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Abstract. We study the existence and long-time behavior in terms of existence of
global attractors of weak solutions to a class of nonclassical diffusion equations with hered-
itary memory and a new class of nonlinearities, which contains all nonlinearities of poly-
nomial type, Sobolev type, and even exponential type. The main novelty of our result is
that no restriction on the upper growth of the nonlinearity is imposed.

1. Introduction. The asymptotic behavior of dynamical systems aris-
ing from mechanics and physics is a fundamental issue, as it is essential,
for practical applications, to be able to understand and even predict the
long-time behavior of the solutions of such systems. One way to attack the
problem for a dissipative dynamical system is to consider its global attrac-
tor. This is a compact invariant set, which contains much information about
the long-time behavior of solutions (see e.g. the monograph of Temam [Te]).

In this paper we consider the following semilinear nonclassical diffusion
equation with memory:

u — Aug — Au
oo

— | K(s)Au(t — s)ds + f(u) = g(z), z€2,t>0,

0
u(z,0) = ug(x), x € §2,
\ U(IE, _S) = gO(x)S)7 S ‘Qa s> 07
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where £2 is a bounded domain in RY with smooth boundary 2. The first
equation in arises in the classical diffusion theory when assuming that
the diffusing species behaves as a linear viscous fluid, which leads to includ-
ing its velocity gradient in the constitutive laws [A]. Moreover, the convo-
lution term takes into account the influence of the past history of u on its
future evolution, providing a more accurate description of the diffusive pro-
cess in certain materials, such as high-viscosity liquids at low temperatures
and polymers (see e.g. [J]).

In the case k = 0, we obtain the so-called nonclassical diffusion equation

up — Aug — Au+ f(u) = g.

It arises as a model to describe physical phenomena, such as non-Newtonian
flows, soil mechanics and heat conduction theory (see, e.g., [Al PGl [T,
TN]). In the past years, the existence and long-time behavior of solutions
to nonclassical diffusion equations has been studied extensively, for both
autonomous case [LM\,[SWZ,SY, WLZ|, XT.Z, Xl ZWG] and non-autonomous
case [ABI [AB2] [ATT] [AT2| [SY] Tol WaZl, [ZL], and even in the case with
finite delay [BZ, [CaM, [ZS].

The speed of energy dissipation for equation (1.1]) is faster than that
for the usual nonclassical diffusion equation. The conduction of energy is
not only affected by present external forces but also by historic external
forces. In recent years, the existence and long-time behavior of solutions
to nonclassical diffusion equations with memory has been addressed by a
number of authors (see [CoM) [CMP, WW| WYZl, WaZ]). In the most of
the existing papers dealing with the memory relaxation , the function
p(s) := —rk'(s) is assumed to satisfy the inequality

(' (s) + du(s) <0,
which was introduced in the seminal paper [D] and commonly adopted there-

after, and the nonlinearity is assumed to be Lipschitz continuous and satisfy
a Sobolev growth condition

liminfM > —Aq,

lu| 00 U

If'(w)] < C(1+|ul*)  with (N —2)a <4,
where A\; > 0 is the first eigenvalue of the operator —Ap in {2 with the
homogeneous Dirichlet boundary condition. Under the above assumption on
the nonlinearities, Conti, Marchini and Pata |[CMP] proved the existence of
a global attractor of optimal regularity under a more general assumption on
the kernel x; in particular, their result improved the previous one in [WYZ].
By combining the techniques in [CMP| [WYZ] and those in [GPMI] [(GPM2]
for reaction-diffusion equations with memory, one can prove a similar result
when the nonlinearity f(u) satisfies a dissipative and growth condition of
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polynomial type, namely,

CilulP = Cy < f(u)u < CalulP + Cy  for some p > 2,

F(u) = .
Note that for the above classes of nonlinearities, some restriction on the up-
per growth of the nonlinearity is imposed, and an exponential nonlinearity,
for example f(u) = e, is not allowed.

In this paper we remove this restriction and prove the existence of weak
solutions and then the existence of a global attractor under a general as-
sumption on the memory kernel x (as in [CMP]) and for a very large class
of nonlinearities (see condition (H1) below) that in particular covers both
the above classes of nonlinearities and even exponential nonlinearities. This
is the main novelty of our paper.

To study problem , we assume that the initial datum ug € HZ (£2) is
given, and the nonlinearity f and the external force g satisfy the following
conditions:

(H1) f:R — R is a continuously differentiable function satisfying
(1.2) f'u) = =,
(1.3) fwyu > —pu®—Cy for all u € R,

where ¢, 3,Cy are positive constants, 0 < 8 < A; with Ay > 0 the first
eigenvalue of the operator —Ap.

It follows from (L.2) that 0 < {j(f'(s)s + £s)ds, and therefore by inte-
grating by parts, we obtain

(1.4) F(u) < f(u)u +¢u?/2  for all u € R,
where F(u) = {; f(s) ds is a primitive of f.
(H2) The external force g is in H~1(2).

(H3) The convolution (or memory) kernel x is a nonnegative summable
function having the explicit form

(1.5) K(s) = | p(r) dr,

where 1 € LY(RT) is a decreasing (hence nonnegative) piecewise absolutely
continuous function. In particular, u is allowed to exhibit (infinitely many)
jumps. Moreover, we require that

(1.6) k(s) < Opu(s),
for some 6 > 0 and every s > 0. As shown in [GMPZ], this is equivalent to
the requirement that

(1.7) pu(r +s) < Me™""p(s)
for some M > 1,0 > 0, every r > 0 and almost every s > 0.
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As in [D], a new variable which reflects the history of ([1.1)) is introduced,
namely

S
n'(z,s) =n(x,t,s) = Su(m,t —r)dr, s2>0;
0
then we can check that

5t77t(337 8) = u(:p,t) - 5577t(517a S)a s> 0.
Since p(s) = —k'(s), problem (1.1]) can be transformed into

( Ut — A’U,t — Au
— S w(s)Ant(z,s)ds + f(u) = g(x), =€ 02,t>0,
0
(@, s) = —ni(x,s) + u(z, 1), zENt>0,5>0,
(1.8) u(z,t) =0, xedf2, t>0,
n'(x,s) =0, xr€edf), s>0,t>0,
U(.%',O) = UO(':U)a HARS Qv
n°(x,s) = no(z,s) = Sgg(ﬂs,r)dh x e (2, 5s>0.
0

Now, denote

2(6) = (u(t), ") and 2 = (uo,0).
Unless otherwise specified, it is understood that we consider spaces of func-
tions which are defined on the domain (2. Let (-,-) and || - || denote the
L?(£2)-inner product and L?(£2)-norm, respectively.
In view of (L.7), let LZ(R+,L2(Q)) be the Hilbert space of functions
¢: RT — L?(£2) endowed with the inner product

o0

(p1,02), = | 1(s)(p1(5), pa(s)) ds,
0

and let |||, denote the corresponding norm. In a similar manner, we
introduce the inner products (-,-)1, and (-,-)2, on Li(]RJF,H&(_Q)) and
Lj,(R, H?(£2) N Hy (£2)) by
<'a '>1,,u = <Va V')ua <'7 '>2,,u = <A7 A'>,u7
and the corresponding norms are denoted by || - ||1,, and || - ||2,4-
We now introduce the following Hilbert spaces:

H = L*(2) x Li(R*, Hy(£2)),
M1 = Hy(2) x L,(R™, Hy (12)),
Mo = (H*(£2) N Hy(92)) x L (RT, H*(2) N Hy(2)),



Attractors for monclassical diffusion equations 5

which are endowed with the respective inner products

<w17w2>H = <1/}17¢2> + <9017 902>17M7

(w1, w2)3, = (Vb1, Viba) + (01, 02)1,5

(w1, w2)1, = (A1, Aha) + (@1, 02)2,4,
where w; = (i, ;) € H,Hi, He for i = 1,2.

The norms induced on H; for ¢ = 1,2 are

1@, @)y, = 1903710y + § #(5) IV (5)]|? ds,
0
1@, @), = 1903030y + 1012y + § 1) A(s) 1 ds.
0

The paper is organized as follows. In Section 2, we prove the existence
and uniqueness of weak solutions by using the Faedo—Galerkin method. In
Section 3, we show the existence of a global attractor for the continuous
semigroup generated by the weak solutions. The main novelty of the present
paper is that the nonlinearity can grow at infinity arbitrarily fast and the
assumption on the memory is very general; in particular, the results obtained
here extend the corresponding ones in [CMP, WYZ]. Moreover, even in the
case k = 0 (i.e. without the memory term), our results are still new for the
usual nonclassical diffusion equations.

2. Existence and uniqueness of weak solutions

DEFINITION 2.1. A function 2z = (u,n') is called a weak solution of
problem (1.8) on the interval (0,7") with initial datum z(0) = z9 € H;
if

ue C(0, T Hy (), f(u) € L'(Qr),
u € L*(0,T; Hy(£2)), 0" € C([0,T); LR, Hy(£2))),
M+, € L(0,T; L (RY, L*(£2))) N L*(0, T L, (R™, Hy(12))),
and
(ut, @) + (Vur, Vo) + (Va, Vo) + (0, 0)1, + (f (), ) 11 100
= (g, 90>H*1,H&7
(14751 = ()1,
for all test functions ¢ € W = Hj(£2) N L°(£2) and & € L2 (RY, Hj(£2)),
and for a.e. t € [0,T].

We are now ready to state the existence and uniqueness result for prob-
lem (|1.8)).



6 C. T. Anh et al.

THEOREM 2.2. Assume that hypotheses (H1)—(H3) hold. Then for any
20 = (ug,m0) € Hi and T > 0, problem (1.8) has a unique weak solution
z = (u,n) on the interval (0,T) satisfying

z € C([0,T); Hy).
Moreover, the weak solutions depend continuously on the initial data.

Proof. We use the Faedo—Galerkin method. There exists a smooth or-
thonormal basis {w;}72; of L?(£2) which is also orthogonal in H}(£2). For
instance, one can take a complete set of normalized eigenfunctions for —A
in H}(£2) such that —Aw; = v;w;, where v; is the eigenvalue corresponding
to w;. Next we want to select an orthonormal basis {(;}52 of LZ(RJF, H(2))
with all & in D(R*, H}(£2)). Here and below, D(I, X) is the space of in-
finitely differentiable X-valued functions with compact support in I C R,
whose dual space is the distribution space on I with values in X* (dual
of X), denoted by D’(I, X*). For this purpose we choose vectors of the form
lkwj (k,j = 1,...,00), where {l;}32, is an orthonormal basis in Li(RJF)
which is also in D(R™).

(i) Ezistence. Given an integer n, denote by P, and @,, the projections
on the subspaces

span(wi, ..., wy) € HY(2) and span((y,...,C) € LZ(RJF,H&(Q)),

respectively. We look for a function z,, = (up,n},) of the form

n

un(t) =Y aj(tw; and nl(s) =Y bi()¢(s)
j=1

j=1
satisfying
(O, — AByun, By, (W, G))m

o0

@1 = (At § () Anf () ds + g~ Jlun)un = 0, (w1.G)))
0

(un7 77;51)|t=0 = (Pnu07 anO)v

for a.e. t < T and every k,j = 0,...,n, where wg and (y are the zero vectors

in the respective spaces. Taking (wg, (o) and (wog, (%) in (2.1), and applying
the divergence theorem to the term

[e.9]

< S Ant (s) ds,wk>,
0

we get a system of ODEs in the variables ay(t) and by () of the form
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S+ ar) =~ = DG+ 9.6 — (),
(2.2) =

—bk—Zaj Wiy Gk Zb (s G

subject to the 1n1t1a1 conditions
ak(0) = (uo, W) g1 ()

be(0) = (105 Ck) 1,0
According to standard existence theory for ODEs, there exists a continuous
solution of f on some interval (0,7,). The a priori estimates below
imply that in fact T;, = +o0.
Multiplying the first equation of by ar and the second by by, then
summing over k and adding the results, we get

1d
9 dtHanlm ||vun||2 ( 37772,7791,;1 + <97un>H*1,H01 — (f(un), un).

Using (|1.3)) and the Cauchy inequality, we have
(2.5) <gaun>H*1,H01 = (f(un), un)
1
< el Vunl® + lglE-1 (o) + Blluall® + Col €2,
where € > 0 will be chosen later. From (2.4)) and (2.5) we obtain

(2.3)

(2.4)

d
(2:6)  —llznll7e, + 2(0smm, M)+ 2(1 = B/ = €)||Vun\|2

HgHH o) +2C0l12].

Integrating by parts and using (H3), we get

o0

(2.7) 2005, )10 = — | 1 ()] Vil () [* ds = 0.
0

Thus, the term 2(dsn%,n%)1, in (2.6) can be neglected and we obtain

d

%Ilznlli1 +2(1 = B/ = )IVual? < Cllgl 710y + -
Choosing ¢ > 0 small enough so that 1 — 5/A; — ¢ > 0 and integrating on
(0,t), t € (0,T), leads to

t

lzn ()13, +2(1 = 8/A1 =) | [|Vun(r)||* dr
0

< l2oll3, + CT (gl F-1() + 1)-
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Hence, in particular, we see that
{uy,} is bounded in L>(0,T; Hg(£2)),
{nh,} is bounded in L°(0,T; L2 (R™, Hy(12))).

Therefore, by the Banach—Alaoglu theorem, there exists a function z =
(u,n') such that

U, —u  weakly-star in L>(0,T; Hi (1)),

(2.8)

2.9
(2.9) nh —n'  weakly-star in L>°(0,T; Li(RJ“, HY(02))),
and
Au, —u  weakly in L2(0,T; H %(12)),
210 v in 120,75 17(2)

Anl, —n"  weakly in L*(0,T; L2, (RT, H™'(12))),

up to a subsequence.
Now, we estimate 0;z,. From (2.4) and (2.7)), we get

d
@1) Sl 19l + 2§ fun)un dz < lgllf 1 o)
2

Integrating (2.11)) from 0 to 7', we obtain

T

ln (D, + [ V@I dt +2 | Flun)un dodt < 2013 + Tligl3-1 -
0 Qr

In particular,

(2.12) | fun)un dadt < C.
Qr

In the first equation in (2.1)), replacing (wg, ¢;) by (dun, dnl,) = d¢zn, and
then using the Cauchy inequality and the fact that nl, = u, —nt, we get

d

dat <”VUn||2 +2 S F(uy) dm) + 2”(%2;””%{1 4 QHQtvunHZ
2
o

< C(e) | ps)IVanl1? ds + el pll o @) 10: V| + 201013
0

T ellaunll? + CElgl 10,
Hence, by choosing ¢ small enough, we arrive at

d
|05 unll? + 2 (Il 2 § Flun) d) < COURLI, + gl 1)
(0]

Integrating from 0 to t and using (1.4)), (2.12)) and (2.8)), we deduce that
{Oyuy} is bounded in L*(0,T; H (£2)),
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so, up to a subsequence,
Oy, — Uy weakly in L2(0,T; H} (2)),

(2.13) R 1
Adyuy, — Auy  weakly in L=(0,T; H (£2)).

We now prove that {f(u,)} is bounded in L'(Qr). Set h( ) = f(s) —
f(0) + s, where v > £. Note that h(s)s = (f(s) — f(0))s +vs? = f'(c)s® +
782 > (v —£)s* > 0 for all s € R, we have

S |h(up)| dx dt < S |h(p ) ur| dz dt + S |h(uy)| dz dt
Qr QrN{lun|>1} QrN{|un|<1}

| h(un)up dzdt + sup |h(s)]|Qr]
Qr |s|<1

| f(un)un dzdt +1£O)] |z @r) +Munl 721
Qr

+ sup |h(s)] |Qr|
JsI<1

<C,

where we have used (2.8), and the boundedness of {u,} in the space
L>®(0,T; H}(£2)). Hence {h(u,)}, and therefore {f(u,)}, is bounded
in LI(QT).

Using the Aubin—Lions lemma [Lio|, we can suppose that u,, — u strong-

ly in L2(0,T; L?(2)). Hence u,, — u a.e. in Q7, up to a subsequence. More-
over, using the definition of h(s) and ( - ., we obtain

IN

IN

S h(up)u, dxdt < C.
Qr

Therefore, by [Gl, Lemma 6.1], we find that h(u) € L'(Qr) and for all test
functions ¢ € C§°([0, T); HE(£2) N L*°(12)),

S h(up)p dx dt — S h(u)p dz dt.

Qr Qr
Hence, f(u) € LY (Qr) and

(2.14) S fup)pdxdt — S f(u)pdxdt

Qr Qr
for all ¢ € C5°([0,T); Hy(2) N L™®(£2)).

We are now ready to show that the limit z = (u,n') is a weak solution
of ([1.8). Choose an arbitrary test function

¢ = (,€) € D([0,T], Hy(2) N L=(£2)) x D([0, T], DR, Hy(12)))
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of the form
p(t) =Y a;(thw; and &(t) =Y bi(t)¢,
j=1 =1

where m is a fixed integer, and {a;}72; and {b;}]_, are given functions in
D((0,T)). Then holds with (v(t),&(t)) in place of (wy, (;). Integrating
the resulting equation over (0,7") and passing to the limits, in view of ,
(2.10]), (2.13) and (2.14), we get

T

Ve, @) + (Vur, Vo) + (nf, €)1, dit

T T
== {[(Vu, Vo) + (' ol dt = § [ Fw)pdz — (g, @) s |
0 0

T

+ V[0, €)1 + (u, 1] dt.
0
Using a density argument, we conclude that z = (u, n') satisfies the equation
in the weak sense. Moreover, by standard arguments, we can check that z
satisfies the initial condition z(0) = zo. This implies that z(-) is a weak

solution of problem (/1.8)).

(ii) Uniqueness and continuous dependence on the initial data. We as-
sume that z; = (u1,n}) and 29 = (ug,n}) are solutions of (1.8)) with initial
data z19 and 299, respectively. Denote w = z1 — 23 = (ug,n}). Then

o0
(2.15)  Opug — Adyus — Auz — S w(s)Ank(x, s) ds
0

+ (fur () = f(uz)) = buz = 0
for all ¢ > 0,where f(s) = f(s) + £s. Here because us(t) does not belong to
W = H}(2) N L>(£2), we cannot choose u3(t) as a test function. Conse-
quently, the proof will be more involved than that in [CMPl, [WYZ, [WaZ].

We use some ideas in [GK]. Let

kooifs >k,
Bip(s) =< s if |s| <k,
—k if s < —k.

Consider the corresponding Nemytskii mapping Bk : W — W defined by
By(us)(z) = Bi(us(x)) for all 2 € £2.
By [KZPS, Theorem 4.7] (see also |[GK|, Lemma 2.3]), we know that

| By (u3) — us|lw — 0 as k — oo. Now multiplying (2.15) by By(us), then
integrating over {2 we get
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d ~ . 1, - .
(S waButun) do 4§ VuaT Bu(u) do =SBl + 1V Buun) )
2 9]

+ S usV By, (us) da + S w(s) S VLV By (u3) dz ds
Q 0 Q

+ S )Bk(u:g) dr — /¢ S U3Bk(U3) dr = 0.
Q Q

Thus,

(2.16) ;i(SU3Bk<uS>dw+§wgvék<u3>dx;<||Bk<u3>||2+Hka(ug)nQ))
0

Q
+ | Va2 de + | p(s) | ViV dz ds
{ze2: lu(=z,t)|<k} 0 {z€0: |u(z,t)|<k}
+ S f,(g)USBk(U?,) de =/ S U3Bk(u3) dx.
2 [0

Note that f’(s) >0 and sBy(s) > 0 for all s € R, we have
S f,(f)U3Bk(U3) dz > 0.

Q
Moreover,
S |VU3‘2 dx Z 07
{zxe2: |u(z,t)|<k}
and
S 1(s) S VniVus dx ds
0 {ze2: ju(z,t)|<k}
_ S 1(s) S VLo, Vnh dx ds
0 {ze2: lu(z,t)|<k}
+ | us) | ViIs0:Vn du ds
0 {zen2: Ju(x,t)| <k}
_ S 1(s) S VLo, Vnh dx ds
0 {we2: lu(x,t)|<k}
1 oo
_ 5 S M/(S) S |V77§|2d:b ds
0 {z€2: |u(w,t)|<k}
1 ——

0 {z€2: |u(z,t)|<k}
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From the above inequalities and (2.16)) we deduce that

% <§2u33k(u3) dx + !S?V'LL?,VBk(U?,) dx — %(HBk(uza)HQ + HVBk(u;z,)HZ))

< d
+ S () S @Ivnél%ds
0

{z€92: |u(z,t)|<k}

</ S U3Bk(U3) dx.
2

N

Integrating from 0 to ¢, where ¢t € (0,T), then letting k¥ — oo, we obtain

lus(#)11* + [IVus () |* + [In5|

2
1p

< usO)* + [ Vuz (O + 5llF . + 2| us(s)|* ds

< g (0) 2 + Vs (0) |12 + 105117 . + 2¢\(lus]|* + [Vus|® + 193117 ) ds.

O e o+ O ey

By the Gronwall inequality in integral form, we get
lw(®)II, < [lw(0)|3, ¢ < w(0)[|F,e*"  for all ¢ € [0,T].

Hence we get the continuous dependence of the solutions on the initial data,
and in particular the uniqueness when w(0) = 0. =

3. Existence of a global attractor. Theorem [2.2] allows us to define
a continuous semigroup S(t) : H1 — H; associated to problem ([1.8) by the
formula

S(t)zo = 2(t),
where z(+) is the unique global weak solution of (1.8 with the initial datum

29 € Hi. The aim of this section is to prove the following theorem.

THEOREM 3.1. Assume that (H1)-(H3) hold. Then the semigroup
{S(t)}+>0 possesses a compact global attractor in H,.

To prove this theorem, by the classical abstract results on existence of
global attractors (see e.g. [Te, Theorem 1.1]), we need to show that the semi-
group S(t) has a bounded absorbing set By in H; and S(t) is asymptotically
compact in H1, that is, for any ¢ > 0, it can be decomposed in the form

S(t) = S1(t) + Sa(2),

where for any bounded subset B in H1, we have
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(i) S1(t) is a continuous mapping from H; into itself and

rp(t) =sup [S1(O)ylln, = 0 ast— oo
yeEB

(ii) the operators S3(t) are uniformly compact for ¢ large, i.e.,
Ui, S2(t) B is relatively compact in H; for some to > 0.

To prove (ii) we only need to show that for some T' > 0, S2(T") By is relatively
compact in Hi, with By a bounded absorbing set of S(t).

3.1. Existence of an absorbing set

LEMMA 3.2. Let (H1)-(H3) hold. Then there ezists a bounded absorb-
ing set in Hy for the semigroup S(t).

Proof. Multiplying the first equation of (1.8]) by w(¢) and integrating
over {2, we obtain

1d

2 2
5 Sl + Ve

D) IVl + 0 (s),nk () + | Fw)uda

2

= <97U>H*1(Q),Hé(9)‘
Using the hypothesis ([1.3)) and the Cauchy inequality, we have
| fwyude > =pllul® - Col92],
Q
(9,u) < e|Vul + L]l
9 W H-1(2),H{(2) = 4 WIE-1(2)"

By integrating by parts,
o0 oo

2(n'(s), 714(8)) 10 = | u(S)%IIWt(S)IIQdS = -V W ©IVi'(s)|ds = 0.

0 0
Therefore,

a :
Sl 4 1Vl + 11, + 2(1 - £ = &) Ivul?
< oo l9lEr-1 o) + 260l
By (|1.6) we get

S R ' ()5 oy ds < Olln'lIE 0 < OCul® + I Vul® + [In*l17 ).
0

Moreover, using the second equation of (|1.8) and exploiting (1.6) again
yields
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oo

CZ((&) K" ()7 o) ds)

=-2 S K(S) S ViVt de ds + 2 S n(s)(nt(s),u>Hé(Q) ds
0 2 0

= | R(S)%Ilvnt(S)H”S +2 | /(s)(n'(s), u) gy () ds
0 0

= —r()IVI P[5+ | K IVH ()17 ds +2 | k() (0" (5), u) gy ) ds
0 0

= "I}, +2 § w(s) (0 (5), w) g3 () ds
0

< —|n*l3,, + 26 S u(s) S V' - Vudz ds
0 0
o 1/2 /% 1/2
< "1, +20( § )92 ds) " ((§ o) Vul?ds)
0 0
< =313 . + 26%Vul* § & (5) ds = =3 [1n'II% . + 267K (0) [ Vul|*.

0

Here we have used assumption (H3) and the Cauchy inequality.
Now, for v > 0 to be specified, we define the functional
[e.e]
(1) = l[ull® + I Vull® + 17113 . + 47 | ()]0 ()11 ) ds.
0
It satisfies the differential inequality

d B
021 == 10%6(0) ) IVl + 23011 < Cllgl -0y + 2Col 2.

Choosing €, > 0 small enough such that
1 B 9
1 <1———e—410
A(145) 1= 2 = 1e0)
we have
d
pridas 2y([Jull? + [ Vull® + 1711 4) < CllglF-1(a) + 2Co|2].
Up to further reducing -, we also have

lall + 11Vl + 19115, < @ < 2(/full® + [IVull + 1017 ,)-

Hence

d
049 < Clgl3-1q) +2Co|2.
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By the Gronwall inequality, we get
¢
B(t) < B(0)e " + | ) (gl -1 g + 20|21 ds.
0
Thus,
t
y(t) < 2e77y(0) + e [ (Cllgll3-1 (g + 2C0l2) ds
0
< 2¢7" (JJuo|* + [IVuoll* + 17°11%,.) + C(llgllE-1 () + 1)
where
y(t) = llull® + [Vall* + 017 .
Hence there exists pg > 0 such that

(3.1) 1z(®)1l3, < po
for all z9 € B and t > ty = to(B), where B is an arbitrary bounded subset
of H1. This completes the proof. =

3.2. Asymptotic compactness. Recall that we only assume that
g € H71(£2). However, we know that for any g € H~1(£2) and & > 0, there
is a g° € L?(§2), which depends on g and ¢, such that
(3.2) lg — g°lH-1(0) <e.

3.2.1. Decomposition of the equation. To make the asymptotic esti-
mates, we decompose the solution S(t)zp = z(t) of problem (1.8 as

S(t)zo = S1(t)zo + Sa2(t)z0,

where S1(t)z0 = 21(t) and Sa(t)z0 = 22(t), that is, 2 = (u,n) = 21 + 29,
with

w=1f 4w, nt=C(lE et

2= (05,¢%), 2= (uf,€7),
where z1(t) is the unique solution of the problem
v§ — Avf — Av® + f(u)

—f(®) = | () A (s)ds + X =g —¢°, A>¢,

0
(3.3) BiCte = —B,¢tE + 27,

vi(z,t)on =0, v°(z,t)|t=0 = uo(x),

s

Ctg(xa 5)|3Q =0, QO(:E’ 5) = CO(:Ev 5) = SQO(xar) dr,
0
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and z9(t) is the unique solution of the problem
— Aw§ — Aw® + f(w®)

- S w(s) AL (s)ds — Au — w) = g5, N>,

0
(3'4) atgta — —85§t6 + wa)

we(z,t)|oe =0, w(z,t)|t=0 = 0,

\gts(x’s)bg =0, go(xvs) :€0(xa5) =0.

By using similar arguments to the proof of Theorem one can prove the
existence and uniqueness of solutions to problems and . Moreover,
for problem (B.4)), because g° € L?(£2) and the initial data are zero (so belong
to Ho := (H*(2)N HO(Q)) x LZ(RT, H*(2) N Hj(£2))), we can show that
the solution (w®, £%) is in fact a strong solution. In particular, we will have
w® € C([0,T); H*(2) N H}(£2)) for any T > 0, and this will be used in the
proof of Lemma [3.4] below.

3.2.2. The first a priori estimate. We begin with the decay estimate for

solutions of (3.3]).

LEMMA 3.3. Let hypotheses (H1)—-(H3) hold. Then for any € > 0, the
solutions of problem (3.3)) satisfy the following estimates: there is a con-
stant dy, which depends on A1, £, such that for everyt > 0,

151 () 20113, < Q(ll0ll2,)e™"" +&.
Proof. Multiplying the first equation of (3.3)) by v¢ we get

[e.e]

d
5 a7 1P+ I90°12) + Mol + 190 + | () | VCEV0F davds
0 9

+ (f(u) = f(w®),v%) = (g — ¢" v ) -1 11
Noting that (/¢ = —(%* + v®, we have

[e.9]

| u(s) | V¢V da ds
O Q o o
= | w(s) \ V¢V dads + | p(s) | VEEVEE dads
0 2 0 2
li te T tsv t€d d
=5 ISR+ § ls) | VCEVCE dads,
0 P

and by the Cauchy inequality,

(9= 950 ) g-1my < SIVOIP + Sllg — oI -
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Therefore, noticing that f’(s) > —¢, we have

d
(17 + IV I+ IR ) + VR + 200 = OflvF] |
+2 | p(s) | VEVCE drds < |lg — g7 |7 1)
0 n
Similarly to the proof of Lemma [3.2] we obtain, for some dy > 0,

_ 1
151(t)z0113, < Q(llz0ll2, )e™ " + ol 9N H-1(0):
Taking €2 < Ce in (3.2) we conclude that

1S1(t)20l13,, < Q(ll20ll3,)e™®" +¢.

3.2.3. The second a priori estimate. For the solution zo(t) of (3.4), we
have

LEMMA 3.4. Let (H1)-(H3) hold. Then for any € > 0, there is M > 0
such that for any zg € Hi, there exists T > 0 large enough, which depends
on ”9”%71(9); g, ||ZQH§_[1, such that

(3.5) 1S2(t)20l|7, <M forallt >T.

Proof. Multiplying the first equation of (3.4]) by —Aw®, then using (|1.2))
and the Cauchy inequality, we obtain

d g g 15 g g
(Vw2 + | A ]* + [I€7]13,,) + | Aw®[* + 2(A = )| Ve

+2 | u(s) | AC A da ds
0 9]

< g1 -1 ) + A lull® < CUlg° I F-1(a) + p0)
when ¢ > to(B), where we have used ({3.1)). Notice that

| u(s) | ACACE duds = — | p/(s) AC*|1* ds > 0,
0 2 0

so we can omit this term in the above inequality. Hence, similarly to the
proof of Lemma we obtain a number 7' > 0 large enough such that

1S2(t)20l13, <M forallt>T.
In addition, for any &, € Li(R*, H}(£2)), the Cauchy problem (see e.g.
[BP, [PZ])
{&gft = -0 +w, t>0,
&0 = &,
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has a unique solution ¢' € C(R*; L2 (R T, Hg(£2))), and

§w(t—7“)d7“, 0<s<t,
(3.6) (s)=1q" ¢
&o(s—t) —&(0) +Sw(t —r)dr, s>t
0

)

Ewa(t—r)dr, 0<s<t,
(3.7) £5(s) =1 4
S

w(t —r)dr, s>t.

Let By be the bounded absorbing set obtained in Lemma[3.2] We will prove
the following result.

LEMMA 3.5. Assume (H1)—(H3) hold. Set
K% = PS2(T)By
for T'> 0 large enough, where {S2(t) }+>0 is the solution semigroup of (3.4)),
and P : H1 — Li(]RJF,H&(Q)) is the canonical projection operator. Then
there is a positive constant My = M (|| Bol|3,) such that
(i) K is bounded in L7(RT, H*(£2) N Hy(£2)) N HL(RT, Hy(£2));
(i) supeecs, 1€(5) 12 o < M.

Moreover, K% is relatively compact in Li(Rﬂ H ().
Proof. From ([3.7]) we have
ft—s), 0<s<t,

85 te — w
() {0, s>t

which, combined with Lemma [3.4] implies (i).
Using now (3.7 once again, we easily deduce that

(

s T
VIl (T = )15 (g dr < 0™ (T = 1) 32
Te 2 0 0
1€ (S)”H&(Q) < . 0<s<T,
§||w€(Tr)y§qol(Q) dr, s>T.
By (3.5), we know that (ii) holds. Because H?(£2) N H} (Q) H}(£2) com-
pactly, we conclude that Kr is relatively compact in L2( H{(£2)) thanks

to the following lemma.
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LeEMMA 3.6 ([PZ]). Assume that p € C*(RT)NLY(RY) is a nonnegative
function and satisfies the following condition: if there exists sy € Rt such
that p(sp) = 0, then u(s) = 0 for all s > sg. Moreover, let Xo, X1, Xo be
Banach spaces, where Xy, Xo are reflerive and satisfy

XO — Xl — XQ,
and the embedding Xo — X1 is compact. Let C C Li(RJF,Xl) satisfy

(i) C is a subset in L2(RY, Xo) N H,(RT, X3);
(ii) sup,ec H77(5)||3(1 < h(s) for all s € RT, where h € L,(RT).

Then C is relatively compact in Li(R*,Xl). "

Note that H; = Hg(£2) x LZ(R*, Hj(£2)), and since the embedding
H%(2)N HY(2) < HE(R) is compact, we obtain

LEMMA 3.7. Let {S2(t)}+>0 be the solution semigroup of (3.4)). Then
under the assumption of Lemma for T > 0 large enough, So(T)B is
relatively compact in H;.

3.3. Proof of Theorem [3.1} By Lemma[3.2] the semigroup S(t) has a
bounded absorbing set By in H;. Moreover, S(t) is asymptotically compact
in ‘H; by Lemmas and Therefore, the w-limit set A = w(By) is the
compact global attractor for S(t) in H;.
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