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On some global solutions to 3d incompressible
heat-conducting motions

EWA ZADRZYNSKA and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

Abstract. We consider stability of solutions to stationary Navier—Stokes equations
coupled with the heat equation in a set of solutions to the corresponding nonstationary
system. The coupling is such that in the right-hand side of the Navier—Stokes equations
there is a power function of temperature and in the equation for temperature there is a
viscous dissipation term. We consider the non-slip boundary condition for velocity and
the Dirichlet boundary condition for temperature. Moreover, the existence of a global
strong-weak solution which remains close to the stationary solution for all time is proved.

1. Introduction. We consider the following initial-boundary value prob-
lem describing the motion of an incompressible heat-conducting fluid:

v —vAv+v-Vo+Vp=af)f in 2 xRy,

dive =0 in 2 xRy,

(1.1) 0y — A0 +v -V = v|D(v)? in 2 xRy,
v=_0 on S xRy,
0 =20, on S xRy,
V|t=o = v(0), Oli=o = 6(0) in 02,

where £2 C R? is a bounded domain, S = 812, v = (vi(z,t),va(x, 1), v3(z, 1))
€ R3 is the velocity of the fluid, p = p(x,t) € R is the pressure, 6 = 0(z,1)
€ R is the temperature, f = (f1(xz,t), fa(x,t), f3(x,t)) € R? is the external
force field, x = (1, 22, x3) is the Cartesian coordinate system, v > 0 is the
viscosity coefficient, 3¢ > 0 is the constant conductivity coefficient and 6, > 0
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is a constant. Moreover, by D(v) = {viz; + vja, }ij=123 = Vv + Vol we
denote the dilatation tensor.

Notice that the term «(f)f generates the motion by heating and me-
chanically by the external force f. The term v|D(v)|? describes the heating
of the fluid by viscous dissipation.

The purpose of the paper is to prove the existence of a strong-weak
solution to problem (see Definition which is close to a strong-weak
solution of the following stationary problem (see Definition :

—vAw+w-Vw+ Vqg=a(d)g in §2,

divw =0 in {2,
(1.2) — 2 A9+ w - VI = v|D(w)|? in {2,
w=20 on S,
¥ =0" on S.

Therefore, first we prove existence of solutions to problem (|1.2]).

THEOREM 1.1. Let 2 C R3 be a bounded domain with C? boundary S.
Let g € Loo(2), 0 < 0 < 1/8, a € CY([0«,00)) and |a(9)| < a1 + az¥°,
|/ (9)| < ag for 9 > 0., where the constants a;, i = 1,2,3, are such that
ay >0, ag > 0, ag > 0. Then there exists a strong-weak solution (w,q,?¥) €
H?(2) x HY(2) x H'(£2) to problem with \, q(x) dz = 0. Moreover,

lwll g2y + llallmr@) + 19 = 0l i) < cllgll o @) 19 Lo (2)5
where ¢ = c(||g]|L..(2)) s an increasing continuous function.

Theorem is proved in Section [3] by using the Leray—Schauder fixed
point theorem.

THEOREM 1.2. Let the assumptions of Theorem [I.1] hold. Moreover, as-
sume that

90l L2y < 01,

where §1 > 0 is sufficiently small. Then the solution (w, q,?) of problem (|1.2))
18 unique.

Now, let (w,q,?) be the solution to problem (|1.2)) given by Theorems
We will examine its stability and then prove the global existence of a
strong-weak solution to problem ((1.1)) which is close to (w, g,?) for all time.

DEFINITION 1.3. Let f € Lajoc(Ry, La(£2)), v(0) € H} (£2) with divv(0)
=0,6(0) € La2(f2), and let T' > 0 be given. We say that the triple (v, p, 0) is a
strong-weak solution to problem if the function (v, #) is a weak solution
to (L.1) in 2% (KT, (k+1)T) with initial conditions v|—pr = v(kT"), 0|k =
O(kT) for all k € Ng = NU{0} such that (v,0) € Loo (KT, (k+1)T, L2(£2)) N
Lo(KT, (k+1)T; HY(£2)), (vt,0;) € (La(KT, (k+1)T; H=1(£2)))? for all k € Ny
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and additionally v € Lo (KT, (k + 1)T; HY(£2)) N La(kT, (k + 1)T; H(£2)),
Vp € Ly(kT, (k + )T} LQ(.Q)) for all £ € Ny.

In order to formulate the stability and global existence results we intro-
duce the functions

u=v—w, nN=p—gq, x=0-19, h=f-yg
and reduce problem ([1.1)) to the problem
u —vAu+u-Vu+Vnp=—w-Vu—u-Vw

+ [a(0) — a(9)] f + a(D)h in 2 xRy,
divu =0 in 2 xRy,
Xt — #Ax +u-Vy=—w-Vyx —u- VO + v|D(u)

(1.3) + 2vD(u) : D(w) in 2 xRy,
u=20 on S x R4,
x=0 on S xRy,
uli=o = v(0) — w(0) = u(0) in 2,

X|t=0 = 6(0) — ¥(0) = x(0) in £2.

Now, we can formulate a theorem about the stability of a strong-weak sta-
tionary solution under nonstationary perturbations.

THEOREM 1.4. Let the assumptions of Theorem hold. Let u(0) €
HE($2), divu(0) = 0, x(0) € La(£2), 6(0) > 0., and let T > 0 be given.
Assume that f € C(R4, Loo(§2)) and

(1.4) sup || fllo@wr, (et 1)T)iLo0 (2)) < 01
keNg

Moreover, suppose that

(1.5) IVu(O)Z, () + X017, 2) <7

and

(1.6) Ih(t)[F, < 62y forall t € Ry,

where d2, v > 0 are some constants. Let (w,v,q) be the strong-weak solution
of problem (1.2)) which exists in view of Theorem . Let (u,n, x) be a strong-
weak solution to problem (1.3). If v, 61 and do are sufficiently small then

(1.7) V(b)) + X O ) <7 for all t € Ry

and
(1.8) ellZr2 o, erryry + XL sy )
+ el ez -1 2 T IV e 1yrizag2)) < (T,

where ¢ = ¢(T') does not depend on k.
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The proof of Theorem is based on a nonlinear differential inequality
derived in the proof of Lemma [£.2] and a contradiction argument.

Let H?>1(02 x (KT, (k+1)T)) denote the space of functions with the finite
norm

1wl 2.1 (o (kT (k1) T))

1/2
2 2
= <||utHL2(Q><(k:T,(k+1)T)) + Z HDauHLQ(Qx(kT,(k+1)T))) :
0<la|<2
Using estimates ([1.7)—(1.8]) derived for the Faedo—Galerkin approximations
we obtain the following theorem:

THEOREM 1.5. Let the assumptions of Theorem be satisfied. Let
v(0) € HY(2), divu(0) =0, 0(0) € La(£2), 6(0) > 6. Assume (w, q, V) is the
strong-weak solution of problem which exists in view of Theorem .
Moreover, assume that f € C(Ry;Loo(£2)) and conditions (L4)—(L.6) are
satisfied. Let T > 0 be given. If v, §1 and do are sufficiently small then there
exists a strong-weak global solution (v,p,0) € H*1 (2 x (KT, (k + 1)T)) x
Lo(KT, (k+1)T; HY(2))x C([kT, (k+1)T); L2(2))NLo (KT, (k+1)T; H(£2)),
k € Ny, to problem with §,pdx = 0.

The problem under consideration arises from a complete thermodynam-
ical model of nonstationary flows of incompressible Newtonian fluids in a
bounded domain. We restrict our considerations to temperature indepen-
dent material coefficients v and s. The presence of the dissipative heating
term v|D(v)|? in the heat equation (1.1)); follows from the general theory of
incompressible heat-conducting Navier—Stokes motions.

The solvability of the uncoupled three-dimensional system 1’273 with
a(f) = 1 was examined by P.-L. Lions [7]. He proved the existence of a
unique renormalized solution to equation 3 with the initial condition
on the temperature and with the Neumann boundary condition % =0
on S x (0,7), T > 0, under the assumption that v is any weak solution
to the Navier-Stokes equations with the initial condition and the Dirichlet
boundary condition.

The two-dimensional system 1’273, where the left-hand side of equa-
tion 3 contains also the term —esz - v, ea = (0,1), was studied by
Y. Kagei [4, [5]. The equations considered by Y. Kagei are supplemented
with the Dirichlet and periodic boundary conditions. Moreover, it is as-
sumed that a(0) f = eaF'(0), where either F(6) = 6 or supyeg |[F*®) ()] < oo
for k € {0,1,2}. Kagei discussed the existence, uniqueness and large time
behaviour questions in dependence on assumptions about data.

Hishida [3] examined an initial-boundary value problem for the three-
dimensional Boussinesq system. Under some smallness assumptions on data



3d incompressible heat-conducting motions 83

he proved the unique existence of a global strong solution which uniformly
tends to the stationary solution as t — oo with an exponential rate.

The large time behaviour of the three-dimensional Boussinesq system was
also studied in [2] and [§]. Brandolese and Schonbek [2] studied the decay and
growth of both weak and strong solutions to the three-dimensional system,
while Liu and Li [8] considered the stability of global regular solutions to
the three-dimensional Cauchy problem for the Boussinesq equations.

The stability of a solution of the stationary Navier—Stokes system was
examined by Kanbayashi, Kozono and Okabe [6] who considered the three-
dimensional Navier—Stokes equations with zero external force and nonho-
mogeneous Dirichlet boundary condition. They proved the existence of a
weak solution to the nonstationary problem which tends to a solution of the
stationary problem as t — oo.

In [11I] we considered problem in a cylinder with the slip boundary
conditions instead of the Dirichlet condition (1.1]),. We proved the stability of
a two-dimensional solution assuming that the external force does not decay
as t — oo and that

sup |a®(0)] < oo for k=0,1.
0€[6+,00)
We also proved the existence and uniqueness of a strong-weak solution of
the three-dimensional problem in a cylinder which is close to the solution of
the two-dimensional problem.

In comparison with [I1], we generalize in this paper the properties of the
coupling function « (see Theorems , , which requires more
complicated calculations.

Other stability results for some special solutions to the Navier—Stokes
equations were discussed in [10].

Notice that analogous results to Theorems [[.4HI.5] also hold for the
initial-boundary value problem with the Dirichlet boundary condition for
the Navier—Stokes equations.

The present paper is divided into four sections. Section [2] contains nota-
tion and auxiliary results. In Section [3| the stationary problem is considered
and Theorems are proved. Finally, Section [d] is devoted to stability
of a solution to the stationary problem and to the existence of a solution to

problem ([1.1)). In particular, Theorems and are proved.

2. Notation and auxiliary results. Let 2 C R? be an open set. We
denote by L,(£2), p € [1,00], the Lebesgue space of p-integrable functions,
and by W"(£2), m € Ny, p € [1, 0], the Sobolev space. In the special case
of p = 2 we use the notation H™(£2) = W3"(§2). The norms in L,({2) and
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Wy (£2) are denoted by ||ul|r, and [lul[w;», respectively. Next, we write
V ={uec H}(N):divu = 0 in 2}.

Let I C R be an open interval. Then H?1(£2 x I) denotes the space of
functions with the finite norm

1/2
2 2
HUHHM(QxI) = (HUtHLQ(sz) + Z HD:?U”LQ(QU)) )
0<|a|<2
where Dy = 031032003, |af = a1 + s + a3, a; € Ng, i = 1,2, 3.

Let X be a Banach space. Then L,(I; X) denotes the space of all mea-
surable functions v : I — X with the finite norm

1/p
lully oy = (Sl 5 dt) ™ it 1<p < oo,
1

and
0]l oo ;) = esssup [[u(t)] x.
tel

We denote by C'(I; X) the space of all continuous functions u : I — X with
the finite norm

luller,x) = sup lu(®)l x-
tel

We need the following lemma:

LEMMA 2.1 (see [8]). Let 2 C R? be a bounded domain and T > 0.
Let 0(0) € La(£2) and assume that 6(0) > 0, for some 6, > 0. Moreover,
assume that functions v, 0 such that Vv € Log/7(£2 x (KT, (k + 1)T)) and
0 € Lig/3(82 x (KT, (k+1)T)) for all k € No satisfy 3,5,6' Then

>0, ae inQ2x (KT, (k+1)T) for all k € Np.

3. Existence of solutions to the stationary problem. In this section
we prove existence and uniqueness theorems for problem (1.2). First, we
introduce the function ¥ = 9 — 6, and rewrite (1.2) in the form

—vAw+w-Vw+ Vqg=ad+60.)g in £,

divw =0 in £2,
(3.1) —2AD +w - VI = v|D(w)|? in {2,
w=0 on S,
9=0 on S.
Let 0 < 0 < 1/8. Assume that
(3.2) a € C([0x,0)),
(3.3) la(P)| < a1 + agy?  for 9 > 0,

where a7 > 0, ag > 0 are constants.



3d incompressible heat-conducting motions 85

DEFINITION 3.1. By a weak solution to problem (3.1)) we mean a triple
(w,q,9) € V x Ly(2) x Hg(£2) with {, q(z) dz = 0 such that the following
integral identities hold:

(34) v|{Vw-Vérdz+ \w-Vw- ¢ do - | gdiv e do
9] 02 2

=\ a(@+0.)g¢1dx V1 € Hy(92),
%

and
(35) x|\ V0 Vgrdr+ | w-Vigyda
(0] (0]
= v | ID(w)Pgadz  Vor € HY(12).
(0]

DEFINITION 3.2. We say that a triple (w, q,9) is a strong-weak solution
to (3.1) if it is a weak solution of (3.1) and (w,q) € (H2(2)NV) x H*(£2).

Our aim is to show the existence of a solution to problem (3.1]). Therefore
we start with an a priori estimate.

LEMMA 3.3. Let 0 < o < 1/8 and assume that conditions (3.2)—(3.3))
are satisfied. Let g € Loo(82), p = 4/(30), p1 = 1/o, r = 1/(80), s =
1/(40), s1 = 1/(20), p' = p/(p—1), Py = p1/(p1 = 1), ©' = r/(r—1),

s =s/(s=1), 8§ = s1/(s1 —1). Assume that (w,q,9) is a strong-weak
solution to problem (3.1). Then
(3.6) lwll + gl + 192 < cF(1+ F),

where

F = (lgllz, + gz, + llgllzy,e + llgllz, ) )7 + Ngllz, + lgllZ:

2p/1 ’
and ¢ > 0 18 a constant.
Proof. Inserting ¢ =w € V N H?(2) to (3.4) we get

u||VwH%2 = S a9+ 0,)gw d.
ko)

Using the Poincaré inequality we get
lwll? < cllgllzal9g, , lwlz, + lgllz.lwlL,),
where ¢ =2/0 > 16, ¢ = ¢'/(¢' — 1). Hence

lwllfp < elllgllZ. 917 + llgllZ,)
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and continuing we get

(3.7) w3 < c(e)(lglli, +llgllE,) + ellol 7"
1/4
= c(e) (gl + llgli3,) + el A

where € > 0.

Now, taking ¢ = 9 in (3.5)) we obtain

2\ VI do = v | [D(w)[*D da,
02 (9]
SO

2| VI|L, < cllwllz2 ]9 L,
and by the Poincaré inequality we have
(3.8) 191171 < cllw|Fe.
To find an estimate of ||w|| g2 rewrite (3.1))1,24 in the form
—vAw+Vg=a(@+0,)g—w-Vw in §,
divw =0 in {2,
w =0 on S.
Then (see [9])
(3.9) wllwz + IVallzs < e(la(® +0.)gllL; + llw - Vwllzy)  for 6 > 1.

Taking ¢ = 3/2 and using (3.7) we estimate

/ 5111/4
(3.10) lw- Vwllr,, < clwldn < clgli +llgl3,) + el
Next,
(311) (T +0)gllzs, < clllglzg + 101, 00 lolze )

< c<e><||g||L3/2 gy, , )+l

Inserting ((3.10f into (| we get

1/4
(3.12) kuwz/ + HunLw < ell9llz,
2 /
+ (gl + llglz, +llglza +lglE,, -
Now, using (3.9) with § = 2 implies
(313)  flwllgz +1Vallz, < elllgliz, + 1917, llgllap, + - Vellz,)

c(e)(llgllz, + Hgll?gp,l) +ellPlZ + clw- VL,
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Since
lwllz, < clwliyz, ¥r<oo,
IVwlr,, < clwlwz, v < 3,
applying (3.12)) we obtain

(3.14) |lw-Vuwlr, < C||w||%/v§/2

311/2 ’ /
< ce|l 17+ clllgh + llglF, + gz, + 9113y ), )%

Inserting (3.14) into (3.13)) and taking into account that os; = 1/2 we get

(315) [l + [ Vallzs < el(lgllz, + llglza,. + lolF + Ill7,, )7
{ 3111/2
+llglzs + gllz, 1+ cel9)1 "

1

Now, (3.15) and (3.8)) yield (3.6)) if we assume that ¢ is sufficiently small. m
Let w € H%(£2) NV be given and consider the problem

(3.16) j%Aﬁ +w- VY =v[Dw)]? in £,
¥ =0 on S.

~ LEMMA 3.4. For a given w € H2(2) NV there exists a unique solution
¥ € HY(£2) to problem (3.16)) satisfying inequality (3.8)).

Proof. Since w € H?> NV, the existence and uniqueness of a solution
follows from the Lax—Milgram theorem. m

Now, fix w € H?(2) NV and define a mapping A : HX(2)NV —
H?(02)NV by setting Aw = w* where w* € H?(£2) NV satisfies
(3.17) v S Vw* - Vodr + S w-Vw-¢ddr = S a(d +0,)gpdr Vo€V,
Q Q Q
where ¥ € Hg(£2) is the weak solution to problem (3.16]). Obviously, the
operator A is well-defined.

LEMMA 3.5. Let 0 < o < 1/8 and assume that conditions (3.2])—(3.3)
are satisfied. Moreover, assume that o € C([0«,00)) and |o/(9)| < a3 for
¥ > 0., where az > 0 is a constant. Let w; € H*(2) NV fori=1,2 and let
w; = Aw; fori=1,2. Then
(3.18)  lwi — willg= < c[[01]lmllgll L,

+ (lwillwy + llwallwp)(lgllLy + Dllwr — wallywy,
where ¢ > 0 is a constant.

Proof. Let ¥; € HL(£2), i = 1,2, be the solutions to problem (3.16)
3.5) for

corresponding to w;. We will estimate ||J; — 2| 1,. Subtracting (
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i =2 from (3.5) for i = 1 and inserting ¢3 = 71 — U2 we get

%HVQ§1 — V%H%Q + S(wl - wQ) . V@l(ﬁl — 1?2) dx
2
= v | ([D(w)]* = D(w2)[*) (P — J) da.
)
Hence
IV = Va7, < c(llwr — wallL, [Vl L,]101 — D2 L,
+ [[Vwr — Vwsl| L, [[Vwr ||z, |91 — D2l|z,
+ [[Vwal| L, [[Vwr — Vws ||, |91 — D2]|L,)-

Using the Poincaré inequality and the imbedding H'(§2) — L4(§2) we get
(3.19) 91 = Dallg < e(llallm + Nwrllwy + lwzllwp) lwr — w2l

Since wi € H2(2) NV, i = 1,2, satisfies (3.17), there exist ¢; € H'(£2) such
that

—vAw] —w3) + V(g — g2) = o/ (BY1 + (1 = B)2) - (91 — V2)g

+ wo - Vwo — wq - Vun in {2,
div(w] —w3) =0 in (2,

where 8 € (0,1). Therefore,

lwi —wyllg2 + V(¢ — a2) |,
< c([l(01 = D2)gllz, + [[(wr — w2) - Vwr | L, + lwa - V(wr —w2)||z,)
< c[[|h = D2l mllgllze + llwi — wally; (lwillwg + [lwally;)]-
Thus, from the estimate follows. m

Proof of Theorem [1.1. We apply the Leray—Schauder fixed point theo-
rem. By Lemmathe operator A : H2(2)NV — H?(£2)NV is continuous.
Moreover, it is compact since the imbedding H?(2) NV — W} (£2) is com-
pact. Now, let w € H?(£2) NV be a solution of the equation

w = AAw,

where \ € [0, 1]. Using Lemma we get estimate (3.6)), the right-hand side
of which is independent of A. This ends the proof of Theorem ]

Proof of Theorem . Let (w;,q;,9;), i = 1,2, be two solutions to prob-
lem (3.1)). Repeating the proof of Lemma we obtain the estimates

191 = Dol < e(l9nllm + llwrllwy + llwallwy)llwr — w2,
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and

w1 — wallg2 + V(g1 — g2)][ 1,
< c[[91llgllglles + (lwillwy + llwzllwp)(lgllze + Dlllwr — w2 g2

Adding the above inequalities gives

(3.20)  [[91 = Da2llg + lwr — wall g2 + [V (01 = @2) I,
< c[([91llm + lwillgz + llwallg2) (X + llgllz))llwr — wal 2.
By Lemma [3.3] we have the estimate

lwill gz + w2l gz + 101 g < cF(1+ F).

Therefore, the assumption ||g||z., < 1 for sufficiently small §; implies that
cF(1+ F)(1+ |lgllz,) < 1. In view of (3.20] this gives the uniqueness of a
solution to problem (|1.2). =

4. Stability of a solution to the stationary problem and
existence of solutions to problem (1.1)). Let (w, ¢, ) be the solution to
problem which exists in view of Theorems and . In this section
we will prove its stability under a nonstationary perturbation.

First, we formulate the following lemma:

LEMMA 4.1. Let the assumptions of Theorem [1.2] hold and let T > 0 be
given. Let f € C([kT, (k4 1)T); Loo(£2)) for all k € No. Moreover, assume
(w, q, 1) is the solution to problem which exists in view of Theorem .
Let (u,n, x) be a sufficiently reqular solution to problem . Then

d
@) < (IVullZ, + IxI7,) + el + lIxE:)
< eol[Vullz, + el (IVullz, + 162,) + IVOIZ, ullf + 1Vul, Xz,

AL XL, + IR 9N, + IRIZ,] fort >0,

where 37 > 3 but close to 3, and c1,ca > 0 are constants.

Proof. Multiplying equation (1.3); by —Au, integrating by parts and
using the boundary conditions we get

(42) 5 dt”vu||L2 +v|Aullf, = é}u-Vu-Audm
Sw Vu - Audm—&u-Vw-Audx
2 (0]
+{ o/(B0+ (1= B)I)Xf - Audz + | a(9)h - Auda
2 2

for all 5 € (0,1).
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We will estimate the terms on the right-hand side of (4.2). First, we
examine

—Su-Vu-Audx

Oxy Ox; Ox Oxy Ox
klm=1 kOOSL Tk k=1 kSR
3
ou; Ouyy, Oum,
_ 3
= | dz < ¢||Vullz,,
Ox, Ox; Oxy
k,l,m=19

where we have used the boundary condition (|1.3[)4 and equation ([1.3[)2. Ap-
plying the interpolation inequality (see [I])

IVullr, < | Val )i vul
we obtain

~u- Vu- Aude < | Vul3EIVul}? < e Vull 2 + cle) | Vull S,
2

Next, we have

—Vw-Vu- Aude < ¢ Aulff, + 6(6)le|§1/§+ IVullZ,

(0]
and
—Vu-Vw- Audr < e Aul|F, + c(e)|Vwll7,lull7,.
2
Finally,
| &/(B0+ (1= B)0)xf - Auda < el| AulF, + c(e) | £17IxI17,
(%
and

/
[ a(@)h- Audr < e Aull?, + c(e [||h||L4 (g o d$>1 3 th\%g}
2 2

< ellAullz, + (@) RIZ, 1911z, + 1Al1Z,),

where we have used the fact that 40 < 2.

Taking into account the above estimates, assuming that e is sufficiently
small and using the equivalence of the norms ||Au||r, and |[ul| g2 for u in
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HE(£2) N H%(2) we get

d
(43)  IVullz, +clullfe < e(IVullz, + ol lulf

298] + I FIIE IXNE, + RN, 1902, + [IRI1Z,).
Now, multiplying (|1.3))s by x and integrating over {2 gives

1d
(44) 5 Il + VX, = = [ w- Vxxds

I QD —

- S u- Vixdr + S ID(w)|?x dz + 2v S D(u) : D(w)x dx.
2 2 2

The first two terms on the r.h.s. of (4.4]) are estimated as follows:
—Vw-Vxxde < | VX7, + ee)llw]i. X7,
< el VXIZ, + el IXIL,,

—Vu- Vixde <e|| Vx|, + (&) VIIIZ, [lullZ,-
2
Next, using the interpolation inequality

1/2 1/2
Ixllzs < ellxlhlixz,

(see [1]) we obtain

| ID(w) 2y da < 1Vl [Vull ol
’ < el VulZ + c(e) | Va2, I3,

< el Vulln + e(@)IVaul2, Il I,

< e(IVullZ + 1Vx12,) + (@) Vullt, X2,
Finally,

 D(w) : D(w)x dz < el|xIIF, + c()[Vull 7,1 Vo],
2

Using the above estimates in (4.4) we obtain
d
(45)  ZIXIIZ, + ellVxlIZ, < e(IVulin + 1VXIZ, + IxIZ,)
+ C(E)(HU}H%V;+ IXIZ, + VN, lullZ,

+{IVulL Xz, + 1 Vullz, [ VwlL,)-
Inequalities (4.3]) and (4.5) with sufficiently small & imply (4.1f). =
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We introduce the notation:
X(t) = [IVu@®)l7, + Ix(@®)7,,
At) = IIWH%/;+ +IVIIZ, + IO

G(t) = [Ih(®)IIZ,-
LEMMA 4.2. Let the assumptions of Lemma[d1] hold. Assume that
sup || fllo@wr,er 1))7500 () < 01, X(0) <,
keNg

G(t) < b9y forallt € Ry.
If the constants v and §; (i = 1,2) are sufficiently small then
(4.6) X(t) <~y forallte kT, (k+1)T], k € Np.
Proof. In view of Theorems and the differential inequality

can be rewritten as

dx
- taXx< co(X3+AX +G) forallt € (KT, (k+ 1)T), k € N,

where c¢1,co > 0 are constants. By the assumptions about f and g and by
Theorem [[.1] it follows that

A(t) < e36;  forallt e [kT, (k+1)T], k € Ny,

where c3 > 0. Therefore, if §; is so small that cac3d; < ¢1/2 we get

dX
= %X < (X34 G) forallte (KT, (k+1)T), k € No.

By the assumption, X (0) < . Now, assume that for some k € Ny,
X(kT) <.

Denote

(4.7) t, = inf{t € (KT, (k+ 1)T]: X(t) > ~}.

Then

dX c

Let d2 and « be so small that
CQ("}/2 + 52) < 01/4.

Then
dX
dt
and we get a contradiction with (£.7). Therefore X(t) < ~ for t €
[kT, (k + 1)T] and follows. m

(t«) <0
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LEMMA 4.3. Let the assumptions of Lemma[£.2] hold. Then

48)  Nulliznoxer.eryry + XN ger. k)T ()
+ HXtH%g(kT,(k—i-l)T;H*l(Q)) + HV77||%2(kT,(k+1)T;L2(Q)) < c(T)y.

Proof. Integrating (4.1) with respect to time from kT to (k + 1)T we
obtain

(4.9) a2, e, ey 2y T WXy sy 2y < (T
Next, (4.9) and equations (1.3)1, (1.3)3 yield

(410) w7, er, b 1yriza)) + IV e hs 1y (2))
XN e, (s 1yrsm—1 () < €(T)y - for all k € NU {0},

By (4.9)—(4.10) estimate (4.8)) follows. m

Proof of Theorems and [1:5 Theorem [1.4] follows immediately from
Lemmas [I.1JH4-3] Theorem [I.5is a consequence of Lemmas [{.2H4.3] combined
with the Faedo—Galerkin method. =
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