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ON LIPSCHITZ 7(p)-SUMMING OPERATORS

BY

LAHCENE MEZRAG and ABDELHAMID TALLAB (M’sila)

Abstract. We introduce and study a new concept of summability in the category
of Lipschitz operators, which we call Lipschitz 7(p)-summability. We give some charac-
terizations in terms of a domination theorem and some properties of this concept. Also,
connections with other summability notions are presented.

0. Introduction. The notion of p-summing linear operators goes back
to Grothendieck in the 1950s, but only in 1967 and 1968, did the clas-
sical works of Pietsch [Pie67] and Lindenstrauss—Petczyniski [LP6§| clarify
Grothendieck’s precious ideas and contributed to the vigorous development
of this notion. Recently, Lipschitz versions of different types of linear oper-
ators were investigated in several papers, including [Challl, [CZ11], [CZ12],
[E.J09], [Saal5] and [YAR]. Farmer and Johnson [F.J09] introduced the notion
of Lipschitz p-summing operators and showed that it is a good generaliza-
tion of the concept of linear p-summing operators [EJ09, Theorem 2|. This
notion marked the beginning of the theory of nonlinear summability. Mo-
tivated by the importance of this theory, several authors then developed
and studied various related concepts. Chen and Zheng [CZ12| introduced
(strongly) Lipschitz p-integral and p-nuclear operators. Chavez-Dominguez
introduced the notion of Lipschitz (r,p, ¢)-summing operators in [Chall]
and Lipschitz (¢, p)-mixing in [Chal2]. The latest papers in this domain are
due to Yahi, Achour and Rueda [YAR] and Saadi [Saal5|. Independently,
they introduced and studied the class of Lipschitz strongly p-summing op-
erators. The former authors also introduced summing Lipschitz conjugates
and (p, o)-summability with an appropriate factorization. They also charac-
terized those Lipschitz operators whose Lipschitz conjugates are absolutely
p-summing.

In his book [Pie80], Pietsch introduced the notion of 7-summing linear
operators. Mujica [Muj08| extended this notion to multilinear operators. In
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the present work, we generalize this class to Lipschitz operators. We give
some characterizations and properties. We end the paper by studying some
connections with other summability notions.

The paper is organized as follows.

In Section 1, we recall some basic definitions and properties concerning
the Lipschitz dual and many concepts relating to summability.

In Section 2, we adapt the class of 7-summing linear operators intro-
duced by Pietsch [Pie80] to the Lipschitz operator case, obtaining what we
call Lipschitz 7(p, ¢)-summing operators. We characterize this type of opera-
tors by proving a domination theorem, using the unified Pietsch domination
theorem [BPR10] and Ky Fan’s lemma. Also, we give some properties of this
class.

In Section 3, we generalize to Lipschitz operators the class of Cohen p-
nuclear operators introduced in [Coh73]. This class was extended by [AMS09]
to sublinear operators and by [AA1Q] to multilinear operators. Some prop-
erties related to the class of strongly Lipschitz p-summing operators are also
given.

Finally, in Section 4 we consider relations between various classes of Lip-
schitz summability.

1. Definitions and notations. Unless otherwise stated, X,Y, Z will
always denote pointed metric spaces, i.e., with a distinguished element al-
ways denoted by 0, whereas F, F, G will denote real Banach spaces. As is
customary, Bg denotes the closed unit ball of F and E* its topological linear
dual, and L(E, F') is the linear space of bounded linear maps from E to F.

Lipy(X, E) is the Banach space of Lipschitz functions T : X — E such
that T'(0) = 0 with pointwise addition and the Lipschitz norm given by

: 1f(z) — fW)ll
Lip(f) = sup .
( ) Y d(m,y)
We use the shorthand X# := Lipy(X) := Lipy(X,R). The closed unit ball
B % is a compact Hausdorff space for the topology of pointwise convergence
on X.

Let (X,0,d) be a pointed metric space. A molecule on X is a real
valued function m on X with finite support and > , cynoim) m(z) = 0.
Denote by M(X) the real linear space of molecules on X. The condition
Zé‘:1 m(xj) = 0 ensures that m can be represented by m = Zé‘:1 AjMi o s

J
where My !, = 1y — l{x;_}. Set

l

Il = inf { 3 Nl (s, 2) },

j=1
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where the infimum is taken over all representations m = 23:1 Nj(Lzyy —
1{333_}). It follows that | - [|57(x) is @ norm on M (X). Denote by A(X, dx) the
completion of (M (X), ||| ar(x)). This space was first introduced by Arens and
Eells [AE56] in 1956. The idea goes back to Kantorovich [Kan42|. The term
“Arens—Eells space” and the notation (X, dx) are due to Weaver [Wea99].
The map tx : X — fE(X, dX) defined by Zx(x) = Mgy = 1{1} — 1{0} is
an isometric embedding of X into A(X,dx). For more details on the basic
theory of the spaces of Lipschitz operators and their preduals, one can
consult for example the books of Benyamini-Lindenstrauss [BL0O0] or Weaver
[Wea99.

The letters p, g, r, s will designate elements of [1, 00|, and p* denotes the
exponent conjugate to p (i.e., 1/p+1/p* =1).

Inspired by the useful concept of absolutely summing operators, J. Farmer
and W.-B. Johnson [FJ09] introduced the following definition: a Lipschitz
map T : X — Y is called Lipschitz p-summing (1 < p < o0) if there exists

a positive constant C' such that for all xy,...,2,,2),...,2, in X and all
non-negative reals A, ..., \, we have
n 1/p 1/p
(3 Ay (T, 7)) " < € sup (ZA (Fls) = FP)
i=1 feBy#

The infimum of such C is denoted by 7, L(T). This is indeed a generalization
of the concept of linear p-summing operators, since it is shown in [F.JO9]
that the Lipschitz p-summing norm of a linear operator is the same as its
p-summing norm. It will be useful to note that in the above definition we
can restrict to A\; = 1 (see [FJ09] for an implicit proof).

We now give some standard notation. We denote by || - ||, the l,-norm
of a sequence of real numbers. For a sequence (x;); of vectors in a Banach
space E, its strong p-norm is the l,-norm of the sequence (||z;||);, and we
denote its weak p-norm (cf. [DF93]) by

wp((wi)i) = sup (2" (xi))illp-
r*EBpx*
We denote the relevant spaces respectively by I,(E) and (I,)*(E) (I;; (E) and
() (E) if we take finite sequences (v;)1<i<n C E).

Analogously, for sequences (\;); of real numbers and (z;);, (}); of points

in a metric space X, we denote the weak Lipschitz p-norm by

wh (), (x0)i, (27)s) = [ Sup [Nl f (@s) = f (@) Dillp-

GBX#
J. A. Chéavez-Dominguez [Chall| defined an operator T': X — E to be
Lipschitz (r, p, q)-summing (1 < p,r < 00,1 < g<oocand 1/r <1/p+1/q)if
there is a positive constant C' such that for alln € N, (2;)1<i<n, (2})1<i<n C X,
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(af)1<i<n C E* and A\; > 0, k; > 0, we have
(1Y) [T (s) = T(27), a7))ille < Coofy (N V)i ()i, (27)i)wq ((Ria} )s)-

The smallest constant C' such that (1.1) holds is denoted by W£p7q(T), and

Hﬁpg(X ,E) is the set of all such operators; it is a Banach space when
equipped with the norm W,l,:pg('). When E is a dual, we can consider the a}
in the predual. Also, the case (r,r,00) corresponds to Lipschitz r-summing
operators from X into E as in [FJ09|, whereas (r,p, 00) corresponds to the
Lipschitz (r, p)-summing operators from X into E as in [JS09]. Moreover, by

the same argument as in [FJ09], in (1.1) we may take \; = 1 for all i.

2. Lipschitz 7(p)-summing operators. The following definition was
given by X. Mujica [Muj08§| for multilinear operators; it generalizes absolutely
T-summing linear operators introduced by A. Pietsch [Pie80].

DEFINITION 2.1. Let T € L(E,F) and 1 < ¢ < p < co. We say that T
is absolutely T(p, q)-summing if there is a positive constant C' such that, for
all n € N, (ai)lgign C F and (b;‘)lgign C F*, we have

- 1/p - . 1/q
21 (I, r) <o s (3 Hanat)@nnl)

=1 ”b”F§1 i=1

lla*|| =<1
We denote by I, 4)(E, F) the vector space of all 7(p,g)-summing linear
operators 7' from E into F; it is a Banach space with the norm ., (1),
the infimum of all C satisfying the above inequality. When p = ¢, we write
II () and 7, (T) instead of I, ) and 7., ,y(T') respectively. In this case,
we say that T is 7(p)-summing. If p = ¢ = 1, we simply write /1, and 7w,
and we say that T is 7-summing.
The following theorem is due to Pietsch for p = 1 and to Mujica for

multilinear operators when 1 < p < oc.

THEOREM 2.2. Let1l < p < co. A mappingT € L(E, F) is 7(p)-summing
if and only if there is a positive constant C' and a Radon—Borel probability
measure [ on B« X Bps+ such that

22 w@uy<o( | e e e e)

BE* XBF**
for alla € E and b* € F*. In this case, m (1) = inf C.
Straightforward calculations show that if 7" is 7(p)-summing, then 7" and
T* are p-summing.
Now, we extend the preceding definition to Lipschitz operators.

DEFINITION 2.3. Let T be in Lipy(X, F) and 1 < g < p < co. We say
that T is Lipschitz 7(p, q)-summing if there is a positive constant C' such
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that, for all n € N, (z;), (2}) C X, (af) C E* and (X\;)1<i<n C R4, we have

23) (i Nil(T (i) — T(25), a}‘)]f’) e

n

. 1/q
<C sup (M) - f)ai,a)l)
.
where f € X7 and a € E. We will denote this class of mappings by

UTL(p q)(X, E). Equipped with the norm wf(pﬂ)(T) = inf C, it becomes a

Banach space. When p = ¢q, we write I TL(p) and WTL(p) instead of IT L( »)
and WTL(E ) respectively and we say that T' is Lipschitz 7(p)-summing. If
p = q = 1, we simply write [T and 7% and we say that T is Lipschitz 7-
summing. As in the linear case, if 1 < s <r < ¢ < p, then Hf( » C It

7(p,s)
and Wf(p 9 (T) < TI‘L(q " (T) for all T in HL( ry- Moreover,

L L : L
17 (q,r) C H (p 7”) and (p T)(T) < ﬂ-T(q 7”)( ) fOI' all T in HT(q,T‘)’

L : L
17 C UT(q 5 and rL ) (T) < 7TT(q7r)(T) for all T in I17, .-

REMARK 2.4. 1. In the definition we can restrict to A\; = 1 (by the same
argument cited implicitly in [F-J09]).

2. By Goldstine’s theorem, we can replace a by a** € E** in (2.3).

3. If T is linear then “T" is 7(p, ¢)-summing” implies “T" is Lipschitz 7(p, q)-
summing” and Tr_f(nq) (T) < Tr(p,q)(T'). We do not know if the converse is true,
because we now do not have a factorization theorem and By« is also difficult

to handle. Is it a good generalization?

LEMMA 2.5. Let 1 < p < o©. For n € N, («Tz‘)lgignv(l’;)lgign C X,
(af)1<i<n C E* and (Ni)1<i<n C Ry, let v : [} — X =R, E* be the linear
operator such that v(e;) = 6y, 21) B A; r, ar,

tor basis of Iy and ® denotes the szschztz tensor product as introduced in
[CCIV]. Then

[v]| = sup (Z)‘i\(f(xi)—f(ﬂfé))@’aﬂp)l/p'

where (e;) denotes the unit vec-

Il =
Proof. We have
n
vl = sup ||v(@)|xx.Ex = sup HZO@ v(e;) (a:ZaieZ-)
ledlun, =1 ledm, =115 Xemebr i=1

= sup HZal (@i x’)@)\l/p *

||a||zn =1

Xxe E*
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= sup (Za’ 1/p| f(zs) (i))(ai7a>|>

IIOth L [laflg=1
1]y =1

1 %=1

PROPOSITION 2.6. LetT €Lipy(X, E). ThenT is Lipschitz(p)-summing
if and only if for all n € N, (z;)1<i<n, (z))1<i<n C X, (@] )1<i<n C E*,
(Ai)i<i<n € Ry and the linear operator v : lj. — X ®. E* such that
U(ei) = 5(:&,:{;) )‘ /p :

17

(2.4 (SN~ Ta.apP) " < Cll.
=1

We now prove the left ideal property in “Pietsch’s sense”.

PROPOSITION 2.7. Let T € Lipy(Y,E) and R € Lipy(X,Y). If T is
Lipschitz T(p)-summing, then so is ToR, and Tr_f(p)(ToR) < wf(p) (T') Lip(R).

we have

Proof. Let n € N, (x;)i<i<n, (Z))1<i<n C X, (af)i<i<n C E* and
(Ai)i<i<n C Ry. It suffices by (2.4) to show that

(AT o RBla) — T o R, af) )" < vk (T) Lin(R)
=1

where w : [ — X ®. E* is such that w(e;) = (5(%@&) X Ag/paf.
Consider the commutative diagram

n—>Yx E*

w
\L AE*

X w. B
where
0(es) = Srien a0
and
Ridp- (0, 0ry BN 0}) = (e miery) B A .

The Lipschitz injective norm ¢ is uniform by [CCJV| Theorem 7.1], and by
[CCIV,, Proposition 4.2| we have

(Z)\ (T o R(z;) ToR(x;),amp)”p

< 7y (DIl < 7 (D) [wll | R 2 idp- || < 77, (T) Lip(R) ]
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This implies by (2.4) that T'o R is Lipschitz 7(p)-summing and 7T7I_’(p) (ToR) <

wf(p) (T)Lip(R). =

For the right ideal property, let us start with the following theorem.

THEOREM 2.8 ([Wea99|). Let T : X — E be a Lipschitz map which
preserves the base point (i.e., T'(0) = 0). Then there is a unique bounded
linear operator Tr, : B(X,dx) — E such that T = Tr oix, and |TL] =
Lip(T') (here ix : X — A(X,dx) is the natural inclusion).

The linear operator Ty, is called the linearization of T. We know that
every molecule m is uniquely expressible in the form

l
(2.5) m = Z)\jmxjo
7=1

where the points x; are all distinct and not 0. Then 77, is defined by
l
(2.6) Tr(m) =Y NT(z)).
j=1

The dual E* of E is naturally isometric to a subspace of Lipy(F). By
[BLOOL p. 37], there is a norm one projection p : Lipg(E) — E*. Sawashima
[Saw75] defined the Lipschitz adjoint (or dual) T# : Lipg(E) — Lipg(X) of
T € Lipy(X, E) by

T#(f)=foT, [feLipg(E) (T*(f)(z)=f(T(x)).
He showed that T# is a continuous linear operator and
IT#|| = Lip(T) = | T |-
We notice that T#|g+ corresponds in a canonical way to the usual adjoint
of the linear operator attached to T' by Theorem 2.8, i.e., T#|p+ = T7:

. T# .
Lipy(£) — Lipy(X)

p *
TL

E*
Now, we can show the right ideal property for Banach spaces.

PROPOSITION 2.9. Let T' € Lipg(Y,E) and S € Lipy(E,F). If T is

Lipschitz T(p)-summing, then so is SoT, and WTL(p)(S’oT) < Lip(S)ﬂTL(p) (T).

Proof. Let (yi)1<i<n, (¥i)1<i<n C Y, (b )1<i<n C F™ and (Ai)1<i<n C Ry
We have
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(S nl(s 0T~ SoTGhbP)
i—1 N
= (3wl s* ) — . s*onr)

(ZM (0. 53.00)) — (). sy eonr)

(S7 is the transpose of the linear operator attached to .S)

(ZA (T - Th. sy

n

<l s (Y NI - s e ar)

lalle=1 ;=1

1flly# <1
L m/SEB) NP
< 7 (DISL] sup ZA (f(yi) = WS —exy @
Jallpt 1Tl
111y <1
n . Sr(a p\ 1/p
< nliy@sel s (n{() - s {1 S5
lallz=1 \i=} 1SL
111y <1
_ N 1/p
< Lip(S)erip(T)  sup (ZM — o)
1z, , <1
Thus, SoT is Lipschitz 7(p)-summing and wf(p)(So T) < Wf(p) (T')Lip(S). =

By the left ideal property, we have the following proposition. For the

converse, see [Saalbl Remark 3.3|.

ProrosSITION 2.10. Let 1 < p < o0. Let T : X — FE be a Lipschitz
map and Ty, its linearization. If Ty, is 7(p)-summing, then T is Lipschitz

7(p)-summing. The converse is false.

We will give an “alternative reciprocal” after the domination theorem.

Now, we characterize this type of operators by giving the Pietsch domina-
tion theorem. Recently, a general version of the Pietsch domination theorem
was proved in [PSS12b|, which is an improved version of a similar result in
IBPR10] (see also [PSS12a)]). Let X, Y and V' be (arbitrary) non-void sets,
H(X;Y) a non-void family of mappings from X to Y, G a Banach space,

and K a compact Hausdorff topological space. Let

R:KxVxG—1[0,00) and S:H(X;Y)xV xG—[0,00)
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be arbitrary mappings and 1 < ¢ < oco. According to [PSS12b| and [BPR10],
a mapping f € H(X;Y) is RS-abstract g-summing if there is a constant
C > 0 such that

~ 1/q - 1/q
2.7 S(fyxi, b)) <C R(p, wi, b;)?
(2.7) (g (f,i,bi)") SEE(; (,5,5:)7)

foralln e N, z1,...,2, € V and by,...,b, € G. We define
Hrsq(X;Y)={f € H(X;Y) : f is RS-abstract g-summing}.

Suppose that R is such that the mapping

(2.8) Ryp: K — [0,00) defined by Ry () = R(p,x,b)

is continuous for all x € V and b € GG. The Pietsch domination theorem from
[PSS12b| reads as follows.

THEOREM 2.11. Suppose that S is arbitrary, R satisfies (2.8) and let
1<qg<oo. Amap f € H(X;Y) is RS-abstract g-summing if and only if
there is a constant C' > 0 and a Borel probability measure p on K such that

(29 5(r,2.0) < (] Rlg,z,0) dute)
K

forallz eV and b e G.

We give a domination theorem for Lipschitz 7(p)-summing operators by
using the technique above.

THEOREM 2.12. An operator T € Lipy(X, E) is Lipschitz T(p)-summing
if and only if there exists a positive constant C' and a probability u on K =
Byx# x Bp+ such that

(210)  [(T(2) = T(2'),a")] < C(§ 1(/(x) = f@){a™ @) du(f,a™))

K

1/p

for all x,2' € X and a* € E*. In this case, 7T7[_'(p) (T') =inf C.

Proof. Note that T is Lipschitz 7(p)-summing if and only if it is RS-
abstract p-summing with

V=XxX, G=E",

and K = By# X Bpg«~, which is a compact Hausdorff space in the topology
of pointwise convergence on X x E*, H = Lipy(X, E) and R, S are defined
as follows:

R: (Bx# X Bp=) x (X x X) x E* — [0,00),
R((f,a™), (z,2"),a") = NV/P|(f(2) = f(a"){a™,a")],
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and

S:Hx (X xX)x E*—[0,00),

S(T. (z,a',a")) = N/P|(T(2) = T(a'), a")|.
Now, as a consequence of Theorem 2.11,

(T@)-T@)a)<c( | 1(f@) = F@)a ) dulf.a™))

BX# XBE**

1/p

and the proof is complete. m
As an immediate corollary of our theorem we obtain

C - when1§p§q<oo,andﬂf QHPL

L
COROLLARY 2.13. II () (»)

(p)
forall1 <p < oo.
We will present another characterization (Pietsch’s domination theorem)
for this class of Lipschitz operators. For the proof, we use the same idea as

applied for example in [AMS09| and [Muj08, Theorem 3.6|. First, we recall
Ky Fan’s lemma. The proof can be found in [DJT95, p. 190|.

LEMMA 2.14. Let K be a Hausdorff topological vector space and € a
compact conver subset of K. Let M be a set of functions on € with values
in (—o0, 00] having the following properties:

(a) each f € M is conver and lower semicontinuous;

(b) if g € conv(M), then there is an f € M with g(xz) < f(x) for all
r el

(c) there is an r € R such that each f € M has a value < r.

Then there is an xo € € such that f(xo) <r for all f € M.

THEOREM 2.15. Let T € Lipy(X, E) and C a positive constant. Then
the following assertions are equivalent:
(1) The operator T is Lipschitz T(p)-summing and 7T7l_’(p) (T)<C.

(2) There exist Radon probability measures j11 on Bx# and pa on By,
such that for all x,2' in X and a* in E*, we have

(211)  [T(z) = T(a),a)]

= C( S S |(f(z) = f(")(a", a™) [P dpa (f) duz(a**)>l/p.

Moreover, in this case WTL(p) (T)=inf C.
Proof. We only need to prove (1)=(2), because (2.11) easily implies that
T is Lipschitz 7(p)-summing and 7T7I_’(p) (T)<C.

Consider the sets P(Bx#) and P(Bpg=+) of probability measures in
C(Bx#)* and C(Bpg++)* respectively endowed with their weak* topologies.
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These sets are compact and convex. We are going to apply Ky Fan’s lemma
with K = C(By#)* XC(Bg*)* and € = P(Bx#) x P(Bg+-), which is convex
and compact.

Let M be the set of all functions ¢ : € — R of the form

(115 12) = P((a2) () (a2). () (115 H2)
= Y Nl(T (i) = T(a}), af)?
i=1
—C N NI(f(i) = fD))(ai, a*) P dpa () dpz(a™)

BX# BE**

where (l’i)lgigm (Iﬂg)lgign c X, (a:)lgign C E* and ()\i)lgign CR,. These
functions are continuous and convex. The set M is a convex cone. We now
apply Ky Fan’s lemma (conditions (a) and (b) are satisfied). For (c), since
B+ is a compact Hausdorff space in the topology of pointwise convergence
on X and Bpg«+ are weak™ compact and norming sets, using the fact that X
is isometrically embedded into By% and by the classical Goldstine theorem,
for ¢ € M as above there exist fy in By# and aj* in Bg« such that

1 * )k - * ksk
sup || (AP (F () — P ar, ™)) |7, =D Mil folwa) — fo ) g, af ) P.
||f||x#:1 P i=1

lla™* || pex=1

If 6, and ¢+ denote the Dirac measures supported by fo and a
tively, we have

0" respec-

(i), (@), (01),00) (Ofo a)

= Y Nl(T(w) = T (), af) [P = CP > Nil folwi) — fol@}){aj, ag")[” < 0.

i=1 i=1
Hypothesis (1) yields
SUP{P((ay), (). (ar),(\)) (15 B2) = (1, p2) € K} <0,
By Ky Fan’s lemma, there is g = (u1, o) € € with u(p) < 0 for all ¢ in M.
If  is generated by simple elements x, 2’ € X, a* € E* and A = 1, we find
Plearar1) (i, p2) = [(T(x) = T(a"),a”)[?
—cm § V(@) = F@) e, @) P du (f) dps(a™) <0,

By Bges
It follows that x# OB

(T(x) —T(z),a")] o
<o( | ] 1@ = f@ N @ ) dusa)) "

BX# BE**

and this completes the proof. m
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COROLLARY 2.16. Let T' € Lipy(X, E). If T is Lipschitz T(p)-summing
then its linearization Ty, is in Dp«(E(X), E) in the sense of |[CohT3|, and
consequently T; is p-summing.

Proof. Suppose that T € ]YTL(p)(X7 E). Let m = 22:1 AjMy, g be in
M(X) and a* € E*. By Theorem 2.15, we have

l
(Tr(m),a) < DN (T (25) = T(a)),a%)|
j=1

l
<oy NI § 10 — A )P () dpaa))
j=1

BX# BE**

l 1/p
<7l ()" Nl ) (] e, @) P dps(a™))
j=1 B
< wly Dlimlmeo (§ e @) dus(@)) .
BE**
By density, this implies that T}, € Dy« (E(X), E) and dp+(T1) < 7k (T),

(p)
hence 7,(T}) < wf(p) (T) by [Coh73, Theorem 2.2.2]. m

3. Cohen Lipschitz p-nuclear operators. We introduce the following
generalization to Lipschitz operators of the class of Cohen p-nuclear operators
studied in [CohT73|. It is a particular case of the class defined by J. A. Chéavez-
Dominguez [Chall], which he called the Lipschitz (r, p, ¢)-summing operators,
if we take (r,p,q) = (1,p,p*) and k; = 1 for all i. The notion of p-nuclear
operators was introduced by A. Persson and A. Pietsch [PP69]. Initially the
definition of nuclear operators for Banach spaces was given by Grothendieck
[Grob5]. J. S. Cohen |Coh73| introduced another concept of p-nuclear op-
erators, which was generalized to (p, ¢)-nuclear operators (1 < ¢ < oo) by
H. Apiola [Api76]. D. Chen and B. Zheng |[CZ12] generalized this notion to
Lipschitz operators. To distinguish these two notions, we will talk about Cohen
p-nuclear operators and we generalize this notion to Lipschitz operators.

DEFINITION 3.1. A Lipschitz operator 1" : X — E is Cohen Lipschitz
p-nuclear (1 < p < oo) if there is a positive constant C' such that for any
n €N, (#i)1<i<n, (T9)1<i<n € X, (6] )1<i<n C E* and (M)1<i<n C Ry, we
have

(3.1 YT (@) (). af)
=1

< swp (SMred - £pl)"” s (3l anp)”

feBx# Vi
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The smallest constant C' above, denoted by 77;;4 (T), is called the Cohen
Lipschitz p-nuclear norm; it makes the space /\/;,L(X, E) of all Cohen Lip-
schitz p-nuclear operators from X into E a Banach space. For p = 1 and
for p = oo we have, as in the linear case, NI (X,E) = IIf(X,E) and
NL(X,E) = Dk OO(X, E) (see below). In the definition we can restrict to
Ai =1, asin [F ]OQ] We use this definition with the A; only in the proof of
Pietsch’s domination theorem.

We know (see [DJT95]) that i,(£) = I (F) (= indicates isometric iso-
morphism) for some 1 < p < oo if and only if dim(F) is finite. If p = oo, we
have l(F) = % (FE). Moreover, if 1 < p < oo, then I/(E) = L(l+, E). In
other words, if we let v : [,» — E be a linear operator such that v(e;) = a;
(that is, v = >":°; €; ® a;, where e; denotes the unit vector basis of ), then

(32) loll = 1@l (m)-
Let T': X — E be a Lipschitz operator and v : [, — E* a bounded
linear operator. By (3.2), T is Cohen Lipschitz p-nuclear if and only if

S AT () — T, ofen)
>
< swp (S Mf) - £r) ol

feBy# Y1
PROPOSITION 3.2. Let T' € Lipy(X,E), R € Lipy(E,F) and S in
LipO(Y X). If T is Cohen Lipschitz p-nuclear, then so is Ro T o S, and
nf(RoT o S) < Lip(R)nk(T) Lip(S).
Proof. Let n € N, (yl)lgign,(yi)lgign C Y and (af)lgign C E*. By
using (3.3), we first prove that

n

<nf(r) sup Lin(S)(3 17w rhP) ol

fe€By# i=1
where v : E' — [, is defined by v(a) = 37" a; (a)e;. Indeed,

> (TS() TS (W) a)

> TS() - TS a)
=1

L - )\ /P ;
< i fGBE#(;v FS@P) ol
] n S i S 7{ p\ 1/p
< 11, (T) Lip(S) S (Z; féip((ysg) - fL(ip((g) ) o]

1/p
<y (T)Lip(S) sup (Z|f vi) = FOIP) o]l
Y# =1
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This implies that I I .
n, (T 0 S) < n,(T)Lip(S).

Let now n € N, (2;)1<i<n, (2})1<i<n € X and (b])1<i<n C F*. Secondly,
using (3.3) we prove that

> (R (@) — RT (), 5)
=1 1/p
<y (T) Lip(R fesgz# (Z; |f (@) |p> JJwll,

where w : F' — 7). is defined by w(b) = Y7 b} (b)e;. Indeed,

)imﬂxo ~ RT(),5))] = (imxi) ~T(al). B* ()

L S ” x;) — f(z)|P Vp U
<mp(1) sw (315w = fP) .

u
€Bp# V=1

. - 1/p
< b Lip(R) sup (2 1f(e) = fepr) el
fe€Bp# Vim1

where u(y) = Y (R# (b)), y)e; = v (b}, R(y))e;. This implies that RoT'
is Cohen Lipschitz p-nuclear and nl(RoT) < ||R||nk(T). =

Let us prove the Pietsch domination theorem for this class of Lipschitz
operators. The proof is like that in [AMS09]. In [Chall], J. A. Chéavez-
Dominguez gives a domination theorem for Lipschitz (r,p, ¢)-summing op-
erators from X into E* such that 1/r+1/p+1/q= 1.

THEOREM 3.3. Let T € Lipy(X, E) and C a positive constant. Then the
following assertions are equivalent:

(1) T is Cohen Lipschitz p-nuclear and n, LTy <.
(2) For any n € N (J}Z)lglsn,(l’ )1§z§n X ( )1<z<n C E* and
()\ Ji<i<n C Ry, we have

(3.4) Z/\\ — T(x}),a])]|
<C’ sup (Z)\|f (i) (xi)lp> " sup (Z’ )

lallz<1

*

(3) There exist Radon probability measures (1 on Bx# and pa on Bp«
such that for all x,x' € X and a* € E*, we have

(35) [(T(x) - T('),a")] } B
<o § 1@~ fPam()) (] lat@)p dpa)) "

BX# BE**
Moreover, in this case ng(T) = inf C.
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The following definition was introduced independently by [Saal5| and
[YAR]. For our convenience, we adopt the notation of [YAR].

DEFINITION 3.4. A Lipschitz map T : X — FE is Lipschitz strongly p-
summing (1 < p < 0o) if there is a constant C' > 0 such that for all n € N,
(xi)lgign; (x;)lgign C X, (af)lgign C E* and ()\i>1§i§n C R+, we have

(36) S AT - Th).a)] < O3 Mdx(aial)?) e (a1
i=1 =1

We denote by D£t7p(X , E) the class of all Lipschitz strongly p-summing op-

erators from X into E, and by dSLt’p(T) the smallest C' such that (3.6) holds.

This generalizes the definition introduced in [Coh73| in the linear case. If T'
is linear, then DL (X, E) = Dy(X, E) because By# is not involved in the
definition.

Let T' € Lipy(X; E) and v : [ — E* be a bounded linear operator. Then
T is strongly Lipschitz p-summing if and only if

B7) AT - T < (3 Mdx () ol
=1 =1

Now, we give the domination theorem for Lipschitz strongly p-summing
operators (see [Saald] and [YAR]).

THEOREM 3.5. A Lipschitz operator T : X — E is Lipschitz strongly
p-summing (1 < p < 00) if and only if there exist a positive constant C and
a Radon probability measure p on Bgs such that for all x,2’ € X, we have

* RN
P du(a )) .

(3.8) |<T(w)—T(fv'),a*>\SCdx(x,x')( G
B

Moreover, in this case dSLt’p(T) =infC.

From the above result, we deduce (see also [Saal5, Theorem 3.8] and

[Challl).

COROLLARY 3.6. Let C be a positive constant. A Lipschitz map T : X —
E is Cohen Lipschitz p-nuclear and nﬁ(T) < C if and only if there exist a
Banach space Z, a Lipschitz p-summing operator R : X — Z* and a linear
p*-summing operator S : E* — Z (i.e., S* is strongly p-summing) such that
T=5*0cR and Wé’(R)?Tp*(S) <C.

4. Relationships between HPL(X, E),DSLW(X, E),Hf(p)(X, E) and

NpL(X, E). In this section we investigate, as in the linear case, the rela-
tionships between various classes of Lipschitz operators.
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THEOREM 4.1.

(1) NH(X,E) C DL (X, E) and df ,(-) < nj(-) for 1 < p < oo.
(2) NH(X,E) C ITHX, E) and 7} (-) < k() for 1 <p < oo.
(3) ]YTL(p)(X7 E) C DSLW*(X, E) and dSLt’p*(') < 7T7[_’(p)(-) for 1 <p < oo.
(1) TE(X, B) C NP(X, B) and n() < () for 1 < p < oo.

Proof. Let T € NpL(X, E), z,2’ € X and a* € E*. By (3.5),
(T(x) = T(2'),a")]

<nb@( | 1@~ 1P an(n)C | 0@ dpaa)

-3 B
<@ ( | dawayann) (] 1o @ )"
B4 Bpes

! LYPREIONT N *k 1/p
<nf(Dd(@a)( | 10" @) duz(@)
B
Hence by (3.8), T' is Lipschitz strongly p-summing and dsme(T) < 775 (7).
(2) Let T € NF(X, E). By (3.5),
|17 () = T(") = swp [(T() = T(a'),a")|
1/
< swp b § 1f@) = fEPdm(h)

a*€Bpx
E BX#

(]l dpata)
Bpxs
<mp@)( § 1@ = F@)du(h)
By

By the Pietsch domination theorem [F'J09], T is Lipschitz p-summing and
7r]§(T) < nzl;(T).
(3) Let T € UTL(p)(X, E), 2,2’ € E and a* € E*. By (2.11),

1/p

(T (z) = T(a"),a")|

<y @( | T 0@~ e, a ) dun () dpata™))

BX# BE**

P 1/p
dua(f) d/m(a**))
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p

f(z)—f(=)

d(z, ") {a,a™)

1/p
dui(f) dﬂ2(a**)>

< 7rT(p) (T)d(x, x/)< S S sup
By B 570

< nloy @) (| la @) duata) .

BE**

This implies by (3.8) that T is Lipschitz strongly p*-summing and df; . (T") <

L
ey (D)-

(4) Let T € IIX(X,E). For n € N, (2;)1<i<n, (¥})1<i<n € X and
(a})1<i<n C E*, we have

> I(T@) - T, apl < 7HT) sup (3 1(7Gw:) ~ Sh)aa)])
= A

by Hélder’s inequality. This proves T € NF (X, E) and nf(T) < 7X(T). =

THEOREM 4.2. Let 1 < p < oo, T € Lipy(X, E) and L € Lipy(E, F). If
L is Lipschitz strongly p-summing and T is Lipschitz p-summing, then LoT
is Cohen Lipschitz p-nuclear and nﬁ(L oT) < dSLtp( )Wé/(T).

Proof. Let z,2' € E and b* € F*. By (3.8), we have
(LoT(x) = LoT(x),b")| = [{L(T(x)) — L(T(x)),b")]
« 1/p*
< d (7@ - T | 16 die)”

BF**
and by the Pietsch domination theorem [FJ09],
[(LoT(x) = LoT(x),b")]
1/p*

< d (k@) § 1@ an(n) (] e due)

BX# BF**
This shows that LoT € NX(X,F) and k(Lo T) < dk ,(L)75(T). =
COROLLARY 4.3. Ifp > 2, then & fpy(LoT) < dk (L)m}(T).

THEOREM 4.4. Let 1 < r,p,q < oo with 1/r = 1/p + 1/q and let
T € Lipy(X,E) and L € Lipy(E, F). If L is Lipschitz 7(r)-summing and
T is Lipschitz p-summing, then L o T is Lipschitz (r,p,q)-summing and

W(ang)(L oT) < Wf(r)(L)ﬂ']l; (7).
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Proof. Let z,2' € X and b* € F*. By (2.11),
(LoT (@)~ LoT('),b)]
1/r
<aly@( ] § @) - FE) e 5 din () duso)
By Bpes

Using the general Holder inequality and the fact that T is Lipschitz p-
summing, we get

(LoT(z)— LoT(z'),b")

<7l (@)( | 17T@) — )P am(n)" (] 1075 ()
< WTL(T)(L)HT(iU) . T(m')H ( S ‘<b*, b**>|q dug(b**))l/q
BF**
< wly@Lrp ([ 1@ = 1P du<f>)1/p( } 1,67 dm(b**))l/q-
BX# BF**

This implies Lo T € H(Lr,pm (X, F) and Wém

COROLLARY 4.5. Let 1 < p < oo, T € Lipy(X, E) and L € Lipy(E, F).
If L is Lipschitz T-summing and T is Lipschitz p-summing, then L oT 1is

Cohen Lipschitz p-nuclear and n} (Lo T) < 7k (L)mk(T).

y(LoT) < wf(r) (L)wk(T).
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