γ2 of Γ1 \C ′l′
contains at most n(1− 1/(4m))2 vertices.

Repeating this process k times, where k satisfies (1−1/(4m))k ≤ 1/2, we
deduce that after removing a set C containing at most kn/r vertices of Γ ,
the maximal connected component of Γ \ C is contained in Γk, which has
at most n(1− 1/(4m))k ≤ n/2 vertices.

To complete the proof of Theorem 1.5, we notice that fh(n) � log(n) for
any bounded valence graph with finite Assouad–Nagata dimension. More
specifically we recover the upper bound sepX(n) � n(d−1)/d for any group
with polynomial growth of degree at most d. Every vertex transitive graph
with polynomial growth is quasi-isometric to the Cayley graph of a finitely
generated group [Sab64, Tro85], so the above result naturally extends to all
vertex transitive graphs of polynomial growth.

Problem 3.3. Is it true that every vertex transitive graph X with poly-
nomial growth of degree d satisfies sepX(n) � n(d−1)/d?
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