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A uniform bound for the Lagrange polynomials of
Leja points for the unit disk

AMADEO IRIGOYEN (Barcelona)

Abstract. We study uniform estimates for the family of fundamental Lagrange poly-
nomials associated with any Leja sequence for the complex unit disk. The main result
states that all these polynomials are uniformly bounded on the disk, i.e. independently of
the length N of the associated N-Leja section. As an application, we get a new estimate
for any compact subset whose boundary is an Alper-smooth Jordan curve.

1. Introduction

1.1. Definition of Leja points. In this paper we deal with estimates of
the Lagrange polynomials of Leja points for some compact sets. For N > 1,
for n1,...,ny different complex numbers and z € C, we define the funda-
mental Lagrange interpolation polynomial (FLIP) by

N
(1.1) M= T =%, k=1,...,N
j=152k F
Finding good sets {ny},~, for Lagrange interpolation (i.e. for which we can
have some control on the associated FLIPs) is of great interest. One such
set, called a Leja sequence, will be considered in this paper.

DEFINITION 1.1. A Leja sequence L for a compact set K C C is a se-
quence (n1,m2, ...) with the following properties: 71 € 0K and for all k > 2,
k—1 k—1
(1.2) sup | TT 1= =yl =TT I — mil-
zeK '~ -
7j=1 7=1
For all N > 1, the N-Leja section Ly of a Leja sequence L is the finite
sequence given by the first N points of L.
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These sequences took their name from F. Leja [10] but they were first
considered by A. Edrei [6, p. 78]. They are not necessarily unique: the first
k points n; being fixed, the choice for 1,41 can be multiple in general. On
the other hand, by the Maximum Modulus Principle, all the 7;’s lie on the
boundary K.

In the following, we will essentially deal with the special case K = D
where D = {z € C : |z| < 1} is the unit disk, and for which all the Leja
sequences are explicit. One can find in [3] their complete description with
proof: if we fix 1 = 1, then for all k > 2,

S S
(1.3) = exp<m Zjﬂ_l) where k—1=Y_ji2', ji € {0,1}.
=0 =0
In particular, the first 2° points form a complete set of roots of unity of

degree 2° (after a rotation if necessary).
Finally, Leja sequences can be seen as an approximation to one-dimen-
sional Fekete sets (see [7]): an N-Fekete set for a compact set K is a set of

N elements (1, ...,(xy € K which maximize (in modulus) the Vandermonde
determinant, i.e.
IVDM(¢q,-..,¢n)| = sup  |VDM(zy,...,2n)|
21, ,2NEK

= sup H |zj — zil.

21,..,2NEK 1<i<j<N

One of the essential differences is that determining Fekete sets is an N-
dimensional (with respect to C) optimization problem, while determining
Leja sequences is just a 1-dimensional one. In addition, it follows from Def-
inition that the construction of Leja sequences is inductive (unlike that
of any N-Fekete set, which requires the search for an N-tuple ((1,...,(N)
for every N > 1).

1.2. Main result and a first application. We have the following
result.

THEOREM 1.2. Let L = (m,n2,...) be a Leja sequence for the unit
disk (with |m| =1). Then

sup (sup|l,(€N)(z)]> < 7 exp(3m).
N>k>1*zeD
Some remarks are in order. First, the explicit bound may not be optimal.
Indeed, this can be seen along the whole proof. On the other hand, an im-
provement for the bound is handled in [§] in a special case for N = 2P — 1:
we prove that, except for an asymptotically negligible number of values for
k=1,...,N, the FLIPs are asymptotically bounded by 1.
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Next, an important interpretation of this result is that any N-Leja section
for the disk has essentially the same property as any N-Fekete set. Indeed,
it is known that the FLIPs associated with any N-Fekete set are always
bounded by 1. Thus, the Fekete sets are essentially the best ones for Lagrange
interpolation and uniform stability of the associated FLIPs. Nevertheless,
constructing them is generally a hard task. Therefore, a natural question
is if there exist simpler sets with the same property. Theorem [I.2] gives an
affirmative answer with the Leja sequences for the unit disk (with a slightly
bigger bound but still universal).

A direct consequence of Theorem is an estimate by Nwexp(3w) of
the Nth Lebesgue constants of D defined by

N
An(D) = sup (- 1M (=)1).
z€D “p—1

However, the inequality Ayx(D) < 2N, proved recently in [5, (1.15)],
gives a better estimate (see also [4, Corollary 7|). Finally, J.-P. Calvi and
V. M. Phung [4] conjectured that Ay (D) < N. This conjecture has just been
confirmed by M. Ounaies [11].

1.3. Compact sets with Alper-smooth Jordan boundary. An-
other application of Theorem [I.2]is an estimate of the FLIPs for compact
sets whose boundary is an Alper-smooth Jordan curve. It is a special class
of compact sets; for example, twice continuously differentiable Jordan curves
are Alper-smooth. We denote by @ the conformal mapping from C \ D onto
C\ K.

If £ is a Leja sequence for the unit disk, the image ®(L£) = (?(n;));>1 (that
is well-defined since the 7;’s belong to the unit circle) will not necessarily be
a Leja sequence for K. Nevertheless, we can give good estimates for it, as
specified by the following result.

THEOREM 1.3. Let L = (n;);>1 be a Leja sequence for the unit disk with

Im| = 1, and let (L) be its image under the conformal mapping . Then
for all N > 1,

~ z —P(n;)

D(np) — D(n;)

where A is a positive constant depending only on K.

max _|sup
1<p<N |:eK

} _ O(N?A/ ()

J=Lj#p

Similarly, we immediately get an estimate of the Lebesgue constant for K.
COROLLARY 1.4. Forall N > 1,
AN(K) — O(N1+2A/1n(2)),

where A is a positive constant depending only on K.
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REMARK 1.5. As noticed by J. Ortega-Cerda, one can make the constant
A explicit (see [3, Lemmas 2, 3 and their proofs|):

27 ;
@/(ezt) 1
A= sup : - — dt.
w|=1 [S) P(e) —P(w) et —w

2. A couple of reminders and preliminary results

2.1. Reminders. First, for any m > 1 let
(2.1) Uy, = {exp(2iur/m) :u=0,...,m — 1}
be the set of mth roots of unity. One has the following classical result.

LEMMA 2.1. For allm > 1, ni, € Uy, and z € D with z # ny,,

m—1

2" —1 m—j—1_j
_ _ J
|| (Z_nj)_z—nk_ M, 2.
15 €EUm, N 7Nk Jj=0

It follows that H'ﬂjeu'm - [k — n;] = m, and for all z # ny,

m =1y
UICIE |

UjGUmﬂlﬂéﬂk |77k B 77]|
-1
12" =1 1 mejo1
_m\z—nk_m‘znk Z‘
7=0
< LS it <1
< <
7=0
In addition,
(2.2) sup |1 ()] = 1" ()| = 1.
zeD

Next, we will assume that any Leja sequence £ = (11,72, ...) starts at
n1 = 1. We will consider the binary decomposition of N,

(2.3) N =2P1 4 ... 4 2P
where
(2.4) n>1 and p;1>--->p, >0

(n is the number of ones in the decomposition).

2.2. Preliminary results. We begin with the following lemma that is
a rewriting of the FLIPs by using the binary decomposition of N.
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LEMMA 2.2. Let N and n > 2 be as in (2.3) and (2.4). Then for all
k=1,...,2P" (i.e., n € Uapr) and z € C with z # ny,

1 ’ 2P1 _1’ 2”0 21"1‘

2.5 1M (2)] =

@5 V=g II o]
2P1 -1

N 1 2P1 —j— 1 ; |22pq + wgpq‘
~ om Z H 2Pq + w2
7=0
where wq s a 2P1th root of —1. In fact, wg = Nn+1-

Proof. We could prove the lemma by using [3, Theorem 5] and the rela-
tion
(2.6) Ly = (Ugpr, plzN_Qm )s
where py is a 21th root of —1 and £y _ge is (maybe another) (N —2P1)-Leja
section for the disk (that also starts at 1). Here we will apply [5, (2.2)]:

n

@) T G- n) =TT+

n;j€Ln q=1
It follows (since w@”' = —1) that
2p 2P
(2 +ed™) 2 1 "

q=1 2Pq
[ G- — el | (G

N ELN, M F Nk

In particular (by taking the limit as z — 1),

H (nk i 7]]) _ 2p1 2171 1 H 2Pq wgpq)7

N ELN M F Nk q=2

thus formula (1.1)) yields (2.5)). m
REMARK 2.3. We know [3| Theorem 5| that

(2.8) Ly = (Uapr, prldarz, prpalhdars, ..., p1 - pp—1Uaen ),

where p, is some 2Path root of —1 for all ¢ = 1,...,n — 1, and the above
equality is meant as equality of sets. In addition, the number wy considered
in the above lemma is any of the 2P» choices for the (/N + 1)st Leja point
nn+1 (as can be seen in )

Conversely, the data of wg as any 2P'th root of —1 gives an IN-Leja section
(that starts at 71 = 1) and for which wy is the (N + 1)st Leja point. Indeed,
it suffices to consider the N-section where p, is any 2P¢th root of —1 for
all g =2,...,n,and p;1 =wo/(p2...pn). In particular, for all k =1,..., 2P,
the function defined by is the FLIP (in modulus) associated with the
kth point n, € Usrs C L.
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We have the following trigonometric formula (whose proof is by induction
on m > 0).

LEMMA 2.4. For allm >0 and o ¢ 7Z,

sin(«)
(2.9) H cos(a/27) = = Jmsin(a/27)

In the next section, we will not use the binary decomposition of [, but
the alternating binary decomposition as specified by the following result.
LEMMA 2.5. For all integer | > 1, we have
2L
(2.10) 1= (=1)""12% where L>1 and s; > -+ > sy, > 0.
i=1
Proof. We apply the binary decomposition (2.3) of [ and write every 2P4
as 2Patl —2Pa e [ =70 (2Pt — 2Pa). The simplification of the possible
intermediary terms yields the required decomposition. =
Since in the next section we will deal with alternating sums, the following
result will be useful (its proof is an application of the Leibniz Criterion).

LEMMA 2.6. Letay > --->ap > 0. Then forall J=1,..., M,
M M
(2.11) >V =) a < ag.
i=J

i=J
3. Proof of Theorem in a special case. In this section, we will

deal with the FLIP lgN) (associated with 73 = 1) under the following hy-
potheses:

e N > 1 and N is not a pure power of 2, i.e. there is p; > 1 such that
W« N < 2p1+1;

e as in Lemma wg 18 a 2P1th root of —1; since we will omit the case
of exp(im/2P') in this section, we can write

(3.1) wo = exp((20 + 1)im/2P)  with 1 <[] < 2Pt —1;
e we will also assume that |z| =1, i.e.
(3.2) z =exp(imd) with 6 € |—1,1].

The goal of this section is to prove Theorem n for the FLIP lgN) under
the above restrictions:

33) ™M) < mexp(3r) forall|z]=1landl=1,...,2" —1.
We begin by noticing that since |6| < 1, one has either
(1) |0 <1/2P1, and this case will be handled in Subsection or
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(2) 1/2Pr < |f| < 1/2P, and then since 0 < 1/2P1 < ... < 1/2P» <1
by (2.4)), one has
(3.4) 1/2Peo—t < || < 1/2P%  with gy =2,...,n
(we will deal with this case in Subsection [3.3); or
(3) 1/2P < |6| <1, and this case will be handled in Subsection
3.1. Some preliminary results

LEMMA 3.1. Let I > 1 be defined by (3.1) and consider its alternating
binary decomposition (2.10). Then s1 < p1. In addition, if we set

(3.5) Sorp+1:=—1 and sp:=p1+1,
then one still has sg > s1 > -+ > Sor, > Sop+1, and for all ¢ = 2,...,n,
either
2L
(3.6) pg € T:=Jlp1 = sj,p1 — 5541 — 2 NZ
§=0

with the convention that the subsets for which s;11 = s; — 1 are empty), or
Jj+ J

(3.7) pgES :={p—s;—1:5=1,...,2L}.
Proof. First, decomposition yields
2L 2L
] = Z(_l)i—12si > 951 _ )Z(_l)i—12si > 951 _ 2527
i=1 i=2

the last estimate being justified by Lemma |2.6| (because s; is non-increasing).
Since sy < s1—1 by (2.10)), it follows by hat 1 —1>]>20 2971 =
251~1 Hence s1 < p;.

Now fix ¢ = 2,...,n. We know by (2.4 and that p, <p2s <p1—1=
p1 — S2r+1 — 2. Similarly, by and (3.5) we have p; > p, > 0> p1 — so.
It follows that p1 —sg < py < p1 — s21.41 — 2, i.e. pg € T'US, and the lemma
is proved (since T" and S are separable). =

Now we will give auxiliary results for the sets T, S.

LEMMA 3.2. Letq=2,...,nandl =1,...,2P* — 1. If p, € T then for

all |0] < 1,
2041 2Parl
COS(gpl—qu” Ty )‘ 9%ar|g|
20+ 1 = 2
cos<2p1_pq+17r>‘

Proof. First, since p, € T, by (3.6 there is j, with 0 < j, < 2L such
that

(3.8) P1— 8, <Pg < P1— i1 — 2.
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Then (by (2.10) and convention (3.5]))
2L+1

20 +1 T sppany T i—1es;
2p1—17q—l-17-r T 9P1—Pq (l 2 ) T 9p1—Pqg Z; (_1) 2
i=
Jq 2L+1 (—1)i-1
— _1)i—1losi—p1+p
_TI'Z( 1)72 ‘1—|-7T'Z Sp1—pesi”
=1 1=jq+1

In the first sum, one has s; — p1 + p; > Sjy — P1+ Pyg > 0 by -
and for all ¢ = 1,...,74, so by = Z]q (—1)i-12si—Pitpe ¢ 7, In

the second sum, one has ZQEJLL( 1)i=1/2P1—Pa=si — (—1)Ja JQP1™Pa~Sig+1

S (—1)79a=1/2%a+1 7% and it follows that

1=jq+1
; 20+1 i
20+ 1 (=1)om (=D
(39) ‘tan<2p1pq+ﬂ>‘= taﬂ<bqﬂ+2mpqsg~q+l 2 S

i=jg+1
2L+1 o1
(- LUE
9P1—Pq—Sjq+1 98jq+1—5i ’
i=jg+1
Next, we claim that
2L+1 i1
s (=1)Ja T
(3.10) 0< Srmmmmmt 2 gmes S

i=jg+1

Indeed, on the one hand, p; — p; — sj,+1 > 2 by (3.8), so

(3.11) 0 < /2Pt Pa%a+t < /4.
On the other hand, by Lemma [2.6]
2L+1
(3.12) 37 (—1)Ie T 2% TS <] /9%ar e =
Z':jq{-'rl
and
2L+1 2L+1
(3.13) Z (—1)7 a1l j2%igr1—si > 1 — ’ Z (—1)"Ja /28iq+175i
i=jq+1 i=jq+2

> 1 1/2%aH17 %02 > 1/2,

the last estimate coming from (2.10) (notice that the last sum may be
empty if j, = 2L; even in this case, the above estimate holds). Hence
1/2 < ZQLH (—1)i=Ja=1/2%a+17% < 1 and the claim follows by apply-

1=jq+1
ing
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It follows by (3.9) and (3.11)) that
2L+1 P
2041 7r (—1)iJa—t m
tan<2pl_pq+1 77) ’ = tan<2plpquq+1 Z g < tan 1) = 1.
i=jq+

Since [sin(z)] < |z| for x € R and |cos(a — B)|/|cos(a)| < |cos(B)| +
[tan(a)| [sin(5)| < 1+ |B]|tan(a)| for a, B € R, a & 7/2 + wZ, we have

(B
20+ 1 2pq7r9
op1—pg 1" 2 . 2Parr |6 ¢ 20+ 1
20+1 =4t 2 A opi—pe+1

COSN Spr—pgti ™
2Parr|6)|
— . 1

2

LEMMA 3.3. Letq=2,...,nandl=1,...,2P1 —1. Assume that p, € S,
i.e. there is j, with 1 < jq, < 2L such that

(3.14) Pqg=p1 — 85, — 1.
Then for all |6] < 1,

20+ 1 2Paf
OB\ o=+ 1T T T ] 2P0\

< 21l + 1 ) ’ — 21+sjq+*1 .
COS| —————

<1+

2pl _pq+1

Proof. First, ¢ and the associated j, being fixed, by (2.10]) and (3.5]) one
has

2L+1
2l+1 T i—1os;
PP+l T 2pi—pg Zl (=172
1=
Jq—1 Jq—1 2L+1 i—1
_ o z los;—p1+p % i
_WZ( 2 q+2p1 —Pg— qu+ 9P1—Pg—Si
i 1=Jq+1

As before, if the first sum is not empty (otherwise, we get 0 € wZ), by (2.10)
and (3.14) for all ¢ = 1,...,j, — 1 one has s; — p1 +pg > sj,-1 — p1 +Dpg >
Sj,t1—p1+p;=-1+1=0,5s0
by =Y (—1)i712siPitre ¢ 7,
i=1
Similarly, for all ¢ = j, +1,...,2L +1,
R G N G D < G L

Z 9P1—Pq—Si - 9P1—Pg—Sjq+1 Z 98jq+1Si :

i=jq+1 i=jq+1
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Since by (3.14) again, p1 — pg — 55, = 1, it follows that
20+1

iy S B iy

2 | 9P1—Pg—Sjg+1 9Sjq+1—8i
i=jq+1
2L+1 g —
) - (—1)i—da—1
=< QP1=Pq=Sjq+1 Z 9Sjq+175i
i=jq+1
1

<

2L+1  (—1)"Ja= b\ |
sin (7r Z ()) ‘
9P1—Pq—Sjq+1 i=jq+1 Q5ig+175i
Next, as in the proof of Lemma [3:2] we claim that

2L+1 i—i 1
/2 T (=1)"a s
(3.16) 9P1—Pg—Sjg+1 < 9P1—Pq—8jq+1 Zl 98jg+17Si = 4
i=jq+

Indeed, on the one hand,

Pl —DPg — Sj+1 2Pl —Pg—Sj, +1=1+1=2
by and , so that
(3.17) /2P PaTSiat < /4.

On the other hand, as in the proof of Lemmal[3.2] we obtain (3.12) and (3.13).
Consequently, the claim follows by applying (3.17)).

It follows from (3.15]) and (3.16) that

20+ 1 1
tan 2p1—pg+1 T = T 2L+1
Siﬂ( . (—1)i—jq—1/28jq+1—5i>

QP1—=Pq—Sjq+1 1=jq+1
< 1
- /2
sm\ —————————
9P1—=Pq—Sjq+1
1 e —s
< — 92P17Pq S]q+1’
-2 /2
T 9P1—Pqg—Sjq+1

because sin(z) > 2z /7 for x € [0,7/2].
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Finally, as in the proof of Lemma [3.2], we obtain

oA +1  2Parf
S\ omp 1T T T g cpy Pl (241
+ 5 an 72p1_pq+1ﬂ—

20+ 1
cos o et 1 s

We close the subsection with a result about the map g — j, that is an
immediate consequence of (2.4]) and ([2.10)).

LEMMA 3.4. The map
(3.18) {ge{2,...,n}:p, €S} 29— j,€{1,...,2L}

such that p; = p1 — sj, — 1, is decreasing. It is in particular injective.

2P17|6)

2Pa7r|f
7T| | 721+sjq+1. n

<1+

X QP1TPa"Sig+1 — 1 4

3.2. First case. In this subsection, we deal with the case || < 1/2P1.

We can assume that 6 = 0 since ZEN)(l) = 1. First, by 1) withne, =1 =1,

(3.1) and (3.2) one has

1Y) (exp(in6))|
20+1
o1 1 n |exp(2Paimd) + exp( —i__ iTr) ‘
1 . 2P1—Pq
5 | T T
J= q= +eXp 2[)17_17(17/7('
5 2041 7  2Pagl 20 +1 2Pa
PR e CZarh e 0 | B e CEs i
~om 1l ) 20417 H2 21+ 1
q= COS ﬂ 5 q= COS Wﬂ'
Next, an application of Lemma [3.1] yields
(319) |5V (2)]
20+1 2Pagrf)
08| G T
g[ I x II } —: Ly x Lg.

2<g<n,ps€T  2<q<n,ps€S

20 +1
S
We first deal with the product associated with T, denoted by Lr. By

Lemma [3:2]
2Pa7r|0| = 2Pa7r|0| = /2
Lr< ] (1+ 5 >§H2(1+2 §H2 L+ o )
9= =

2<q<n,peeT
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the last estimate following from |§| < 1/2P. On the other hand, by (2.4)) we
get p1 —pg > g — 1. Since 1 + z < exp(z) for all x € R, we have

(3.20) Ly < f[<1+ ;/21) = H <2q 1>

Now we deal with the product Lg. Lemma [3.3] leads to
2P 0| ™
Ls< ]I <1+21+sjq+1>§ 11 <1+21++)
2<q<n,pq€S 2<q<n,pq€S

the last estimate following from |#] < 1/2P1. On the other hand, the map
q—1+j,€{2,...,20L + 1} is injective by Lemma . It follows that

2L+1 .
7j=2

From (2.10) and (3.5) we have 1+ s; > 2L 41— j. Since 1 + 2 < exp(z) for
all x € R, we get

2L+1 2L+1
(3.21) Ls < H ( 22L+1 J) = H eXp<22L+1]>
< exp (Z 7r/2]> = exp(27r).

>0
Finally, estimates - 3.21)) together yield
1)(2)] < exp(n/2) x exp(2r) < exp(3m),
and this proves the required estimate (3.3]) in the case |0 < 1/2P1.

3.3. Second case. In this subsection, we assume that 1/2P1 < |0] <
1/2P and we fix ¢ = gp such that (3.4)) holds. Set

(3.22) So:={a € {ao,---.n}, pq € S} = {agi}1<i<m,

where (if Sp is nonempty) m = card(Sp) > 1 and the numbering (¢;)1<i<m
is such that

(3.23) g <q <--<gm<n.

Before dealing with this case, we give a couple of auxiliary results. The
first one deals with the ¢’s for which p, € T (see (3.6))).
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LEMMA 3.5. For all ¢ with g9 < q <mn, and |0] < 1/2Pa,

< 20 +1 2p‘77r9>’
cos

T —
2P1*Pq+1 2

< .
<zz+1 )’ < exp(7)
COS| ———

II

q<q<n,pq€T
d=qsn, pq 2p1*pq+1ﬂ-

Proof. Denote by L the left-hand side of the above inequality. For all
q=4q,...,nsuch that p, € T', one can apply Lemma and the assumption
on 6 to get

D D
L ] <1+2q;r\9)< I <1+2q;\9!>

4<q<n,pq€T q9<q<n,pq€T

- 2Parr|6)| - /2
§H<1+ 9 )Sql_g <1+2pqg—pq>’
=qo

9=4e

On the other hand, from ({2.4) we have py, — p; > ¢ — gy. Consequently,

- /2 - /2
L=< H (1 T 2q—%> < H exp<2q_q€>
9=4q0

9=4q0

< exp(Z 7r/2j+1> =exp(m). m

J=0

The next lemma deals with the set Sy.

LEMMA 3.6. Fizx qp € {2,...,n} and let q1 be defined by (3.22). Then for
all 6] < 1/2Pas,

20+ 1 2Pa 6
e s K s

20+1
c08 | g1 ™
Proof. First, one can assume that neither Sy nor Sy \ {q1} is empty, i.e.

m > 2 in (3.22)), otherwise there is nothing to prove. Then Sy \ {q1} = {¢ :
i = 2,...,m}. Denote by Lg, the left-hand side of the above inequality.

By (3.14), pg, = p1 — 8j,, — 1 foralli=2,... m.It follows from Lemma

that
20+ 1 2Pai 10
O\ 3 )| L el
( 20+ 1 ) - H + ol +sig+1 )
cos| ———=m i=2
9P1—Ppg; +1

On the other hand, by Lemma the map ¢ — j, is decreasing. Since
by (3.23), ¢i—1 < ¢; for all i = 2,...,m, it follows that j,_, > jg, ie.

11 >‘ < exp(2m).

q€Sy, £ q1

m
LSQSH

1=2
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Jgi1 = Jg; +1. As j — s; is decreasing by 1' this yields sj, 41 > sj,.
and so the above inequality leads to

2p1|9\7r
(320 o < I (1+ 5

wolr \ P10
<H<1+ PN ):H 1+721+% .
i=1

1

Since ¢; satisfies (3.14) for all i = 1,...,m — 1, we have Sj,, +1=D1 — Dy,
and by (3.24)) it follows that

m—

sy 291 (9| 7
(3.25) Lg, < H <1 o pq1> H p(2P4 |6|7)

=1

< e (3 2101) < (3 5 ),

9=46 9=46

the third estimate coming from
{gi:1<i<m—1} C Sy C{g <q=<n},

and the last one from [f] < 1/2Pe. By (2.4) we get pg, — pg > q — gp-
Estimate (3.25)) then becomes

n
T T
Lg, < exp(Z 2qq9> < exp <Z 23) =exp(27). m

q9=qp Jj=0

Now we can deal with required estimate (3.3 after fixing g9 = 2,...,n
and 6 with 1/2Ps-1 < || < 1/2Ps. First (since 6 # 0 then z # 1), by (2.5)
with ny =m =1, (3.1) and (3.2)) one has

‘Z(N)(Z)| _ 1 1227 1| s +w2pq|
S T L T
_ 1 qi-f 2
- Pl]expm&—l] . 204+1
+ exp 2p1—7a (X

2P1—Pq

L ECED
q=q0 14 exp T

2P1—Pq

204+ 1
exp(2Paimd) + exp( l —1__ 2'77) ‘
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and hence

(3260 1M (2)]

20+1 7 2Pzl
(o5 5)
2041w
cos <2mpq 2) ‘
20+1 7  2Piqf
~(zns =3
20+ 17 ’
cos <2p1_pq 2) ‘
the last estimate being a consequence of the inequality

<7r0) _ (7T|9) (7T|(9|) 7r]9|
sin = |sin| — || =sin| — | > — =16|.
2 2 2 s 2

Now if we assume that Sp = 0, then {p, : g < ¢ <n} C T by Lemma
and

2P1—Pq 9

12m 4 .
|sm7r0/2| H (2[—!—1 7T>‘ 1__[

qo—1

- 2p1]9| H COS<21+1 71')

2P1—Pq 9

n

(3.27)

1
2 1)
H 2P1*pq+1ﬂ-
20+ 1 2Pa 76
cos 2p1_pq+17r— 5
x < <H . 20+ 1
qo<q<n,pq€ COS Wﬂ'
On the other hand,
- —pgy—1+1
! 2+ 1 >p1 Fag ! 2+ 1
H COS Wﬂ' = H COS 2] s
q=2 j=p1—p2+1
pl_pqg—l
(2l+1)m/2
> Jl_Il cos<2j ,

since p;1 — p2 + 1 > 2 and any term of the products involved is no greater
than 1. An application of Lemma (with a = (2l + 1)7/2 ¢ 7Z and
m = pi1 — Pgy—1 > p1 — p1 = 0 since gy > 2) leads to

q9—1 .
20+1 |sin((2{ + 1)7/2)]
(3.29) COS(_7T>‘ >
2p17pq971

1
> —
- 2p1*pq6—1
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Thus (3.28), (3.29) and Lemma (with ¢ = gqp) yield

x 2P17Pag—1 x exp(m) = m < exp(m),

(N)
‘ll (Z)| S 2p1|0‘

the last estimate following from |0 > 1/2Pe%~!, and this proves the required
assertion in the case Sp = 0.

Now assume that Sy is nonempty. In particular, we can deal with ¢y, i.e.

(3.30)
20+ 1 2Pa1 0 20+1 . [ 2Pa
Ccos op1—pay 71 ™ — 5 coSs 72131_% 7 + |sin 2
20+ 1 - 20+ 1
Ccos 72131 v a7 CcoS 72]31 . a7
20 +1 2pq17r\9 |
2max | |cos — 77 |
< 201 Pq; + 2

20+1 ’
COS{ o —par i1 ™

since [sin(2Pa176/2)| < 2Pu7r|6]/2.

Now assume that
2Par|]] 21 +1
, 5 = |cos 1P Tl =7 |-

20+ 1

€08\ o —pr ¥
Then (3.30) becomes

20+ 1 2Pa1 776
COS| o p 1T T 3

<2

20+ 1 -

COS| Sprmpay ¥

It follows by Lemma (with the choice of ¢ = gp) and Lemma that

max |:

(3.31)

204+ 1 2Pa 7 204+ 1 2Pa1 710
599 no o8 2pr1—pg+1 T 2 cos 9P1—Pg; +1 T 2
(3:32) H 20+ 1 N 20+1
q9=q6 COS 72171 —— s COS 72121 _pq1+1 T
< 20+1 2pq71'9> ‘
COS ™ —
2plqu+1 2
X[ <<1_n[ eT>< GSH7£ ] 20+1
4o >~q=n, pq qcop9,9791 COS WTF

< 2 x exp(m) X exp(27) < wexp(3m).



A bound for Lagrange polynomials of Leja points 39

Then (3.26), (3.29) and (3.32) yield

(N) 1 P1—Pag—
1Y )1 < gy x 2Pt x mexp(sm)
mexp(3m)

= Pa1g < wexp(3m),

the last estimate following from |f| > 1/2Pes—'. This proves the required
assertion in this case.

The remaining case is the one for which
(3.33) max||cos((20 4 1) /2P ~Put)| 2Par |g| /2] = 2Par|6] /2.

We prove an estimate similar to (3.26]) with gy replaced by ¢;. Since z # 1,
by (2.5) with ny =n1 =1, (3.1)) and (3.2)) one still has

P 1 R

I ()] =
|1 ()’ 2p1’2_1’q:2 ‘l_i_wgpq‘
L2 qi—f 2 ﬁ 22 4 w2 |
Tz 1) e g e
q1—1 1

1 1
< i1
— 271 |sin(w6/2)| 44 2041
=2 1C0S\ Sy o

‘ ((2l +1)r  2Pn 7T9> ’
cos

- n

2p1 —Pqq +1 2 H

2041 7 S
08\ Zpr—per 3 =q

20+1 7  2Pixd
S\ opi=pe 2~ 9

20+17
cos T

On the other hand, by (3.30)) and (3.33)),

< 20+ 1 27"11710>’
cos

T —
2p1 —Pqq +1 2

20+ 1
cos T T

5 2041 2Pa1 7r|6)|
max | |cos 2p17pq1+17r T

20+ 1
cos JP—p T T

2Pa1 776

20+ 1 ’
€S| Spr—ppy 17

<




40 A. Irigoyen

It follows by also applying (3.27) that

1 1 1
334) IWMe) <= =
( ) |1 (Z)|— 9p1 ’0| a 2l+1

Hq:2 08 2p1—pq+17r
< 20+ 1 2p‘17T0> ’
n COS ™ —
2P1*pq+1 2
Pq
x 2Pn o) H+1 20+ 1
q=q1 COS Wﬂ'

Now since p; — p2 + 1 > 2 and any term of the following products is no

greater than 1, one has
<2l +1 > ‘
coS —
97

pl_pq1+1
20+ 1
S(Qplqurl W)‘ Z H
P1—Pqq
2 1 2
I COS<(Z+W>‘
9j

Jj=p1—p2+1
j=1

Sin((2l<:r2l1)7fg)/2> > 1
. + D = PP

2[)1 —Pqq

q1

(3.35)  []|eo

q=2

>

2P1—Pqy

the equality being an application of Lemma (with a = (21 4+ 1)7/2 ¢ 7Z

and m = p; — pg, > 0). Next, since by (3.22), {1 +1 < ¢g<n:p; e S} =
{gi:i=2,...,m} = Sp\ {q1}, one can apply Lemma (with the subset
{q¢:q1+1<q<n}), Lemma[3.5] (with g = ¢1+1 > ¢1 > gp) and Lemma(3.6]

to get
20+1 2Pl
CoS 9p1—pg T ™ — 5

2041
cos ) s

o

q1+1<q<n,pe€T  q€Sy,q#qn

(3.36) 11

q=q1+1

< 20+ 1 2p‘17n9> ‘
cos

9P1—Pg+1 T 9

20+ 1
cos oo pa il T

< exp(m) x exp(2m) = exp(37).
Finally, estimates (3.34)—(3.36]) together yield

‘ZEN) (2) x 2P17Par x 2P r|f| x exp(3m) = mexp(37),

| < —x
2p1|6|

and this proves the required estimate (3.3 in the case 1/2Pe-1 < |0| <
1/2Pas .
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3.4. Third case. Now we fix § with 1/2P» < || < 1. In particular,

z # 1. Thenbyw1thnk—m—1,and.,

|Z(N)(Z)‘_ 1 |Z2p1 _1‘ |2;2pq _i_wZPq‘
1 - 2P
20 |z — 1] pale 11+ wd™|
< g 0
— 271 Jexp( 271'9 -1 5 1 20+ 1,
- +exp 2P1—Pq “

n

1 1
~ 2v1[sin(70/2)| ql;I2 COS<2Z—|— 1 7r>‘

2P1—Pq 9

1 1 1
< -
*2p1\6\H (2l+1 >
9=2 |cos

2pP1 —pq+1 &

the last estimate being an application of (3.27)). On the other hand, for all
q=2,...,n, by (24) one has 2 < p; —pa+1<p1 —pg+1<p1 —pn+ 1.
Since any term of the following products is no greater than 1, we get

20 + 1 ot 241
cos(zplpqﬂﬂ)‘ > H CcoS 57 T

Jj=p1—p2+1

pﬁm COS((zz +2;)7r/2> ‘

j:1\sin((2l + 1) /2)| S 1
204+ 1)m/2\ | = 2p1—pn’
an( LD 22

2P1—Pn

n

[I

q=2

Y

2P1—Pn

the equality being an application of Lemma (with o = (2l 4+ 1)7/2 ¢ 7Z
and m = p; — p, > 0). Since |#] > 1/2P~, the above estimate of lgN)(z)
becomes

1
V@) < g x 2 = 1,

and this proves (3.3) in this last case, completing the proof.

4. Proof of Theorem in the general case

4.1. Auxiliary results. In the previous section, we have considered
the special case of lgN) (i.e. the FLIP associated with n; = 1) and | =
1,...,2Pt — 1 for wgy. The following result gives a way to extend to
every FLIP associated with n; where £ = 2,...,2P'. We will also use the
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notation (for any function f defined on D)

1fllp == sup | f(2)].

z€D

LEMMA 4.1. Let Ly be the N-Leja section of any fized Leja sequence
L (that starts at m = 1). For all k = 1,...,2P', consider n, € L (i.e.
Nk € Uarr is any 2P1 th root of the unity) and the associated FLIP ZI(CN). Then

forall z € C,
(4.1) N (e2)] = 17V (2)],

where igN) is the FLIP associated with my = 1 of (possibly another) N -Leja
section Ly (that also starts at 1). In particular,

N N
(4.2) 115 = 1115

Proof. Fix np € Uary. By ([2.5)) there is a 2P1th root wy of —1 such that,
for all z € C with z # 1 (so that nxz # n),

0y = LA P
k e — el I+ wg|
_ L 1 B (o /)

|z =1 1+ (wo/me)™|

q=2

It follows that for all z # 1 we have

N, N,
1 (=) = 115 (2)],

— ‘s ot p1 _ (N,wo) (Nwi)y -
where wy 1= wo /7y is still a 2P1th root of —1 and [ (resp., [y ) is the
FLIP associated with n (resp., 771 = 1) and the 2P1th root wy (resp., wi). We
recall that, as specified by (2.8]), the data of w; conversely gives an N-Leja

section (that starts at 777 = 1) and whose first FLIP is exactly lgN’wl). This
proves ll by setting ZgN) = lgN’wl), and 1} follows since |ng| = 1. =

We close this subsection with the following result that is the proof of (j3.3])
for l%N) and the special case of wy that was not considered in the previous

section.

LEMMA 4.2. Fix k =1 (i.e. mp = m = 1) and I = 0 in (3.1)), i.e.
wo = exp(im/2P1). Then

N
1Y |15 < /2.
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Proof. For all z € C with |z| < 1 one has, by (2.5) with n = =1,

( ) 1 2P1 —1 ) n 2Pq +w2pq|
(4.3)  sup|ly (2)] = sup {2])1‘ Z zJ’ X H 0]

2Pq
l21<1 21<1 = s [Tt

L 2 1
<1x .
- H 11+ exp( ( 1 7r>‘
q:2 0S _
2P1—Pq 9

P =
11,
On the other hand, for all ¢ = 2,...,n, by (2.4) one has 2 < p; —pa +1 <
p1—pg+1<pi—pp+1<p;+1, and so (since any term in the following

products is no greater than 1)
pP1—pn+1
™ 7r/2
ow(gem)|> T fon(3)| 2 [T ()
|sin(7/2)| S 1 2

J=p1—p2+1
= 9 -
Sln(Tr/2> ‘ 2P1 x ﬂ i
2p1 2p1

where the first equality is an application of Lemma (with @ = /2 and
m = p1) and the last estimate follows from |[sin(z)| < |z| for all z € R.
By (4.3), the proof is complete. m

4.2. Proof of Theorem We need the following result in which we
deal with FLIPs associated with n, € Ly \ Uap: .

LEMMA 4.3. Let Ly be an N-Leja section with n1 = 1. There is an
(N — 2P1)-Leja section Ly—_ov1 that also starts at my = 1, with the following
property: for all k = 2P* +1,..., N, there exists a unique k' with 1 < k' <
N — 2Pt such that

n

I

q=2

2p1

N—2pP
15 < i)

where Z}(g]/vfzm) s the FLIP associated with ny € EN,gpl.

||ﬁa

Proof. First, let k = 2P 4+ 1,..., N and consider the FLIP Z(N) asso-

ciated with ng. Since Ly is an N- LeJa section that starts at 7, = 1, by
[3, Theorem 5] (or (2.6])) one has 1y ¢ Uari, i.e. 1y is a 2P1th root of —1. It

follows that
44) 1M=L 11 il

1j €Uzp1 e = i M5 ELN \Usp1 , 1 71k e = i
On the one hand, for all |z| < 1 (since 7?"' = —1) one has
. w1 op1
(4.5) e G R it Y
me=nil o mgt =1 T =11 2

nj€Uypy
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On the other hand, (by [3, Theorem 5] again, or ([2-6)) one has Ly \Uar =
wlﬁN o1, where wq is a 2P1th root of —1, EN op1 18 the (N —2P1)-section of
(maybe another) Leja sequence L= {m,m2,...} with 71 = 1, and the above
equality is meant as equality of sets. In particular, ng € wlle_gpl can be
written as n = w1 with 1 < k& < N — 2P1. This proves that the map

e, 2P +1< k<N — n, 1<K <N - 2P,
is well-defined and injective. Since
card(Ly \ Uper ) = N — 2P = card (w1 L y—_a01 ),
it is also one-to-one. In particular, this leads to
zZ—1n; zZ—mn;
(4.6 D I )

Nk — 15 ~ Nk — 15
N €ELN\Usp1 s M FNke J nj€wW1L N _op1, M FNk I

_ ‘ [ e

. L Wk — Wi
NELN _op1 s i A !
_ H Z/wl—ﬁj B 7(N-2P1) k2

~ Nk — N
Ti€Ln_ap1 T #T ’
where Z(N ") is the FLIP associated with 7] Nk from the (IV—2P1)-Leja section
Ly—or1.
Finally, estimates . 4.6|) together yield

N—2P
sup |1V <z>|s1><sup TN fan)| = T |15 m
|z|<1 |z|<1

9

Now we can finally give the proof of Theorem [I.2] Consider the N-section
Ly of any fixed Leja sequence, where

(4.7) N=2P14...42P» withp; > --->p, >0and n> 1.

Proof of Theorem 1.2. First, by the symmetry of the disk, we can assume
that 71 = 1. Next, by the Maximum Modulus Principle, it suffices to prove
the required estimate for all |z| = 1, i.e. z = exp(inf) with 6 € |—1,1]. The
proof is by induction on n > 1.

The special case of n = 1 means that N = 2P with p; > 0. Then
Lor1 = Uar by [3, Theorem 5|, and 1D yields sup_ 5 |l,(€2pl)(z)] =1 for all
k=1,...,2m

Now consider N with n > 2 (i.e. 21 < N < 2p1+1) and let wg be as
defined in Lemma we can write wy = exp((2] 4+ 1)im/2P') with | =

0,...,2Pt — 1. Then the theorem is true for the FLIP lgN) associated with
m = 1. Indeed, if I = 0, this is a consequence of Lemma [£.2] Otherwise,
1 <1< 2Pt —1 and we apply Section
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Next, if 2 < k < 2P1 then ng € Uopr (i.e. g is a 2P1th root of the unity,
see [4, Theorem 1| or ) An application of 1} yields ||l,(€N) g = HZ%N) 5

where Z(IN) is the FLIP associated with 77; = 1 from (maybe another) N-Leja

section ZN. Since the theorem is valid for lgN) and any N-Leja section, it

follows that it holds for l,gN).
(N)

Lastly, let k = 2Pt +1,..., N and consider the FLIP [; "’ associated
with n;. As Ly is an N-Leja section that starts at 7y = 1, necessarily
Nk & Uarr, 1.e. g is a 2P1th root of —1 (see [3, Theorem 5]). An application
of Lemma [4.3] leads to

N N-—2P1
115715 < 155,

"(N—Qpl) . . . ~ - - .
where [, is the FLIP associated with 7 € Ly_9p1 and Ly_op1 is an
(N — 2P1)-Leja section that also starts at 71 = 1. Since by (|4.7)),

n—1
N —9QPL —9P2 ... 4 9Pn — Z2pq+l’
qg=1
it follows that the induction hypothesis can be applied to L N—op1 With n—1,
and the above inequality becomes ||l,E:N)||ﬁ < Hzg\fﬂm)ﬂﬁ < mexp(3m). This
completes the induction and the whole proof of the theorem. m

5. Compact sets with Alper-smooth Jordan boundary. In this
section, we deal with the case of a compact set K whose boundary is an
Alper-smooth Jordan curve, and @ denotes the exterior conformal mapping
from C\ D onto C\ K. Recall that I = K is an Alper-smooth Jordan curve
if the modulus of continuity w of the angle 6(s) between the tangent at I'(s)
and the positive real axis (where s is the arc-length parameter) satisfies
(see [9])

(@)
S—]lnx!dw < 00.
x
0
In particular, twice continuously differentiable Jordan curves are Alper-
smooth.

We first recall the following result.

LEMMA 5.1 (|3, Lemma 3]). Let K be a compact set whose boundary is an
Alper-smooth Jordan curve. Let ® be the conformal mapping of the exterior
of the unit disk onto the exterior of K. Lastly, let (a;)j>0 be a Leja sequence
for the unit disk with |ag| = 1. Then for any z on the unit disk and n € N*,

C(K)" _

H b(z) — b(ay)

z—aj

(5.1) < O(K)"cn,

C
n j=0
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where C(K) is the logarithmic capacity of K, ¢, < (n+1)"?) and A is a
positive constant depending only on K.

We also recall another property of @ that can be found in [I, Sections 1
and 2| or [2, Eq. (3), p. 45]. There exist positive constants M; and My such
that for all z,w in the unit circle with z # w,

?(z) — P(w)

9.2 M <
5 Bl

<

Proof of Theorem[1.3 First, by Theorem|[I.2] it is sufficient to prove that
forall N >1,p=1,...,N and z on the unit circle,

N
P(z) — D(n;)
B(n,) — B(1;
j=1, 5 P00) = ) j=Lip P

where M and A are positive constants depending only on K.
To prove (5.3)), we use the same method as for [4, Theorem 13]. We can
assume that N > 2 (otherwise the estimate is obvious), we fix an N-Leja

section for the unit disk and consider z on the unit circle with z # n; for all
j=1,...,N. Then forallp=1,..., N,

Z—’I7j

< M(N+1)2A/ln(2) , ’
M

(5.3)

77]+1)
2= MNj+1

N B(z) — B(n;
I (2) — 2(n;)

Z—77j

_‘ Z*np

J=1,j#p
On the one hand, an application of (5.2)) with w = 7, and on the other hand an
application of with the N-Leja section {a;}o<j<n—1={nj+1}o<j<N—-1,
give
N

N _ _ N
CUNY | ] P9  CU ey
N iy 2T !
In particular, these estimates are still valid for z = 7, by continuity, and lead to
N
D(z) = P(ny) | . Mack z =1
¢ — P(n; M
j=1,5#p (np) = ®(ny) S — il

Lastly, by continuity (and since ¢y < (N + 1)4/"2)), the above inequality
holds for every z on the unit circle and yields the required estimate (5.3)). m

Acknowledgements. I would like to thank J. Ortega-Cerda for intro-
ducing me to this nice problem, for all his rewarding ideas and for his support
to finalize this work. I also thank M. Ounales, J.-P. Calvi and M. A. Chkifa
for the interesting discussions about it. Finally, I wish to thank the referees
for all the useful remarks about the improvement of this paper.



1
2]
13l
14]

15]
[6]
7]
8]

191
[10]

[11]

A bound for Lagrange polynomials of Leja points 47

References

S. Y. Al'per, On uniform approzimation of functions of a compler variable in a
closed region, Izv. Akad. Nauk SSSR Ser. Mat. 19 (1955), 423-444 (in Russian).

S. Y. Al'per, On the convergence of Lagrange’s interpolational polynomials in the
complexz domain, Uspekhi Mat. Nauk 11 (1956), no. 5, 44-50 (in Russian).

L. Biatas-Ciez and J.-P. Calvi, Pseudo Leja sequences, Ann. Mat. Pura Appl. 191
(2012), 53-75.

J.-P. Calvi and V. M. Phung, On the Lebesgue constant of Leja sequences for the
unit disk and its applications to multivariate interpolation, J. Approx. Theory 163
(2011), 608-622.

M. A. Chkifa, On the Lebesgue constant of Leja sequences for the complex unit disk
and of their real projection, J. Approx. Theory 166 (2013), 176-200.

A. Edrei, Sur les déterminants récurrents et les singularités d’une fonction donnée
par son développement de Taylor, Compos. Math. 7 (1940), 20-88.

M. Fekete, Uber die Verteilung der Wurzeln bei gewissen algebraischen Gleichungen
mit ganzzahligen Koeffizienten, Math. Z. 17 (1923), 228-249.

A. Trigoyen, A uniform bound for the Lagrange polynomials of Leja points for the
unit disk and applications in multivariate Lagrange interpolation, larXiv:1411.5527
(2014).

T. Kovari and C. Pommerenke, On the distribution of Fekete points, Mathematika
15 (1968), 70-75.

F. Leja, Sur certaines suites liées auxr ensembles plans et leur application & la
représentation conforme, Ann. Polon. Math. 4 (1957), 8-13.

M. Ounales, A sharp bound on the Lebesgue constant for Leja points in the unit
disk, J. Approx. Theory 213 (2017), 70-77.

Amadeo Irigoyen

Departament MATA

Universitat de Barcelona

Gran Via de les Corts Catalanes, 585
08007 Barcelona, Spain

E-mail: axirigoyen@gmail.com


http://dx.doi.org/10.1007/s10231-010-0174-x
http://dx.doi.org/10.1016/j.jat.2011.02.001
http://dx.doi.org/10.1016/j.jat.2012.11.005
http://dx.doi.org/10.1007/BF01504345
http://arxiv.org/abs/1411.5527
http://dx.doi.org/10.1112/S0025579300002400
http://dx.doi.org/10.1016/j.jat.2016.10.004




	1 Introduction
	1.1 Definition of Leja points
	1.2 Main result and a first application
	1.3 Compact sets with Alper-smooth Jordan boundary

	2 A couple of reminders and preliminary results
	2.1 Reminders
	2.2 Preliminary results

	3 Proof of Theorem 1.2 in a special case
	3.1 Some preliminary results
	3.2 First case
	3.3 Second case
	3.4 Third case

	4 Proof of Theorem 1.2 in the general case
	4.1 Auxiliary results
	4.2 Proof of Theorem 1.2

	5 Compact sets with Alper-smooth Jordan boundary
	References

