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On weak Mellin transforms, second degree characters
and the Riemann hypothesis

by

BRUNO SAUVALLE (Paris)

1. Introduction. One of the main driving ideas of number theory is
that in order to study an arithmetic problem defined on a global field, one
should first try to solve a simpler “localized” form of this problem on various
completions of this field. The “modern” approach to the functional equa-
tion of the zeta function, developped by John Tate in his thesis [I4], is to
introduce the ring of adeles Ag, consider the zeta integral of the function

P(r) = eimgo ®p 1Zp(xp)7

and show that the functional equation of the zeta function is a consequence
of the equality §F(¢) = ¢ using the Poisson summation formula. According
to this approach, the gamma factor I'(s/2)/7%/? appearing in the func-
tional equation and the Euler factors 1/(1 — p~*) of the zeta function can
be considered as “local zeta functions” associated to each completion of Q.
However, these functions do not have any zero, so that it seems difficult to
use them to define a localized form of the Riemann hypothesis.

Note however that the gamma factor and the Euler factors are very close
to being the Mellin transforms of the “same” function, from an algebraic
point of view. More precisely, we consider on R the function e*’”'xQ, which
can be written as ¥r(2%/2), where ¢r(z) = e 2™ is the standard additive
character of R. On Q,, we consider the function v,(2?/2), where 1, is the
standard additive character of @, considered as a locally compact abelian
group.

The Mellin transforms (or zeta integral) of these functions are not well
defined in the usual sense, but it is possible to extend the definition of the
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Mellin transform using the fact that if fx g is the multiplicative convolution
product of f and g, then Mell(f * g) = Mell(f) Mell(g). We say that a
function f on R or Q, has a well defined “weak Mellin transform” at the
character |z|® if there exists a function M¢(s) such that for any smooth test
function ¢ with compact support in the multiplicative group R* or Qp, we
have Mell(¢ % f,s) = Mell(¢, s)My(s). Using this definition, one can prove
that the weak Mellin transforms of g (2?/2) and 1, (x?/2) are well defined
for R(s) > 0 and:
e—sm/4L//2)

o Mell(¢R($2/2),8) /2

o Mell(¢y(22/2),5) = 1—1;*8 for p # 2,
o Mell(2(2%/2),s) = 2= (2175 — 1 + €™/4(2° — 1)).

The function Mell(¢2(22/2), s) does have some zeroes, and it is not dif-
ficult to check that they all lie on the line R(s) = 1/2. The main result of
this paper is that this “local Riemann hypothesis” can be generalized to all
functions of the form w(%aﬁ2 + bx) on R and Q, with a # 0. These functions
belong to a class of functions called “second degree characters” by Weil in
his celebrated 1964 Acta paper [16]. A continuous function f defined on a
locally compact abelian group G with values in the torus T is called a second
degree character if the function f(z+y)f(z)~f(y)~! is a bicharacter, i.e. is
a group character as a function of  and as a function of y. On R or @, the
second degree characters are precisely of the form w(%xQ + b:v) with a and
bin R or Q.

Weil showed in [16] that if such a second degree character f is non-
degenerate (i.e. if a is invertible), its Fourier transform can be written as
v¢la|7Y2 f(2/a) where ~; is some scalar (now called the Weil index) satisfy-
ing |vf| = 1. Combining this result with Tate’s thesis, we show that if f is a
non-degenerate second degree character on R or Q, and x a multiplicative
unitary character on R* or Qj, then the weak Mellin transform (y(s,x) of
f at the character |z|*x(z) is well defined for #(s) > 0 and has an analytic
continuation with the following functional equation:

Cr(s:x) = pls, )vslal > *x(a)¢s (1= 5, %),
where p(s, x) is the local factor defined by Tate in his thesis. We then prove
that if (¢ (s, x) is not the zero function as a function of s, then the zeroes of
Cr(s, x) satisfy R(s) = 1/2, using an explicit description of the functions (¢
for each locally compact field.

These results can be generalized to any finite extension of Q,, but not
to C: The zeroes of the Mellin transform of f(z) = v¥¢(%2? + bz) do not
all lie on the line R(s) = 1/2. For example, if b = 0, then all even positive
integers are zeroes of (y. However, if we take the second degree character
f(2) = e (%|2]* + bz), then all the zeroes of (s lie on R(s) = 1/2.
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It remains to be seen whether these results can be understood and proved
using a representation-theoretic approach. The fact that this “local Riemann
hypothesis” fails on C is not necessarily an obstacle to the existence of such a
proof, considering for example that the metaplectic group has a very specific
structure on C (it is split) compared to R, Q, or Ag.

These results are strikingly similar to those obtained in [2], [3], [§], [I1]
under the name of “a local Riemann hypothesis”. For example, the local
Riemann hypothesis of [3] gives good results on R and Q,, but Olofsson [11]
showed that it also fails on C. Other kinds of “local Riemann hypothesis”
can be found in [I3| Lemma 2.1] or [10], Section 1.7].

This theory can be generalized to second degree characters defined over
finite-dimensional vector spaces. More precisely, if f is any continuous func-
tion defined on L™, where L is some non-discrete locally compact field, and
if ¢ € C°(GL, (L)), we define the operator f — A(¢)f by

Ao fw)= | o9)f(g'v)d*g.

GLn (L)

We show that if f is a non-degenerate second degree character on L™ and ¢ €
C°(GLy (L)), then A(¢)f is a Schwartz function on L™. We then consider
the maximal compact subgroups K = GL,(Op) if L is a local field, and
K =0(n)orU(n) if Lis R or C, and the invariant norms on L™ associated
to K, i.e. ||v|| = max;|v;| or |[v]| = />_;|vi|?>. We then define the Mellin
transform of a function on L™ by

dv
M(f,s)= | f)ol* Tl
Ln

which is well defined for Schwartz functions when R(s) > 0. If ¢ is invariant
for the left and right action of K, i.e. ¢(k1gka) = ¢(g) for all k1, ko in K, then
A(@)||v]|* is equal to ||v]|® up to a scalar factor, which we denote by &s(¢).
It is then immediate that if ¢ is a function in C°(GL, (L)) satisfying the
same invariance condition, we have

MAG)f.5) = €4 n(@)M(f.5), where ¢*(g) = —

~ |detg]

o(g7h).

Using this formula, which can be considered as a generalization of Mell(¢x f)
= Mell(¢) Mell(f), one can give a definition for the weak Mellin transform
of a non-degenerate second degree character on L™ similar to the definition
given for n = 1. If we denote by (f(s) the weak Mellin transform of a non-
degenerate second degree character f defined on L™ and if the endomorphism
associated to f is a dilation, then (f(s) and (¢(n — s) are related by a
functional equation, and all the zeroes of (s lie on the line R(s) = n/2 if L
is a local field or L = R.
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We then show how the concept of weak Mellin transform on a vector
space can be generalized, replacing the function ||u||®, which is naturally
associated to the trivial representation of K, by similar functions v, ¢(x)
naturally associated to spherical representations (7, V) of K. If we denote
by (f(s,m) the weak Mellin transform of a non-degenerate second degree
character f defined on R" and if the endomorphism associated to f is a
dilation, then we prove again that the zeroes of (g, (s,7) lie on the line

R(s) =n/2.

Notation. We will usually denote by L a locally compact field, which
we always assume to be non-discrete and have characteristic zero, F' a num-
ber field and Ap the ring of adeles associated to F. We have the usual
decomposition Arp = Ay, x Ay where Ay is the restricted product over all
the finite places and A is the product over the archimedean places.

The standard additive character on L will be denoted by 1y, or ¢, when
L = @, or ¢ if no ambiguity is possible. Explicitly, we have ¢ (z) = e 2miw
Yo(z) = e 2MEHE) g (2) = 2™ () where \(z) € Q is any rational number
of the form n/p* satisfying \(z) — = € Z,. If Qy is a local field of residual
characteristic p, we have g, = ¢poTrg, g, We let dz be the Haar measure
of L considered as an additive group, and d*z the Haar measure of L*
considered as a multiplicative group. These Haar measures are normalized
following Tate’s thesis [14]: dz is normalized so that the Fourier inversion
formula is valid. The Fourier transform is defined as

SN =\ f@)(zy) da.

L

d*z is normalized in the following way: on R, we write d*x = dz/|z|; on C,
we write d*z = dz/|z|c = dz/|z]>. On Q,, we denote by Z, the ring of
integers and Z, the group of units. The additive measure of Z,, is 1, and
we normalize the multiplicative measure so that the measure of Z; is 1. We

then have d*z = 1_11 /p%. If S is any set, we write 1g for its characteristic
function. For example, 1z, is the characteristic function of Z,.

If Qp is a general local field of residual characteristic p, with group of
units O;°, we normalize d*z so that the measure of O; is equal to (V) /2
(where ? is the different of Q). The additive measure of the ring of integers

O, is also set to (N9)~Y/2, and we have
L e
1—1/Np |z|

On an L-vector space L", we set K = GL,,(Or) if L is local, K = O(n) if L
is real, and K = U(n) if L is complex.

d*x =
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We denote by Ay the group of ideles of F. The Mellin transform of
a function ¢ defined on L™ or A (called the zeta integral in Tate’s thesis)
is defined for s € C and a multiplicative unitary character x as

Mell(f,s,x) = | f(2)l2*x(2)d*z,
LX
resp.
Mell(f,s,x) = | f(@)la] x(x) d*.
AR
Note that on R, the definition we use is different from the usual definition,
which involves an integral from 0 to co only. We say that a Mellin transform
is well defined at (s, x) if the associated integral converges absolutely. The
functional equations proved by Tate in his thesis can then be written in the
following way:

PROPOSITION 1.1 (Tate local functional equation). If ¢ is a Schwartz
function on a locally compact field L, then for 0 < R(s) < 1 we have

Mell(qﬁ, 8, X) = P($7 X) Mell(%(q&), 1—s, X)y
where p(s,x) is a function of s and x but does not depend on ¢.

PROPOSITION 1.2 (Tate global functional equation). If ¢ is a Schwartz
function on Ap and x a Hecke character, then Mell(¢, s, x) is well defined
for R(s) > 1, and has an analytic continuation to C with possible poles at
0 and 1. If we keep the notation Mell(¢, s, x) for the analytic continuation,
we have the equality

Mell(¢, s, x) = Mell(§(¢),1 — 5, X)-

These results are proved in [14].

If G is a locally compact abelian group, we denote by S’(G) the space of
tempered distributions on G, i.e. the space of continuous linear functionals
on the Schwartz—Bruhat space S(G). If p is an element of S’(L), the weak
Fourier transform of u is defined, following Schwartz, by the usual formula

(1), ¢) = (1, 5())-

2. A connection between Tate’s thesis and Weil’s 1964 Acta
paper

2.1. Second degree characters. Let us now recall Weil’s [16] defi-
nition of a second degree character. A continuous function f defined on a
locally compact abelian group G with values in the torus T is called a second
degree character if the function f(x + y)f(x)~ f(y)~! is a bicharacter, i.e.
a group character as a function of z and as a function of y. For example, the
function e 2™ (37" +) with ¢ and b in R is a second degree character on R.
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To any such function, we can associate a continuous morphism o from
G to G* by the formula

fa+y) ) fy) " = (e(y), =),

and it is clear that this morphism has to be symmetric (i.e. (o(y),z) =
(o(x),y)). A second degree character is called non-degenerate if the associ-
ated morphism p is an isomorphism. We will always assume in this paper
that the second degree characters considered are non-degenerate and con-
tinuous.

Weil [16] gave two formulae describing the weak Fourier transform of
a non-degenerate second degree character f. Theses formulae will be often
used in the following sections. The proofs of these results are available in
[16] or [4]. The alternative presentations and proofs we propose below are
given in order to show the striking connection between these formulae and
Tate’s thesis. Indeed, both results can be proved using exactly the same
methods: The local formulae are proved using a multiplicity one result for
eigendistributions associated to a commutative group of operators, and the
global formulae using Poisson summation.

2.2. The local functional equation

PROPOSITION 2.1 (Weil local functional equation). Let f be a non-
degenerate second degree character on a locally compact abelian group G,
and let o be the morphism associated to f. Then there exists a complex
number vy satisfying |vf| = 1 such that the weak Fourier transform of f is

equal to yglo| /2 (0™} (x)).
Remark: «¢ is now usually called the Weil index associated to the second
degree character f.

Proof. This proposition can also be written in the following form: for
any ¢ € S(G),

| /@) §(6) (@) do = —= | f(e™'@))6(a) da.

& Vel ¢.
Let us first recall that a proof of the Tate local functional equation has been
given by Weil [17] using the concept of eigendistribution. It appears that
second degree characters can also be considered as eigendistributions: Let f
be a second degree character with associated symmetric morphism g so that

fl@+y)f(@)fy) = (e(y), ).

We can write this expression as

flz+y){—o(y). ) = f(2)f(y).
Let us introduce for ¢ in T, v in G and u* in G* the operator tU, .+ acting
on functions defined on G by the formula tU, . (f)(z) = tf(x + u)(u*, x).
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We can then write the functional equation for a second degree character f
as

tUu,—g(u) (f) = tf(u)f,
showing that f is an eigendistribution for the action of the operators tU,, _ ()
for all w in G and ¢t € T, and that the associated eigenvalue is ¢ f(u).

Recall that the Heisenberg group associated to G can be described as the
set T x G x G* equipped with the group law (¢, u,u*)(t',v,v*) = (tt'(v*, u),
u+v, u*+v*). It is immediate that the map (¢, u, u*) — tU, >~ is a represen-
tation of this group, which is usually called the Schrodinger representation.

We now remark that for o fixed, the set of operators of the form tU, _ ()
for t € T and v € G is a commutative group (because p is symmetric), and
it is not difficult to see that this set is the image of a maximal commutative
subgroup of the Heisenberg group associated to G. The map which sends the
operator tU, _,(,) to the scalar tf(u) in T is a character of this commutative
group.

This character restricts to the identity on the center (T,0,0) of the
Heisenberg group (because f(0) = f(0 + 0) = f(0)%, so that f(0) = 1).
We can then use the following proposition, attributed to Cartier, which ap-
pears in [7], and is a consequence of the Stone-von Neumann theorem:

PROPOSITION 2.2. Let A be a mazimal commutative subgroup of the
Heisenberg group, and let x be a character of A restricting to the identity
on its center. Denote by p the Schrodinger representation of the Heisenberg
group. Then there exists, up to a scalar factor, a unique distribution A
satisfying the formula

(A, p(a)(f)) = x(a)(A, f)
for all a in A and all f in the Schwartz space.

An immediate consequence of this proposition is that any distribution
A in S'(G) satistying for all v in G the functional equation

Uu,—g(u) (A) = f(u)A
is equal to the second degree character f up to a scalar factor.
The Weil local functional equation for second degree characters is then
a straightforward consequence of the commutation relations between the
Fourier transform and the operators U, ,+.

2.3. The global functional equation. If the second degree character
is constant on some subgroup (for example, if a second degree character
defined on an adele ring A is trivial on F'), Weil also proved the following
result:

PROPOSITION 2.3 (Weil global functional equation). Let f be a non-
degenerate second degree character on G, suppose that f is equal to 1 on
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a closed subgroup I' of F, and assume that the symmetric morphism o
associated to fis an isomorphism from (G,I") to (G*,I"*). Then v(f) = 1.

This functional equation can be proved in a straightforward way similar
to Tate’s thesis if G is an adele ring Ar and f is trivial on F: We write an
element y of Ap as y = x + d with x € F and § € D, where D is some
fundamental domain for the (additive) action of F' on Ap. Since f is trivial
on F', we have

f(x+0) = f(2)f(6)v(za(d)) = f(6)v(zea(d)).
Let us then consider the integral
| o) dy = § 16){ 3 v(ze(8)ale +9) | do.
Ap D zeF

Applying the Poisson summation formula to the inner sum leads to

§ Fot)dy = § 763 v(=0(0(8) +2)) §(6) (= + 0(9)) } do.

Ap D zeF

The definition of the second degree character f allows us to write

U(=6(0(8) + ) = F(6) (=6 — 0~ (@) f(—0™ (x)).
Since f(—o '(x)) = 1 for x € F, and p maps a fundamental domain of
Ap for the action of F' to another fundamental domain, the above integral
becomes

| 77 @) 8()(~y) dy. =

Ap

3. The weak Mellin transform of second degree characters de-
fined over locally compact fields

3.1. Definition of the weak Mellin transform. The definition of
the weak Mellin transform that we will use is different from the one given
for the weak Fourier transform and uses the properties of the convolution
product. If L is a non-discrete locally compact field, we denote by C2°(L*)
the space of smooth functions with compact support on L* considered as a
multiplicative group. Here “smooth” means as usual C*° if L is R or C, and
locally constant if L is a local field.

It is clear that C2°(L*) is a commutative algebra for the convolution
product and that if g and h lie in C2°(L*), we have

Mell(g % h, s, x) = Mell(g, s, x) Mell(h, s, x).
This motivates the following definition:

DEFINITION 3.1. Let f be a function defined on L* and assume that
¢ * f is well defined for all ¢ € C2°(L*). We say that the function My(s, x)
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is a weak Mellin transform of f at (s, x) if for any function ¢ in C.(L*), the
Mellin transform of ¢ % f is well defined at (s, x) and satisfies

Mell(¢ * f,s,x) = Ms(s,x) Mell(¢, s, x).

It is immediate that this definition extends the usual definition of the
Mellin transform, so that we will use the same notation for Mellin transforms
and weak Mellin transforms.

3.2. Description of second degree characters on a locally com-
pact field. Let us now describe more explicitly the non-degenerate second
degree characters when G is a non-discrete locally compact field L in charac-
teristic zero. The field L is then a finite extension of Q, or R, which we call
the base field Lo of L. The group characters of G are simply the functions
of the form t(ax) with a in L. Any function of the form ¢ (3a(z)z) where
« is a continuous homomorphism of L considered as an additive group is
clearly a second degree character, and any function of the form (x, o(x)) can
be written in this form using the isomorphism between L and L* given by
a— Xa : Xa(x) = ¥(ax). All second degree characters f can thus be written
in the form

(3.1) f() = ¥ (ba(x)z + ba),

where « is any continuous Z-module homomorphism from L to L satisfying
Y(a(x)y) = Y(za(y)). Since we assume that f is non-degenerate, « is also
@-linear. Using continuity and the fact that the closure of Q in L is equal
to Lo, we see that o has to be Lg-linear.

3.3. The existence of the weak Mellin transform of a second
degree character. Let now f be a second degree character defined on L
and suppose that o and b are as in (3.1]). We have a natural left action \ of
the multiplicative group L™ on f by

Aa)f(y) = fla™ty).
The integrated form of this action can be written, for ¢ € C2°(L), as
AN@)f(y) = | o) fa"y) d*a.
LX
We do not use the notation ¢ * f because the domain of A(¢)f is L, not L*.

PropPOSITION 3.2. If f is a non-degenerate second degree character and
¢ € CP(L*), then AN(¢)f is a Schwartz function on L.

Proof. First suppose that L is a local field, L = Q,. We have to show
that A(¢)f has compact support (the continuity is clear). Assuming y # 0
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and using the commutativity of the convolution product, we get

MO Hw) = | fla)platy) d*w.
Q;
We observe that the integral on pr can be written as an integral on Qj,
using the relation d*x = ﬁ/ﬂfp\%l‘ Write ¢* for the function |z| ™ ¢(1/z),
which is also in C2°(Qy), and set ¢*(0) = 0, so that ¢* can also be considered
as a Schwartz function on Q,. We get

NONO) = 17 1 ) F@)" (02 de
Qv

We now use the local Weil functional equation (Proposition [2.1)) to see that

1 2 7ro—1 *
e v D LI

Since §(¢*) is Schwartz, it has compact support on Q,. Suppose that
this support is contained in a ball of radius R. We also know that foa ! is
continuous and equal to 1 near zero, so that there exists some € such that
if |2] < e, then foa !(z) = 1. It is then immediate that if |y| > R/e, then
the integral vanishes, which shows that A(¢)f has compact support.

Let now L = R. The proposition can be considered as a simple appli-
cation of the method of stationary phase, but can also be proved directly
using a method fully similar to the local field case.

We consider the integral

MO (N w) = | o) f(ay) d"x.
R*
We write again ¢*(x) = |z| ' ¢(1/x), $*(0) = 0 so that the integral becomes

2y (2) do = —12 foa Yz V=) dz.
Hif( y)o*(x) lylmﬂif (/y) §(¢*)(—)

As (¢*)™(0) = 0 for all n, we then remark that if P is any polynomial, this
expression is equal to
v P 5
L {(Joa™ @/y) - P(a/y)) §(¢")(~a) dr.
Viallyl 5
We then choose P to be the polynomial of order n associated to the Taylor
expansion of f oa ™! at zero to get the result using elementary estimates.
The proof for L = C is similar. =

This proposition can be extended without difficulty to division rings but
not to split simple algebras (i.e. GL, (D) where D is a division ring and
n > 2).
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ProrosiTION 3.3. If f is a non-degenerate second degree character de-
fined on a locally compact field L, then the weak Mellin transform of f is
well defined for R(s) > 0.

Proof. Using the fact that A(¢)(f) is a Schwartz function, it is immediate
that the Mellin transform of ¢ * f is well defined for R(s) > 0.

It is then enough to check that if ¢, u € C°(L*), then for R(s) > 0 we
have

Mell(p, x, s) Mell(¢ % f, x, s) = Mell(¢, x, s) Mell(u * f, x, $).

Since all the Mellin transforms appearing in this equality are well defined for
R(s) > 0, this is a straightforward consequence of p* (¢px f) = px (u*x f). m

If f is a non-degenerate second degree character, we will denote by
Cr(s,x) the weak Mellin transform of f at the multiplicative character

|z[*x ().

3.4. The functional equation of (;. Let us first give an elementary
equality for (f. Using the formula Mell(¢(ax), s, x) = |a|~*x(a) Mell(¢, s, x)
which is valid for ¢ € C2°(L*), it is immediate that

Cf(ax) (37 X) = ‘a’_si(a)Cf(S).

Let us now show that (y has an analytic continuation:

PROPOSITION 3.4. Let ¢ € CX(L*) and f a second degree character
defined on L. Then the Fourier transform of the Schwartz function A(¢)f

is equal to the Schwartz function ’yf]a\fl/Z/\w*)(fo a~ ) where ¢*(z) =
2|~ (1 /).
Proof. Since A(¢)f is Schwartz, it is enough to show that the conclusion

is true in the weak sense. Indeed, it is not difficult to check, using the Weil
functional equation, that for any Schwartz function ¢,

M@ £ W) 3(0) () dy = —= [ A@)(Foa ) w)ply) dy. =

L \/‘E L
This leads to the following formula:

PrOPOSITION 3.5. If f is a non-degenerate second degree character on L,
then for 0 < R(s) < 1,

Cr(s,x) = ]‘%‘p(s, )foar (1= 5, %),

where p(s,x) is the local factor appearing in Tate’s local functional equation.
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Proof. We know from Tate’s thesis that if ¢ is a Schwartz function, then
Mell(e, s, x) = p(s, x) Mell(F(¢),1 — s, x) for 0 < R(s) < 1, so that

MG@)(),5,0 =l ) Mel( SN o)) 1 5.%).
Using the definition of weak Mellin transforms, we find that for any ¢ €
(L),

Mell(g,,3)C7 () = p(5:3) s Mell(g8,)Cfaa-1 (1 = 5.,
and we get the result by choosing ¢ so that Mell(¢, s, x) # 0. =

It is then immediate that (y has an analytic continuation to R(s) < 0
with possible poles at the poles of p(s, x). The previous formula is not really
a functional equation since (¢ and (f.,-1 are not the same function. We
can however get true functional equations from this under some additional
hypothesis on f. For example, suppose that f is of the form

flz) = ¢<‘2‘x2 + bm).

Then «o(z) = ax and
Foa o) =v(-g.a - 2o) = 7(2),

Cfoa—1(87 X) = ’a‘SX(a)éf(§7 X)v
which leads to the functional equation
(3:2) Crs:x) = vpp(s, X)|al > x(a)¢p(1 = 5,%).

One can also consider an element o of the Galois group of L satisfying
0% =1d and a function f of the form

Fz) = <;U(m)x + bx)

with o(a) = a and o(b) = b. Since ¥ (o(y)) = ¥ (y) (because that of o(y) is

equal to that of y), we get flz+ y)f( f(y) = ¥(aoc(x)y), so that we can
take a(x) = ao(x) and a~1(x) = o~ (z/a) to obtain

)
/
foa t(z) = &(; 20_1 (Z) +bo”! (2))
(1

which leads to the same functional equation.

so that
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3.5. The weak Mellin transform of v,(z%/2) on Q,. Let us now
prove the results given in the introduction for the Mellin transform of
¥p(2?/2) on Q, for p a rational prime:

PROPOSITION 3.6. The weak Mellin transform of ,(z/2) at the char-
acter |x|® is equal to:

1 .
s = pF2
= (2 - e (2 - 1)) if p=2.

Proof. We take 1,x as a test function, note that its Mellin transform at
P

any unramified character is equal to 1 for any value of s, compute explicitly
)\(125 )(f) and take the Mellin transform of the result:

For p # 2, consider the integral

A1) 10 - § 3 @3 )d*x-@&g1Zg<x>wp(§y2x2)dxx.

If the valuation of ¥y is positive or zero, it is immediate that the result is
equal to 1 because 1), is equal to 1 on Z,. If the valuation of y is negative,
we replace the integral on Q) by an mtegral on @, and use the local Weil
formula (Proposition [2.1)) to see that

1

)\(IZ;)f(y) = m S ¢p<1 ? 2>(lzp( ) — 1z, (7)) dx

= _11/p o] | ¢p< 135) <1zp( ) - ]191;2,,(56)) da.

The restriction of the function v, ( —%z—z) to Z, and %Zp is equal to 1 because
the valuation of y is negative. The integral is then equal to zero. Hence

A1) f =1z,
so that, taking the Mellin transform, we get

1
Cr(s) = = p

Let us now consider the case p = 2. We have to compute the integral

A1) f(y) = | <;y2w2> 1,y (2) d*a.

Q3

If the valuation of y is > 1, the result is 1 because the function wQ(ényQ)

remains equal to 1. Suppose now that the valuation of y is zero. We can
suppose that y = 1 because )\(IZ;)( f) is clearly unramified (i.e. invariant
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under the action of Z;). We thus have to compute the integral

| wa(2?/2) d*x.

29
For x € Z, we can write = 1 + 22 with z € Zo, and it is immediate that
P(2?/2) = (1/2) = €™ = —1, so that the integral is —1. Now suppose that
the valuation of y is —1, for example y = 1/2. We then have to compute the
integral

| wo(2?/8) d*x.

z3
Any element of Z5 can be written as = k + 4z with z € Zy and k equal
to 1 or 3. We have

(22 /8) = ha(k?/8) = 1)a(1/8) = e™/*,

so that the integral is e™/%. If the valuation of y is —2 or less, we use the
local Weil formula in the same way as for p # 2 to find that the result is
zero. We can then write
i /4
A(lZ;)f = 1222 - 1Z§< + 67”/ 1%2; .

Taking the Mellin transform, we get

2 1
G =15 1o

3.6. The value of (¢(1)

_1+eﬂ'i/428 — 2178(1_2571)+6ﬂi/42s(1_275)). -

PROPOSITION 3.7. Let f be a mon-degenerate second degree character
defined on a locally compact field L, and o the associated endomorphism.
On Qp we have

1 Vf
¢r(1) = —,

and on R and C,
C(1) =5/ el-
Remark: 1 is then never a zero of (f(s).

Proof. Consider L = Qp, some test function ¢ and compute

Mell(A(¢) £, 1) = | (@) f(x)|z|d*x
Qp

1
SRESYI | M) f(z)da = WS(A(QS)J“)(O)
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Using Proposition [3.4] we get

Mell(A(6)£, 1) =

I T eaTHO)

As we have seen that foa™1(0) =1, we get

Mell(A(9),1) = 1— ;/Np \;‘% S |i|¢<1> o

b Mene, 1),

1—1/Np va

The proof is the same for R and C. =

The Weil indices associated to second degree characters of the form
Y(ax?) are explicitly described in [12] for all locally compact fields. For ex-
ample, the Weil index of the function g (22/2) = e ™" is equal to e ™/4,
Let 7, be the Weil index of the second degree character ¢ (%12), and consider
more general second degree characters:

PROPOSITION 3.8. The Weil index of the second degree character f(x) =
V(%a? + bx) is equal to vp = v, (—b%/(2a)).

Proof. We consider a Schwartz function ¢ and the integral

| f@)o(a) dz = [ <‘2‘x2 n b:c)qb(:r) iz,

L L

Let ¢p(x) = ¢(x)1p(bx). This is again a Schwartz function. We use the Weil
local functional equation associated to the second degree character 1/)(%$2)1

| f(@)o(w) do = ;w(gﬁ) 0 () du

L

|a’ 2a

Ya y (_1$2> 3(¢) (2 + b) da.

Writing —y = = + b, we get

{ Forote)de = T (-5) ;w(‘; (%) ) 50

3.7. The function (,;(s) considered as a function of b. Consider a
family of second degree characters of the form f,;(x) = w( az? + bx), and
let (45(s) be the weak Mellin transform at s of f,p. In this subsection we
consider (,p(s) as a function of b. Let D, denote the distribution on S(L)
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defined for R(s) > 0 by
(D) = | o(a)[a]* d"a.

LX
We have the following alternative definition of (,5(s):

PROPOSITION 3.9. The function (qp(s) considered as a function of b
(or, more precisely, as a distribution in the variable b) is equal to the weak
Fourier transform of the distribution 1/1(%x2)D5.

Remark: The Fourier transform and the map ¢ +— w(%xQ)w both belong
to a group of unitary operators called the metaplectic group (cf. [16]). The
function ¢, (s) considered as a function of b is then the image of D, under
the action of a metaplectic operator. As Dy can be defined, up to a scalar
factor, by being an eigendistribution for the dilation group (cf. [17]), which
is also a subgroup of the metaplectic group, we see that (,(s), considered
as a function of b, can also be defined, up to a scalar factor, as an eigendis-
tribution for a subgroup of the metaplectic group conjugate to the dilation
group. Note also that a consequence of this proposition is that {,;(s) con-
sidered as a function of b is never a square integrable function, and never
the zero function.

Proof. We have to prove that if ¢ is a Schwartz function on L, then
a S
[ Gt = § v(502) sl .
bel yeLx

The right hand side is simply the Mellin transform of the Schwartz function

D (59%) F(@)(y) at s.
Choose ¢ € C°(L*) so that Mell(¢, s) # 0, and consider the product

(§ Con(s)p(0) db) Mell(g,5) = § Mell(A(@) o, 5)2(b) db

beL belL
= (1 MO fap(@al @z) () db.
beL xeLX

We remark that this double integral is absolutely convergent for 0 < R(s) <1
since

IA(@) fap(y)| < K,
and, using the Weil formula,

M) fap )] < K'/lyl,

where K and K’ do not depend on b. As a consequence, we can exchange
the integration signs and get

(3.3) I (] MO fapl@)e®) db) o] d*a.

reLlL* beL
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We now remark that the inner integral can be written as

[ as(y)w(;a(y1x>2+by1x)s@<b>dxydb
beL yeLx

= | ¢(y)¢<‘2‘(y1x)2> S(p)(y 'z)d*y = A(¢) <¢ <2w > S(@)(f@) ().

yeLX

If we insert this in (3.3]), we get as expected

Mell(¢, 5) Mell <¢ <;m2> 3(@@)) , s> .

If R(s) & ]0,1], we use the unicity of the analytic continuation since both
expressions are analytic in s. m

3.8. The zeroes of (¢(s,x) on a local field. In this section, we will
study the zeroes of (¢(s,x) on a local field L = Q,. We split the study into
two parts: x = 1 on the unit group (unramified character) and y # 1 on the
unit group.

3.8.1. Unramified character. Consider a local field Q, and an unramified
character on Qy, i.e. a character of the form |z|°.

Let @ be a uniformizer, O the ring of integers, O* the group of units,
and ¢ = N'p = |w|~!. We also denote by 0 the different ideal and define d
by the formula 9 = p¢ so that N9 = ¢%.

THEOREM 3.10. Let f be a non-degenerate second degree character on Q,
of the form f(x) = w(%amQ + bx). Then all the zeroes of (¢(s) lie on the
line R(s) =1/2.

Proof. Since the zeroes of (f do not change if we replace f(x) by f(cx)

with ¢ # 0, we can suppose that |a| is ¢¢ or ¢%~ 1.

It is immediate that Mell(1px, s, x) is equal to the measure of O i.e.
(N9)~1/2, 50 that

Cf(sv X) = (Na)1/2 Meu(A(lOX )fv S)'
Let us then compute

Mlo)f(y) = | 1ox(@)f(y/x)d*x.
Q;
Writing z = 1/, we get

ALox)f(y) =
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An element of Q is in O if and only if it is in O but not in w®. Hence

N1o)f) = 1= 72 | 1) (to(z) = Lo(/=)) d=
Qp
1 1
i) (#02) = 2 @) 10 (2)
Define
0r(y) = | flyz)1o(@) da.

Qp

Then

Mlo)f ) = 172 (060~ S050))

so that if the Mellin transform of 6 is well defined at some s with R(s) > 0,
we have

Mell(A(1ox)f,s) = 1= 1/q(1 — ¢* 1) Mell(¢y, s).

As 1 is never a zero of (y, we see that the zeroes of (; are the same as the
zeroes of Mell(0y, s).

Let us now give an explicit description of 8y and Mell(f¢,s). We know
by the definition of the local different and our choice of the Haar measure
that the Fourier transform of 1p is (N9)™%/21,-1, so that using the local
Weil formula (Proposition we get

:'}’fi - 121, 1 (2) da
() m%&f(ay)wm 1o-1(2) .

We write z = zw? so that dz = (N

)
_ 1/2 'Yf i 2) d
05(y) = (N) ™ Q§ (yaw > o(2) dz.

—1 dz. Hence

We then have the functional equation

e v Ly 1
Orlw) = (Vo) mrmef(yawd)‘

Now first suppose that the valuation of a is —d so that |a| = q® = No. The
functional equation becomes, since ¢ is unramified (i.e. invariant under the

action of O*),
1 - /1
0r(y) :’Yf’y|9f<y)

In order to compute 6, we can then suppose that the valuation of y is > 0.
The function g(x) = f(yz), if restricted to x € O, is an additive character:
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If z and z are in O, we have

9(z + 2)g(2)3(2) = fyz +y2) fy2) f(y2) = Y(ay’zz) = 1.

Indeed, |ay?zz| < |a| = ¢%, which shows that ay?zz € 0~!. By the definition
of §; and the fact that O is an additive group, we find that 6;(y) = (N9) /2
if and only if f(zy) = 1 for all x € O, because the integral of an additive
character on a compact abelian group is zero if the character is not trivial
on the group, or the measure of the group if the character is trivial. It is
then immediate that if ;(y) = (N2)~1/2, then 0;(z) = (Nd)~/2 for all 2
having a higher valuation than y. We can thus write the restriction of 6 to
O as (N?)"1/21_ip(y) for some k > 0. Using the functional equation, we
see that if the valuation of y is < 0, we have

1 _ 1
0r(y) = 17— (N0 P10 <) :
[yl y
Suppose first that k£ = 0. Then vy = 1 (by the functional equation with
y = 1). Avoiding double counting for |y| = 1, we thus have the following
description of 0:

0,(y) = ()12 <1o(y) . 1o<y>>,y1|).

We see that the Mellin transform of 6 is well defined for 0 < $(s) < 1, and
compute that

B _ 1 ¢t (No)~? 1
Melly,) = W)™ <1 1o qs‘l) (=g -gh (1_ q>'

Hence
((s,x) = V)2 Mell(AM(1ox) £, )

_ (Na)1/21_11/q(1 ¢ Mell(8;, 5) = (No) /2

1
1—q’
and there is no zero.

Now suppose that &£ > 1. Then

b5(0) = 0) 2 (Lano) 4257 1wso (1) ):

Yy
and the Mellin transform is

. q—ks qk(s—l)
Mell(8, s) = (ND)~ (1 = qs_l).

The zeroes of (f(s) are then the roots of the equation

g =) 4V g% = 0.
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Let us write X = ¢° /2 so that |X| = 1 if and only if R(s) = 1/2. The
equation becomes

o) ee-d ) -

X2 = L x2ke1 X 1z
Va Vi
The number of solutions of this polynomial equation cannot be greater
than 2k. Let us show that we have exactly 2k solutions on the unit circle:
we write X = €', so that if we choose some square root of 7, the equation
becomes, after multiplication by \/%76*““?5,

or

VIE itk-1e _ VI itk
Va Vi

This expression is twice the real part of | /'yfeik¢ —

T + /e ™ = 0.

¢ and it is clear

Va

(because g > 1) that when ¢ moves from zero to 27, this real expression has
2k sign changes, so that it has 2k distinct zeroes, which completes the proof
for the case |a| = ¢°.

Now suppose that |a| = ¢?~!. The functional equation of § becomes

1 /1
0(y) =~ q9(>.
() f\f|y, =
The same argument shows that there exists k£ > 0 such that for y € O,
0(y) = (No) 1 k0 (y).

Using the functional equation, we get the following expression for 6, valid
for any k > 0:

00) = W) (Laro) + v ).

Hence the Mellin transform of 0 is well defined for 0 < R(s) < 1, and we

have
—ks k(1—s)
Mell(8, s) = (N —1<q+w Sq)
.5 = ) (1

A similar argument proves that all the roots of this equation satisfy

R(s) =1/2. m

3.8.2. Ramified characters. We consider a ramified character x on the
unit group of Q, and extend it to a character of Q, by writing x(w) = 1
(cf. Tate’s thesis). We then have the following theorem:
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THEOREM 3.11. Let f be a non-degenerate second degree character on
Qp of the form w(%x2 + b:r) and assume that C¢(s,x) is not identically zero
as a function of s. Then all the zeroes of (¢(s,x) lie on the line R(s) = 1/2.

Remark: Tt is clear that if x is odd, then the weak Mellin transform of
¥(%a?) at (s,x) is always equal to zero.

Proof of Theorem In order to compute (f(s, x), we will use the test
function ¢y (x) = Y(2)1px () which satisfies Mell(¢y, s, x) = (N0)~/2 for
all s. We denote by § the conductor of x and define n so that f = p™.

We recall from Tate’s thesis [14, p. 322] that if x is ramified, the local
factor p(x, s) appearing in Tate’s local functional equation is given by

p(s,x) = (N(70))" 2 po(x),
where the term po(x) satisfies |po(x)| = 1 and is given by

po(X) = NP> x(e)p(e/m™™),

where {e} is a set of representatives of the cosets of 1 + f in O*.

PROPOSITION 3.12. The Fourier transform of ¢y (x) = x(x)lpx(x) is
equal to x(=1)po(x)g~ "2 ¢ (" x).

Proof. Since O is a compact multiplicative group, the Mellin transform
of ¢, at the character X’ is equal to zero if ¥’ # x on O*, and to (N)~1/2
if ¥’ = x on O*. Using Tate’s local functional equation, we then see that
the Mellin transform of F(¢,) at x'(x)|x|* is zero for x’ # x. For x’ = x, we
get

Meu(g(gbx)’ X S) = :0(87 X) Mell(¢x(—$), X? 1- 5),
(

= V(7)) 2 po(x) W) ~1/2x (1),

— q(n+d)(sfl/2)qfd/ —d/2—(n+d)/2+s(n+d)

po(X)x(—1) = x(=1)po(x)q :

Since the function y(—1)po(x)g~ "+ 9/2¢5 (" ?z) has the same Mellin trans-
form as §(¢y) for all multiplicative characters y, these two functions have
to be equal on pr. The equality for z = 0 is immediate. =

Now consider a second degree character of the form

o) = ¢<;‘x2 + baz)
with a # 0. We have
MNox)fy) = | fly/2)dsg(z)d*a.
Q
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Writing z = 1/x, we get

1
=174 (épf(yz)cbx(Z) dz

Using the local Weil formula and Proposition [3.12] we get

/\(¢>z)f(z{)
_ s i —(n+d)/2. (_ o ~ —wn+d2’ .
1—1/(] \/m |y‘q X( 1)pO(X) S f(ya>¢x( )Cl .

With = @w" 19z, the expression becomes

1 1

N0 = gy e § (st

so that if we set 0 y(y) = A(¢y) f(y), we have the functional equation

We can again suppose without loss of generality that the valuation of « is
—n—dor —n—d+ 1.

Qp

We write @ = uw "% with |u| = 1 and 6 equal to 0 or 1, so that
la| = ¢" T4 and the functional equation becomes
q5/2 _ 1
(3.4) 0rx(y) = vxpo(X) 0 ( >
fix X ( ) |y‘ fix uywé

In order to compute 6 (y), we can thus suppose that the valuation of y
is > 0. Considering the integral
1

T 1-1/g

| fly2)x(2) dz,

p

we split C’)pX into cosets modulo the subgroup 1+ f, so that x is constant on
each coset, and choose a representative z; of each coset. Hence

Orx(y) = ! S Fyzi1+ 2)x(z) da.
i

1-1/q
As f is a second degree character, for € f we have
Flyzi + yzix) f(yzi) fyziz) = (azy?z?) = 1.

Indeed, the valuation of z is > n, so that the valuation of ax is > —d, and
the valuations of y and z; are > 0. Therefore

Orx(y) = > (Fzx(z) | f(yz) do).
i f

1
1-1/q
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The change of variable 2’ = z;x in the last integral shows that it is a constant
as a function of 7, so that

Orx(y) = 1 _11/q <Z X(Zz)f(Zzy)> <S f(yx) dx).
g f

We then remark that if 1 and z9 are in f, then the valuations of 1 and x9
are higher than n, so that the valuation of ax; is > —d and we have again

flxr 4 zo) f(21) f(22) = Y(aziz2) = 1.

Since the restriction of f(z) to f is then an additive character, the restriction
of f(yx) to f is also an additive character if the valuation of y is > 0. As a
consequence, there exists a unique k € Z such that f(yx) is equal to 1 for
all z € § if the valuation of y is > k, and not constant on f§ if the valuation
of y is < k. We then have 0y (y) = 0 if the valuation of y is < k. If £ < 0,
then 6 (y) = 0 thanks to the functional equation and there is nothing else
to prove.

We next suppose k£ > 0. We show that ¢ y(y) is also zero if the valuation
of yis > k+ 1.

Consider the sum ), x(2)f(zy). If f(2y) is constant as a function of
z for z € O* it is immediate that this sum is zero because x is assumed
to be ramified. More generally, we can compare f(z;y) and f(z;y) using the
functional equation of the second degree character f:

Flyzi) Fy(z — 20)) F(yz) = dlay®zi(z5 — 2))-

Now suppose that the valuation of y is > k + 1. Then the definition of &
shows that f(y(z; — z;)) = 1 if z; — z; € (1/w)f. Under the same conditions
we also have 9 (ay®z;(z; — 2;)) = 1: The valuation of y? is > 2, the valuation
of a is > —n — d, the valuation of z; is 0 and the valuation of z; — z; is
assumed to be > n — 1, so that the valuation of ay?z;(z; — z;) is > —d.

We see that if z; and z; are in the same coset modulo 1 + (1/w)f, then
f(zy) = f(z;y). Let us renumber the z;, writing z; = z;, where j indicates
to which coset of 1+ (1/w)f it belongs. Then

Sox)f ) = DX f ) = D a5 (3 xz),
i 7.k J k

with a; = f(2;y) for any choice of k. However, the character x is constant
on the subgroup 1+ f but not on 1+ (1/w)f (this is the definition of f), and
for j fixed, the set of z; is a full set of representatives of cosets modulo
1 + § inside a coset modulo 1 + §f/w. The sum over k is then equal, up
to a scalar, to an integral of a non-constant multiplicative character on a
compact subgroup, so it is zero.

We thus see that if the valuation of y is > k + 1, then 6 (y) = 0, and
if it is lower than & and positive, then also 6 y(y) = 0.
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As the restriction of 0y to y € @®O* has to be of the form Cx(y) for
some constant C = 0 (@) (because it is immediate from the definition of
0 that if w is a unit, then 0 (wz) = x(w)bfy(x)), if the valuation of y
is > 0 we can write

Orx(y) = CX(Y)1grox (y)-
By the functional equation , for y € Qp we then have

0 Cx(y)1 oL (L 1 1
(y) = Cx(y) kaX@)‘i"YfPO(X)MX(W) kaX<W)'

If L+ isin @w®OX, then |y| = ¢*T7, so that also
uyw

_ O
00) = X0)C (Lo 1) + 250X G0 ks 1))
Set w = v¢po(x)x(u)C/C. 1t is clear that |w| =1 We get
Mell(6, s, x) = (N0) V20 (g7 +wq+0/2q+0),

and it is immediate that the zeroes of this function lie on the line R(s) =
1/2. =

3.9. The function ((s,x) on R. If a second degree character f is
defined on R, then the automorphism « associated to f has to be R-linear,
so that it can be written as a(x) = ax. Any non-degenerate second degree
character f on R is thus of the form

f@) =1 (;mQ - bx> — ¢~ 2mi(§u7+ba)

with a € R* and b € R, and the functional equation

Cf(s) X) = ’Yfp(sv X)’a|1/275>2(a)5f(1 =5, X)
is always valid. With this description of f, we introduce the notation (s, x)
= (a,p(5, X). We have only two unitary characters x on the unit group: the
identity and the sign function sgn(x), which we denote (). Since e~ 2mi(5%)
is even, we have (40(s,£) = 0 for all s. We have the following description

of the weak Mellin transform of a second degree character:

ProproSITION 3.13. The weak Mellin transform of the second degree
character 1 (%a? + bx) at the character |z|* for a > 0 is
6—s7ri/4 T'(s/2
Ca,b(s) = S ( / )
Vva /2
Remark: It can be checked that the functional equation of (, is consis-
tent with Kummer’s formula

exlFl(av b7 —l’) = 1F1(b —a, b,ﬂi‘)

1F1(s/2,1/2,7ib? /a).
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Proof of Proposition We remark that the formula

727rz( ax?+bx) e7rz'b2/a 27i(ta(z/a)2+be/a)
(e )= —=—e2

Vai
is valid not only for @ € R} and b € R, but also for a € C with J(a) < 0
and R(a) > 0 and b € C. We can then define (,;(s) using the same method
for any a € C with J(a) < 0, R(a) > 0 and b € C, and looking at the
proof of Proposition it is not difficult to see that (4 4(s) is a continuous
function of a provided a does not cross the lines $(a) = 0 or F(a) = 0. It is
however not difficult to compute (4 0(s) when J(a) < 0 and R(a) > 0: this
is a regular Mellin transform, and we get

I'(s
Ca 0( ) \/16 eism/él 7E.s//22)

Thanks to the continuity of (,0(s) as a function of a, this formula is also
valid for a € RY.

Now suppose that a is fixed in R and consider (4 as a function of b.
We observe that (,; considered as a function of b is the limit of the func-
tions (, p, which are analytic in b € C, when o’ € C, $(a’) < 0 converges to
a € R*% , and that the convergence is uniform if b stays in a compact set.

As a consequence, (, is an analytic function of b (as a uniform limit of
complex analytic functions of b), so that we can describe it using its Taylor
expansion at zero:

L

Cab ZabkCab Og-

k>0

We remark that (q4(s) is an even function of b, so that all the odd deriva-
tives at zero are zero. In order to evaluate the even derivatives, we use the
following proposition:

PROPOSITION 3.14. For s fized, (,(s) satisfies the equations

2Cf(S) = —71'in(8+2),
82 9
8bQCf( s) = (—2mi)"Cr(s +2),

O+ -2 ) =0
80"\ T g pp2 e\ T

Proof. The function e~ 2mi(532°407) satisfies the equations

9 —2mi(5z 24-bx)
9a°
82

ob?

_ (—7Ti)$2 —2mi(5z +bx)

_ (@2 . 9 s(a,.2
— e 2mi(§a4br) _ (—27T’L)2{L‘2€ 2mi(§x +b3:)’
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so that we mainly have to prove that we can exchange integration and
differentation. Consider for example the first equation. We have to prove
that the Mellin transform of %/\(¢)e_2m(%x2+b@ converges absolutely and
find a uniform bound for the associated absolute integral. We remark that
this expression is equal to

0 —27rz(a 2+ba:)>
A e
The function g(z) = %6_2’”’(# ) = _gizZe ; its
Fourier transform is also C*° and can be computed explicitly using the
commutation relation for the Fourier transform and differential operators.
We can then use the proof of Proposition [3.2]in the real case, and show
that the Mellin transform of A(¢)g is well defined for R(s) > 0 with an
absolute bound which remains finite if a stays in a compact set in R* which
does not contain 0. As a consequence, the Mellin transform of the complete
expression is also well defined for R(s) > 0, and we have a uniform bound
for the integral defining the Mellin transform, which allows us to exchange
differentiation and Mellin integration. =

Thus for R(a) >0
an dk
sggilas(s)] = (=4mi)* 5 Cap(s)
b b=0 da* b=0
Ami)* —s7rz/4F(8/2) d 1 _ e smi/4 F(S/Q) (47”)k(s/2)k
= (—4mi)"e 15/2  dak \f - \/55 8/2 ak )
The Taylor expansion of (,4(s) becomes
6—871'1'/4 F(S/Q) Z (S> (47T2)kb2k
vai o omws/2 = 2/, a¥(2k)!
Writing (2k)! = (2-4-6---2k)(1-3-5---(2k — 1)) = (4O)K!I(3) (5 +1) -~

(% + k- 1) = 4’“1{!(%) ,» We recognize a Kummer confluent hypergeometric
function 1 Fy:

a .2 .
—2mi( 5z +bx) is O

Ca,b(s) =

—sm/4F 2 o 2 b2 k
Cad(8) = =75 wj//2 Z 8/1/2 (Z)

0

efsm/4 F(S/Q) L
= NG 1F1(s/2,1/2,mib°/a). m
PROPOSITION 3.15. The weak Mellin transform of wR(%mQ + b:c) at the
character sgn(x)|z|® is

—(s+1)mi/4 o
Cap(s, ) = —27Tz'be I'((s+1)/2) Fy (S +1 3 mib >

a3+1 n(s+1)/2 2 ’57 a
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Proof. We start from the equality

ge—Qﬂi(%xzﬁ-bx)
ob
which leads, after exchanging integration and differentiation, to

cra .2
_ _27m~l,e—27m(§a: +bz)’

0 .
%Ca,b('s) = _27”Ca,b(5 + 17 :t)v

so that
1 0
Ca,b(sa i) = o %Ca,b(s - 1)
1 e P((s—1)/2) 0 p(s=11 Tib?
omi ol a2 a2 2 a4 )

We then use the elementary formula

9 _ (@)g+1 ZkiOé
alFI (an@vz)_kzzo (/B)kJrl H - ElFl(a"i'le"i_l:z)

to get the result. m
Let us now look at the location of the zeroes of (.

PROPOSITION 3.16. Suppose that 1 Fi(u,v,z) = 0 with z imaginary and
v e RY. Then R(u) = v/2.

Proof. This result is essentially due to H. Weber [15]. We include a short
proof for completeness.

It is well known (cf. [I] for example) that 1F;(u,v,z) considered as a
function of z is a solution of the confluent hypergeometric equation

2f"(2) + (v—2)f'(z) —uf =0.

We can suppose without loss of generality that the zero of 1 F}(u,v, z) has
a positive imaginary part, so that we can write it as z = it% with ¢g € R.
For t > 0 we consider the function

o(t) = poreit?/2 1F1(u,v,it2) with a=v—1/2.

Elementary calculations show that the confluent hypergeometric equation
becomes

P'(t) = o(t)(—a/t* + o /t* — t* + 2i(2u — v)).
For t > 0 consider the function
W(t) =o(t)d'(t) — D(t)P (t) € iR.
Then
W' (t) = &(t)@" (t) — &) (t) = —4i|D(t)?|(2R(u) — v).
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Hence
W(ty) — W(t) = SQW’(t) dt = —4i(2R(u) — v) § |®(t)?| dt.

Since @(t) is square integrable on [0,%p] (because v > 0), it is immediate
that W(t) converges to some value as t — 0, and it is not difficult to check
that this value is zero. As also W(ty) = 0, we get
to
0=W(to) — W(0) = —4i(2R(u) — v) ||®(t)?| dt,
0
which shows that 2R(u) —v =0. =

THEOREM 3.17. Let f be a non-degenerate second degree character de-
fined on R, x a unitary character on {—1,1}, and assume that C¢(s,x) is
not the zero function as a function of s. Then all the zeroes of C¢(s,x) lie
on the line R(s) = 1/2.

Proof. This is an immediate consequence of the previous propositions. =

3.10. The function (¢(s,x) on C. On C we will study the second de-
gree characters of the form ¢¢(%2?+bz) and vc(%|z|*+bz). The characters
on the unit group of C* are of the form ¢, (z) = (2/|z])" with n € Z. We will
frequently use the Wirtinger derivatives on C defined for ¢(z) = ¢(x + iy)

as
00 _1(06_ 00\ 96 _1(06 05
9. 2\ax ‘'ay) a9z 2\az  ‘oy)

3.10.1. Second degree characters of the form ¢C(%|zl2+bz). We consider

second degree characters which can be written as f(z) = ¢(%|2|? + bz) with
a € R} and b€ C.

We denote by Z,(s,n) the weak Mellin transform of ¥ (%|z| + bz) at
the character |z|&c,(2).

PROPOSITION 3.18. The weak Mellin transform of ¢ (%|z[*+bz) at the
character |z|gcn(2) is, for n =0,
efm's/Z F(S)
as (2wt

Zap(s,0) = Fy(s, 1,27rz'|b|2/a),

and forn >0,

Zap(s,n)

_mi

(s—n/2) V/ n

e 2 I'(s+n/2) 1 27— 12

(e A ( ) ABi(sn/2 Len, 2 o)
Remark: As a consequence of Proposition the zeroes of Z, (s, n)

lie on the axis R(s) = 1/2.
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Proof. We have, writing z = = + 1y,

w<3‘2|2 + bZ) _ 6727ri(a\z|2+bz+52) — 6727ri(a\z|2+2§)‘1‘:(b)x72%(b)y)'

We make the same observation as in the real case: We consider the right
expression, and remark that if we take a € C with J(a) < 0, and replace
R(b) and I(b) with complex values, then using the same method we can still
define its weak Mellin transform, which is continuous as a function of a, R(b)
and (b). However, if we suppose that &(a) < 0, then it has a well defined
regular Mellin transform, which is analytic in (b) and (b). We can then
use the same method as before: first compute Zg (s, n) for b = 0 and then
use the Taylor expansion of Z,; at b = 0.

Let us first remark that for n # 0, we have Z,(s,n) = 0: the function
¥(%|2|?) is invariant if we replace z by uz with |u| = 1. For n = 0, the
computation of Z,o(s,0) is straightforward and gives

efsm'/Q F(S)

a®  (2m)s—1°
Now suppose that b # 0 and n = 0. We consider the equality (using the
Wirtinger operator %)

Z4,0(s,0) = Mell(e_2ma|zl2, ]z\gs, c) =

9 o~ 2mi(galz +bz+galz|*+bz) _ —2mi(%alz*+bz+1alz|>+b2)

% —2mize ,

which leads, using the same kind of argument as in the real case, to
%Za,b(s,n) = —2miZap(s+1/2,n+1).

We also have
(%Za,b(s,n) = 2miZap(s+1/2,n—1).

Let us now write the Wirtinger Taylor expansion of Z, ;(s) near zero:

ortn bPH"

Zap(s) = 2 aopgny Zas(s) il

The Wirtinger derivatives with p # n cancel so that we get

(C)Qn ’b’2n
Za,b(s) = 7—Za,b(8)
= 0"b0b NCIE
’b|2n

= (=2mi)*" Zao(s + n)

= (n!)2
B e~ /2 [(s) 2mi\ " |b]2"
T (27r)5—1z<a> ()0 a2

n>0
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We recognize again a confluent hypergeometric function:
e mis/2 F(S)
as  (2m)5 1 1

In order to compute Z,(s,n) for n > 0, we use the formula

1 o
(—2mi)n oo Zat

3.10.2. Second degree characters of the form 1/1(%22 +bz). We denote by
Cap(s,n) the weak Mellin transform of the second degree character f,;(z) =
Y (42?4 bz) at the character |z[Ec,(2) = |2|**¢y(2). In order to compute
Ca.p(s,n), we use the same method as for the real case or for Z, ;(s): compute

(s

Cap(s) for b = 0, then use a Taylor expansion to compute (,p(s) for all b.
Let us first compute (,(s,n) for b = 0:

Zap(s) = Fi(s, 1,2mi[b]*/a).

Zap(s,n) = (s —n/2,0). m

PRrROPOSITION 3.19. If n is odd, then
Ca,0(s,m) =0.

If n is even, then

s.n) =lal %c a)(—i) /2l 1= I'(s/2+ |n|/4)
Ca0(s,n) = |a| c_p a(a)(—i)"/ 27! (= 572 + [nl/d)’

Remark: for n = 0, (4,0(s,0) vanishes for even positive integer values
of s, so that the zeroes of (, o are not all on the line R(s) = 1/2.

Proof. The function 1(z?) is even, and ¢, is odd if n is odd, which proves
the first formula, because the multiplicative convolution of any function with
an even function gives an even function. If n is even, we use the fact that
C is quadratically closed, i.e. z — z? is onto. A consequence is that for any
Schwartz function ¢ on C and n even, we have

Mell(¢(z?),5,n) = | ¢(2®)[2[2(2/[2)" d*x
C*
2 dy 1
=2 [ syl (w/ly)™* = = 5 Mell(9,5/2,n/2).
(C*
and this equality can easily be generalized to weak Mellin transforms. We
observe, however, that for n even and 0 < R(s) < 1, the weak Mellin trans-

form of 1¢c(z) is well defined and equal to the function p(c,||*) appearing in
Tate’s local functional equation (cf. [14, p. 319]):

_ &y _ (_alnl_(2m)'7°I(s + [n]/2)
Mell(¢c(2), Svn) = p(an ) - ( Z) (27T)SF((1 — S) + |n|/2)
Indeed, let ¢ € C2°(C*). We want to compute the Mellin transform of
M9)ve(2) = | dla)ie(a2) dx.

(C*
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We can, however, rewrite this integral as

§ o5t dy = 561,

2 lyle

where ¢* (y) := ﬁqﬁ(l/y) and ¢* is a Schwartz function on C. However,

we know from Tate’s thesis that
Mell(6%, 5,m) = pleall*) Mell(F(6), 1 — 5, ~n)
— plenll") Mell(A(6)46,1 — 5,1 — ).
Hence the weak Mellin transform of v is well defined and
1 1-s
= p(c_ ,
olealy Pl
which shows that p(c,||®) is indeed the weak Mellin transform of 1(z). It is
then immediate that the weak Mellin transform of ¢(az) for n even is

Mell(¢(az), s,n) = |a|c*c—n(a)p(cnl|®),

e (1)) - ()53
1 —8/2

2120

which proves the formula for n even. m

Mell(¢),1 — s,—n) =

so that

a

C—n/Q(a)p(cn/Z ‘ |S/2)7

Let us now consider the case b # 0.

PROPOSITION 3.20. The function (4 (s,n) satisfies the equations

W = —2miCap(s +1/2,n + 1),
W = —2miCap(s +1/2,m — 1).

Proof. These equations can be considered to be the Mellin transform of

the formulae
0 (a4 ‘ a o
| = - _9 b
%% <22 +bz) mz¢<2z —|—bz>,

0
P <;z2 n bz) — _omiz <;z2 + bz> .
The exchange of differentiation and integration is justified as in Proposi-
tion .14l =
Let us now give an explicit description of the weak Mellin transform of

Pe(§2° + bz). Since Cop(s) = la|~*c_p)2(a)Cy 4y /a(s), we can suppose that
a=1.
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ProposITION 3.21. The weak Mellin transform of 1/1@(%22 + bz) at the
character |z| is equal to

Gp(s) = wl—S{Im 1Fi(s/2,1/2,imb?) 1 Fy(s/2,1/2, imb?)

I'((s+1)/2) s+1 3 . s+1 3 -
2 2 2
F = h{—.= .
ra—Grn g™ i g
Proof. Let us first prove that (;(s) is analytic as a function of R(b)
and (). Note that

wc(%ZQ + bz) _ 67271-1'(9‘1‘:(22)+2§R(b)§R(z)72%(b)%(z))'

For /81762 € C let
Vg8 (2) = e 2mi(R(22)+281R(2)~2823(2))

— 47|b

This function does not define a tempered distribution on C if J(51) # 0 or
J(B2) # 0, so that we cannot consider its weak Fourier transform using the
usual definition. However, the integral of this function against any gaussian
function g(z) = Ae~ =" +82+7Z with ¢ > 0 and 3,7, A € C is well defined, and
by restricting our set of test functions to those gaussian functions (this set is
stable under the Fourier transform), we can still consider the weak Fourier
transform of ¢, 3,(2) and define the associated weak Mellin transform for
0 < R(s) < 1 using the same method as in Section 3 and test functions
for the Mellin transform of the form ¢(z) = g*(z) = |2|z'g(1/2) (note that
we just need one test function ¢ satisfying Mell(¢, s) # 0 in order to define
the weak Mellin transform). This weak Mellin transform is then clearly
an analytic function of 51 and By (because it is holomorphic), so that its
restriction to 51 and fs real is real-analytic.

We then consider (; 5(s) as an analytic function of R(b) and J(b) and
use the Wirtinger Taylor expansion

ortn bPh"

pu— _— 0 _

C1(8) pa) a8 07

—2mib)P (—2mib)" +n
-y Gl (ot
0 pln! 9
I L R G L R s
In! n B - .
n,p>0, p+neven p:n: w(ptn)/ F(l -5- % + %)

—al N (el (2y/mib)P(2y/ib)"  I'(s/2+max(p,n)/2)

n,p>0, p+neven p!n! F(l - 3/2 - min(p, n)/2>

= 71788y + 8y),
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where S7 is the sum over n and p even, and Sy is over n and p odd. The
first sum S; becomes, after writing p = 2k and n = 21,

B (24/7ib)?k (24/mib)?  I'(s/2 + max(k,1))
Si=>_ (=) (2k)!(21)! I'(1—s/2 —min(k,0))’

k>0

We now use the elementary formulae involving the Pochhammer symbol:
I'(s/2 4+ max(k, 1)) = (s/2)max(n ! (5/2),
F(1 = 8/2) = (—1)" 56D (5/2), 0 T(1 — 5/2 — min(k, 1)).

We also have the identities

(5/2)max k1) (5/2)m1n k,l) (5/2) (8/2)1,
(_i)\k—l|(_1)m1n(k,l) _ (_i)\k:—l|(_i)k’+l—|k—l\ _ (—i)k+l,

so that we get

S 1 2k 1
5= D 5 (B 1

J1>0

This expression can be factored as

 I'(s/2) (4imh?)* (4i7b?)!
Sl‘r<1s/2><kz>o i er2e) (X o),

>0

and we recognize the product of two confluent hypergeometric functions,
writing again (2k)! = 4%k!(1/2):

S = F(I;(i/sz/)g) 1F1(s/2, 1/2,i7rb2) \Fi(s)2,1/2, i7T132),

The computations for Sy are similar. =

4. The weak Mellin transform of second degree characters de-
fined on adele rings. We consider a number field F' and the associated
adele ring Ap.

4.1. Factorizable second degree characters on Ap. We know that
the continuous characters of Ag are of the form ¢ (bx) with b € A, so that
we can write any second degree character on Ap as

f(@) = w(ka(x)e + br),

with b € Ar and a a continuous morphism of additive groups from Ag to
Ap such that o~ ! is also continuous.
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We say that a second degree character is factorizable if it can be written
as a tensor product (denoting by Pr the set of places of F')

f:®fm

’UGPF

so that if an element of Ap is written as a = (ay)vep,, we have f(a) =
[l,ep, fo(ay). For example, the second degree character w(%xz + b:U) is
factorizable, but if ¢ is an automorphism of F', and if we keep the notation o
for its natural action on Ap, then the second degree character 1 (§0(z)z+bx)
is not in general factorizable.

If f is factorizable, then also a = @),cp,
and o~! means that there exists a finite set S of valuations such that if
v & S, then a,(O)) = OF, so that |a,| = 1. It is clear that on Ag, all
second degree characters are factorizable (because there is no continuous
non-trivial additive map from @, to Q, with p # p’).

Q, and the continuity of «

4.2. The existence of the weak Mellin transform. On an adele
ring, the weak Mellin transform is defined as follows:

DEFINITION 4.1. We say that a function f defined on A* has a well
defined weak Mellin transform at the character |z|*x(z) if there exists a
function My (s, x) such that for any test function ¢ € C°(A%), we have

Mell(¢ + f, s, x) = Mell(, s, x) M (s, x)-

Let us first prove the existence of the weak Mellin transform of a factor-
izable non-degenerate second degree character defined on an adele ring. We
consider a second degree character f, a function ¢ € C2°(Ay) and the map

MN@)f(y) = | ¢lx)faty) d*a,
Af
where y € Ap. We then have the following proposition:

PROPOSITION 4.2. If f is factorizable and ¢ € C°(A*), then \(¢p)f is
a Schwartz function on A.

Proof. It is well known that a Schwartz function on Ap = A X Ay can
be written as a finite sum of functions of the form ¢, ® ¢ where ¢ is a
Schwartz function on A, and ¢y is a factorizable Schwartz function on Ay
(see for example [5, p. 25]).

With exactly the same proof, it is not difficult to find that if ¢ is in
Ce(AX), we can write ¢ as a finite sum of functions of the form ¢, ® ¢y,
where ¢oo € C°(AXY) and ¢y is a factorizable function in CSO(A;),
¢ = @ ¢y with nearly all the ¢, equal to 1ox. Let us now prove the
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proposition for such a function. It is immediate that

finite v

We have already proved that all the functions A(¢,)f, are in S(F),) for v
finite. The remaining two points to prove are that \(deo)foo is Schwartz
on Ay and that nearly all the functions A\(¢,)f, are equal to 1p,. Let us
first prove the former. Suppose for example that we have two real places
to consider, so that the second degree character fo, can be decomposed as
f1® fo where f; and fo are non-degenerate second degree characters defined
over R. We then consider the function

Aoo) oo W1 2) = | doo(@1, m2) f1 (a7 ') falwy M y2) d™ w1 d* s,
R*Q
Write ¢ (x1,z2) = mgbm(l/xl, 1/2). We extend this function to R? by
writing ¢% (0, x2) = @i (x1,0) = 0, so that ¢% is a Schwartz function and
the integral becomes

Aoo) foo (Y1, 42) = | &30 (21, 22) 1 (2191) fa(2292) dz1 dzs.
R2

To prove for example that this function is fast decreasing as a function of ¥,
we simply apply the local Weil functional equation to the integral over z1,
choose a polynomial P to be the Taylor expansion of fi, and proceed as in
the one-dimensional case.

Let us now show that nearly all the functions A\(¢,)f are equal to 1p,.
We remark that

e nearly all the ¢, are equal to 1ox,

e nearly all the o, satisfy a,,(O,) = O, (because « is continuous and its
inverse is also continuous),

e nearly all the b, satisfy b, <1 (b is an adele),

e the local different 0, is equal to O, for nearly all valuations,

e for nearly all v, we have |2|, = 1.

It is then enough to prove that for v € Pp satisfying |ay,| = 1, |by| < 1,
0y = Oy and [2[, = 1, the function A(15x)(fv) is equal to 1p,. This can be
proved using exactly the same method as in Proposition forp#2. =

PROPOSITION 4.3. If f is a factorizable non-degenerate second degree
character defined on Ap, then the weak Mellin transform of f is well defined
for R(s) > 1.

Proof. The proof is the same as for the local case (replace > 0 by > 1). =

We will use the notation =y(s, x) for the weak Mellin transform of a
second degree character f defined on an adele ring at the character |z|*x(x).
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4.3. The functional equation of =

PROPOSITION 4.4. For ¢ € S(A*) and f a non-degenerate second char-
acter defined on A, the Fourier transform of the Schwartz function A\(¢)f(y)

is equal to 7f|a|72)\(¢*)fo aly), where ¢*(x) = |z| (1 /).
Proof. The proof is exactly the same as for the local case. =

PROPOSITION 4.5. Let x be a Hecke character on Aj.. Then the function
Z¢(s,x) considered as a function of s has an analytic continuation to C, with
possible poles at 0 and 1 if x is unramified. If we keep the notation Z¢(s, x)
for the analytic continuation, we have the equality

—_ Y —_
Ef(s,x) = J‘%':foal(l — 5,%).

Proof. The proof is the same as for the local case, but we have to replace
the Tate local functional equation by the global functional equation. m

4.4. The connection with Hecke L-functions. We recall that if
x = @ xwv is a Hecke character defined on A%, the Hecke L-function L(s, x)
is defined for R(s) > 1 as

1

L(s,x) = .

( ) v finite, x4 ul;r[amiﬁed atv 1= Xv (wv)(va)is
THEOREM 4.6. Let F' be a number field, x a unitary Hecke character
and L(x,s) the associated Hecke L-function. Let f be a factorizable non-
degenerate second degree character and Z¢(s,x) the Mellin transform of f
at (s,x). Then (s,X) is a zero of Z¢ if and only if it is either a non-trivial

zero of L(s,x), or a zero of one of the local functions (g, (s).

Proof. We have already computed that for nearly all valuations v,
MLox)fo = 1o,
so that
Cr, (8, x) Mell(155 , 5, x) = Mell(10,, 5, X)-

Nearly all these valuations satisfy the condition that x, is unramified at v.
Consider the following two finite sets: S is the set of all valuations which
are either infinite, or finite with y, ramified, or satisfy )\(lovx) fo # 10, or
satisfy 0, # O, or satisfy |2|, # 1; and T is the set of all valuations which
are either infinite, or finite with y, ramified. It is clear that T C S.

Let v € S. Since Y is unramified and N9, =1, we have Mell(lovx 8, x) =1
so that

Cr(s,%) = Mell(lo,,5,x) = | Lo, (z)x(x)[x|* d*x.
)
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We split the integral according to the valuation of = to get

—S$ o e e — 1
1+X(WU)NP + - 1_X(wv)./\/’pfs'
We can then write
- 3 1
=0 =Gt =2 o=
= ([T ¢ns) s T (0= x(m)Np~),
veS veES, ve¢T

which gives the result, since (y, (s, xv) has no pole for R(s) > 0, the only
pole of L(s, x) is at x(x)|z|* = |z|, and 1 is never a zero of (; for unramified
characters. m

5. Weak Mellin transforms and second degree characters de-
fined on vector spaces. Let us now come back to Riemann’s proof of the
functional equation of (, which is based on the Poisson summation formula
on 7Z, i.e. to the fact that the distribution dz is equal to its Fourier trans-
form. We know that this Poisson summation formula can be generalized to
distributions of the form dz» defined on R™, leading to the functional equa-
tion of Epstein zeta functions or Eisenstein series. The idea of this section
is to perform a similar generalization, replacing a second degree character
defined on a field by a second degree character defined on a vector space.
The main result of this section is that the natural generalizations of the
local functions (y, to vector spaces have their zeroes on the line R(s) = n/2
under reasonable conditions.

5.1. A local functional equation on vector spaces. In order to
generalize our results to second degree characters defined on vector spaces,
we first need a generalization of Tate’s local functional equation to Schwartz
functions defined on vector spaces. We define the following maximal compact
subgroups K, of GL,(L): for L = R, we write Kg = O(n). For L = C, we
write K¢ = U(n). If L is a local field, we write K, = GL,(OL). We define
the generalized norm of an element of the vector space L™ as follows: if L is a
local field, ||z|| = sup(|z1], ..., |z,|). If L is equal to R, ||z|| is the usual norm.
If L is equal to C, we take the square of the usual norm, i.e. ||z|c = ||z|?
(note that in this case, ||z|/c is not a norm under the usual definition). It is
not difficult to check that ||z|| is invariant under the action of the compact
group K.

For any Schwartz function ¢ defined on L™ and R(s) > 0 set

M(ps) = | pla)lel 1o
P
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This integral is well defined: The convergence near zero is a consequence of
the fact that ¢ is continuous. The convergence for ||z large is a consequence
of the fact that ¢ is Schwartz. We call this integral the Mellin transform of
p. For example, it is not difficult to compute that the Mellin transform of
the function 1o defined on Qj is equal to (No)™2(1 —1/¢™)1/(1 —q%)
(using the usual notation ¢ = || ~1).

If a function ¢ defined on L™ is invariant under the action of K, we say
that it is a radial function.

PROPOSITION 5.1. For any Schwartz function f, and every s € C with
0 < R(s) < n, the Mellin transforms of f and F(f) are related by the formula

M(f: S) = pn(s)M(S(f)7n - S)
for some scalar py,(s) which does not depend on f.

Proof. First suppose that L = R. Then this proposition simply states
that the Fourier transform of ||x|*~" considered as a distribution is equal
to ||x||~° up to a scalar factor. This is a well known result in the theory of
homogeneous distributions (cf. [6, Th. 2.4.6]). Since a radial homogeneous
distribution on C™ can also be considered as a radial homogeneous distribu-
tion on R?™, the result is also true for L = C.

Now let L = Q. First consider Schwartz functions which are radial (i.e.
invariant under the action of K). Such a function ¢ can be written as a
finite sum  _; axl(oroy» (because ¢ has compact support and is continuous

at zero), its Fourier transform is F(¢) = (N2)""23, akq_”kl(w_ka_w)n,
and elementary computations show that writing 9 = p? we have
1— g5
M(6,5) = "I =L M(§(9),n - 5).
—4q
Now suppose that ¢ is not radial. If ¢ is the radial function obtained by
averaging ¢ under the action of K, we have M(¢,s) = M(¢x,s). As this

averaging action commutes with the Fourier transform, we get the result for
all ¢. m

5.2. From second degree characters on vector spaces to Schwartz
functions. We also need a generalization of Proposition[3.2]to vector spaces:

THEOREM 5.2. Let f be a non-degenerate second degree character on an
L-vector space L™ of finite dimension n, where L is a locally compact field.

Let ¢ € C°(GL, (L)) and define
AN = | o) fa " v)d*a.
GLn(L)
Then XN(¢)(f) is a Schwartz function on L™.

Proof. Let us first prove an elementary proposition.
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PROPOSITION 5.3. Any element v € L™ \ {0} can be written as kv,
where k is in K and the only non-zero coordinate of vy is the first one (i.e.
v; = (21,0,0,...) for some x1 in L).

Proof. This is clear for R™ and C". So suppose that L is local and w is
a uniformizer, with || = 1/¢. It is enough to show that any vector = in L™
satisfying ||z| = ¢~ is in the orbit of the vector v; = (@w™,0,0,...) under
the action of Ky for any m € Z. After multiplication by w™"Id, which
commutes with K, we can suppose that m = 0.

As ||z|| = max;|z;| = 1, all the coordinates of  are in Of, and at least
one of the coordinates of x is a unit. Since the map exchanging the basis
vectors e; and e; is in K, for all ¢, we can suppose that the first coordinate
1 is a unit. We can then write

x T oo --- 1
vl [z 10 o
T3 - xz3 0 1 --- 0

and the square matrix is in GL,,(Opr). =

Let us now prove the theorem. Suppose that L is local. It is immediate
that A(¢)f is locally constant, so that we have to show that it has a compact
support. In order to simplify notation, we suppose that n = 2, but the proof
remains the same for all n. We first convert the integral on GLa(L),

X)) = | o) fa " v)d*a,
GLo(L)

into an integral on My (L): If dz is the standard Haar measure on Ms(L),
dz/|det z|? is a Haar measure on GLg(L). Then A(¢)(v) is equal, up to a
constant scalar factor, to the integral

| o) fa"v)
My(L)

Write ¢ () = ¢(21)|det 2| 2 (not to be confused with ¢* = ¢(x~1)|det z| 1)
for x € GLa(L) and ¢* () = 0 for x ¢ GLa(L) the integral becomes

| 67 (@)f(av)da,

Mz (L)

dz
|det |2

where ¢* is a Schwartz function on Msy(L).

First suppose that the vector v is of the form (y,0). Let us write the

matrix x as v = (:‘ ?), so that zv = (ay,vy) = y(a, ) and the integral can
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be rewritten as

| { | f(ayﬁy)d)X((j ?))dad'y}d/@déz;[

6756(@? av'Yer

We have assumed that the function f(«,7) is a non-degenerate second
degree character on L?. If we denote by o the morphism from V to V*
associated to f, and identify V with V* using the standard additive
character 1, then the weak Fourier transform of f(a,7) is equal to

('yf/\/H)f(g_l(a,'y)) (cf. Weil [16]). The Fourier transform of f(y(«, ))

is then equal to |y|_2ﬁf(y_1g_l(a,'y)). We then get the equality, with

Sa,(¢*) standing for the Fourier transform of ¢*(a, 3,7, ) considered as
a function of o and ~ only,

_ L
lyl> o
x| ( Vo F(=o M (@/y:7/9) Fan(0) (. 8,7, 6) dadv) dp do.

B,6€Qp aveQp

We then remark that the function F (¢ )(a, 3,7, 6) has compact support
(it is a Schwartz function on L4). As a consequence, we can suppose that its
support is included in a ball of radius R (using the sup norm ||« 3,7, 4| =
max(|al, |5, 7], 0])). We also know that f oo~ is continuous and equal to
1 near zero, so that there exists some e such that if |a| < € and |y] < €,
then f o o !(a,y) = 1. It is then immediate that if |y| > R/e, then the
integral becomes zero: The expressions |a/y| and |y/y| are always < € if «
and « are in the support of §,~(¢*) so that the integral becomes, since

(s ?) ¢ GLo(L),

= | ( | gow(ﬁbx)(avﬂ,%(;)dad’y)dﬁd&

/s
W Ve s 5eq, \anea, . 0 3
_ L ¢X<< ))dﬁdézo.
I \@Mé@p 0 4

Now suppose that the vector v is not of the form (y,0). We have seen that
it is always possible to write v = kv’ with k¥ € GL2(O) and v' = (y/,0) for
some y € L. The sup norm ||v|| is equal to [¢/|. It is immediate that

A(8)(v) = A(¢)(kv') = A(g(kz)) (V).
If the support of ¢ is included in a ball of radius R, then the support of
¢(kx) is included in the same ball, since ||kz|| = ||z| for all & € GL2(O) and
x € GLa(L). The function is then equal to zero if |y/| = ||v|| > R/e, which
proves the theorem for L local.
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Now consider the case L = R or C, say L = R. If ¢ € C°(GL2(R)), we
write again ¢ (z) = ¢(x~1)|det(z)| 2. The support of ¢ is also compact in
M>(R) for the topology of Ms(R) (because the inclusion map from GL2(R)
to M3(R) is continuous) so that if z € Ma(R) \ GL2(R), then g is zero in a
neighborhood of x so that all its derivatives at x vanish.

It is immediate that ¢ is Schwartz on M>(R) because it is C*° with com-
pact support. We first consider the case v = (y,0). The same computation
as for L ultrametric leads to the integral

i s | Q{g RSN (2 7)) dwar}asas

We then observe that for n,m > 0, the integral

a p
| 0™y Fan(67) << 5)) dovdy
ay’YEQP ’Y
is equal, up to a constant, to

ot N[ B _ommm (008 _
| 3G ) () 5) o= game (o 5) =0

a77€QP

If ]3(04, B) is the polynomial associated to the Taylor expansion of degree n
of f(o=!(a, 7)), the integral is equal to

L {1 U i) - Plafna/n)
Poey Tenely . B ¢X)<(3 ?)) dadv} dp ds,

and the remainder of the proof is similar to the one-dimensional case.
The proof for L = C is similar. =

This theorem can be extended without difficulty to vector spaces defined
over locally compact division rings, since the commutativity of the field has
not been used in the proofs.

5.3. The weak Mellin transform of a second degree character
defined on a vector space. On a locally compact field, we have de-
fined the weak Mellin transform thanks to the formula Mell(A(¢)f,s) =
Mell(¢, s) Mell(f, s), which is valid for all Schwartz functions with R(s) > 0.
This formula can also be written as A(¢)|z[5~1 = Mell(¢, 1 — s)|z|*~!: the
function |z|*~1 on R* is stable, up to a scalar factor, under the action of the
multiplicative group.

To generalize this formula to vector spaces defined on locally compact
fields, we consider the function ||z||* on L™\ {0} and the natural left action
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A of GL,, (L) on this function. If ¢ is a general element of C2°(GL,, (L)), then
A(@)|lx]|® is not equal to ||z]|* up to a scalar factor. We show however that
this is the case if ¢ is invariant under the action of K, which allows us to
define the weak radial Mellin transform.

PROPOSITION 5.4. Let v be a function defined on L™\ {0}, invariant
under the action of K and satisfying vs(Ax) = |A|*vs(x) for all X € L. Then
vs is equal to ||x||* up to a scalar factor.

Proof. Let C' be the value of vs(x) on e; = (1,0,...). We then write,
using the decomposition x = kv; given in Proposition [5.3

vs(z) = vg(k(21,0,0,...)) = |21]°v4(1,0,0,...) = C||z[|°. u

Let H(GL, (L)) be the spherical Hecke algebra of GL,, (L), i.e. the algebra
of functions in C2°(GL, (L)) invariant under the left and right actions of K.

PROPOSITION 5.5. Let ¢ € H(GLy,(L)). Then for all s € C, there exists
a scalar £5(¢) such that

AD)lzl* = &s(o)llzll® for all 2 € L™ \ {0}

Proof. Set f(x) = ||z||*. We have
MO (Hkv) = | @) fla™" ko) d*a.

GLn (L)

1

Writing 'k = 371, so that ky = x, we get

| o(ky) fly~ o) d*y = M@)(f)(v).
GL,(L)

It is then immediate that A(¢)||x||® satisfies the conditions of the previous
proposition, so that it is equal to ||z||* up to a scalar factor on R™ \ {0}. =

PROPOSITION 5.6. The function & is a character of the Hecke algebra
H(GL,(L)): If ¢1,¢2 € H(GL, (L)), then
(D1 % 02) = &s(1)Es(d2).
Proof. Immediate consequence of A(¢1 x ¢p2) = A(p1)A\(¢2). m
PROPOSITION 5.7. Let ¢ be a function defined on L such that M (g, s)

is well defined. Then M(X(¢)e,s) is well defined, and for ¢ € H(GL, (L))
we have

MA@)¢,8) = Ean(6)M(p,5) with ¢*(g) = ——

~ detg]

d(g™").
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Proof. We have

MA@ = | | el o)l d*g 2

n
sEL7 geGhn (D) Il

Vo O@)llzl*) () dy.

yeLn
By Proposition this equals &5, (6%) SgeGLn(L) ey lly|* " dy. =

We are now in a position to extend the definition of the Mellin transform
to second degree characters defined on vector spaces.

DEFINITION 5.8. Let f be a non-degenerate second degree character
defined on L™. Choose ¢ € H(GLy (L)) so that &_,,(¢*) # 0. We define the
weak Mellin transform M (f,s) of f by the formula

MA(@)f,5) = Es—n(7)M(f, 5).
This quantity does not depend on the choice of ¢.

Proof. The proof is the same as for Proposition thanks to the com-
mutativity of the Hecke algebra H(GL,(L)). =

PROPOSITION 5.9. If ¢ € C°(GL,(L)), and fis a Schwartz function,
then the Fourier transform of the function A\(¢) f is equal to A(¢°) F(f) where

¢¢ is defined by the formula ¢°(g) = ¢*(g") = |det g| o ((g") 7).

Proof. We write (using the notation x.y = )", z;v;)
s0@Nw =1 (] o) dg)uley)dr.

2€L" geGLy,(L)

1

Setting ¢~ 'z = z, we get

SN = | dlg)ldetg|F()(g'y) d*g.
g€GL (L)
Setting h = (g*) ! yields
AN = | o)™

heGLy (L)

1
|det A

S y)d*h. w

ProOPOSITION 5.10. The proposition is also valid if f is a non-degenerate
second degree character.

Proof. Since \(¢)f is a Schwartz function, it is enough to prove this in
the weak sense, using the same method as for Proposition [3.4f The compu-
tation is straightforward. m
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PropoOSITION 5.11. The weak Mellin transform of a second degree char-
acter f satisfies for 0 < R(s) < n the equation

Cr(5) = pals)Csipy(n— ) = pMs)JfEcﬂglw) (n—s)

where the scalar factor py(s) has been defined in Proposition .

Proof. First, let ¢ be a Schwartz function ¢ and ¢ € H(GLy (L), 7) so
that &5(¢*) # 0. Then A(¢)y is again a Schwartz function, so that by the
local functional equation (Proposition ,

M(X)e, s) = pn(s) M(F(A(P)p),n — s).

Using the previous proposition, we get

M(A(@)p,5) = pn(s)M(A(¢7) S(p),n — 5).
If p € H(GL (L)), then also ¢¢ € H(GL,(L)), so that we can use Proposi-
tlon 7| to get, introducing the notation ¢t(g) = (¢¢)*(g) = ¢(g?),
Es—n(0")M(p,5) = pa(s)-s(¢ ) M(F(p),n — 5).

If we compare this with the local functional equation for ¢, we conclude that
Es—n(@%) = E_s(@!) for any ¢ € H(GL,(L)). Let now f be a non-degenerate
second degree character. We know that \(¢) f is a Schwartz function, so that

M) [, s) = pn(s)M(F(A@)[),n — s).
Assuming that ¢ is in H(GL, (L)), using the previous propositions and the
definition of the weak Mellin transform, this becomes

gs—n(¢*)<f(3) = pn(s)é—s((bt)cg(f)(n - 3)7
and finally Cf(s) = pn(s)Cz()(n —5). =

This formula shows that (f(s) has an analytic continuation, but this
is not really a functional equation, since (y and (3s) are not the same
function and do not necessarily have related zeroes. We note again (cf. .
however, that if o is scalar, i.e. of the form ¢ = ald, then we get a true
functional equation.

5.4. The zeroes of (s for second degree characters defined on Q)

THEOREM 5.12. Let f be a non-degenerate second degree character on Qy
and assume that the associated map o is a dilation, o = ald. Then the zeroes
of the weak Mellin transform of f are on the line R(s) = n/2.

Proof. Suppose that

flxy,... ) = w<;a2xf —|—Zbixi>
=1 =1
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with a # 0 and b; € Q,,. For some vector v, let us compute
Mlar,z,))f(v) = S flgv)lar,z,)(9)d”g.
GLn(Qp)

We know, thanks to the unicity of the Haar measure, that d*g is equal to
|det g|"dg up to some scalar factor, say p. Then, noting that the determi-
nant of any element of GL,,(Z,) has to be a unit,

(5.1) Mlgr,z,)f(v) =1 S flgv)laL,(z,)(9)dg.

My (Qp)
Let g;; be the matrix coefficients of the matrix g. We can assume that
v=re; = (r,0,...,0) for some r € Q, because the result is a radial function

(i.e. invariant under the action of GL,(Z,)). We have gv = ¢(r,0,...,0) =
(rgii,...,7gn,1) and

1 n n
flov = v (gort St +r Y b )
=1 i=1

This expression is independent of the g; ; with j # 1, so that the integral
can be simplified. We use the following proposition:

PROPOSITION 5.13. Let A € M, (Zy,) and assume the matriz elements
a;1 of the first column of A are not all in pZ, and are fized, while the other
matriz elements are considered as variables. Then the additive measure of
the set of (aij)j+1 satisfying (a;j) € GLy,(Zp) is equal to the measure of
GLn—1(Zp).

Proof. We can suppose without loss of generality that the valuation of
a1, is zero. Suppose for example that n = 3 and write

a1 a1z a1y atn 0 0 1 =y
a1 az1r+z ag y+t| =|az1 1 0 0 z t
a31 az1r+u aziy+ov az1 0 1 0 u v

a1,1 00
Since <a§,i 1 o) € GL3(Z,), the left matrix is in GL3(Z,) if and only if

az,;1 01
z,y € Z, and (2!) € GL2(Zp). As the additive measure of Z, is 1,
the measure of the possible vectors (z,y, z,t,u,v) is equal to the additive
measure of GLa(Zy,). We then observe that the determinant of the map
(x,y,2,t,u,v) = (a112, 01,1y, 212+ 2, a21y +1t, a3 12+ u, a3 1y +v) is equal
to ail, which is a unit. The proof for general n is the same. »

Let k be the measure of GL,,—1(Z,). The integral in ((5.1]) becomes

1 n n
Juks S 7#(2@7"2291'2,1 +7”sz‘gi,1> dgii-..dgn,
i=1 i—1

(gl,lv"vgnyl)eD
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where D is the set of all vectors (g 1,...,0in) € Ly S0 that at least one g; 1
is a unit. This domain can be expressed as Zj \ (pZp)", so that the integral
can be written as

1 n n
fuks | ¢<2GT22912,1 +7"sz‘gi,1> dgi ... dgn
=1 =1

(91,15--59n,1)ELY

1 n n
— pK | (G <2W2 gy, biQi,l) dgi ... dgn,.
(91,1,-,9n,1)E(PZp)" =1 i=1

It is then natural to introduce the function

1 n n
(52) b5(r) = S (G (26”“2 Z gir+r Z bin‘,l) dgi-..dgn,
i=1 i=1

(91,15-+:9n,1)EZY

so that the integral can be written as
WK <9(T) — plnﬂ(pr)>.
We thus get the equality
ALz, (0) = s (807) = -600r) ).

Since 1GL2(ZP) * 1GL2(ZP) = 1GL2(ZP) so that 55(1GL2(ZP)) = 1 for all val-
ues of s, the weak Mellin transform of f is simply the Mellin transform of

AMLaLyz,)f:

s dv
G(s) = | ALawaye) N @)v]* —.
O ol
P
This integral is equal, up to a scalar factor, to
dr

S (AMlgr,z)) re)lr® —.

reQ |T’
»

This is equal, up to a scalar factor, to

1 1

| <9f(r) - pnef(pr)> s d*r = (1 - pns> Mell(8y, ).
reQ;
Let us now compute the Mellin transform of §7(r). We remark that the inte-
gral definition (5.2]) of ¢ naturally splits as the product of one-dimensional
integrals 0y, which we have already computed in the proof of Theorem
To complete the proof of the theorem, we have to prove the following propo-
sition:

PROPOSITION 5.14. Let f1,..., fn be non-degenerate second degree char-
acters on Qp and let Oy, ,... 0y, be the associated functions. Assume that
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the endomorphisms o; associated to f; are all of the form g;(z) = ax. Then
the zeroes of the Mellin transform of the product 6y, (r) ... 0y, (r) are on the
line RN(s) = n/2.

Proof. Suppose for example that the valuation of a is even. After rescal-
ing f;, we can assume that this valuation is zero. We have seen in the proof
of Theorem that all the functions 6y, are of the form

1
1z, (z) + (1 - 1zp(x))m7
or for k> 1,

1 ! 1 L
iz, (@) +’Yfm A
We remark that in each formula, the left term vanishes for negative valua-
tions of x, and the right term vanishes for positive or zero valuations of x.
If all the terms satisfy k = 0, then the proof is immediate. Let ng be the
number of terms 60y, associated to some k. The product of the functions 60y,
becomes

1\ 1 1)\
(12,0 T iz, ) + 2 (0= 1,0 ) T (s (3))
E>1 E>1
where v is the product of all the ~;. Let m be the maximum of the £’s
appearing with non-zero ny. The first term simplifies to 1,mz,, and assuming
m > 1 the last term also simplifies as

1 1 1
TafporFnm P %0\ 3 )

It is immediate that ng + - - - + n,, = n so that we get the function
1,mz, +7L1 mg, (1>
P Lp |$’n P Lp x )’
and it is immediate, using the same method as for n = 1, that the zeroes of

the Mellin transform of this function are on the line R(s) = n/2. The proof
for odd valuations of a is similar. m

Remark: The computations in the proof of Theorem[5.12]can be repeated
to give an explicit description of the weak Mellin transform of any second
degree character of the form ¢, (31 (%7 4 bz;)). It is then easy to see
that if all the a; have the same valuation, then the zeroes of the associated
weak Mellin transform lie on R(s) = n/2, but it is not so if the a; have
different valuations.

5.5. The weak Mellin transform of a second degree character
defined on a real vector space. We give an explicit description of the
weak Mellin transform of the function v (%|/z[? + b.z) on R™.
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PropPOSITION 5.15. The weak Mellin transform of

f(z) =¢r (;ZIIQCH2 + b.x)

on R™ with a > 0 and b € R™ s
—7is/4 7.‘.n/2 F(S/Q)
Ca,b(s) = S
Va' T(n/2) ws/2
Remark: This function vanishes only for R(s) = n/2 (cf. Proposition
. It is similar for n = 2 to the weak Mellin transform of vc (%|z|* + bz)
computed in Proposition [3.18 This is not a surprise since a second degree
character defined on C can also be considered as a second degree character
on R?, and the associated weak Mellin transforms considered as functions of b
are the weak Fourier transforms of similar distributions (cf. Proposition ,
with [z]& = (/22 + y?)* and dz = 2dzdy. The same approach shows that
the weak Mellin transform of the function g (z? — y?) at s is equal up to

a scalar factor to the weak Mellin transform of 1c(522) at s/2, so that it
vanishes for all positive integers divisible by 4 (cf. Proposition [3.19)).

e

1Fi(s/2,n/2,mi||b]|?/a).

Proof. The method is the same as for n = 1: the same argument shows
that (q4(s) can be considered also with a € C with S(a) < 0 and b € C, and
that with this definition (,} is continuous in a and analytic in b. We first
compute (,p(s) for b = 0, and write its Taylor expansion as a function of b.
Suppose first b = 0 and a > 0. Write ¢’ = a — ie with € > 0 and compute

dx

= | =27 Izl e 22
]|

Rn
Write x = ru where « is on the unit sphere S,,_1. Then

< 2 ol 2 1 dT‘
I= S S e Tt — du.
r
Sn—1 0

As the area of S,,_; is 27™/2/I'(n/2), we get
/2 1 —7ris/4F(S/2)

~T(n/2) Va© © e
We then get the result for a real by letting € — 0.
Now suppose that b # 0, and consider (,4(s) as a function of b. It is

clear that it is even, and that it is also radial. Hence it can be written as a

function of ||b|| = r as
Can(s) = Y _arr™.
k>0

Let A denote the laplacian in R™. The values of a; can be described thanks
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to the formula Ar2k = 4k(n/2 + (k — 1))r2k—2:
Akp2k — 4R (n/2),,
so that
o — AiGas()lb=0
BT AR (n)2),
where 4, is the laplacian with respect to the variables by, ..., b,. In order

to compute AF(,p(s), we remark that the second degree character f, p(z) =

e~ 2mi(5 112l +b-2) gatisfies the partial differential equations

0 . )
%fa,b = —mil|z|* fap,  Apfap = (—=270)2||2||* far,
so that

L Ofa
A fap = (—4mi) ga’b-

It is not difficult to show, as in Proposition (or by taking a € C with
J(a) < 0 and letting a converge to a real value), that we can exchange

integration and differentiation to get

8Cab
ApCa 4
bCap = (—4mi)—= 9q
For b = 0 we have the identity
Ok /2 i 1 o al'(s/2)
a, _ 1 2 —7is/4
ok |,_, T2V /D e YR
so that
efTris/Al

Cadl®) = == Ty (n/2)

We again recognize a confluent hypergeometric function, so
e—7ris/4 7.[.n/2 F(S/Q)
va© I'(n/2) ms/?

5.6. Weak Mellin transforms associated to non-trivial repre-
sentations of K. The Mellin transform can be used to decompose a radial
function as an integral of functions of the form ||z||®. It is clear that if one
wants to get a complete decomposition of a function defined on R™ \ {0},
one has also to consider elementary functions which are non-constant on
the unit sphere, and the most natural way to do this is to use the theory of
spherical harmonics, i.e. to consider scalar integrals of the form

ety (o )1 e

/2 s
L2 S ey (DM am) o2
k>0

Cab(s) = 1Fi(s/2,n/2,mir?/a).
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where Y is some spherical harmonic on the sphere. Using these scalar in-
tegrals does not allow one to define a weak Mellin transform, but we know
that spherical harmonics are associated to a special class of representations
of SO(n): these representations (Vy, 7) have the property that if e is a vector
in L™, then there is, up to a scalar factor, a unique vector v in V; invariant
under the action of the stabilizer of e in the group SO(n) (cf. [9, Th. 2.12,
p. 146]). This special property can be used to define the weak Mellin trans-
form as a vector valued integral.

Consider the vector space L™, where L is any locally compact field, de-
note by e; the vector (1,0,0,...) and by K., the stabilizer of e; in K, i.e.
the subgroup of elements k of K such that ke; = e;. We say that an ir-
reductible representation (m, V) of K is spherical if it has, up to a scalar
factor, a unique vector fixed under the action of K, .

The following proposition can be considered as a generalization of Propo-

sition .4k

PROPOSITION 5.16. Let (w,Vy) be a spherical representation of K, and
let s € C. Then there ewists a unique, up to a scalar factor, function vs .
defined on L™\ {0} with values in Vi and satisfying:

o Vs n(ux) = |u*vs o () for all p € Ry if L=RorL=C, and p =w
if L is local,
o Vs p(kx) = 75 2 (k)vsx(x) for all k in K.

Proof. Let us first prove unicity. Denote by vg a vector of V; invariant
under the action of K., by the representation 7. Since the action of K on
the unit sphere ||z|| = 1 is transitive, it is immediate that the restriction
of vr s to the sphere ||z|| = 1 is uniquely defined by f(w), where w is any
vector in the sphere, for example w = e; = (1,0,0,...), by the formula

f(ke1) = (k) f(e1).

ey is invariant under the action of K,. As a consequence, f(e1) should then
be a vector in V invariant under the action of K., by the representation 7.
We have supposed, however, that there exists, up to a scalar factor, exactly
one vector with this property. Hence v, s(e1) = pvg for some scalar 1, and
the restriction of v s to the sphere can be given by the formula

Vr s(ker) = pm(k)vo.

Conversely, this equation gives a well defined function v, on the sphere
which satisfies the conditions of the proposition. The extension of v s to
L™\ 0 using dilations is immediate. m

If ¢ is any smooth function with compact support from GL,(L) to
GL(Vy) and f any continuous function defined on L™ with values in Vj
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or C, we can again define the function A(¢)f by the formula
ANOf(@)= | dlo)flg'z)d"y.

GLn (L)
If f has values in C, A(¢)f has values in GL(V;). If f has values in Vi,
A(®) f has values in V.

For example, if f is a non-degenerate second degree character defined on
L™ with values in C, then the function A(¢)f has values in GL(V;) and is
a Schwartz function (because each of the matrix coefficients is a Schwartz
function).

We also have to replace the spherical Hecke algebra #H(GL,) by the
m-spherical Hecke algebra H(GL,, ) associated to the representation m,
i.e. the set of smooth functions from GL, (L) to GL(V;) having compact
support and satisfying ¢(kigks) = m(k1)¢(g)m(ke) for all k1, ke in K. With
these definitions, the generalization of Proposition [5.5]is immediate:

PROPOSITION 5.17. Let ¢ € H(GLy, 7). Then for all s € C, there exists
a scalar & () such that

)‘(Qb)ys,ﬂ' = fs,ﬂ(d))ys,fr-

Proof. 1t is immediate that A(¢)vs , satisfies the conditions of the pre-
vious proposition:

MN@)vrs(phz) = | ¢(g)veslg puka)d*g
GLn (L)

=lul* | S9)veslg kz)dg.
GL, (L)

Writing g~ 'k = ¢/~ !

M) s(uka) = pl* | dkg)vas((g) ') d*g
GLn (L)

= |ulPm(k) | o(g)vrs((g) ) d*yg
GLy (L)

, we get

This function is then equal to v, s on L™\ {0} up to a scalar factor. m

By using this proposition, the method used in the previous sections to
define the weak Mellin transform can be easily extended, by replacing the
function ||z||* with the functions v, s: We first define the ramified Mellin
transform as a vector valued integral

dx
M(f, S,7T) = S f(],')ysm—(x) W S V7r.
n
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Note that this formula still makes sense (the integral is absolutely conver-
gent for R(s) > 0) if f has values in GL(V;), since this linear map acts
on the vector v, s(z) so that if f is a second degree character and ¢ any
smooth function with compact support in GL,,(L) with values in GL(V3),
then M(A(¢)f,m,s) is a well defined vector in V.

Using this definition of M(f, s, ), the definition of the weak Mellin trans-
form of a second degree character as an element of V; can be done using
exactly the same method as for n = 1.

PropPOSITION 5.18. For all Schwartz functions f defined on L™ with
values in C and ¢ € H(GLy, ), we have

M(A(¢)f, T, 8) = fs_n,n(¢*)M(f7 T, S)‘
Remark: f has values in C, but A(¢)f has values in GL(V}).
Proof of Proposition[5.18 We have
MA(9)f,m,5) = § (M)F)(@)vsr(z)
L’VL

= |1 e wwenn(a)d*gdr.
x€L™ geGLn (L)

dx
||

1

Writing y = ¢~ ' and replacing g with ¢! yields

MO@Lms)= | | F@éa Wenalo y) —— d¥gdy

yeL™ geGLy (L) [det ]

= | SNy dy

yeLn

= &s—nn(¢") S SWWs—nx(y)dy. =

yeLn

Using this formula, we can define in a reasonable way the weak Mellin
transform of a second degree character.

DEFINITION 5.19. Let f be a non-degenerate second degree character
defined on L". Choose ¢ € H(GLy,, ) so that £_,, »(¢*) # 0. We define the
weak Mellin transform M(f, s, 7) of f by the formula

M()‘(qb)fa S, 77) = gsfn,ﬂ(qb*)M(fv Sa 7[-)‘
This quantity does not depend on the choice of ¢.

Proof. We cannot use the same proof as in the unramified case because
the algebra H(GL,, ) is not commutative. First suppose that L is a local
field and let ¢ € H(GLy,, 7). It is immediate that 1x(z)7(x) is a unit of
the algebra H(GL,,7) (we assume that the Haar measure on GL, (L) is
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normalized so that the measure of K is 1), so that

MA(@)f) = M(A(@)A(1x™) ).
Applying Proposition [5.18] we get

MA@ f) = &-n(¢")M(AAkT)S,s),
and we observe that M (A(1x7)f,s) does not depend on ¢. Now suppose
that L = R or C. Choose ¢1 so that &_,(¢7) # 0, consider the family of
functions fp(x) = f(x)¥(b.x) and assume that the functions M;(fp,s) are
defined for all b in L™ by the formula

M(A(#1) for 8) = &s—n (D7) M (fo, 5).
The computations in Proposition 3.9 can be generalized to vector spaces,
showing that (y,(s), considered as a function of b (or, more precisely, as a
distribution in the variable b), is the weak Fourier transform of the distribu-
tion f(x)vgx(z)||z|| ™", which proves unicity because (y,(s) is a continuous
function of b. =

This weak Mellin transform has the same kind of scaling properties as
the usual Mellin transform:

PROPOSITION 5.20. Suppose that the weak Mellin transform M(f,s,m)
of a function f on L™ with values in C is well defined for some s and w, and

let k€ K and p € R if LisR or C (or p = w" for some k in Z if L is
local). Then
M(f(kuz), m,5) = |u|~n (k)" M(f,7,s).
Proof. The definition of the weak Mellin transform of f is that for all ¢
in #H(GLy,, ),
M(A(gi))fv S, 7'[') = gS*”J(QZ)*)M(fa S, ﬂ-)'
Denote by f,, the function f(u-) and by f;, the function f(k-). It is then
enough to prove that
M(M) fu,8,m) = p > M(X(@)f, s, 7),
M(A((;S)fkv 5, 7[') = W(k)flM(/\((;S)ﬂ = 7[')
The first identity is immediate. The second is a consequence of the following
computation:

MO icsm) = | ({600)10712) ) o) 20
L G
Writing h™! = kg™!, we get
M@ fism) = | (§ oMk 10 0) a9 0) o

L G
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Using the right equivariance of ¢ we obtain

M(X(®) fr,s,m) = LS (é s(h) f(h~'a) dxg)w(k:)um(x) ||j~g|gyn
The functional property of vs » vields
M(XN) fr,s,m) = LS (y(h)f(h—lx) dxg) o (k) Hiﬁn
Writing y = kx, then h™ 1k~ = g7, we get
MA(9) fir 5 m) = LSn (géb(klg)f(gly) dxg) Vs (y) Hjﬁ”

Finally, by the left equivariance of ¢,
M@ fr, s,7) = (k) *M(AN(@)f,s,7).

We now specialize to the case L = R.

PROPOSITION 5.21. Assume that L =R and (7, Vy) is a spherical rep-
resentation of K = O(n) and 0 < R(s) < n. Then the weak Fourier
transform of vy ¢(x)||z||™" is equal to Vg p—s(x)||z|| ™" up to a scalar factor.

Proof. Let A denote the Fourier transform of vy ¢(z)|z| ™", which is a
tempered distribution because R(s) > 0. We know (cf. [6, p. 130]) that if v
is a C° function on R™\ {0} that is homogeneous, then the restriction of
its Fourier transform §(v) to R™\ {0} is also a C*° function on R*>\ {0}. It
is immediate, using the commutation relation of the Fourier transform, that
the restriction of A to R™ \ {0} satisfies A(uz) = p~*A(x) and A(kx) =
(k")) A(z) = w(k)A(z). We then see that A is equal to some multiple
Ars Of Vr sl ™™ plus a tempered distribution o s supported at zero, i.e.
a finite sum of derivatives of the Dirac mass dg at zero.

SWrslzl™) = Arsvmp—sllz]| ™" + or.s.
In order to prove that o, , = 0, we use the Fourier inversion formula and
the fact that for ®(n —s) > 0,

S(S(l/ﬁ,SHxH_")) = S(Aﬂ,syﬂ,n—s,‘xn_n) + 3(077,3),
V7r,s(_$)||w”7n = Ams)\ﬂ',n—sl/w,s(x)Hfzuin + )\W,saw,n—s + S(Uﬂ,8)7
which shows that §(o ) is supported at zero, which is possible if and only
ifors=0.m

Using this proposition, it is not difficult to see that the weak Mellin
transform of a second degree character of the form 1/)(%.7756 + b.m) satisfies
a functional equation. Let us now consider the location of the zeroes of this
weak Mellin transform. We first remark that on R" the function (s, ),
considered as a function of s, is vector valued, but behaves like a scalar. Let
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us for example consider the second degree character fq ., = w(%xx + el.m).
We have

PROPOSITION 5.22. For any value of s, (y,. (s, ) is equal, up to a
scalar factor, to the unique vector vy in Vi fived under the action of Ke,.

Proof. The function fq ¢, () remains unchanged if we replace x with kx
with k£ € K.,. As a consequence of Proposition the function (y, . (s, )
is a vector of V invariant under the action of K. . Hence it is equal to vg
up to a scalar factor. m

One can also prove that the zeroes of (f lie on the line R(s) = n/2 if the
morphism associated to f is a scalar:

THEOREM 5.23. Consider on R™ a second degree character of the form
fap(z) = ¥(3az.x + bx) with a € R* and b € R™, (m,V;) an irreductible
spherical representation of K = O(n), and denote by (qp(s,m) the weak
Mellin transform of fap. Then

e if b=0 and 7 is not trivial, then (4 p(s,m) =0 for all values of s,
o if b5 0, all the zeroes of (4 lie on the line R(s) =n/2.

Proof. The case b = 0 is clear: the function w(%aac.a:) is invariant under
the action of K = O(n). As a consequence of Proposition Cap(s) is
a vector in V; invariant under the action of (k) for all £ in K. Since the
representation 7 is assumed to be irreductible, the only possible value of
Cap(s, ) is zero.

Now suppose that b # 0. If (qp,(s,m) = 0 for some by, we also have
Cakbo (5,m) = 0 for k € O(n) as a consequence of Proposition so that
the function vanishes on the whole sphere ||b]| = ||bp||. The idea is then to
use Sturm—Liouville theory in R™ with boundary conditions on the sphere
Ib]] = ||bo||- Let us first find the partial differential equation satisfied by
Cap(s, ) considered as a function of b.

We observe that the function f,;, = w(%ax.x + b.a:) satisfies the formula

0
Apfap = (_47”)%fa,ba

where A; is the laplacian of f,; considered as a function of the vector
variable b.

As a consequence, the function (4 (s, 7) satisfies the differential equation

5:3) Al ) = (—ami) KT

Using Proposition we also have, for any A > 0,

C/\Qu,/\v(sv 77) = /\_SCU,U(S? 77)7
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which we can also write as

9 1
a()‘ gz\zu,/\v(svﬂ-)) =0.

Let us develop this equation, writing % for the derivative of (, (s, ) with
respect to a, and V), for the gradient of (, (s, 7) with respect to the vector
variable b:

0
5)\8_1<)\2u,)\v(57 71') =+ )‘8(2)"&)%()\2%)\1}(57 ﬂ-) + )\vag)ﬁu,)\v(‘g? 7I‘).U =0.

Writing A4 = a, Av = b and using the partial differential equation ([5.3)),
we get,

(5.4) $Cap(s,m) — %Ab@,b(s, ) + ViCap(s,m).b = 0.

In order to apply Sturm-Liouville theory, we have to get rid of the first
order term. Hence for 7 fixed we introduce the vector valued function ¢, 4(s)
defined by

wib.b

Cap(8, ) = dap(s)e 2o .
Elementary calculations show that equation (5.4)) becomes

2060s)+ (220 102 (T) ) uote) =0

We multiply this equation with the vector &mb(s) (whose coordinates are the
complex conjugates of those of ¢, 5(s)) and integrate on the ball B defined
by o]l < [[bol:

0= 1 (Dtnats) + (Tin =29+ 1087(Z) Joua(s)) st o

beB

Using the boundary conditions, we get

. 2
0= | INwus(elPab+ | (Tn-29 4 (T ) lens(oDIP

beB beB
so that
T
—(n=2s) | ga(s))I? db
beB

2
= J I¥sbun(olP b= 102 ( ) Rons(oDI? ab

beB beB

and this last expression is real. It is clear that ¢, 4(s) cannot vanish on the
whole ball B (cf. Proposition , so that n — 2s has to be imaginary, i.e.
R(s)=n/2. m
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