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Abstract. This is a survey of Hamiltonian field theory in jet bundles with a particular stress
on geometric structures associated with Euler–Lagrange and Hamilton equations. Our approach
is based on the concept of Lepage manifold, a fibred manifold endowed with a closed Lepage
(n + 1)-form where n is the dimension of the base manifold, which serves as a background for
formulation of a covariant Hamilton field theory related to an Euler–Lagrange form (representing
variational equations), hence to the class of equivalent Lagrangians. Compared with conventional
approaches, dependent upon choice of a particular Lagrangian, this is an important distinction
which enables us to enlarge substantially the family of field Lagrangians which possess a canonical
multisymplectic Hamiltonian formulation on the affine dual of the jet bundle, and can thus be
treated without using the Dirac constraint formalism. Within the Hamiltonian theory on Lepage
manifolds, the concepts of regularity and Legendre transformation are revisited and extended,
and new formulas for the Hamiltonian and momenta are obtained. In this paper we focus on De
Donder–Hamilton equations which arise from “short” (at most 2-contact) Lepage (n+ 1)-forms.
To illustrate the results we present regular Lepage manifolds (and the corresponding Hamiltonian
formulation) for the Einstein and Maxwell equations.

1. Introduction. The present paper is based on a lecture delivered at the international
conference “Geometry of Jets and Fields” at Będlewo in May 2015. The aim is to survey
the current state of the covariant Hamiltonian field theory. We shall leave aside the
evolution Hamiltonian field theory which is another important direction in generalizing
classical Hamiltonian mechanics to several independent variables, and well-suited to study
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the initial value problem (the interested reader is referred to the books [20] and [5] and
references therein), as well as we shall not discuss the relationship between the evolution
and the covariant approach and we refer to Gotay [16].

Foundations of the covariant Hamiltonian formalism in the calculus of variations have
been built since late 1970’s inspired mainly by works of De Donder and Weyl. There is a
vast literature of miscellaneous approaches to these questions which cannot be discussed
in more detail here, but can roughly be characterized as representing two overlapping
streams: those based on multisymplectic forms, and those based on Lepage forms and
their generalizations (to see this diversity see, for instance, [2], [3], [11], [13], [15], [18],
[22], [29] and references therein). A multivariable generalization of the symplectic setting
for Hamiltonian mechanics has been successfully achieved in terms of affine duals of jet
bundles. In contrast to mechanics on tangent bundles, in jet bundles one has two du-
ally related manifolds, the affine dual equipped with the canonical multisymplectic form,
and the reduced dual (see e.g. [4], [3], [8], [40], [39]). Within the conventional approach,
Hamilton equations are associated with a Lagrangian via Legendre map where momenta
and the Hamiltonian are defined by means of the Lagrangian. This approach works well
in classical mechanics, however, if one considers multiple variational integrals, or even
higher-order variational problems (with Ostrogradskii and De Donder higher-order gen-
eralization of the formula for the Legengre map), there appear unexpected complica-
tions: The Hamilton formulation is non-unique—the higher-order Poincaré–Cartan form
is generically not global, and, if ‘globalized’, it is non-unique, moreover, a Lagrangian has
many Lepage equivalents which differ by order of contactness (the Poincaré–Cartan form
is the ‘shortest’ among them). Equivalent Lagrangians (with the same Euler–Lagrange
expressions) may essentially differ in regularity/degeneracy properties: one may be regu-
lar and thus admit a multisymplectic formulation and Hamilton equations equivalent to
the Euler–Lagrange equations, while some other one may be degenerate, hence the corre-
sponding Hamilton equations are not equivalent to the (same!) Euler–Lagrange equations
and, moreover, have to be treated with the help of the Dirac constraint formalism. These
‘strange’ properties can be understood and disappear if Hamiltonian formulation is re-
lated to Euler–Lagrange form, representing variational equations, hence to the class of
equivalent Lagrangians, rather than to a particular Lagrangian. The possibility to achieve
such a formulation is based on a fundamental property of variational equations, namely,
that they can be globally extended via adding contact forms of higher degrees to closed
(n + 1)-forms, called Lepage (n + 1)-forms. Formalizing the procedure one is led to the
concept of Lepage manifold, a fibred manifold endowed with a closed Lepage (n+1)-form
where n is the dimension of the base manifold, which is a well-designed background for
variational problems in full generality. Foundations of this new framework were laid in
[25] and [27], [31] (see also [26]) for higher–order mechanics, and [28], [29], [40], [39], [38]
for field theory. Compared with conventional approaches, dependent upon a choice of a
particular Lagrangian, this makes an important distinction which enables one to enlarge
substantially the family of field Lagrangians which possess a canonical multisymplectic
Hamiltonian formulation on the affine dual of the jet bundle, and can thus be treated
without using the Dirac constraint formalism.
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In this paper we first introduce the canonical Hamiltonian field theory on affine du-
als. We also present recent results on the structure of solutions of De Donder–Hamilton
equations [39] which can be understood in terms of Ehresmann connections. Section 3
is a brief reminder on conventional De Donder–Hamilton field theory based on the con-
cept of an individual Lagrangian. In the last section we then present Lepage manifolds,
Euler–Langrange and Hamilton equations modelled on Lepage manifolds, and the revis-
ited concepts of regularity and Legendre transformation, including explicit new formulas
for Hamiltonian and momenta on a Lepage manifold [38]. To illustrate the results we con-
struct regular Lepage manifolds and the corresponding Hamiltonian formulation avoiding
the use of the Dirac constraint formalism for the Einstein and Maxwell equations.

2. Hamiltonian systems on affine duals. Throughout the paper we shall assume
that all manifolds and mappings are smooth, and use the standard summation convention
whenever appropriate.

2.1. Jets and contact forms. We shall consider a fibred manifold π : Y → X, dimX =
n > 1 and dimY = m+ n, and its jet prolongations, πr : JrY → X. We assume that X
is orientable. Local fibred coordinates on Y are denoted by (xi, yσ) where 1 ≤ i ≤ n and
1 ≤ σ ≤ m, and we put

ω0 = dx1 ∧ dx2 ∧ · · · ∧ dxn , ωj = i∂/∂xjω0 . (1)

We shall often work just with the first and second prolongation of π. The associated
coordinates on J1Y and J2Y are denoted by (xi, yσ, yσi ) and (xi, yσ, yσi , yσij), i ≤ j,
respectively. If appropriate, we shall use all the functions yσij where 1 ≤ i, j ≤ n, defined
with the help of symmetry of the second derivatives. For convenience we shall often denote
J0Y = Y . The natural projections JrY → JsY are denoted by πr,s.

Typically, (xi) are local coordinates on a space-time manifold, (yσ) are components
of fields and yσi , yσij are their first and second derivatives. Often π is a vector bundle, but
generally it is a surjective submersion, like, for example, in general relativity, where π is
a bundle of metrics (regular symmetric covariant 2-tensors) over a space-time X.

Jet bundles inherit a canonical contact structure. A differential form η on JrY , r ≥ 1,
is called contact if it vanishes on prolongations of sections of π. The ideal of contact
forms on JrY is generated by contact 1-forms of order r and their exterior derivatives. In
particular, contact 1-forms on JrY annihilate a horizontal distribution Cr, called Cartan
distribution. We shall need C1 and C2, locally annihilated by contact 1-forms ωσ and
ωσ, ωσi , respectively, where

ωσ = dyσ − yσj dxj , ωσi = dyσi − yσijdxj . (2)

A contact q-form η is called k-contact if for every vertical vector field ξ the contraction
iξη is (k − 1)-contact, where k = 1, 2, . . . q. Here a 0-contact form, also called horizontal,
is such that iξη = 0 whenever ξ is a vertical vector field. Every q-form η on JrY , if lifted
to Jr+1Y , has a unique global decomposition

π∗r+1,rη = hη + p1η + · · ·+ pqη (3)
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where hη is horizontal and pkη is a k-contact q-form (1 ≤ k ≤ q) on Jr+1Y , respectively.
Note that for q ≥ n we have hη = p1η = · · · = pq−n−1η = 0.

Horizontal n-forms on JrY (where n = dimX, and r ≥ 1) play a fundamental role in
the calculus of variations, and are called Lagrangians of order r.

2.2. Affine duals of jet bundles. The manifold J1Y is also the total space of an
affine bundle π1,0 : J1Y → Y modelled on the vector bundle VXY ⊗ π∗T ∗X → Y , where
VXY → Y is the bundle of vectors tangent to Y and vertical over X. We denote the fibre
over y ∈ Y by J1

yY (so that J1
yY = π−1

1,0(y)) and let x = π(y).
As an affine space of dimension m, every fibre J1

yY is associated with a vector space
Wy of dimension m+1, its extended dual, whose elements are the affine functions J1

yY →
R. Applying this construction to all the fibres of the affine bundle π1,0 : J1Y → Y

gives the manifold
⋃
yWy = J†Y , called the extended dual of J1Y . If φ ∈ J†Y and

φy : J1
yY → R, we put π†1,0(φ) = y, and then π†1,0 : J†Y → Y becomes a vector bundle.

With our notations as above, we shall write J†yY = (π†1,0)−1(y) = Wy. The manifold
J†Y is equipped with local coordinates related to fibred coordinates on Y . Let (xi, yσ)
be a chart around y, and yσi(y) denote the restrictions of the induced coordinate functions
yσi to the fibre J1

yY . The yσi(y) are affine functions, hence elements of J†yY . Together
with the constant function 1y : J1

yY → R, they form a basis (1y, yσi(y)) of the vector
space J†yY . Denote the dual basis of (J†yY )∗ by (P(y), P

i
σ(y)). The functions P(y), P

i
σ(y) on

J†yY then give rise to smooth local functions P, P iσ on J†Y which together with xi, yσ

form a local coordinate system (xi, yσ, P, P iσ) on J†Y . We can see that if φ ∈ J†Y and
φy = f0 +f iσy

σ
i(y) then (f0, f

i
σ) are the components of the vector φy in the basis (1y, yσi(y)),

hence f0 = P(y)(φy), and f iσ = P iσ(y)(φy).
With a choice of a fixed volume element on X, the manifold J†Y is equipped with

a canonical multisymplectic (n + 1)-form Ω which makes (J†Y,Ω) a multi-variable gen-
eralization of the canonical symplectic structure on the cotangent bundle T ∗M → M ,
used in mechanics (where M serves as a configuration manifold). To remind how this
arises ([39], [40]), let us consider a chart (Ū , (xi, yσ, P, P iσ)) on J†Y and the associated
chart (Ū0, (xi)) on X, and suppose there is given a volume form vol on X such that
vol |Ū0

= ω0 = dx1 ∧ · · · ∧ dxn. For every n-form η on Y belonging to the subbundle Λn1Y
of ΛnY such that iξiζη = 0 whenever ξ, ζ ∈ VXY , we have η = η0ω0 + ηiσdy

σ ∧ ωi, and
for any section γ of π : Y → X such that y = γ(x) ∈ π†1,0(Ū),

γ∗η(x) =
(

(η0 ◦ γ)(x) + (ηiσ ◦ γ)(x)
(∂γσ
∂xi

)
x

)
ω0(x) = (η0 + ηiσy

σ
i )(j1

xγ)ω0(x) , (4)

yielding a local fiberwise affine function φ = η0 + ηiσy
σ
i on J1Y , hence an element of

J†Y . With the volume form fixed, the above correspondence between elements of Λn1Y
and J†Y is a linear isomorphism of the fibres, under which the basis (1y, yσi(y)) of J†yY
corresponds to the basis (ω0(y), dyσ∧ωi(y)) of (Λn1 )yY , and gives rise to a diffeomorphism
F : J†Y → Λn1Y 1. Now, for every φ ∈ J†Y and every system of π†1,0-projectable vector

1Note that without a fixed volume element on X we do not have a mapping assigning to
every affine function φ ∈ J†Y , φy = f0 + f iσy

σ
i(y), an element of Λn1Y .
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fields ξ1, . . . , ξn on J†Y we can put
Θ(φ)(ξ1, . . . , ξn) = F (φ)(Tπ†1,0.ξ1, . . . , Tπ

†
1,0.ξn) , (5)

and thus obtain a canonical n-form Θ on J†Y . Then Ω = dΘ is the desired canonical
multisymplectic (n+ 1)-form.

In the given coordinates, if we denote φ = η0 +ηiσy
σ
i we get F (φ) = η0ω0 +ηiσdy

σ∧ωi,
and as we have seen above, η0 = P (φ) and ηiσ = P iσ(φ). Without loss of generality we
can restrict ourselves to the subbundle of Λn(J†Y ) spanned by (ω0, dy

σ ∧ ωi), hence Θ
must take a coordinate expression Θ = aω0 + aiσdy

σ ∧ ωi for some functions a, aiσ on U ,
and we finally obtain a(φ) = P (φ), aiσ(φ) = P iσ(φ). This means that the canonical forms
on J†Y become

Θ = Pω0 + P iσdy
σ ∧ ωi , Ω = dP ∧ ω0 + dP iσ ∧ dyσ ∧ ωi . (6)

We observe that the dimension of J†Y is greater than the dimension of J1Y , hence
J†Y canot serve as a ‘true dual space’ for J1Y . This difficulty is avoided by taking the
quotient of J†Y by functions constant on fibres of J1Y . More precisely, for every y,
the vector space J†yY contains a distinguished subspace of constant maps, and we may
consider the quotient space, denoted J?yY . Setting J?Y =

⋃
y J

?
yY gives another vector

bundle called the reduced dual. We shall let ρ : J†Y → J?Y denote the quotient map,
π?1,0 : J?Y → Y the induced map, and τ the composition π ◦ π?1,0. We also observe that
local coordinates (xi, yσ, P, P iσ) on J†Y induce local coordinates (xi, yσ, P iσ) on J?Y , and
every local section h of ρ gives rise to a local ‘Hamiltonian’ form Ωh = h∗Ω on J?Y . In
coordinates, if P ◦ h = −H, we get

Ωh = −dH ∧ ω0 + dP iσ ∧ dyσ ∧ ωi . (7)
We call h a Hamiltonian section, and its component H a Hamiltonian.

Given a Hamiltonian section on U ⊂ J?Y , the bundle (τ |U ,Ωh) represents a frame-
work for a regular Hamiltonian field theory2. Instead of a Hamiltonian vector field (or,
better of the Pfaffian system annihilating a Hamiltonian vector field), describing dynam-
ics of a mechanical system, we now obtain rather an exterior differential system generated
by n-forms,

Dh = {iξΩh}, ξ runs over vertical vector fields on U ⊂ J?Y . (8)
Integral sections of Dh (being local sections ψ : X → J?Y ) satisfy the following system
of first order PDEs, called De Donder–Hamilton equations:

∂(yσ ◦ ψ)
∂xi

= ∂H
∂P iσ

◦ ψ, ∂(P iσ ◦ ψ)
∂xi

= − ∂H
∂yσ
◦ ψ . (9)

The name refers to De Donder [7] who obtained these equations as a multivariable gen-
eralization of Hamilton equations of classical mechanics.

2We notice that this is not a straightforward generalization of the symplectic setting for time-
independent mechanics. On the other hand, it is a straightforward generalization of (generally)
time-dependent regular Hamiltonian mechanics, where in place of the canonical (n+1)-form Ω on
J†Y , and a related local form Ωh one has the canonical symplectic form Ω = dP ∧dt+dPσ ∧dqσ
on J†(R×M) ∼ T ∗(R×M) over R, and a local cosymplectic form Ωh = −dH∧ dt+ dPσ ∧ dqσ
on J?(R×M)→ R (for more details see e.g. [35], [31]).
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It is worth noticing that equations (9) satisfy the Helmholtz conditions (for first
order PDEs), meaning that they are variational; the corresponding variational principle
concerns the fibred manifold τ , so that the Lagrangian κ is a local n-form on J1(J?Y )
(affine in the first derivatives). We can see that κ = h̃Θh, where Θh = h∗Θ, and h̃ denotes
the horizontalization with respect to the projection τ . Due to the fact that solutions
of De Donder–Hamilton equations are extremals of a Lagrangian, we speak about De
Donder–Hamilton extremals.

2.3. De Donder–Hamilton equations and connections. The use of Ehresmann
connections in classical field theory has been considered in several papers, as e.g. [9]. In
[39] it was proved that the exterior differential system (8) is equivalent with a certain
family of Ehresmann connections on the fibred manifold τ : J?Y → X, and the family
was completely characterized, thus shedding light on the structure of solutions of De
Donder–Hamilton equations.

Denote by Γ̂ an Ehresmann connection (jet field) on τ : J?Y → X. By definition, Γ̂
is a local section of τ1,0, and it is represented by its horizontal projector

Γ = dxj ⊗
(

∂

∂xj
+ Γσj

∂

∂yσ
+ Γiσj

∂

∂P iσ

)
, (10)

where Γσj , Γiσj are components of Γ̂. A local section ψ of τ is called an integral section of
Γ̂ if it satisfies Γ̂ ◦ ψ = J1ψ. In coordinates this is a system of overdetermined first order
PDEs

∂ψσ

∂xj
= Γσj ,

∂ψiσ
∂xj

= Γiσj . (11)

By a direct calculation we obtain:

Theorem 2.1. If an Ehresmann connection Γ̂ on τ : J?Y → X satisfies the compatibility
condition iΓΩh = (n− 1)Ωh then any integral section of Γ̂ is a solution of (9).

In view of the above theorem we call Ehresmann connections compatible with Ωh
fields of De Donder–Hamilton extremals.

Apparently, a compatible connection is non-unique; however, we are able to charac-
terize all of them:

Theorem 2.2 ([39]). The family of Ehresmann connections Γ̂ on τ : J?Y → X compat-
ible with Ωh is locally described by the horizontal projectors

Γ = dxj ⊗
(

∂

∂xj
+ ∂H
∂P jσ

∂

∂yσ
−
(

1
n
δij
∂H
∂yσ

+ F iσj

)
∂

∂P iσ

)
, (12)

where for every σ, the (F iσj) is an arbitrary (n× n)-matrix on U , traceless at each point
of U .

Formula (12) gives a family of local Ehresmann connections such that every local
section of any of these connections is a De Donder–Hamilton extremal. In particular,
for every completely integrable connection Γ̂ (in the sense of Frobenius integrability)
the maximal De Donder–Hamilton extremals of Γ̂ form an n-dimensional foliation of
Dom Γ̂ ⊂ J?Y .
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The question arises if all solutions of Ωh are (at least locally) included, i.e., if ev-
ery solution of De Donder–Hamilton equations can be locally embedded in a field of
De Donder–Hamilton extremals—and the answer is affirmative: Every solution of De
Donder–Hamilton equations is locally an integral section of some Ωh-compatible connec-
tion Γ̂, which, moreover, is maximal in the sense that it is defined on the domain of the
section h. To be more precise, one can prove the following:

Theorem 2.3 ([39]). Let h be a section of ρ defined on U ⊂ J?Y , and let W be a
nonempty open subset of τ(U) ⊂ X. If ψ is a local section of τ : J?Y → X defined on W
and satisfying

ψ∗(iξΩh) = 0 for every vertical vector field ξ on U (13)

then for each x ∈ W there is a connection Γ̂ defined on U ⊂ J?Y and satisfying the
compatibility condition iΓΩh = (n − 1)Ωh such that for some neighbourhood N of ψ(x)
the restriction ψ|N is an integral section of Γ̂.

Definition 2.4. A De Donder–Hamilton system is called Cauchy integrable if the Cauchy
problem for the given De Donder–Hamilton equations has, for every initial condition, at
least one maximal solution.

Corollary 2.5. Existence of a flat Ehresmann connection compatible with Ωh is a suf-
ficient condition for Cauchy integrability.

Indeed, assume that there exists a flat (completely integrable) Ωh-compatible con-
nection Γ̂ on U = Dom h. Then Γ̂ induces an n-dimensional foliation of U such that
the leaves are solutions of the De Donder–Hamilton equations of Ωh. It follows that the
Cauchy problem for the system of PDEs (9) has for any given initial condition (at each
point in U) at least one maximal solution, corresponding to the unique maximal integral
manifold of Γ̂ passing through that point.

3. Field theory in jet bundles: Lagrangian-based approach

3.1. Goldschmidt–Sternberg’s setting for first order Hamiltonian field theory.
Let λ be a Lagrangian on J1Y , in fibred coordinates λ = Lω0 where L may depend on
(xi, yσ, yσj ). An action over Ω (where Ω ⊂ X is a compact connected manifold of dimension
n with boundary) is then a real function on the set Sec(π) of local sections of π

Sec(π) 3 γ →
∫

Ω
J1γ∗λ ∈ R. (14)

Variation of the action gives rise to the splitting of the action into the ‘Euler–Lagrange
term’ and boundary term; this splitting can be intrinsically given in the form∫

Ω
J1γ∗LJ1ξλ =

∫
Ω
J1γ∗iJ1ξdθλ +

∫
∂Ω
J1γ∗iJ1ξθλ , (15)

where ξ is a projectable vector field on Y , J1ξ denotes the first jet prolongation of ξ, and
θλ is the Poincaré–Cartan form

θλ = Lω0 + ∂L

∂yσi
ωσ ∧ ωi = −Hω0 + piσdy

σ ∧ ωi . (16)
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The local functions H and piσ, components of θλ with respect to the canonical basis
(dxi, dyσ, dyσj ) of Λ1(J1Y ), are called the Hamiltonian and momenta of the Lagrangian
λ; obviously,

H = −L+ piσy
σ
i , piσ = ∂L

∂yσi
. (17)

A Lagrangian λ is called regular if at each point of J1Y

det
(

∂2L

∂yσj ∂y
ν
k

)
6= 0. (18)

We observe that the above Hessian matrix of L is equal to the matrix (∂pjσ/∂yνk), so that
if λ is regular then (xi, yσ, pjσ) are local coordinates on J1Y ; they are called Legendre
coordinates.

With the help of the first variation formula (15) it is proved that a section γ ∈ Sec(π)
is an extremal of λ if and only if it satisfies the Euler–Lagrange equations which can be
written with the help of the Poincaré–Cartan form as follows:

J1γ∗iΞdθλ = 0 for every π1-vertical vector field Ξ on J1Y . (19)

In terms of the exterior differential systems theory, the above equations can be viewed as
equations for holonomic sections in Sec(π1) (i.e. local sections of π1 having the form of
prolongations of sections of π) which are solutions of the exterior differential system Dλ
generated by n-foms iΞdθλ where Ξ runs over all vertical vector fields on J1Y . However,
as proposed by Goldschmidt and Sternberg [14] one can consider all integral sections
δ ∈ Sec(π1) of Dλ. This yields first order PDEs

δ∗iΞdθλ = 0 for every vertical vector field Ξ on J1Y . (20)

If λ is regular then one can express generators of Dλ and equations (20) in the Legendre
coordinates, and obtain

∂yσ

∂xi
= ∂H

∂piσ
,

∂piσ
∂xi

= − ∂H
∂yσ

. (21)

Equations (21) have a form of De Donder–Hamilton equations (cf. (9)). Since they appear
as a coordinate form of (20), the global equations (20) are also called De Donder–Hamilton
equations. It should be stressed, however, that unlike (21), equations (20) make sense and
hold for any Lagrangian (not only a regular one, which has to be assumed to obtain (21)).

The meaning of the regularity condition (18) is easily seen to be the following:

Proposition 3.1. If λ is regular then the De Donder–Hamilton equations (20) are equiv-
alent to the Euler–Lagrange equations in the sense that the solutions are in bijective
correspondence.

In general, every extremal, if prolonged to J1Y , is a solution of the De Donder–
Hamilton equations, however, the De Donder–Hamilton equations may possess solutions
that do not correspond to extremals. To deal with these equations then requires a quite
complicated Dirac constraint algorithm (see e.g. [12], [17], [10]).
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3.2. Lagrangian–Hamiltonian duality. Equations (20) are defined on J1Y and con-
cern sections of the bundle π1 : J1Y → X. However, equipped with the concept of affine
duals, we may transfer the Hamilton theory from J1Y to its extended and reduced dual.
This enables one to consider at least some Lagrangian systems within a canonical Hamil-
tonian setting on a dual multisymplectic bundle in a similar spirit as one considers the
symplectic setting for time-independent mechanics on cotangent bundles. The tool to
move from J1Y to the dual side is, naturally, the Legendre map.

As above, let (J†Y,Ω) be the extended dual of J1Y , J?Y be the reduced dual, and
ρ : J†Y → J?Y be the quotient map. Given a Lagrangian λ on J1Y , λ = Lω0, one has
the following maps, called Legendre map, and reduced Legendre map, respectively:

Leg : J1Y → J†Y , p = −L+ ∂L

∂yνk
yνk , pjσ = ∂L

∂yσj
, (22)

leg = ρ ◦ Leg : J1Y → J?Y , pjσ = ∂L

∂yσj
. (23)

In this context we say that the Lagrangian λ is hyperregular if there is an extended
Legendre map defined globally, and such that the corresponding reduced Legendre map
is a diffeomorphism.

If λ is regular, there arises locally a Hamiltonian section h = Leg ◦ leg−1 of ρ, giving
a dual Hamiltonian system related to λ, Ωh = h∗Ω. By construction,

leg∗Ωh = dθλ . (24)

For regular (resp. hyperregular) Lagrangians the duality equation (24) gives locally (resp.
globally) the identification of the Lagrangian and the De Donder–Hamiltonian system on
J1Y with a Hamiltonian system on J?Y .

4. Field theory in jet bundles: A non-Lagrangian viewpoint

4.1. An example. The above geometric setting for Lagrangian field theories on J1Y

and its affine duals looks to be, at a first sight, a natural extension of symplectic me-
chanics. However, a deeper insight reveals some unpleasant problems and questions from
both the mathematical and physical point of view.

First of all, unfortunately, many interesting Lagrangians for physical field theories do
not satisfy the regularity condition (18), hence the advantage of dealing with canonical
dual systems cannot be fully explored. Instead, one is forced to consider the Dirac for-
malism for singular Lagrangians. This, of course, makes the whole dualization procedure
for PDEs much more complicated and less useful than in the case of ODEs. Moreover,
compared to mechanics, the field theories carry another strange property which does
not exist in mechanics, namely that equivalent Lagrangians may possess essentially dif-
ferent regularity/degeneracy properties, and hence essentially different Hamiltonian de-
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scriptions3. To illustrate the situation, let us consider the following easy example [41]:
The Lagrangians

L1 = u2
x , L2 = u2

x + uxvy − uyvx (25)

are equivalent, giving the same Euler–Lagrange expressions. L2 is regular, however L1 is
not. This means that the De Donder–Hamilton equations δ∗iξdθλ2 = 0 are equivalent to
the Euler–Lagrange equations, and we have the equivalent dual representation on J?Y ,
giving us one-to-one correspondence between extremals and Hamilton extremals. On the
other hand, the De Donder–Hamilton equations δ∗iξdθλ1 = 0 are not equivalent to the
Euler–Lagrange equations, which leads to the conclusion that there is no duality between
the Hamiltonian and Lagrangian description of the extremals, and the field equations are
constrained in the sense of Dirac.

This apparent contradiction suggests the idea first pointed out by Dedecker [6] that
the conventional understanding of regularity and Legendre transformation is not fully
appropriate and has to be revisited. An escape, leading to quite surprising issues, was
presented first for mechanics in [25] (see also [27], [26]), and later generalized to field
theory in [29]. The main idea was to associate the Hamiltonian theory with the Euler–
Lagrange form in order to obtain Hamiltonian equations related to the class of equivalent
Lagrangians rather than to a particular Lagrangian as is the ‘standard’ case (Sec. 3).

As a result of this new philosophy, the class of regular variational problems having an
equivalent dual Hamiltonian description is enlarged, moreover, the extension guarantees
that ‘regularity’ (or, more generally, ‘the extent of degeneracy’) is a geometric property
of equations (dynamics, solutions), rather than a Lagrangian which is not a physically
observable quantity. As a ‘surprise’ it turns out that some first order Lagrangians, or
even some second order Lagrangians, which are traditionally considered degenerate, have
a regular Hamiltonian counterpart on J?Y (coming from the canonical multisymplectic
form); this concerns e.g. the Dirac Lagrangian, electromagnetic-type fields, or the scalar
curvature Lagrangian ([32], [33], [24], [19], [37]).

4.2. Lepage manifolds. The idea is to extend the Euler–Lagrange form to a (proper)
closed (n + 1)-form. This form then serves as a basic object for representing the Euler–
Lagrange equations, carries information about the Hamiltonian and momenta and gives
Hamiltonian equations, independently of the choice of a particular Lagrangian (within
this setting, a global Lagrangian even need not exist).

In what follows we shall consider a dynamical form E on J2Y (which by definition is
a 1-contact and ωσ-generated (n+ 1)-form); in coordinates

E = Eσ ω
σ ∧ ω0 Eσ = Eσ(xi, yν , yνj , yνjk) .

Then local sections γ of π such that E vanishes along J2γ are solutions of a system of m

3More precisely, this does not exist in mechanics if one considers equivalent first order La-
grangians for second order ODEs (or, in higher-order mechanics, equivalent minimal-order La-
grangians for even order equations). Allowing equivalent Lagrangians of different orders, or
considering odd-order variational equations, we come exactly to the same discrepancy. We refer
to [26] for more details, and for an approach solving this problem.
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second order partial differential equations of the form

Eσ

(
xi, fν ,

∂fν

∂xi
,
∂2fν

∂xi∂xj

)
= 0

where fν are components of a section, γ = (xi, fν).
Taking into account the decomposition of differential forms into contact compo-

nents (3), we have the following definition:4

Definition 4.1 ([29], [40]). By a Lepage (n+1)-form we shall mean a closed (n+1)-form
α on J1Y such that p1α is a dynamical form. A Lepage manifold will then be a fibered
manifold π : Y → X where dimX = n ≥ 1, equipped with a Lepage (n+ 1)-form defined
on J1Y .

The importance of Lepage (n + 1)-forms follows from the fact that they are closed
counterparts of Euler–Lagrange forms (variational equations):
Theorem 4.2. If α is a Lepage (n+ 1)-form then the dynamical form E = p1α is locally
variational: in a neighbourhood of every point x ∈ Domα there exists a Lagrangian λ

such that E is the Euler–Lagrange form of λ [21].
Conversely, to every locally variational dynamical form E there exists a closed Lepage

(n+ 1)-form α such that E = p1α [25], [36].
The form α above is not unique (unless n = 1); it is called a Lepage equivalent of E.
Equations for the dynamical form arising from a Lepage (n + 1)-form are Euler–

Lagrange equations. The closedness conditions are then the Helmholtz variationality
conditions [1], [21].

The question about the structure of first order Lepage (n + 1)-forms is answered by
the following theorem:
Theorem 4.3 ([34]). Any Lepage (n+1)-form may be locally written as α = αE+η where
αE is closed and completely determined by E, and η is a closed and at least 2-contact
form. The restriction of α to a suitably small open set U satisfies

α|U = dθλ + dµ, (26)
where θλ is the Poincaré–Cartan form of a local Lagrangian, and µ is an at least 2-contact
n-form.

Note that we can regard a Lepage manifold as a fibred manifold, equipped (covered)
with a family of equivalent local Lagrangians; in general there is no global Lagrangian
(even of higher order): obstructions come from the topology of Y [1].

On a Lepage manifold (π1, α) we have the exterior differential system Dα, generated
by the n-forms iξα where ξ runs over all π1-vertical vector fields. It is easy to see that
the global Euler–Lagrange equations take the form of equations for holonomic integral
sections of Dα,

J1γ∗iξα = 0, ∀ π1-vertical vector field ξ on J1Y . (27)

4Here we deal only with closed Lepage (n+ 1)-forms of order 1. However, one can extend the
definitions and results to higher orders, and even to forms that are not closed, including in this
way also non-Lagrangian PDEs. For details we refer e.g. to [26], [30], [23], [36] and [38].
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The first order PDEs

δ∗iξα = 0, ∀ π1-vertical vector field ξ on J1Y (28)

for all integral sections of Dα (i.e., local sections of the fibred manifold π1 : J1Y → X),
are called Hamilton equations; the solutions δ are then called Hamilton extremals.

It is worth noticing that:

• Hamilton and Euler–Lagrange equations are not equivalent, as there might exist
Hamilton extremals that are not prolongations of extremals.
• On a Lepage manifold both the Euler–Lagrange equations and the Hamilton equa-

tions are independent of the choice of a concrete Lagrangian for E.
• Due to non-uniqueness of the Lepage equivalent of E, for given Euler–Lagrange

equations, one can have different (and distinct) Hamiltonian systems represented by dif-
ferent α’s. This opens the possibility to consider different Hamilton theories associated
with given variational equations, and the question on ‘regularity’ can be posed in a com-
pletely different way: instead of asking whether ‘a given Lagrangian is regular’ (in the
sense of the previous section), better to ask whether a family of equivalent Lagrangians
admits Hamilton equations equivalent to the Euler–Lagrange equations. Of course, this
is then a question about the choice of a proper α for E.

4.3. De Donder–Hamilton systems, regularity. In view of the above remark, let
us consider the simplest case of a Lepage manifold, when α is at most 2-contact and
{ωσ}-generated. As we shall see, in this case the Hamilton equations (28) become of De
Donder type. We also note that the assumption that α is defined on J1Y implies that
the corresponding Euler–Lagrange expressions are affine in the second derivatives, and
variationality gives (among other things) an additional symmetry of the coefficients, so
that

Eσ = Aσ +Bijσνy
ν
ij , Bijσν = Bjiσν = Bijνσ . (29)

The form α is closed by definition. However, rankα need not be maximal, even need
not be constant. We say that α is regular if corankα = dimX, or, equivalently, rankα =
rankDα = m+ nm.

With the help of the Poincaré Lemma we can prove:

Theorem 4.4 (Canonical form of Lepage (n + 1)-form [38]). Let (π1, α) be a Lepage
manifold and assume that α is at most 2-contact and {ωσ}-generated. Then around every
point in J1Y there is a neighbourhood U and functions H and pjσ defined on U such that

α|U = −dH ∧ ω0 + dpjσ ∧ dyσ ∧ ωj . (30)

If, moreover, α is regular then the functions pjσ are independent:

rank
(
∂pjσ
∂yνk

)
= max = mn . (31)

In fibred coordinates we have

π∗2,1α = Eσω
σ ∧ω0 + 1

2

(
∂Eσ
∂yνj

−dkf j,kσν
)
ωσ ∧ων ∧ωj +

(
∂Eσ
∂yνij

− f i,jσν
)
ωσ ∧ωνi ∧ωj , (32)
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where f i,jσν = −f j,iσν = f j,iνσ are some first order functions such that dα = 0. In terms of α
the regularity condition (31) reads

det
(
∂Eσ
∂yνij

− f i,jσν
)
6= 0 . (33)

It is worth noting that by construction, explicit formulae for the Hamiltonian and
momenta come from the integration procedure using the Poincaré Lemma, and are deter-
mined by α rather than by a particular Lagrangian.

Before presenting the formulae, recall a convenient modification of the Poincaré ho-
motopy operator, adapted to the contact structure [21]. Denote by P the Poincaré ho-
motopy operator. Then A defined by A p0ω = 0, A pkω = pk−1Pω, k ≥ 1, satisfies
π∗r+1,rω = Ad(π∗r+1,rω)+dA(π∗r+1,rω), and is adapted to the decomposition of forms into
contact components: if (locally) ω = dρ, then π∗r+1,rρ = A(π∗r+1,rω) =

∑q
k=0A pk+1ω,

hence pkρ = A pk+1ω. Compared to P, the operator A concerns vertical curves (curves
in the fibres over X) only. Now, a direct computation yields [38]:

ρ0 = Aα− d(f iωi) = −Hω0 + pjσdy
σ ∧ ωj , (34)

where with the help of the mappings χ : (u, (xi, yσ, yσj )) → (xi, uyσ, uyσj ) for u ∈ [0, 1],
and χ̄ : (v, (xi, yσ, yσj ))→ (xi, yσ, vyσj ) for v ∈ [0, 1],

f i = yνj y
σ

∫ 1

0

(∫ 1

0

(
∂Eσ
∂yνij

− f i,jσν
)
◦ χudu

)
◦ χ̄ v dv + ϕi(xp, yρ), (35)

and

piσ = −yν
∫ 1

0

(
∂Eσ
∂yνi

− dkf i,kσν
)
◦ χudu− yνj

∫ 1

0

(
∂Eσ
∂yνij

− f i,jσν
)
◦ χudu− ∂f i

∂yσ
,

H = −yσ
∫ 1

0
(Aσ ◦ χ)du+ piσy

σ
i + ∂f i

∂xi
.

(36)

Obviously dρ0 = dAα = α. The functions ϕi(xp, yρ) defined on an open subset of Y
play the role of admissible gauge functions, parametrizing the family of Hamiltonians
and momenta: we have H̄ = H + ∂ϕi/∂xi, p̄iσ = piσ − ∂ϕi/∂yσ, and ρ̄0 = ρ0 − d(ϕiωi).
Accordingly, λ0 = hρ0 = hAα − hd(f iωi) are distinguished local first order Lagrangians
for E = p1α (equivalent to the second order Tonti Lagrangian hAα = AE). They are
determined up to the gauge hd(ϕiωi) = diϕ

iω0.
Given a regular form α, we can see that (xi, yσ, yσj ) → (xi, yσ, pjσ) is a local coor-

dinate transformation on J1Y . In view of the next theorem, it can be called Legendre
transformation:

Theorem 4.5 ([38]). If H and piσ are a Hamiltonian and momenta of α defined by the
canonical form of α (30) then locally there exists a first order Lagrangian for ε such that
H = −L+ piσy

σ
i and pσi = ∂L

∂yσ
i
. Any such Lagrangian is of the form λ = λ0 + hdϕ, where

λ0 = hρ0 and ϕ is a local horizontal (n − 1)-form on Y . Moreover, on the domain of λ
it holds α = dθλ.

If α is regular then there exists a covering of J1Y by Legendre coordinates that are
defined by the canonical form (30) of α. Moreover, every Lagrangian λ = hρ0 + hdϕ
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satisfies the regularity condition

det
(
∂piσ
∂yνj

)
= det

(
∂2L

∂yσi ∂y
ν
j

)
6= 0 . (37)

It should be stressed that, in contrast with mechanics, not every Lagrangian for E
is admissible in the sense that it should satisfy the above theorem. Indeed, momenta p̂jσ
and Hamiltonian Ĥ defined by means of a Lagrangian λ̂ such that p1α = Eλ̂ need not
satisfy α = −dĤ ∧ ω0 + dp̂jσ ∧ dyσ ∧ ωj (thus for λ̂, dθλ̂ 6= α); this is a case discussed
in the example above. We can conclude that not a particular Lagrangian but rather the
form α carries the information about momenta and energy of a Hamiltonian system, and
once α associated with a Lagrangian system (represented by the Euler–Lagrange form) is
chosen, the energy and momenta (as well as a subclass of ‘privileged’ Lagrangians giving
the ‘right’ momenta and Hamiltonian) are determined uniquely up to a gauge function
ϕ(xi, yν) (or even ϕ(yν), if the Euler–Lagrange expressions do not depend explicitly on
(xi), giving us a distinguished Hamiltonian density).

We also note that, as expected, in the Legendre coordinates the Hamilton equations
of α take the De Donder form (21).

Finally, the meaning of the regularity condition can be summarized as follows:

Theorem 4.6 ([40], [38]). On a Lepage manifold (π1, α) where α is at most 2-contact,
{ωσ}-generated and regular, the Euler–Lagrange and Hamilton equations are equivalent.

Explicitly, if γ is an extremal then J1γ is a Hamilton extremal, and, conversely, every
Hamilton extremal is of the form J1γ where γ is an extremal.

4.4. A new look at the duality problem. With the revised concept of regularity and
Legendre transformation it is possible to extend substantially the family of Lagrangians
admitting the multisymplectic description in the dual bundle.

As above, let J†Y and J?Y be the affine dual and the reduced dual of J1Y , respec-
tively, Ω = dP ∧ ω0 + dP iσ ∧ dyσ ∧ ωi the canonical multisymplectic form on J†Y , and
ρ : J†Y → J?Y the quotient projection. If h is a local Hamiltonian section of ρ defined
on U ⊂ J?Y , let Ωh = h∗Ω = −dH∧ ω0 + dP iσ ∧ dyσ ∧ ωi be the form on U related to Ω
via h, and Dh be the corresponding exterior differential system.

Consider a Lepage manifold (π1, α) where α is at most 2-contact, {ωσ}-generated and
regular. The relationship between the concrete Lagrangian system on J1Y represented
by α and an abstract Hamiltonian system on J?Y is obtained via Legendre maps Legα :
J1Y → J†Y and legα : J1Y → J∗Y defined by means of the following duality equations:

Leg∗α Ω = α and leg∗α Ωh = α , (38)

where h is given by Legα = h ◦ legα. We call Legα and legα extended Legendre map
and reduced Legendre map, respectively. Since α satisfies the regularity condition (33) we
can choose Legendre coordinates of α on J1Y . Note that in the Legendre coordinates on
J1Y and the canonical coordinates on J?Y , legα is represented by the identity mapping,
giving us formulae for the Legendre maps. Obviously, one obtains in this way for H and
P iσ the same formulae as (36) above.
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Theorem 4.7 ([40]). If α is regular then every extended Legendre map is an immersion
and every corresponding reduced Legendre map is a local diffeomorphism.

α is called hyper-regular if there is an extended Legendre map Legα defined globally,
and such that the corresponding reduced Legendre map legα is a diffeomorphism.

The following ‘Duality theorem’ summarizes the meaning of regularity in this case:

Theorem 4.8 ([40]). Let α be regular. Then (on the corresponding domain)
(1) Leg∗αΩ = leg∗αh∗Ω = α.

(2) rank h∗Ω = rankDh = rankα = rankDα = m+ nm.

(3) leg∗αDh = Dα.
(4) If ψ : X → J∗Y is an integral section of Dh then leg−1

α ◦ ψ = J1γ where γ is a
section of π : Y → X, and it is an integral section of Dα.

(5) Every integral section of Dα is of the form J1γ, and ψ = legα ◦ J1γ is an integral
section of Dh.

4.5. Some applications. In practical situations, given a Lagrangian system, we are
interested if it has an equivalent dual representation.

As we have seen, a Lagrangian system is globally represented by its Euler–Lagrange
form E. All Hamiltonian systems related to E arise from the Lepage equivalents of E.
The question now means that we are searching for a regular Lepage equivalent α of E
defined on J1Y , at most 2-contact, and {ωσ}-generated. Thus, we have a closed α in the
form (32), satisfying the regularity condition (33), where now the functions f j,kσν play the
role of parameters to be specified, and different choices correspond to different Lepage
(n+ 1)-forms α associated to E.

If we are happy to know a Lagrangian λ for E satisfying the regularity condition (18)
then putting α = dθλ we obtain a regular Lepage manifold (π1, α) which by the standard
Legendre map constructed by means of λ is related to the dual (J†Y,Ω), and putting
h = Leg ◦ leg−1 we get Ωh on J?Y , as desired.

There are, however, many important Lagrangians which do not satisfy condition
(18), like, for example, Lagrangians affine in the first derivatives (Dirac field), some La-
grangians quadratic in the first derivatives (electromagnetic type Lagrangians—Maxwell
and Yang–Mills fields), or some second order Lagrangians affine in the second deriva-
tives (Einstein–Hilbert Lagrangian (scalar curvature)). It has been shown that all the
mentioned Lagrangian systems admit a regular De Donder–Hamilton theory, i.e. a dual
description on J?Y ; in other words, they can be treated without the Dirac constraint for-
malism. The point is that one can find a regular Lepage (n+1)-form α as above, such that
E = p1α is the given Euler–Lagrange form. The class of proper (regular) Lagrangians for
E, as well as proper momenta and Hamiltonians, then are defined, indeed, by the canon-
ical form of α. The ‘original’ (given) degenerate Lagrangian λ is, of course, equivalent to
the new one, λ0, so that L0 = L + l where l is a null Lagrangian (‘divergence’). In [33]
l is called a satellite of L. Thus we can say that the problem is to find to a degenerate
Lagrangian a satellite in such a way that the ‘corrected’ Lagrangian would be regular.
Due to non-uniqueness of α, we may get distinct satellite Lagrangians dependent upon
auxiliary parameters the number of which is determined by dimensions of the base and



234 O. ROSSI

the fibres. This is typically the case of Lagrangians affine in the first derivatives (Dirac
field); in other interesting cases (electrodynamics, gravity) apart from considering the
parameters in the Hamiltonian theory, we have a canonical choice of a satellite, giving
us a distinguished De Donder–Hamilton system equivalent to the given Euler–Lagrange
system, together with new momenta and energy (which, compared to the Hamiltonian
and momenta determined from the usual Lagrangian are different, being corrected by
the satellite term). For details we refer to [24], [19] for the scalar curvature Lagrangian,
[32] and [33] for Lagrangians affine in the first derivatives (and the Dirac Lagrangian in
particular) and for all quadratic first order Lagrangians (in particular the electromagnetic
field), and [37] for the Yang–Mills field.

Let us mention here explicitly the case of Einstein equations and Maxwell equations.

(1) A Lepage manifold for relativity [24]. Consider the scalar curvature Lagrangian.
Being affine in the second derivatives it does not satisfy the conventional regularity con-
dition for second order Lagrangians. Also it is important to notice that the conventional
formulae for momenta and Hamiltonian computed from this Lagrangian are second order
functions, hence one is forced to consider constraint Hamilton equations on J2Y . On the
other hand, within the setting of Lepage manifolds, we come to a surprising conclusion
that gravity admits a regular first order Hamiltonian theory, and fully fits with the dual
multisymplectic formulation. In this situation we have a fibred manifold π : Y → X where
X is a four-dimensional manifold (space-time) and Y is the bundle of metrics over X. The
Lagrangian is λ = R

√
|det g|ω0, and the Lepage 5-form α = dθλ is projectable onto J1Y

and regular. This means that a ‘right’ background is the regular Lepage manifold (π1, α).
The theorem on the canonical form of α yields locally α = −dH ∧ω0 + dprs,i ∧ dgrs ∧ωi,
where momenta are closely related to the Levi-Civita connection of the metric g,

prs,i = −
√
|det g|

(
1
2g

rs(gpqΓipq + giqΓppq)− grqgpsΓipq −
1
2(girgqs + gisgqr)Γppq

)
, (39)

and the Hamiltonian is quadratic in momenta,

H = 1
6

1√
|det g|

(gjkgabgrs − 4gajgkbgrs + 4grjgkbgas)pab,jprs,k . (40)

The momenta and Hamiltonian are first order functions, and we have the Legendre trans-
formation (xi, grs, grs,j) → (xi, grs, prs,j) on J1Y . The De Donder–Hamilton equations
for gravity then take the form

∂H

∂grs
+ ∂prs,k

∂xk
= 0, ∂H

∂prs,k
− ∂grs
∂xk

= 0

and they have the equivalent counterpart on the dual bundle J?Y , arising from Ωh =
−dH ∧ ω0 + dP rs,i ∧ dgrs ∧ ωi.

(2) A Lepage manifold for electromagnetism [33]. Let π : Y → X be a vector bun-
dle, where X = R4 with the Lorenz metric g = diag(−1, 1, 1, 1), and the fibres are
four-dimensional. Consider the ‘standard’ Lagrangian L = − 1

4FµνF
µν = 1

2 (yσν yνσ −
gσνgµρy

µ
σy

ρ
ν), where yσ = gσνAν = Aσ and Fµν = Aµ,ν − Aν,µ. It is easy to see that

L is degenerate. However, it has been shown that the more general regularity condi-
tion (33) can be satisfied [6], [32], [33]. Remarkably, as found in [33], there is a canonical,
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parameter-independent regular Lepage manifold (π1, α) such that E = p1α is the Maxwell
Euler–Lagrange form as follows: α = dθλ0 where L0 = L − 2(TrA′2 − (TrA′)2), giving
the satellite Lagrangian to L in the form l = 2(TrA′2 − (TrA′)2) = 2(AµνAνµ − AννAµµ);
here A′ denotes the matrix (Aµν ) with the entries Aµν = ∂νA

µ = ∂Aµ/∂xν . From α (hence
from λ0) we get independent momenta and the energy H0 = H − 2(TrA′2 − (TrA′)2),
where H is the ‘standard’ Hamiltonian derived from L.

Note that H0 is not gauge invariant, however, under gauge transformations Āµ =
Aµ + ∂µψ it transfers according to the rule H̄0 = H0 + ∂νϕ

ν where ϕν = 4(Aνgρκ∂2
ρκψ−

Aρgνκ∂2
κρψ) − 2(gνλgκρ∂2

λρψ ∂κψ − gνκgλρ∂2
λρψ ∂κψ). Since ϕν = ϕν(xµ, Aµ) (i.e. does

not depend on the derivatives of Aµ), it is for any ψ, an admissible gauge function for
the Hamiltonian and momenta of α. In other words, gauge transformations are invariance
transformation of the class of admissible Hamiltonians. Consequently, they do not change
the (n+ 1)-form α and the De Donder–Hamilton equations of α.
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