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On some global solutions to 3d incompressible
heat-conducting motions

Ewa Zadrzyńska and Wojciech M. Zajączkowski (Warszawa)

Abstract. We consider stability of solutions to stationary Navier–Stokes equations
coupled with the heat equation in a set of solutions to the corresponding nonstationary
system. The coupling is such that in the right-hand side of the Navier–Stokes equations
there is a power function of temperature and in the equation for temperature there is a
viscous dissipation term. We consider the non-slip boundary condition for velocity and
the Dirichlet boundary condition for temperature. Moreover, the existence of a global
strong-weak solution which remains close to the stationary solution for all time is proved.

1. Introduction. We consider the following initial-boundary value prob-
lem describing the motion of an incompressible heat-conducting fluid:

(1.1)

vt − ν∆v + v · ∇v +∇p = α(θ)f in Ω × R+,

div v = 0 in Ω × R+,

θt − κ∆θ + v · ∇θ = ν|D(v)|2 in Ω × R+,

v = 0 on S × R+,

θ = θ∗ on S × R+,

v|t=0 = v(0), θ|t=0 = θ(0) in Ω,

where Ω ⊂ R3 is a bounded domain, S = ∂Ω, v = (v1(x, t), v2(x, t), v3(x, t))
∈ R3 is the velocity of the fluid, p = p(x, t) ∈ R is the pressure, θ = θ(x, t)
∈ R is the temperature, f = (f1(x, t), f2(x, t), f3(x, t)) ∈ R3 is the external
force field, x = (x1, x2, x3) is the Cartesian coordinate system, ν > 0 is the
viscosity coefficient, κ > 0 is the constant conductivity coefficient and θ∗ > 0
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is a constant. Moreover, by D(v) = {vi,xj + vj,xi}i,j=1,2,3 = ∇v + ∇vT we
denote the dilatation tensor.

Notice that the term α(θ)f generates the motion by heating and me-
chanically by the external force f . The term ν|D(v)|2 describes the heating
of the fluid by viscous dissipation.

The purpose of the paper is to prove the existence of a strong-weak
solution to problem (1.1) (see Definition 1.3) which is close to a strong-weak
solution of the following stationary problem (see Definition 3.1):

(1.2)

−ν∆w + w · ∇w +∇q = α(ϑ)g in Ω,

divw = 0 in Ω,

−κ∆ϑ+ w · ∇ϑ = ν|D(w)|2 in Ω,

w = 0 on S,

ϑ = θ∗ on S.

Therefore, first we prove existence of solutions to problem (1.2).

Theorem 1.1. Let Ω ⊂ R3 be a bounded domain with C2 boundary S.
Let g ∈ L∞(Ω), 0 < σ < 1/8, α ∈ C1([θ∗,∞)) and |α(ϑ)| ≤ a1 + a2ϑ

σ,
|α′(ϑ)| ≤ a3 for ϑ ≥ θ∗, where the constants ai, i = 1, 2, 3, are such that
a1 ≥ 0, a2 > 0, a3 > 0. Then there exists a strong-weak solution (w, q, ϑ) ∈
H2(Ω)×H1(Ω)×H1(Ω) to problem (1.2) with

	
Ω q(x) dx = 0. Moreover,

‖w‖H2(Ω) + ‖q‖H1(Ω) + ‖ϑ− θ∗‖H1(Ω) ≤ c(‖g‖L∞(Ω))‖g‖L∞(Ω),

where c = c(‖g‖L∞(Ω)) is an increasing continuous function.

Theorem 1.1 is proved in Section 3 by using the Leray–Schauder fixed
point theorem.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Moreover, as-
sume that

‖g‖L∞(Ω) ≤ δ1,

where δ1 > 0 is sufficiently small. Then the solution (w, q, ϑ) of problem (1.2)
is unique.

Now, let (w, q, ϑ) be the solution to problem (1.2) given by Theorems
1.1–1.2. We will examine its stability and then prove the global existence of a
strong-weak solution to problem (1.1) which is close to (w, q, ϑ) for all time.

Definition 1.3. Let f ∈ L2,loc(R+, L2(Ω)), v(0) ∈ H1
0 (Ω) with div v(0)

= 0, θ(0) ∈ L2(Ω), and let T > 0 be given. We say that the triple (v, p, θ) is a
strong-weak solution to problem (1.1) if the function (v, θ) is a weak solution
to (1.1) in Ω×(kT, (k+1)T ) with initial conditions v|t=kT = v(kT ), θ|t=kT =
θ(kT ) for all k ∈ N0 = N∪{0} such that (v, θ) ∈ L∞(kT, (k+ 1)T, L2(Ω))∩
L2(kT, (k+1)T ;H1(Ω)), (vt, θt) ∈ (L2(kT, (k+1)T ;H−1(Ω)))2 for all k ∈ N0
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and additionally v ∈ L∞(kT, (k + 1)T ;H1(Ω)) ∩ L2(kT, (k + 1)T ;H2(Ω)),
∇p ∈ L2(kT, (k + 1)T ;L2(Ω)) for all k ∈ N0.

In order to formulate the stability and global existence results we intro-
duce the functions

u = v − w, η = p− q, χ = θ − ϑ, h = f − g
and reduce problem (1.1) to the problem

(1.3)

ut − ν∆u+ u · ∇u+∇η = −w · ∇u− u · ∇w
+ [α(θ)− α(ϑ)]f + α(ϑ)h in Ω × R+,

div u = 0 in Ω × R+,

χt − κ∆χ+ u · ∇χ = −w · ∇χ− u · ∇ϑ+ ν|D(u)|2

+ 2νD(u) : D(w) in Ω × R+,

u = 0 on S × R+,

χ = 0 on S × R+,

u|t=0 = v(0)− w(0) ≡ u(0) in Ω,

χ|t=0 = θ(0)− ϑ(0) ≡ χ(0) in Ω.

Now, we can formulate a theorem about the stability of a strong-weak sta-
tionary solution under nonstationary perturbations.

Theorem 1.4. Let the assumptions of Theorem 1.2 hold. Let u(0) ∈
H1

0 (Ω), div u(0) = 0, χ(0) ∈ L2(Ω), θ(0) ≥ θ∗, and let T > 0 be given.
Assume that f ∈ C(R+, L∞(Ω)) and

(1.4) sup
k∈N0

‖f‖C([kT,(k+1)T ];L∞(Ω)) ≤ δ1.

Moreover, suppose that

(1.5) ‖∇u(0)‖2L2(Ω) + ‖χ(0)‖2L2(Ω) ≤ γ
and

(1.6) ‖h(t)‖2L4
≤ δ2γ for all t ∈ R+,

where δ2, γ > 0 are some constants. Let (w, ϑ, q) be the strong-weak solution
of problem (1.2) which exists in view of Theorem 1.1. Let (u, η, χ) be a strong-
weak solution to problem (1.3). If γ, δ1 and δ2 are sufficiently small then

(1.7) ‖∇u(t)‖2L2(Ω) + ‖χ(t)‖2L2(Ω) ≤ γ for all t ∈ R+

and

(1.8)
‖u‖2H2,1(Ω×(kT,(k+1)T )) + ‖χ‖2L2(kT,(k+1)T ;H1(Ω))

+ ‖χt‖2L2(kT,(k+1)T ;H−1(Ω)) + ‖∇η‖2L2(kT,(k+1)T ;L2(Ω)) ≤ c(T )γ,

where c = c(T ) does not depend on k.
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The proof of Theorem 1.4 is based on a nonlinear differential inequality
derived in the proof of Lemma 4.2 and a contradiction argument.

Let H2,1(Ω×(kT, (k+1)T )) denote the space of functions with the finite
norm

‖u‖H2,1(Ω×(kT,(k+1)T ))

=
(
‖ut‖2L2(Ω×(kT,(k+1)T )) +

∑
0≤|α|≤2

‖Dαu‖2L2(Ω×(kT,(k+1)T ))

)1/2
.

Using estimates (1.7)–(1.8) derived for the Faedo–Galerkin approximations
we obtain the following theorem:

Theorem 1.5. Let the assumptions of Theorem 1.2 be satisfied. Let
v(0) ∈ H1

0 (Ω), div v(0) = 0, θ(0) ∈ L2(Ω), θ(0) ≥ θ∗. Assume (w, q, ϑ) is the
strong-weak solution of problem (1.2) which exists in view of Theorem 1.1.
Moreover, assume that f ∈ C(R+;L∞(Ω)) and conditions (1.4)–(1.6) are
satisfied. Let T > 0 be given. If γ, δ1 and δ2 are sufficiently small then there
exists a strong-weak global solution (v, p, θ) ∈ H2,1(Ω × (kT, (k + 1)T )) ×
L2(kT, (k+1)T ;H1(Ω))×C([kT, (k+1)T ];L2(Ω))∩L2(kT, (k+1)T ;H1(Ω)),
k ∈ N0, to problem (1.1) with

	
Ω p dx = 0.

The problem under consideration arises from a complete thermodynam-
ical model of nonstationary flows of incompressible Newtonian fluids in a
bounded domain. We restrict our considerations to temperature indepen-
dent material coefficients ν and κ. The presence of the dissipative heating
term ν|D(v)|2 in the heat equation (1.1)3 follows from the general theory of
incompressible heat-conducting Navier–Stokes motions.

The solvability of the uncoupled three-dimensional system (1.1)1,2,3 with
α(θ) = 1 was examined by P.-L. Lions [7]. He proved the existence of a
unique renormalized solution to equation (1.1)3 with the initial condition
on the temperature and with the Neumann boundary condition ∂θ

∂n = 0
on S × (0, T ), T > 0, under the assumption that v is any weak solution
to the Navier–Stokes equations with the initial condition and the Dirichlet
boundary condition.

The two-dimensional system (1.1)1,2,3, where the left-hand side of equa-
tion (1.1)3 contains also the term −e2 · v, e2 = (0, 1), was studied by
Y. Kagei [4, 5]. The equations considered by Y. Kagei are supplemented
with the Dirichlet and periodic boundary conditions. Moreover, it is as-
sumed that α(θ)f = e2F (θ), where either F (θ) = θ or supθ∈R |F (k)(θ)| <∞
for k ∈ {0, 1, 2}. Kagei discussed the existence, uniqueness and large time
behaviour questions in dependence on assumptions about data.

Hishida [3] examined an initial-boundary value problem for the three-
dimensional Boussinesq system. Under some smallness assumptions on data
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he proved the unique existence of a global strong solution which uniformly
tends to the stationary solution as t→∞ with an exponential rate.

The large time behaviour of the three-dimensional Boussinesq system was
also studied in [2] and [8]. Brandolese and Schonbek [2] studied the decay and
growth of both weak and strong solutions to the three-dimensional system,
while Liu and Li [8] considered the stability of global regular solutions to
the three-dimensional Cauchy problem for the Boussinesq equations.

The stability of a solution of the stationary Navier–Stokes system was
examined by Kanbayashi, Kozono and Okabe [6] who considered the three-
dimensional Navier–Stokes equations with zero external force and nonho-
mogeneous Dirichlet boundary condition. They proved the existence of a
weak solution to the nonstationary problem which tends to a solution of the
stationary problem as t→∞.

In [11] we considered problem (1.1) in a cylinder with the slip boundary
conditions instead of the Dirichlet condition (1.1)4. We proved the stability of
a two-dimensional solution assuming that the external force does not decay
as t→∞ and that

sup
θ∈[θ∗,∞)

|α(k)(θ)| <∞ for k = 0, 1.

We also proved the existence and uniqueness of a strong-weak solution of
the three-dimensional problem in a cylinder which is close to the solution of
the two-dimensional problem.

In comparison with [11], we generalize in this paper the properties of the
coupling function α (see Theorems 1.1, 1.2, 1.4, 1.5), which requires more
complicated calculations.

Other stability results for some special solutions to the Navier–Stokes
equations were discussed in [10].

Notice that analogous results to Theorems 1.4–1.5 also hold for the
initial-boundary value problem with the Dirichlet boundary condition for
the Navier–Stokes equations.

The present paper is divided into four sections. Section 2 contains nota-
tion and auxiliary results. In Section 3 the stationary problem is considered
and Theorems 1.1–1.2 are proved. Finally, Section 4 is devoted to stability
of a solution to the stationary problem and to the existence of a solution to
problem (1.1). In particular, Theorems 1.4 and 1.5 are proved.

2. Notation and auxiliary results. Let Ω ⊂ R3 be an open set. We
denote by Lp(Ω), p ∈ [1,∞], the Lebesgue space of p-integrable functions,
and by Wm

p (Ω), m ∈ N0, p ∈ [1,∞], the Sobolev space. In the special case
of p = 2 we use the notation Hm(Ω) = Wm

2 (Ω). The norms in Lp(Ω) and



84 E. Zadrzyńska and W. M. Zajączkowski

Wm
p (Ω) are denoted by ‖u‖Lp and ‖u‖Wm

p
, respectively. Next, we write

V = {u ∈ H1
0 (Ω) : div u = 0 in Ω}.

Let I ⊂ R be an open interval. Then H2,1(Ω × I) denotes the space of
functions with the finite norm

‖u‖H2,1(Ω×I) =
(
‖ut‖2L2(Ω×I) +

∑
0≤|α|≤2

‖Dα
xu‖2L2(Ω×I)

)1/2
,

where Dα
x = ∂α1

x1 ∂
α2
x2 ∂

α3
x3 , |α| = α1 + α2 + α3, αi ∈ N0, i = 1, 2, 3.

Let X be a Banach space. Then Lp(I;X) denotes the space of all mea-
surable functions u : I → X with the finite norm

‖u‖Lp(I;X) =
( �
I

‖u(t)‖pX dt
)1/p

if 1 < p <∞,

and
‖u‖L∞(I;X) = ess sup

t∈I
‖u(t)‖X .

We denote by C(Ī;X) the space of all continuous functions u : Ī → X with
the finite norm

‖u‖C(Ī;X) = sup
t∈I
‖u(t)‖X .

We need the following lemma:

Lemma 2.1 (see [8]). Let Ω ⊂ R3 be a bounded domain and T > 0.
Let θ(0) ∈ L2(Ω) and assume that θ(0) ≥ θ∗ for some θ∗ > 0. Moreover,
assume that functions v, θ such that ∇v ∈ L20/7(Ω × (kT, (k + 1)T )) and
θ ∈ L10/3(Ω × (kT, (k + 1)T )) for all k ∈ N0 satisfy (1.1)3,5,6. Then

θ ≥ θ∗ a.e. in Ω × (kT, (k + 1)T ) for all k ∈ N0.

3. Existence of solutions to the stationary problem. In this section
we prove existence and uniqueness theorems for problem (1.2). First, we
introduce the function ϑ̄ = ϑ− θ∗ and rewrite (1.2) in the form

(3.1)

−ν∆w + w · ∇w +∇q = α(ϑ̄+ θ∗)g in Ω,

divw = 0 in Ω,

−κ∆ϑ̄+ w · ∇ϑ̄ = ν|D(w)|2 in Ω,

w = 0 on S,

ϑ̄ = 0 on S.

Let 0 < σ < 1/8. Assume that

α ∈ C([θ∗,∞)),(3.2)
|α(ϑ)| ≤ a1 + a2ϑ

σ for ϑ ≥ θ∗,(3.3)

where a1 ≥ 0, a2 > 0 are constants.
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Definition 3.1. By a weak solution to problem (3.1) we mean a triple
(w, q, ϑ̄) ∈ V × L2(Ω)×H1

0 (Ω) with
	
Ω q(x) dx = 0 such that the following

integral identities hold:

(3.4) ν
�

Ω

∇w · ∇φ1 dx+
�

Ω

w · ∇w · φ1 dx−
�

Ω

q div φ1 dx

=
�

Ω

α(ϑ̄+ θ∗)gφ1 dx ∀φ1 ∈ H1
0 (Ω),

and

(3.5) κ
�

Ω

∇ϑ̄ · ∇φ2 dx+
�

Ω

w · ∇ϑ̄φ2 dx

= ν
�

Ω

|D(w)|2φ2 dx ∀φ2 ∈ H1
0 (Ω).

Definition 3.2. We say that a triple (w, q, ϑ̄) is a strong-weak solution
to (3.1) if it is a weak solution of (3.1) and (w, q) ∈ (H2(Ω) ∩ V )×H1(Ω).

Our aim is to show the existence of a solution to problem (3.1). Therefore
we start with an a priori estimate.

Lemma 3.3. Let 0 < σ < 1/8 and assume that conditions (3.2)–(3.3)
are satisfied. Let g ∈ L∞(Ω), p = 4/(3σ), p1 = 1/σ, r = 1/(8σ), s =
1/(4σ), s1 = 1/(2σ), p′ = p/(p− 1), p′1 = p1/(p1 − 1), r′ = r/(r − 1),
s′ = s/(s− 1), s′1 = s1/(s1 − 1). Assume that (w, q, ϑ̄) is a strong-weak
solution to problem (3.1). Then

(3.6) ‖w‖H2 + ‖q‖H1 + ‖ϑ̄‖H1 ≤ cF (1 + F ),

where

F = (‖g‖2L2
+ ‖g‖2r′L∞ + ‖g‖L3/2

+ ‖g‖s′L(3/2)p′
)2 + ‖g‖L2 + ‖g‖s

′
1
L2p′1

,

and c > 0 is a constant.

Proof. Inserting φ1 = w ∈ V ∩H2(Ω) to (3.4) we get

ν‖∇w‖2L2
=

�

Ω

α(ϑ̄+ θ∗)gw dx.

Using the Poincaré inequality we get

‖w‖2H1 ≤ c(‖g‖L∞‖ϑ̄‖σLσq′‖w‖Lq + ‖g‖L2‖w‖L2),

where q′ = 2/σ > 16, q = q′/(q′ − 1). Hence

‖w‖2H1 ≤ c(‖g‖2L∞‖ϑ̄‖
2σ
L2

+ ‖g‖2L2
)
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and continuing we get

‖w‖2H1 ≤ c(ε)(‖g‖2r
′

L∞ + ‖g‖2L2
) + ε‖ϑ̄‖2σrL2

(3.7)

= c(ε)(‖g‖2r′L∞ + ‖g‖2L2
) + ε‖ϑ̄‖1/4L2

,

where ε > 0.
Now, taking φ2 = ϑ̄ in (3.5) we obtain

κ
�

Ω

|∇ϑ̄|2 dx = ν
�

Ω

|D(w)|2ϑ̄ dx,

so
κ‖∇ϑ̄‖2L2

≤ c‖w‖2H2‖ϑ̄‖L2 ,

and by the Poincaré inequality we have

(3.8) ‖ϑ̄‖H1 ≤ c‖w‖2H2 .

To find an estimate of ‖w‖H2 rewrite (3.1)1,2,4 in the form

−ν∆w +∇q = α(ϑ̄+ θ∗)g − w · ∇w in Ω,

divw = 0 in Ω,

w = 0 on S.

Then (see [9])

(3.9) ‖w‖W 2
δ

+ ‖∇q‖Lδ ≤ c(‖α(ϑ̄+ θ∗)g‖Lδ + ‖w · ∇w‖Lδ) for δ > 1.

Taking δ = 3/2 and using (3.7) we estimate

(3.10) ‖w · ∇w‖L3/2
≤ c‖w‖2H1 ≤ c(‖g‖2r

′
L∞ + ‖g‖2L2

) + ε‖ϑ̄‖1/4L2
.

Next,

‖α(ϑ̄+ θ∗)g‖L3/2
≤ c(‖g‖L3/2

+ ‖ϑ̄‖σL(3/2)σp
‖g‖L(3/2)p′ )(3.11)

≤ c(ε)(‖g‖L3/2
+ ‖g‖s′L(3/2)p′

) + ε‖ϑ̄‖σsL2
.

Inserting (3.10)–(3.11) into (3.9) we get

‖w‖W 2
3/2

+ ‖∇q‖L3/2
≤ ε‖ϑ̄‖1/4L2

(3.12)

+ c(‖g‖2r′L∞ + ‖g‖2L2
+ ‖g‖L3/2

+ ‖g‖s′L(3/2)p′
).

Now, using (3.9) with δ = 2 implies

(3.13) ‖w‖H2 + ‖∇q‖L2 ≤ c(‖g‖L2 + ‖ϑ̄‖σL2
‖g‖2p′1 + ‖w · ∇w‖L2)

≤ c(ε)(‖g‖L2 + ‖g‖s
′
1
L2p′1

) + ε‖ϑ̄‖σs1L2
+ c‖w · ∇w‖L2 .
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Since

‖w‖Lr ≤ c‖w‖W 2
3/2

∀r <∞,

‖∇w‖Lr′ ≤ c‖w‖W 2
3/2

∀r′ ≤ 3,

applying (3.12) we obtain

‖w · ∇w‖L2 ≤ c‖w‖2W 2
3/2

(3.14)

≤ cε‖ϑ̄‖1/2L2
+ c(‖g‖2r′L∞+ ‖g‖2L2

+ ‖g‖L3/2
+ ‖g‖s′L(3/2)p′

)2.

Inserting (3.14) into (3.13) and taking into account that σs1 = 1/2 we get

(3.15) ‖w‖H2 + ‖∇q‖L2 ≤ c[(‖g‖2L2
+ ‖g‖L3/2

+ ‖g‖2r′L∞ + ‖g‖s′L(3/2)p′
)2

+ ‖g‖L2 + ‖g‖s
′
1
L2p′1

] + cε‖ϑ̄‖1/2L2
.

Now, (3.15) and (3.8) yield (3.6) if we assume that ε is sufficiently small.

Let w ∈ H2(Ω) ∩ V be given and consider the problem

(3.16)
−κ∆ϑ̄+ w · ∇ϑ̄ = ν|D(w)|2 in Ω,

ϑ̄ = 0 on S.

Lemma 3.4. For a given w ∈ H2(Ω) ∩ V there exists a unique solution
ϑ̄ ∈ H1

0 (Ω) to problem (3.16) satisfying inequality (3.8).

Proof. Since w ∈ H2 ∩ V , the existence and uniqueness of a solution ϑ̄
follows from the Lax–Milgram theorem.

Now, fix w ∈ H2(Ω) ∩ V and define a mapping A : H2(Ω) ∩ V →
H2(Ω) ∩ V by setting Aw = w∗ where w∗ ∈ H2(Ω) ∩ V satisfies

(3.17) ν
�

Ω

∇w∗ · ∇φdx+
�

Ω

w · ∇w · φdx =
�

Ω

α(ϑ̄+ θ∗)gφ dx ∀φ ∈ V,

where ϑ̄ ∈ H1
0 (Ω) is the weak solution to problem (3.16). Obviously, the

operator A is well-defined.

Lemma 3.5. Let 0 < σ < 1/8 and assume that conditions (3.2)–(3.3)
are satisfied. Moreover, assume that α ∈ C1([θ∗,∞)) and |α′(ϑ)| ≤ a3 for
ϑ ≥ θ∗, where a3 > 0 is a constant. Let wi ∈ H2(Ω) ∩ V for i = 1, 2 and let
w∗i = Awi for i = 1, 2. Then

(3.18) ‖w∗1 − w∗2‖H2 ≤ c[‖ϑ̄1‖H1‖g‖L4

+ (‖w1‖W 1
4

+ ‖w2‖W 1
4
)(‖g‖L4 + 1)]‖w1 − w2‖W 1

4
,

where c > 0 is a constant.

Proof. Let ϑ̄i ∈ H1
0 (Ω), i = 1, 2, be the solutions to problem (3.16)

corresponding to wi. We will estimate ‖ϑ̄1 − ϑ̄2‖L2 . Subtracting (3.5) for
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i = 2 from (3.5) for i = 1 and inserting φ3 = ϑ̄1 − ϑ̄2 we get

κ‖∇ϑ̄1 −∇ϑ̄2‖2L2
+

�

Ω

(w1 − w2) · ∇ϑ̄1(ϑ̄1 − ϑ̄2) dx

= ν
�

Ω

(|D(w1)|2 − |D(w2)|2)(ϑ̄1 − ϑ̄2) dx.

Hence

‖∇ϑ̄1 −∇ϑ̄2‖2L2
≤ c(‖w1 − w2‖L4‖∇ϑ̄1‖L2‖ϑ̄1 − ϑ̄2‖L4

+ ‖∇w1 −∇w2‖L4‖∇w1‖L4‖ϑ̄1 − ϑ̄2‖L2

+ ‖∇w2‖L4‖∇w1 −∇w2‖L4‖ϑ̄1 − ϑ̄2‖L2).

Using the Poincaré inequality and the imbedding H1(Ω)→ L4(Ω) we get

(3.19) ‖ϑ̄1 − ϑ̄2‖H1 ≤ c(‖ϑ̄1‖H1 + ‖w1‖W 1
4

+ ‖w2‖W 1
4
)‖w1 − w2‖W 1

4
.

Since w∗i ∈ H2(Ω)∩ V , i = 1, 2, satisfies (3.17), there exist qi ∈ H1(Ω) such
that
−ν∆(w∗1 − w∗2) +∇(q1 − q2) = α′(βϑ̄1 + (1− β)ϑ̄2) · (ϑ̄1 − ϑ̄2)g

+ w2 · ∇w2 − w1 · ∇w1 in Ω,

div(w∗1 − w∗2) = 0 in Ω,

w∗1 − w∗2 = 0 on S,

where β ∈ (0, 1). Therefore,

‖w∗1 − w∗2‖H2 + ‖∇(q1 − q2)‖L2

≤ c
(
‖(ϑ̄1 − ϑ̄2)g‖L2 + ‖(w1 − w2) · ∇w1‖L2 + ‖w2 · ∇(w1 − w2)‖L2

)
≤ c[‖ϑ̄1 − ϑ̄2‖H1‖g‖L4 + ‖w1 − w2‖W 1

4
(‖w1‖W 1

4
+ ‖w2‖W 1

4
)].

Thus, from (3.19) the estimate (3.18) follows.

Proof of Theorem 1.1. We apply the Leray–Schauder fixed point theo-
rem. By Lemma 3.5 the operator A : H2(Ω)∩V → H2(Ω)∩V is continuous.
Moreover, it is compact since the imbedding H2(Ω) ∩ V → W 1

4 (Ω) is com-
pact. Now, let w ∈ H2(Ω) ∩ V be a solution of the equation

w = λAw,

where λ ∈ [0, 1]. Using Lemma 3.3 we get estimate (3.6), the right-hand side
of which is independent of λ. This ends the proof of Theorem 1.1.

Proof of Theorem 1.2. Let (wi, qi, ϑ̄i), i = 1, 2, be two solutions to prob-
lem (3.1). Repeating the proof of Lemma 3.5 we obtain the estimates

‖ϑ̄1 − ϑ̄2‖H1 ≤ c(‖ϑ̄1‖H1 + ‖w1‖W 1
4

+ ‖w2‖W 1
4
)‖w1 − w2‖W 1

4
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and

‖w1 − w2‖H2 + ‖∇(q1 − q2)‖L2

≤ c[‖ϑ̄1‖H1‖g‖L4 + (‖w1‖W 1
4

+ ‖w2‖W 1
4
)(‖g‖L4 + 1)]‖w1 − w2‖H2 .

Adding the above inequalities gives

(3.20) ‖ϑ̄1 − ϑ̄2‖H1 + ‖w1 − w2‖H2 + ‖∇(q1 − q2)‖L2

≤ c[(‖ϑ̄1‖H1 + ‖w1‖H2 + ‖w2‖H2)(1 + ‖g‖L4)]‖w1 − w2‖H2 .

By Lemma 3.3 we have the estimate

‖w1‖H2 + ‖w2‖H2 + ‖ϑ̄1‖H1 ≤ cF (1 + F ).

Therefore, the assumption ‖g‖L∞ ≤ δ1 for sufficiently small δ1 implies that
cF (1 + F )(1 + ‖g‖L4) < 1. In view of (3.20) this gives the uniqueness of a
solution to problem (1.2).

4. Stability of a solution to the stationary problem (1.2) and
existence of solutions to problem (1.1). Let (w, q, ϑ) be the solution to
problem (1.2) which exists in view of Theorems 1.1 and 1.2. In this section
we will prove its stability under a nonstationary perturbation.

First, we formulate the following lemma:

Lemma 4.1. Let the assumptions of Theorem 1.2 hold and let T > 0 be
given. Let f ∈ C([kT, (k + 1)T ];L∞(Ω)) for all k ∈ N0. Moreover, assume
(w, q, ϑ) is the solution to problem (1.2) which exists in view of Theorem 1.1.
Let (u, η, χ) be a sufficiently regular solution to problem (1.3). Then

(4.1)
d

dt
(‖∇u‖2L2

+ ‖χ‖2L2
) + c1(‖u‖2H2 + ‖χ‖2H1)

≤ c2[‖∇u‖6L2
+ ‖w‖2W 1

3+
(‖∇u‖2L2

+ ‖χ‖2L2
) + ‖∇ϑ̄‖2L2

‖u‖2H1 + ‖∇u‖4L2
‖χ‖2L2

+ ‖f‖2L∞‖χ‖
2
L2

+ ‖h‖2L4
‖ϑ̄‖L2 + ‖h‖2L2

] for t > 0,

where 3+ > 3 but close to 3, and c1, c2 > 0 are constants.

Proof. Multiplying equation (1.3)1 by −∆u, integrating by parts and
using the boundary conditions we get

(4.2)
1

2

d

dt
‖∇u‖2L2

+ ν‖∆u‖2L2
= −

�

Ω

u · ∇u ·∆udx

−
�

Ω

w · ∇u ·∆udx−
�

Ω

u · ∇w ·∆udx

+
�

Ω

α′(βθ + (1− β)ϑ)χf ·∆udx+
�

Ω

α(ϑ)h ·∆udx

for all β ∈ (0, 1).
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We will estimate the terms on the right-hand side of (4.2). First, we
examine

−
�

Ω

u · ∇u ·∆udx

= −
3∑

k=1

�

Ω

∂

∂xk

(
u · ∇u · ∂

∂xk
u

)
dx+

3∑
k=1

�

Ω

∂

∂xk
(u · ∇u) · ∂u

∂xk
dx

=
3∑

k,l,m=1

�

Ω

∂ul
∂xk

∂um
∂xl

∂um
∂xk

dx+
3∑

k,l=1

�

Ω

u · ∇ ∂ul
∂xk

∂ul
∂xk

dx

=

3∑
k,l,m=1

�

Ω

∂ul
∂xk

∂um
∂xl

∂um
∂xk

dx ≤ c‖∇u‖3L3
,

where we have used the boundary condition (1.3)4 and equation (1.3)2. Ap-
plying the interpolation inequality (see [1])

‖∇u‖L3 ≤ c‖∇u‖
1/2
H1∇u‖

1/2
L2

we obtain

−
�

Ω

u · ∇u ·∆udx ≤ c‖∇u‖3/2
H1 ‖∇u‖

3/2
L2
≤ ε‖∇u‖2H1 + c(ε)‖∇u‖6L2

.

Next, we have

−
�

Ω

w · ∇u ·∆udx ≤ ε‖∆u‖2L2
+ c(ε)‖w‖2W 1

3+
‖∇u‖2L2

and
−

�

Ω

u · ∇w ·∆udx ≤ ε‖∆u‖2L2
+ c(ε)‖∇w‖2L3

‖u‖2L6
.

Finally,
�

Ω

α′(βθ + (1− β)ϑ)χf ·∆udx ≤ ε‖∆u‖2L2
+ c(ε)‖f‖2L∞‖χ‖

2
L2

and
�

Ω

α(ϑ)h ·∆udx ≤ ε‖∆u‖2L2
+ c(ε)

[
‖h‖2L4

( �
Ω

ϑ̄4σ dx
)1/2

+ ‖h‖2L2

]
≤ ε‖∆u‖2L2

+ c(ε)(‖h‖2L4
‖ϑ̄‖L2 + ‖h‖2L2

),

where we have used the fact that 4σ < 2.
Taking into account the above estimates, assuming that ε is sufficiently

small and using the equivalence of the norms ‖∆u‖L2 and ‖u‖H2 for u in
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H1
0 (Ω) ∩H2(Ω) we get

(4.3)
d

dt
‖∇u‖2L2

+ c‖u‖2H2 ≤ c(‖∇u‖6L2
+ ‖w‖2W 1

3+
‖u‖2H1

[2pt] + ‖f‖2L∞‖χ‖
2
L2

+ ‖h‖2L4
‖ϑ̄‖L2 + ‖h‖2L2

).

Now, multiplying (1.3)3 by χ and integrating over Ω gives

(4.4)
1

2

d

dt
‖χ‖2L2

+ κ‖∇χ‖2L2
= −

�

Ω

w · ∇χχdx

−
�

Ω

u · ∇ϑχdx+ ν
�

Ω

|D(u)|2χdx+ 2ν
�

Ω

D(u) : D(w)χdx.

The first two terms on the r.h.s. of (4.4) are estimated as follows:

−
�

Ω

w · ∇χχdx ≤ ε‖∇χ‖2L2
+ c(ε)‖w‖2L∞‖χ‖

2
L2

≤ ε‖∇χ‖2L2
+ c(ε)‖w‖2W 1

3+
‖χ‖2L2

,

−
�

Ω

u · ∇ϑχdx ≤ ε‖∇χ‖2L2
+ c(ε)‖∇ϑ̄‖2L2

‖u‖2L3
.

Next, using the interpolation inequality

‖χ‖L3 ≤ c‖χ‖
1/2
H1 ‖χ‖

1/2
L2

(see [1]) we obtain
�

Ω

|D(u)|2χdx ≤ ‖∇u‖H1‖∇u‖L2‖χ‖L3

≤ ε‖∇u‖2H1 + c(ε)‖∇u‖2L2
‖χ‖2L3

≤ ε‖∇u‖2H1 + c(ε)‖∇u‖2L2
‖χ‖H1‖χ‖L2

≤ ε(‖∇u‖2H1 + ‖∇χ‖2L2
) + c(ε)‖∇u‖4L2

‖χ‖2L2
.

Finally, �

Ω

D(u) : D(w)χdx ≤ ε‖χ‖2L6
+ c(ε)‖∇u‖2L2

‖∇w‖2L3
.

Using the above estimates in (4.4) we obtain

d

dt
‖χ‖2L2

+ c‖∇χ‖2L2
≤ ε(‖∇u‖2H1 + ‖∇χ‖2L2

+ ‖χ‖2L6
)(4.5)

+ c(ε)
(
‖w‖2W 1

3+
‖χ‖2L2

+ ‖∇ϑ̄‖2L2
‖u‖2L3

+ ‖∇u‖4L2
‖χ‖2L2

+ ‖∇u‖2L2
‖∇w‖2L3

)
.

Inequalities (4.3) and (4.5) with sufficiently small ε imply (4.1).
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We introduce the notation:
X(t) = ‖∇u(t)‖2L2

+ ‖χ(t)‖2L2
,

A(t) = ‖w‖2W 1
3+

+ ‖∇ϑ̄‖2L2
+ ‖f(t)‖2L∞ ,

G(t) = ‖h(t)‖2L4
.

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Assume that

sup
k∈N0

‖f‖C([kT,(k+1)]T ;L∞(Ω)) ≤ δ1, X(0) ≤ γ,

G(t) ≤ δ2γ for all t ∈ R+.

If the constants γ and δi (i = 1, 2) are sufficiently small then

(4.6) X(t) ≤ γ for all t ∈ [kT, (k + 1)T ], k ∈ N0.

Proof. In view of Theorems 1.1 and 1.2 the differential inequality (4.1)
can be rewritten as

dX

dt
+ c1X ≤ c2(X3 +AX +G) for all t ∈ (kT, (k + 1)T ], k ∈ N0,

where c1, c2 > 0 are constants. By the assumptions about f and g and by
Theorem 1.1 it follows that

A(t) ≤ c3δ1 for all t ∈ [kT, (k + 1)T ], k ∈ N0,

where c3 > 0. Therefore, if δ1 is so small that c2c3δ1 ≤ c1/2 we get
dX

dt
+
c1

2
X ≤ c2(X3 +G) for all t ∈ (kT, (k + 1)T ], k ∈ N0.

By the assumption, X(0) ≤ γ. Now, assume that for some k ∈ N0,

X(kT ) ≤ γ.

Denote

(4.7) t∗ = inf{t ∈ (kT, (k + 1)T ] : X(t) > γ}.

Then
dX

dt
(t∗) +

c1

2
γ ≤ c2(γ3 + δ2γ).

Let δ2 and γ be so small that

c2(γ2 + δ2) ≤ c1/4.

Then
dX

dt
(t∗) < 0

and we get a contradiction with (4.7). Therefore X(t) ≤ γ for t ∈
[kT, (k + 1)T ] and (4.6) follows.
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Lemma 4.3. Let the assumptions of Lemma 4.2 hold. Then

(4.8) ‖u‖2H2,1(Ω×(kT,(k+1)T )) + ‖χ‖2L2(kT,(k+1)T ;H1(Ω))

+ ‖χt‖2L2(kT,(k+1)T ;H−1(Ω)) + ‖∇η‖2L2(kT,(k+1)T ;L2(Ω)) ≤ c(T )γ.

Proof. Integrating (4.1) with respect to time from kT to (k + 1)T we
obtain

(4.9) ‖u‖2L2(kT,(k+1)T ;H2(Ω)) + ‖χ‖2L2(kT,(k+1)T ;H1(Ω)) ≤ c(T )γ.

Next, (4.9) and equations (1.3)1, (1.3)3 yield

(4.10) ‖ut‖2L2(kT,(k+1)T ;L2(Ω)) + ‖∇η‖2L2(kT,(k+1)T ;L2(Ω))

+ ‖χt‖2L2(kT,(k+1)T ;H−1(Ω)) ≤ c(T )γ for all k ∈ N ∪ {0}.

By (4.9)–(4.10) estimate (4.8) follows.

Proof of Theorems 1.4 and 1.5. Theorem 1.4 follows immediately from
Lemmas 4.1–4.3. Theorem 1.5 is a consequence of Lemmas 4.2–4.3 combined
with the Faedo–Galerkin method.
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